2nd Edition 

REAL ANALSSIS 
Theory of Measure and Integration 
J Yeh 


FEAL ANALYSIS 
Theory of Measure and Integration 


2nd Edition 


This page is intentionally left blank 


2nd Edition 


REAL ANALASIS 


Theory of Measure and Integration 


J Yeh 


University of California, Irvine 


Ve World Scientific 


NEW JERSEY * LONDON + SINGAPORE + BEIJING * SHANGHAI « HONG KONG « TAIPEI + CHENNAI 


Published by 


World Scientific Publishing Co. Pte. Ltd. 

5 Toh Tuck Link, Singapore 596224 

USA office: 27 Warren Street, Suite 401-402, Hackensack, NJ 07601 
UK office: 57 Shelton Street, Covent Garden, London WC2H 9HE 


Library of Congress Cataloging-in-Publication Data 
Yeh, J. 
Real analysis : theory of measure and integration / J. Yeh. -- 2nd ed. 
p. cm. 
Rev. ed. of: Lectures on real analysis. Ist ed. c2000. 
ISBN 981-256-653-8 (alk. paper) -- ISBN 981-256-654-6 (pbk. : alk. paper) 
1. Measure theory. 2. Lebesgue integral. 3. Integrals, Generalized. 4. Mathematical 
analysis. 5. Lp spaces. I. Yeh, J. Lectures on real analysis. II. Title. 


QA312.Y 44 2006 
515'.42--de22 
2006045274 


British Library Cataloguing-in-Publication Data 
A catalogue record for this book is available from the British Library. 


Copyright © 2006 by World Scientific Publishing Co. Pte. Ltd. 


All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means, 
electronic or mechanical, including photocopying, recording or any information storage and retrieval 
system now known or to be invented, without written permission from the Publisher. 


For photocopying of material in this volume, please pay a copying fee through the Copyright 
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to 
photocopy is not required from the publisher. 


Printed in Singapore by Mainland Press 


To 
Betty 


This page is intentionally left blank 


Contents 


Preface to the First Edition xili 
Preface to the Second Edition xvii 
Notations xix 
1 Measure Spaces 1 
80 Introduction... 2... ee ee 1 

§1 Measure onao-algebraofSets.. 2... . 0.0.20... eee eee 3 

(I] o-algebra of Sets. 0. ee ee 3 

[II] Limits of Sequences of Sets... 6... ee ee 4 

[III] Generation of g-algebras 2... 6 

[IV] Borel o-algebras 2... ee ee 9 

[V] Measure onao-algebra 2. we ee 11 

[VI] Measures of a Sequence of Sets... 0... eee eee es 14 

[VII] Measurable Space and Measure Space... ........0004. 17 

[VIII] Measurable Mapping... . 2.2... .. ee eee ee es 19 

[IX] Induction of Measure by Measurable Mapping ............ 22 

§2 Outer Measures... 2.0... 2... . ce ee ee ee 28 

{1] Construction of Measure by Means of Outer Measure ........ 28 

[Il] Regular Outer Measures... 2 2. ee 32 

[III] Metric Outer Measures ...... 2... ee ee ee 34 

[IV] Construction of Outer Measures... 2... 2.2... .0.00000- 37 

§3 Lebesgue MeasureonR .......... 0.0. eee eee ee ee ee 41 

{I] Lebesgue Outer MeasureonR.... 2... . ee ee ee 41 

(II] Some Properties of the Lebesgue Measure Space ........... 45 

(III] Existence of Non Lebesgue Measurable Sets ............. 49 

(IV] Regularity of Lebesgue Outer Measure ................ Si 

[V] Lebesgue Inner MeasureonR.... 2.2.2... ... 2.00000 0 57 

§4 Measurable Functions .............0. 000 eee eee eee 70 

[I] Measurability of Functions ................-00000.% 70 

{II] Operations with Measurable Functions ...............-. 74 

[Wil] Equality Almost Everywhere ............... 00008, 78 

[IV] Sequence of Measurable Functions .............-.004. 79 


[V] Continuity and Borel and Lebesgue Measurability of Functions on R 83 


vil 


Vili Contents 


[VI] Cantor Ternary Set and Cantor-Lebesgue Function .......... 85 
§5 Completion of Measure Space .. 1... 2... 0... 0 eee ees 95 
[I] Complete Extension and Completion of a Measure Space ...... 95 

[II] Completion of the Borel Measure Space to the Lebesgue Measure 
SPaCe es Ga She Ea Ree ay ee Bone Be ae get MAN ue 4 98 
§6 Convergence a.e. and Convergence in Measure ............... 100 
{I] Convergence'a:é. . 5 gee ee eee Be eS ee 100 
[II] Almost Uniform Convergence ..............008 0004 104 
{l] Convergence in Measure 2... ee ee 107 
[IV] Cauchy Sequences in Convergence in Measure ............ 112 
[V] Approximation by Step Functions and Continuous Functions .... 115 
2 The Lebesgue Integral 127 
§7 Integration of Bounded Functions on Sets of Finite Measure ........ 127 
[I] Integration of Simple Functions ................004. 127 
[II] Integration of Bounded Functions on Sets of Finite Measure... . . 131 
{1I1T] Riemann Integrability ©... . 0... ee ee eee 140 
§8 Integration of Nonnegative Functions ............... 00005 152 
[I] Lebesgue Integral of Nonnegative Functions ............. 152 
[II] Monotone Convergence Theorem ..............--00.% 154 
(I1T] Approximation of the Integral by Truncation ............. 162 
§9 Integration of Measurable Functions ..............2..-00005 169 
[I] Lebesgue Integral of Measurable Functions. ............. 169 
(II] Convergence Theorems ............. 0000220 e ue 178 
[III] Convergence Theorems under Convergence in Measure ....... 182 
(fV] Approximation of the Integral by Truncation ............. 183 
[V] Translation and Linear Transformation in the Lebesgue Integral on R 189 
[VI] Integration by Image Measure ..........-.....+0-04. 193 
§10 Signed Measures 20. 6 be ee ee ee ees 202 
[I] Signed Measure Spaces ........ 2... .0 0000000000. 202 
[II] Decomposition of Signed Measures... 2... 7. ee ee 208 
[III] Integration on a Signed Measure Space ............00.5, 217 
§11 Absolute Continuity ofa Measure .. 2... 224 
[I] The Radon-Nikodym Derivative ..............2000. 224 

[II] Absolute Continuity of a Signed Measure Relative to a Positive 

Measure: icici sco sae Sake are ee ts a ay a 225 
[111] Properties of the Radon-Nikodym Derivative ............. 236 
3 Differentiation and Integration 245 
§12 Monotone Functions and Functions of Bounded Variation. ......... 245 
[UT The: Derivative: ci. 0s ei iS ae ere see ew, Ae A eee 245 
{II] Differentiability of Monotone Functions ............0.0. 251 
{IIT] Functions of Bounded Variation... 2... ee ee 261 
§13. Absolutely Continuous Functions .. 2... ee es 270 


[I] Absolute Continuity .... 0... 0... ee ee eee 270 


Contents 


§14 


[II] Banach-Zarecki Criterion for Absolute Continuity .......... 
{IM] Singular Functions 2... 1... ee ee eee 
[IV] Indefinite Integrals 2.2... 2... 0.0.0... 00.2.0. 20004 

[V] Calculation of the Lebesgue Integral by Means of the Derivative 
[VI] Length of Rectifiable Curves .............0....00-. 

Gonvex: Functions’ 2 s.-4:4. hoe dy 4 ae ee wa eee eS 
[I] Continuity and Differentiability of aConvex Function ........ 

[11] Monotonicity and Absolute Continuity of a Convex Function .. . 

[Ill] Jensen’s Inequality... 2.2... 2. ee eee 


4 The Classical Banach Spaces 


§15 


§16 


§17 


§18 


§19 


Normed Linear Spaces... 0... 2 ee ee eee 
(I] Banach Spaces... 2... 
[II] Banach Spaces on Res. i oh ol Pee ae era ie a AG 
[III] The Space of Continuous Functions C([a,b])............. 
[IV] A Criterion for Completeness of a Normed Linear Space ...... 
{V] Hilbert’ Spaces: 4-4 « 6 S-n wg we eee aed A ele Se ee Ae 48 
[V1] Bounded Linear Mappings of Normed Linear Spaces... ...... 
[VII] Baire Category Theorem... 1... ee ee 
[VII] Uniform Boundedness Theorems ................004 
[IX] Open Mapping Theorem... .......-...02.-00 20000, 
[X] Hahn-Banach Extension Theorems ..............2004 
[XI] Semicontinuous Functions. ................2.22005 
THEE? Spates fr6.c Piece a eee abreast ae a 
[I] The £? Spaces forp € (0,00) 2.2... 
(I1] The Linear Spaces £? forp €[l,ow).... ee een 
(IIl] The L? Spaces for pe[]1,o)....--... 0... 0.00. eee 
[TV] The: Space.L°°" 0. os wt 4 sie ed ae wae ae, Dns Pes & 
[V] The L? Spaces forpe (0,1) ............... 0.000. 
[Vj Extensions of Hélder’s Inequality .................0.. 
Relation among the L? Spaces... 1... 2... ee eee 
[I] The Modified L? Norms for L? Spaces with p €[l,oo]....... 
[I] Approximation by Continuous Functions ............... 
({II] L? Spaces withpe (0,1)... 2... . 0.2.0.2... 00000. 
FEV] The £7. Spaces: 26.6 so daar aes WR a Te eas eee dene Brace ce 
Bounded Linear Functionals on the L? Spaces ............... 
{I] Bounded Linear Functionals Arising from Integration ........ 
[II] Approximation by Simple Functions ................. 
[III] A Converse of Hélder’s Inequality... 2.2.2... .......0.... 
[IV] Riesz Representation Theorem on the L? Spaces ........... 
Integration on Locally Compact Hausdorff Space .............. 
[I] Continuous Functions on a Locally Compact Hausdorff Space. . 
[II] Borel and Radon Measures ...........2. 0.0.0 ee ene 
[III] Positive Linear Functionals on C,(X) ... 2... ......200. 
[IV] Approximation by Continuous Functions ............... 


x Contents 


[V] Signed Radon Measures ................. 000000 467 

[VI] The Dual Space of C(X).. 2... 0. ee ee 471 

5 Extension of Additive Set Functions to Measures 481 
§20 Extension of Additive Set Functions onan Algebra... .......2... 481 

[I] Additive Set Function on an Algebra... 2 2... ee 481 


[II] Extension of an Additive Set Function on an Algebra to a Measure . 486 
[III] Regularity of an Outer Measure Derived from a Countably Additive 


Set Function onan Algebra... 2... 2.0.0... .002 0004 486 
[IV] Uniqueness of Extension of a Countably Additive Set Function on 
an Algebratoa Measure ..............00000 0004 489 
{V] Approximation to a o-algebra Generated by an Algebra... .... 491 
[VI] Outer Measure Based ona Measure ...............0.4., 494 
§21 Extension of Additive Set Functions ona Semialgebra ........... 496 
{I] Semialgebras of Sets 2.2... ee ee 496 
{II] Additive Set FunctiononaSemialgebra ............... 498 
[IIT] Outer Measures Based on Additive Set Functions on a Semialgebra . 502 
§22 Lebesgue-Stieltjes Measure Spaces .. 2.0... . ee ee eee 505 
{I] Lebesgue-Stieltjes Outer Measures 2.2... 2. ee ee 505 
[II] Regularity of the Lebesgue-Stieltjes Outer Measures ......... 509 
[III] Absolute Continuity and Singularity of a Lebesgue-Stieltjes Measure 511 
[IV] Decomposition of an Increasing Function. .............. 519 
§23 Product Measure Spaces... 2... ee 527 
{I] Existence and Uniqueness of Product Measure Spaces ........ 527 
[II] Integration on Product Measure Space ................ 531 
(III] Completion of Product Measure Space... 2.2... ...,..22. 543 
[IV] Convolution of Functions ............ 00000 eee eee 547 
[V] Some Related Theorems ............. 0.0000 ee eee 587 
6 Measure and Integration on the Euclidean Space 597 
§24 Lebesgue Measure Space on the Euclidean Space ............., 597 
[I] Lebesgue Outer Measure on the Euclidean Space .......... 597 
[II] Regularity Properties of Lebesgue Measure Space on R?....... 602 
(I11] Approximation by Continuous Functions ............... 605 
[IV] Lebesgue Measure Space on R” as the Completion of a Product 
Measure Space... 2. 2 ee 609 
[V] Translation of the Lebesgue IntegralonR” .............. 610 
[VI] Linear Transformation of the Lebesgue Integralon RR” ........ 612 
§25 Differentiation on the Euclidean Space ...............0.0.. 620 
[I] The Lebesgue Differentiation Theorem on RR” ............ 620 
[I] Differentiation of Set Functions with Respect to the Lebesgue 
Measure ic aii ty ate Sore ai Goan cep eenree gd: Go eg eS gat ee ar 632 
[III] Differentiation of the Indefinite Integral... ............. 634 


{IV] Density of Lebesgue Measurable Sets Relative to the Lebesgue 
IMG ASU) oS eee ins hs ae adh teed SN as AON eRe GS 635 


Contents xi 


[V] Signed Borel Measureson R? . 2... ee ee ee 641 
[V1] Differentiation of Borel Measures with Respect to the Lebesgue 
Measire ®t: ae “2 ea beet, eh eek be ee Gee a has 643 
§26 Change of Variable of Integration on the Euclidean Space ......... 649 
{I} Change of Variable of Integration by Differentiable Transformations 649 
[I] Spherical CoordinatesinR® 2... 2... . 2. ee ee ee 661 
[III] Integration by Image Measure on Spherical Surfaces ......... 667 
7 Hausdorff Measures on the Euclidean Space 675 
§27 Hausdorff Measures .... 2.0... 2.0200. eee ee ee ee 675 
[I] Hausdorff Measureson RR"... 2... ee ee 675 
{I1] Equivalent Definitions of Hausdorff Measure... ........... 680 
[III] Regularity of Hausdorff Measure ...........-.02000.% 686 
[IV] Hausdorff Dimension ......... 0.0.00 eee ee ee 689 
§28 Transformations of Hausdorff Measures .............-20006 694 
[I] Hausdorff Measure of Transformed Sets ............... 694 
[II] 1-dimensional Hausdorff Measure ..........0..00 000 699 
[II] Hausdorff Measure of Jordan Curves .............005. 700 
§29 Hausdorff Measures of Integral and Fractional Dimensions ......... 705 


[I] Hausdorff Measure of Integral Dimension and Lebesgue Measure . . 705 
[1] Calculation of the n-dimensional Hausdorff Measure of a Unit Cube 


AMR gots recs hd, Sa gece tal, hp td Gates th oooh €. al Sas Boer te hoe Ane be 707 

[HI] Transformation of Hausdorff Measure of Integral Dimension. . . . . 713 

(IV] Hausdorff Measure of Fractional Dimension ............. 718 
Bibliography 727 


Index 729 


This page is intentionally left blank 


Preface to the First Edition 


This monograph evolved from a set of lecture notes for a course entitled Real Analysis that 
I taught at the University of California, Irvine. The subject of this course is the theory 
of measure and integration. Its prerequisite is advanced calculus. All of the necessary 
background material can be found, for example, in R. C. Buck’s Advanced Calculus. The 
course is primarily for beginning graduate students in mathematics but the audience usually 
includes students from other disciplines too. The first five chapters of this book contain 
enough material for a one-year course. The remaining two chapters take an academic 
quarter to cover. 


Measure is a fundamental concept in mathematics. Measures are introduced to estimate 
sizes of sets. Then measures are used to define integrals. Here is an outline of the book. 


Chapter | introduces the concepts of measure and measurable function. §1 defines 
measure as a nonnegative countably additive set function on a o-algebra of subsets of an 
arbitrary set. Measurable mapping from a measure space into another is then defined. §2 
presents construction of a measure space by means of an outer measure. To have a concrete 
example of a measure space early on, the Lebesgue measure space on the real line R is 
introduced in §3. Subsequent developments in the rest of Chapter | and Chapter 2 are in the 
setting of a general measure space. (This is from the consideration that in the definition of a 
measure and an integral with respect to a measure the algebraic and topological structure of 
the underlying space is irrelevant and indeed unnecessary. Topology of the space on which 
a measure is defined becomes relevant when one considers the regularity of the measure, 
that is, approximation of measurable sets by Borel sets.) §4 treats measurable functions, in 
particular algebraic operations on measurable functions and pointwise limits of sequences of 
measurable functions. §5 shows that every measure space can be completed. §6 compares 
two modes of convergence of a sequence of measurable functions: convergence almost 
everywhere and convergence in measure. The Borel-Cantelli Lemma and its applications 
are presented. A unifying theorem (Theorem 6.5) is introduced from which many other 
convergence theorems relating the two modes of convergence are derived subsequently. 
These include Egoroff’s theorem on almost uniform convergence, Lebesgue’s and Riesz’s 
theorems. 


Chapter 2 treats integration of functions on an arbitrary measure space. In §7 the 
Lebesgue integral, that is, an integral with respect to a measure, is defined for a bounded 
real-valued measurable function on a set of finite measure. The Bounded Convergence 
Theorem on the commutation of integration and limiting process for a uniformly bounded 
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sequence of measurable functions which converges almost everywhere on a set of finite 
measure is proved here. The proof is based on Egoroff’s theorem. On the Lebesgue mea- 
sure space on R, comparison of the Lebesgue integral and the Riemann integral is made. 
§8 contains the fundamental idea of integration with respect to a measure. It is shown here 
that for every nonnegative extended real-valued measurable function on a measurable set 
the integral with respect to the measure always exists even though it may not be finite. The 
Monotone Convergence Theorem for an increasing sequence of nonnegative measurable 
functions, the most fundamental of all convergence theorems regarding commutation of 
integration and convergence of the sequence of integrands, is proved here. Fatou’s Lemma 
concerning the limit inferior of a sequence of nonnegative measurable functions is derived 
from the Monotone Convergence Theorem. In §9 the integral of an extended real-valued 
measurable function on a measurable set is then defined as the difference of the integrals of 
the positive and negative parts of the function provided the difference exists in the extended 
real number system. The generalized monotone convergence theorem for a monotone se- 
quence of extended real-valued measurable functions, generalized Fatou’s lemma for the 
limit inferior and the limit superior of a sequence of extended real-valued measurable func- 
tions, and Lebesgue’s Dominated Convergence Theorem are proved here. Fatou’s Lemma 
and Lebesgue’s Dominated Convergence Theorem under convergence in measure are in- 
cluded. In §10 a signed measure is defined as an extended real-valued countably additive 
set function on a o-algebra and then shown to be the difference of two positive measures. In 
§11 the Radon-Nikodym derivative of a signed measure with respect to a positive measure 
is defined as a function which we integrate with respect to the latter to obtain the former. 
The existence of the Radon-Nikodym derivative is then proved under the assumption that 
the former is absolutely continuous with respect to the latter and that both are o-finite. (The 
fact that the Radon-Nikodym derivative is a derivative not only in name but in fact it is the 
derivative of a measure with respect to another is shown for Borel measures on the Euclidean 
space in §25.) 


Chapter 3 treats the interplay between integration and differentiation on the Lebesgue 
measure space on R. §12 presents Lebesgue’s theorem that every real-valued increasing 
function on R is differentiable almost everywhere on R. The proof is based on a Vitali 
covering theorem. This is followed by Lebesgue’s theorem on the integral of the derivative 
of a real-valued increasing function on a finite closed interval in R. Functions of bounded 
variation are included here. §13 defines absolute continuity of a real-valued function on a 
finite closed interval in R and then shows that a function is absolutely continuous if and 
only if it is an indefinite integral of a Lebesgue integrable function. This is followed by 
Lebesgue’s decomposition of a real-valued increasing function as the sum of an absolutely 
continuous function and a singular function. Such methods of calculating a Riemann integral 
in calculus as the Fundamental Theorem of Calculus, integration by parts, and change of 
variable of integration find their counterparts in the Lebesgue integral here. §14 treats 
convex functions and in particular their differentiability and absolute continuity property. 
Jensen’s inequality is included here. 


Chapter 4 treats the L? spaces of measurable functions f with integrable | f|? for p € 
(0, 00) and the space L° of essentially bounded measurable functions on a general measure 
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space. Here Hélder’s inequality and Minkowski’s inequality are proved for p € (0, oo]. §15 
introduces the Banach space and its dual. §16 treats L? spaces for p € [1, oo] as well as for 
p € (0, 1). §17 treats relation among the L? spaces for different values of p. The £? spaces 
of sequences of numbers (a, : n € N) with > ey |an|? < 00 is treated as a particular case 
of L? spaces in which the underlying measure space is the counting measure space on the 
set N of natural numbers. The Riesz representation theorem on the L? spaces is proved in 
§18. §19 treats integration on a locally compact Hausdorff space. Urysohn’s Lemma on 
the existence of a continuous function with compact support and partition of unity, Borel 
and Radon measures, the Riesz representation theorem on the space of continuous functions 
with compact support as well as Lusin’s theorem on approximation of a measurable function 
by continuous functions are included here. (The placement of §19 in Chapter 4 is somewhat 
arbitrary.) 


Chapter 5 treats extension of additive set functions to measures. It starts with extension 
of an additive set function on an algebra to a measure in §20 and completes the theory with 
extension of an additive set function on a semialgebra to a measure in §21. (Semialgebra of 
sets is an abstraction of the aggregate of left-open and right-closed boxes in the Euclidean 
space R”. Its importance lies in the fact that the Cartesian product of finitely many al- 
gebras and in particular o-algebras is in general not an algebra, but only a semialgebra.) 
As an example of extending an-additive set function on a semialgebra to a measure, the 
Lebesgue-Stieltjes measure determined by a real-valued increasing function on R is treated 
in §22. Theorems establishing the equivalence of the absolute continuity and singularity 
of a Lebesgue-Stieltjes measure with respect to the Lebesgue measure with the absolute 
continuity and singularity of the increasing function that determines the Lebesgue-Stieltjes 
measure are proved. As a second example of extending an additive set function on a semi- 
algebra to a measure, the product measure on the product of finitely many measure spaces 
is included in §23. Tonelli’s theorem and Fubini’s theorem on the reduction of a multiple 
integral to iterated integrals are found here. 


Chapter 6 specializes in integration in the Lebesgue measure space on R”. In §24 the 
Lebesgue measure on R” is constructed as an extension of the notion of volumes of boxes 
in R” to Lebesgue measurable subsets of R”. Then it is shown that the Lebesgue measure 
space on IR” is the completion of the n-fold product of the Lebesgue measure space on R. 
Regularity of the Lebesgue measure and in particular approximation of Lebesgue measurable 
sets by open sets leads to approximation of the integral of a measurable function by that of a 
continuous function. Translation invariance of the Lebesgue measure and integral and linear 
transformation of the Lebesgue measure and integral are treated. §25 begins with the study 
of the average function of a locally integrable function. Hardy-Littlewood maximal theorem 
and Lebesgue differentiation theorem are presented. These are followed by differentiation 
of a set function with respect to the Lebesgue measure, in particular differentiation of a 
signed Borel measure with respect to the Lebesgue measure, and density of a Lebesgue 
measurable set with respect to the Lebesgue measure. §26 treats change of variable of 
integration by differentiable transformations. 


Chapter 7 is an introduction to Hausdorff measures on R”. §27 defines s-dimensional 
Hausdorff measures on R” for s € [0, co) and the Hausdorff dimension of a subset of R”. 
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§28 studies transformations of Hausdorff measures. §29 shows that a Hausdorff measure of 
integral dimension is a constant multiple of the Lebesgue measure of the same dimension. 


Every concept is defined precisely and every theorem is presented with a detailed and 
complete proof. I endeavored to present proofs that are natural and inevitable. Counter- 
examples are presented to show that certain conditions in the hypothesis of a theorem can 
not be simply dropped. References to earlier results within the text are made extensively so 
that the relation among the theorems as well as the line of development of the theory can 
be traced easily. On these grounds this book is suitable for self-study for anyone who has a 
good background in advanced calculus. 


In writing this book I am indebted to the works that I consulted. These are listed in the 
Bibliography. I made no attempt to give the origin of the theory and the theorems. To be 
consistent, I make no mention of the improvements that I made on some of the theorems. I 
take this opportunity to thank all the readers who found errors and suggested improvements 
in the various versions of the lecture notes on which this book is based. 


J. Yeh 
Corona del Mar, California 
January, 2000 


Preface to the Second Edition 


In this new edition all chapters have been revised and additional material have been incor- 
porated although the framework and organization of the book are unchanged. Specifically 
the following sections have been added: 


§13 [VI] Length of Rectifiable Curves 
§15 [VII] Baire Category Theorem 
{VUI] Uniform Boundedness Theorem 
[IX] Open Mapping Theorem 
[X] Hahn-Banach Extension Theorems 
§16 weak convergence in L? spaces in [III] and [IV] of §16 
the complete metric spaces L? for p € (0, 1) in [V] of §16 
§19 [V] Signed Radon Measures 
{ VI] Dual Space of C(X) 
§23 [IV.2] Convolution of L? Functions 
[IV.3] Approximate Identity in Convolution Product 
[IV.4] Approximate Identity Relative to Pointwise Convergence 


Besides these topics there are additional theorems in sections: §1, §4, §5, §8, §10, §11, 
$13, §15, §16, 817, §19, §20, §21, §23, §24, §25, and §27. Also 64 problems have been 
added. 


To use this book as a textbook, selection of the following sections for instance makes a 
possible one-year course at the graduate level: 


§1 to §13, §15({I] to [VI]), $16 to §21, §23({I] to [III]) 


It is my pleasure to thank Abel Klein for his helpful comments on the first edition of this 
book. 


J. Yeh 
Corona del Mar, California 
March, 2006 
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Chapter 1 


Measure Spaces 


$0 Introduction 


Let us consider the problem of measuring an arbitrary subset of the real line R. For a finite 
open interval J = (a, b) in R, we define the length of J by setting £(7) = b — a, and for an 
infinite open interval J in R, we set £(7) = oo. Let 98(R) be the collection of all subsets of 
R. To extend the notion of length to an arbitrary E € 98(R), let (7, : n € N) be an arbitrary 
sequence of open intervals in R such that L),,<~y Jn D E, take the sum of the lengths of the 
intervals )> ey (In), and define 4*(£) as the infimum of all such sums, that is, 


(a) u*(E) = inf | Doyen Un) + Un im €N) such that Une In > EI. 


The set function u* thus defined on 9$8(R) is nonnegative extended real-valued, that is, 
0 < p*(E) < oo for every E € 98(R), with ~*(@) = 0; monotone in the sense that 
u*(E) < w*(F) for any E, F € 9B(R) such that E Cc F; and w*(1) = £(/) for every open 
interval J in R so that jz* is an extension of the notion of length to an arbitrary subset of R. 
The set function j1* also has the property that 


(2) w*(E, U E2) < w*(E1) + w*(E2) 


for any two sets E1, E2 € 98(R). We call this property the subadditivity of 4* on $8(R). 
We say that a set function v on a collection € of subsets of R is additive on € if we have 
v(E, U E2) = v(E1) + v(E2) whenever FE), Eo € €, Ey Ex =O and E; U E2 € €. Our 
set function z* is not additive on 93(R), that is, there exist subsets E; and E2 of R which 
are disjoint but not separated enough, as far as * is concerned, to have u*(E, U E2) = 
u*(E1) + w*(E2). Examples of such sets are constructed in §3 and §4. 

Let us show that it is possible to restrict 4* to a subcollection of 93(IR) so that p* 
is additive on the subcollection. Let E ¢€ 98(R) be arbitrarily chosen. Then for every 
A € (R), ANE and AN E*, where E‘ is the complement of E, are two disjoint members 
of §8(IR) whose union is A. We say that the set E satisfies the u*-measurability condition 
and E is a s«*-measurable set if 


(3) w*(A) = w*(AN E)+ p*(AN E‘) forevery A € Y(R). 
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Itis clear that if EF satisfies condition (3), then so does E°. Note also that 9 and R are two ex- 
amples of members of $3(R) satisfying condition (3). Now let S9t(:*) be the subcollection 
of $3(R) consisting of all 4*-measurable sets in $8(IR). Let us show that DIt(z*) is closed 
under unions. Let E), Ez € Dt(u*). Then we have *(A) = w*(ANE}) + u*(AN ES) for 
an arbitrary A € §8(R) by (3). With AN Ef as a testing set for our Ez € Dt(y*) replacing 
A in condition (3), we have u*(A Ef) = u*(AN Ef N E2) + w*(AN ESN ES). Thus 


(A) = (AN £1) + (AN E{N Eo) + (AN Ef N E§). 
For the union of the first two sets on the right side of the last equality, we have 
(ANE) U(AN(E{NE2)) = AN(E1U(ESNE2)) = AN(E1U(E2\ Ev) = AN(E1 VED). 


Then *(A M Ey) + w*(AN (Ef 2M E2)) = w*(A A (E1 U E2)) by the subadditivity of 
u* on §$B(R). Thus we have u*(A) > w*(AN (£1 U E2)) + w*(AN (Ey VU E2)°). On 
the other hand by the subadditivity of .* on 98(R), the reverse of this inequality holds. 
Thus E, U E> satisfies condition (3) and is therefore a member of 23t(u*). This shows 
that S3t(z*) is closed under unions. We show in §2 that 99t(*) is closed under countable 
unions. A collection of subsets of anonempty set X is called a o-algebra of subsets of X if it 
includes X as a member, is closed under complementations and countable unions. Thus our 
Mt(u*) is ao-algebra of subsets of R. Let us show next that jz* is additive on the o-algebra 
M(yz*) of subsets of R. Thus let E), Ey € Mt(*) and assume that E; NM Ez = @. Now 
with £1 U E as the testing set A in the .*-measurability condition (3) which is satisfied by 
FE, we have 


w*(E\ U E2) = w*((E1 U Ez) 0 £1) + w*((E1 U £2) 9 E4). 
But (£1 U £2) N Ey = E, and (£; VU £2) EY = E. Thus the last equality reduces to 
(4) B*(E, U Eo) = w*(E}) + p* (Ed). 


This shows that .*, though not additive on 93(R), is additive on the subcollection Dt(jz*) of 
$3(R). Now p* is additive on )t(z*) so that we may regard it as the extension of the notion 
of length to sets which are members of 93t(z*). For this extension ,2* to be interesting, 
the collection 9Jt(u*) must be large enough to include subsets of R that occur regularly 
in analysis. In §3, we show that 90t(z*) includes all open sets in R and all subsets of R 
that are the results of a sequence of such set theoretic operations as union, intersection, and 
complementation, on the open sets. 
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[I] o-algebra of Sets 


Notations. We write N for both the sequence (1, 2,3,...) and the set {1,2,3,...}. 
Whether a sequence or a set is meant by N should be clear from the context. Simi- 
larly we write Z for both (0, 1, -1,2, —2,...) and {0, 1, —1, 2, —2,...} and Z+ for both 
(0,1,2,...) and {0, 1,2,...}. 


Definition 1.1. Let X be an arbitrary set. A collection & of subsets of X is called an algebra 
(or a field) of subsets of X if it satisfies the following conditions: 


Pe XE xX, 
2? AEM AoE A, 
3° A BeADAVUBE A, 


Lemma 1.2. /f 2U is an algebra of subsets of a set X, then 

(1) ®@e€ A, 

(2) Aj,...,An € A> Uy Ax € AW, 

3) A BeADANBE A, 

(4) Al,..., An € => (ey Ax € A, 

(5) A,BeMsaA\Be A. 

Proof. (1) follows from 1° and 2° of Definition 1.1. (2) is by repeated application of 3°. 


Since AM B = (A U B*)*, (3) follows from 2° and 3°. (4) is by repeated application of 
(3). For (5) note that A \\ B = AN BS € A by 2° and (3). 


Definition 1.3. An algebra XU of subsets of a set X is called a o-algebra (or a o-field) if it 
satisfies the additional condition: 


4° (An:né€N)CA> Uncen An € A. 


Note that applying condition 4° to the sequence (A, B, @, @,...), we obtain condition 
3° in Definition 1.1. Thus 3° is implied by 4°. Observe also that if an algebra 2 is a finite 
collection, then it is aa-algebra. This follows from the fact that when (is a finite collection 
then a countable union of members of 2 is actually a finite union of members of 2 and this 
finite union is a member of 2f by (2) of Lemma 1.2. 


Lemma 1.4, /f 20 is a o-algebra of subsets of a set X, then 
(6) (An:n EN) CAS [ey An € A. 


Proof. Note that Men An = (Unen AS). By 2°, AS © 2 and by 4°, Unen AS € 2. 
Thus by 2°, we have (Uncen 45)° € 2. ow 
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Notations. For an arbitrary set X, let §8(X) be the collection of all subsets of X. Thus 
A € §8(X) is equivalent to A Cc X. 


Example 1. For an arbitrary set X, §8(X) satisfies conditions 1° - 3° of Definition 1.1 
and condition 4° of Definition 1.3 and therefore a o-algebra of subsets of X. It is the 
greatest o-algebra of subsets of X in the sense that if 2 is a o-algebra of subsets of X and 
if P(X) Cc 2 then A = YX). 


Example 2. For an arbitrary set X, {9, X} is a o-algebra of subsets of X. It is the smallest 
a-algebra of subsets of X in the sense that if 2( is a o-algebra of subsets of X and if 
Mc {G, X} then AW = {G, X}. 


Example 3. In R2, let 9% be the collection of all rectangles of the type (a1, bi] x (az, b2] 
where —0o < a; < bj < oo fori = 1,2 with the understanding that (a;, 00] = (aj, 00). 
Let 2 be the collection of all finite unions of members of 9%. We have ¥t C 2 since 
every A € Sis the union of finitely many, actually one, members of 9% so that A € 2. 
We regard @ as the union of 0 members of SW so that @ € Q. It is easily verified that 
MA is an algebra of subsets of R?. However 2 is not a o-algebra. Consider for instance, 
An = (n - },n] x (0,1] € R Cc A forn Ee N. Then Unen An is not a finite union of 
members of $4 and is thus not a member of 2f. 


[II] Limits of Sequences of Sets 


Definition 1.5. Let (A, : n € N) be a sequence of subsets of a set X. We say that 
(An : n € N) ts an increasing sequence and write Ay, ¢ if An C An+1 forn € N. We say 
that (A, : n € N) is a decreasing sequence and write An | if An D Anz forn e N. A 
sequence (A, : n € N) is called a monotone sequence if it is either an increasing sequence 
or a decreasing sequence. For an increasing sequence (An :n € N), we define 
(1) lim An = (_) An = {x € Xs x © An for some n € N}. 

noo neN 
For a decreasing sequence (An :n € N), we define 
(2) lim Ay, = () An = {x © X:x € A, foreveryn€ N}. 

noo neN 


For a monotone sequence (A, : 2 € N), im, An always exists although it may be @. 
If A, t, then Jim, An = @ if and only if A= = = 9 for everyn € N. If A, |, we may 
have lim | An = gh even if A, # @ for every n € N. Consider for example X = R and 
An = (0, }) form ¢ N. Then lim A, = 9. On the other hand if Ay = [0, 7) forn ¢ N 
then A, | and fim, An = {0}. 


In order to define a limit for an arbitrary sequence (A, : n € N) of subsets of a set X 
we define first the limit inferior and the limit superior of a sequence. 
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Definition 1.6. We define the limit inferior and the limit superior of a sequence (An : n € N) 
of subsets of a set X by setting 
(1) liminfAn = LJ () Ae. 
neN k>n 
2) limsupA, = Ax. 
( ) red o () U 


néN k>n 


Note that (Neen Ag ine N) is a increasing sequence of subsets of X and this implies 
that lim Js, Ak = Unen Mion At exists. Similarly (U,,, Ax : 1 € N) is a decreas- 
ing sequence of subsets of X and thus lim. Upon Ak = hen Uren Ak exists. Thus 
lim inf A, and lim sup A, always exist although they may be 9. 


n—>0o 


Lemma 1.7. Let (A, : n € N) be a sequence of subsets of a set X. Then 

(1) liminf A, = {x € X:x € A, for all but finitely many n € N}. 
noo 

(2) lim n sup An = {x € X: x € A, for infinitely many n € N}, 

(3) limi inf A, C limsup Ap. 


noo 
Proof. 1. Let x € X. If x € A, for all but finitely many n € N, then there exists no €¢ N 
such that x € A, for all k > no. Then x € (Usng Ak C Unen en Ak = lim inf An. 
Conversely if x € lim inf An = Unen Maen Ae, then x € (y+, Ax for some no € N and 
thus x € Ag, for all k > no, that is, x € Ap for all but finitely many n € N. This proves (1). 
2. If x € A, for infinitely many n € N, then for every n € N we have x € ae Ax and 
thus x € Men Usen Ak = lim n sup An. Conversely if x € lim sup An = Men Usen At» 


n>w 
then x € ,,, Ax for every n e NN. Thus for every n € N, x € Ay for some k > n. This 


shows that x € A, for infinitely many n € N. This proves (2). 
3. (1) and (2) imply (3). & 


Definition 1.8. Let (A, : n € N) be an arbitrary sequence of subsets of a set X. If 


lim inf An = lim sup An, then we say that the sequence converges and define fim, An by 
n> 


n—->©o 
setting jim, An = lim inf An = limsup Ap. If lim inf An # limsup Ay, dae ‘im, An 
n->0o n->oo 
does oe bee 


Note that this definition of lim A, contains the definition of lim A, for monotone 
noo noo 
sequences in Definition 1.5 as particular cases and thus the two definitions are consistent. 


Indeed if A, ¢ then (),,, Ak = An for every n € N and Uncen (ys, Ak = Unen An 
and therefore lim inf An = Unen An. On the other hand, ),.,, Ax = Uxen Ax for every 
n> = 


n € Nand (),en~ Usen At = Usen Ak and thus pe neue An = Unen An- Similarly for 
An |. Note also that if (A, : 2 € N) is such that limi inf An = @ and limsup A, = 9 also 


no 
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now 


Example. Let X = R and let a sequence (A, : n € N) of subsets of R be defined 

by Ay = [0,1], As = [0,4], As = [0, 4],..., and A = [0,2], Ag = [0,4], Ao = 

[O, 6],.... Then lim inf An = {x € X: x € A, for all but finitely many n € N} = {0} and 
lim sup Ay, = {x € X : x € A, for infinitely many n € N} = [0, 00). Thus lim A, does 
noo =? 09. 

not exist. The subsequence (A,, : k € N) = (A, A3, As,...) is a decreasing sequence 


with jim Ar, = {0} and the subsequence (Ap, : k € N) = (Ao, Aq, Ao,...) iS an 
>> 00 


increasing sequence with lim Ay, = [0, 00). 
k-> 00 


Theorem 1.9. Let 2 be a o-algebra of subsets of a set X. For every sequence (An :n € N) 
in 20, the two sets lim inf A, and lim supAy, are in 2. So is lim Ap if it exists. 
noo n—>00 n—>0o 
Proof. For every n € N, (\ys, Ak € 2 by Lemma 1.4. Then nen Myon Ak € 2 by 
4° of Definition 1.3. This shows that liminf A, € 2. Similarly L,.,, Ag € 2 by 4° 
n->00 = 
of Definition 1.3. Then Mey Upon Ak € 2 by Lemma 1.4. Thus lim sup A, € 2. If 


now 
lim A, exists, then lim A, =liminf A, € 2. wm 
noo n->0o noo 


[III] Generation of o-algebras 


Let A be an arbitrary set. If we select a set Ey corresponding to each a € A, then we call 
{Eq : a € A} acollection of sets indexed by A. Usual examples of indexing set A are 
for instance N = {1,2,3,...}, Z = {0, 1, -1,2, —2,...}, and Z4 = {0,1,2,...}. An 
arbitrary set A can serve as an indexing set. 


Lemma 1.10. Let {2l, : a € A} be a collection of o-algebras of subsets of a set X where 
A is an arbitrary indexing set. Then (\ye, 2a is a o-algebra of subsets of X. Similarly if 
{Qa : a@ € A} is an arbitrary collection of algebras of subsets of X, then (\yc4 Ua is an 
algebra of subsets of X. 


Proof. Let {20, : @ € A} be an arbitrary collection of o-algebras of subsets of X. Then 
Nee A 2ta is a collection of subsets of X. To show that it is a o-algebra we verify 1°, 2°, 
and 3° in Definition 1.1 and 4° in Definition 1.3. Now X € 2 for every a € A so that 
X € (Vea Aa verifying 1°. To verify 2°, note that if F € ye, Aa, then E € Wy so that 
E° € My for every @ € A and then E° € (|e, Aa. 3° is implied by 4°. To verify 4°, let 
(Ex, :neNc Oeea 2. Then for every a € A, we have (E, :n € N) C Qy so that 
Unen En € Aa. Then Uc En € Mec, Ma © 


Theorem 1.11. Let € be an arbitrary collection of subsets of a set X. There exists the 
smallest o-algebra Uo of subsets of X containing €, smallest in the sense that if Wis a 
o-algebra of subsets of X containing € then Ag C A. Similarly there exists the smallest 
algebra of subsets of X containing €. 
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Proof. There exists at least one o-algebra of subsets of X containing €, namely B(X). 
Let {My : a € A} be the collection of all o-algebras of subsets of X containing €. Then 
an cA Bla contains € and itis ao-algebra according to Lemma 1.10. It is indeed the smallest 
o-algebra containing € since any o-algebra 2{ containing € is a member of {My :a@ € A} 
so that 2D (\ye4 Wo. 


Definition 1.12. For an arbitrary collection € of subsets of a set X, we write o (€) for the 
smallest o-algebra of subsets of X containing € and call it the o-algebra generated by €. 
Similarly we write a(€) for the smallest algebra of subsets of X containing € and call it 
the algebra generated by €. 


It follows immediately from the definition above that if €; and € are two collections 
of subsets of a set X and €; C €2, then o(€1) C o(€2). If Wis a o-algebra of subsets 
of X, then o (20) = 2. In particular for an arbitrary collection € of subsets of X, we have 
o(o(€)) =o(€). 


Let f be a mapping of a set X into a set Y, that is, f is a Y-valued function defined on 
X. The image of X by f, f(X), is a subset of Y. Let E be an arbitrary subset of Y. E need 
not be a subset of f (X) and indeed E may be disjoint from f(X). The preimage of E under 
the mapping f is a subset of X defined by f~'(E) = {x € X : f(x) € E}, that is, the 
collection of every x € X such that f(x) € E. Thusif EM f(X) = @ then fU(E) = 6. 
For an arbitrary subset E of Y we have f(f~!(E)) C E. Note also that 


i O=s, 

P(E. =f ONE =f (ONS @=s\s w= Fw) 
f7"(Uaea Ea) = Uaea £7" (Ea); 

f7'(Maea Ex) = Quen f!(Ea): 


For an arbitrary collection € of subsets of Y, let f—'(€) := {f7'(E) : E € €}. 


Proposition 1.13. Let f be a mapping of a set X intoa set Y. If B is ao-algebra of subsets 
of Y then f—}(98) is a a-algebra of subsets of X. 


Proof. Let us show that 2 is a o-algebra of subsets of X by showing that X € f—!(38), 
f7'(98) is closed under complementations in X, and f~!(98) is closed under countable 
unions. 

1. We have X = f~!(Y) € f7!(38) since Y € B. 

2. Let A € f7~'(93). Then A = f7!(B) for some B € 98. Since BS € 98, we have 
f~'(B°) € f7~'(83). On the other hand, f~1(B°) = (f71(B))° = A°. Thus we have 
Ac € f—!(). 

3. Let (A, : n € N) be an arbitrary sequence in f~!(93). Then A, = f~!(By) for 
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some B, € % foreach n € N. Thus we have 


U An =U rn = 67"(U Be) € #1) 


neN neN neN 


since Unen Bn, € %8. This verifies that f~!(93) is a o-algebra of subsets of X. 


Theorem 1.14. Let f be a mapping of a set X into a set Y. Then for an arbitrary collection 
€ of subsets of Y, we have o(f—!(€)) = f-!(a(@)). 


Proof. Since € C o(€), we have f7!(€) c f-'(o(€)) and consequently o(f!(é)) Cc 
o(f~'(o(€))). Since o(€) is a o-algebra of subsets of Y, f~!(o(€)) is a o-algebra of 
subsets of X by Proposition 1.13 so that o(f—!(0(€))) = f—!(a(€)). Thus we have 
o(f(€)) c f-(o(@). 


To prove the reverse inclusion, let 2; be an arbitrary o-algebra of subsets of X and let 
MA. ={ACY: f(A) eA}. 


To show that 2» is ac-algebra of subsets of Y, note first of all that f-'!(Y) = X € Qj sothat 
Y € Ap. Secondly, for every A € Ay we have f—!(A°) = (f—!(A))° © Wy so that AS € 
Ay. Finally for any (A, : 2 € N) C Mo, wehave f~! (Urey An) = pen f7'(An) € 2h 
so that UneN An € 22 and thus 29 is a o-algebra of subsets of Y. In particular, if we let 


M={AcY: f(A) €o(f-(e))}, 


then 2 is a o-algebra of subsets of Y. Clearly 2 D € and thus 2% D o(€) and then 
f(D d f-'(o(€). But f-!(Q) c o( f-!() by the definition of 2. Thus we have 
a(f-(@)) D f-(a(€)). Therefore o (f—'(€)) = f-'(o(€)). a 


Notations. For an arbitrary collection € of subsets of a set X and an arbitrary subset A 
of X, letus write ENA ={ENA: E € €}. We write o4(€ 2 A) for the o-algebra of 
subsets of A generated by the collection € N A of subsets of A. Note that the subscript A 
in og indicates that it is a o-algebra of subsets of A, not a o-algebra of subsets of X. 


Theorem 1.15. Let € be an arbitrary collection of subsets of a set X andlet A C X. Then 
oa(EN A) =a(E)NA. 


Proof. Since € C o (€) wehave ENA C ao (€)NA. From the fact that o (€) isao-algebra 
of subsets of X and A c X it follows that 0(€) N A is ao-algebra of subsets of A. Thus 


(1) aa(EN A) Ca(E)NA. 
Therefore, to prove the theorem it remains to show 


(2) a(€)NA Cag(EN A). 
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Let & be the collection of subsets K of X of the type 
(3) K =(CN A‘) UB, 


where C € o(€) and B € a4(€N A). Observe that since B C A, the union in (3) is a 
disjoint union. By (3), X € & and & is closed under countable unions. To show that & is 
also closed under complementations, let K € & be as given by (3). Then 


K°=X\K=[(XNA)UA]\[(CN A) UB] 
= [(X A‘) \ (CNA) U(A\ B) 
since XM Ac D CM AC and A D B. But (XN A‘) \ (CN A‘) = CoN AS. Therefore 
Ko =(C°NA)U(A\ B) EK. 


Thus & is closed under complementations and is therefore a o-algebra of subsets of X. 
Next, observe that for any K € & as given by (3) we have K 1 A = B € aa(€N A) so 
that RM A C o4(EN A). Thus to show (2) it suffices to show that c(E)N AC RNA. 
Since & is a o-algebra of subsets of X, it remains only to show that€ C K. LetEe E 
and write FE = (EN A°) U (ENA). Since EN A € o4(E NA), E is a subset of X of the 
type (3). Thus E € & and therefore € C K. This completes the proof. # 


[IV] Borel o-algebras 


To fix our terminology let us review definitions of some topological concepts. Let X be a 
set. A collection 9 of subsets of X is called a topology on X if it satisfies the following 
axioms: 

I geo, 

Tl xe, 

Il (Ex:a@€ A}C D> Uses Ean ED, 

IV E,, Fe DS E\(\Eo€O. 

The pair (X, 9) is called a topological space. The members of are called the open sets 
of the topological space. 

A subset E of X is called a closed set if its complement E° is an open set. Thus X is 
both an open set and a closed and so is 9. 

An arbitrary union of open sets is an open set and a finite intersection of open sets is an 
open set. An arbitrary intersection of closed sets is a closed set and a finite union of closed 
sets is a closed set. 

The interior E° of a subset E of X is defined as the union of al! open sets contained in 
E. Thus it is the greatest open set contained in E. 

The closure E of E is defined as the intersection of all closed sets containing E. It is 
the smallest closed set containing EF. 

The boundary 9E of E is defined by 9E = (E° U(E‘)°)°. 

A subset E of X is called a compact set if for every collection 930 of open sets such that 
E C Uves V there exists a finite subcollection {V1,... , Vw} such that E C es ae Va 
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Let X be an arbitrary set. A function p on X x X is called a metric on X if it satisfies 
the following conditions: 
1° p(x, y) € [0, oo) forx, y € X, 
2° p(x, y)=OGx=y, 
3° p(x, y) = p(y, x) forx,y € X, 
4° triangle inequality: p(x, y) < p(x,z) + p(z, y) forx, y,z eX. 
The pair (X, ) is called a metric space. 


In R", if we define p(x, y) = |x —y| = ye Ge - ye)?} 1? for x = (x],... Xn) 
and y = (y1,... , yn) in R”, then p satisfies conditions 1°, 2°, 3°, and 4° above and is thus 
a metric. This metric on R” is called the Euclidean metric. 


In a metric space (X, p), if xp € X andr > Othe set B(xo,r) = {x € X : p(x, x0) <r} 
is called an open ball with center xo and radius r. A subset E of X is called an open set if 
for each x € E there exists r > 0 such that B(x,r) C E. An open ball is indeed an open 
set in the sense defined above. The collection of all open sets in a metric space satisfies the 
axioms I, II, II, and IV and is thus a topology. We call this topology the metric topology of 
X by the metric p. 

A set E in a metric space (X, p) is said to be bounded if there exist xo € X andr > 0 
such that E C B(xo,r). A set E in R” is a compact set if and only if E is a bounded and 
closed set. 


Definition 1.16. Let 9 be the collection of all open sets in a topological space X. We call 
the o-algebra o () the Borel o -algebra of subsets of the topological space X and we write 
38x or %(X) for it. We call its members the Borel sets of the topological space. 


Lemma 1.17. Let € be the collection of all closed sets in a topological space (X, 9). Then 
o(€) =a(D). 


Proof. Let E € €. Then ES € 9 C a(D). Now since o(D) is a o-algebra, we have 
E = (E‘)° € a(D). Thus € C a(D) and consequently 0 (€) Cc a(o()) = a(D). By 
the same sort of argument as above we have 0 (9) C a(€). Therefore o(€) =a(D). a 


Definition 1.18. Let (X, 9) be a topological space. A subset E of X is called a G3-set if 
it is the intersection of countably many open sets. A subset E of X is called an F, -set if it 
is the union of countably many closed sets. 


Thus, if E is a Gs-set, then E° is an F,-set, and if FE is an F,-set then E° is a G;-set. 
Note that every Gs-set is a member of By. So is every Fy-set. Indeed if E is a Gs-set, 
then E = (en On where O, € 9 forn € N. Now On € D C o(D) = By for every 
néN. Since By is a c-algebra, we have E = (),.cy On € By. 

Let us note also that if E is a Gs-set, then there exists a sequence (O, : n € N) of 
open sets such that E = (\,ex On. If we let Gn = (\e_, Ox, then (Gn : n € N) isa 
decreasing sequence of open sets and (),cn Ga = (nen On = E. Thus a Gs-set is always 
the limit of a decreasing sequence of open sets. Similarly if E is an F,,-set, then there exists 
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a sequence (C, : n € N) of closed sets such that E = Ucn Cn. If we let Fn = Up_y Ce. 
then (F, : 2 € N) is an increasing sequence of closed sets and Jen) Fr = Une Cn = E. 
Thus an F,-set is always the limit of an increasing sequence of closed sets. 


[V] Measure on a o-algebra 


Notations. Let R = {—oo} URU {oo} and call it the extended real number system. We use 
the alternate notation [—0o, 00] for R also. 


Definition 1.19. Let € be a collection of subsets of a set X. Let y be anonnegative extended 

real-valued set function on €. We say that 

(a) y is monotone on € if y(E,) < y(E2) for Ey, Er € € such that E, C Eo, 

(b) y is additive on € if y(E, U E2) = y(E}) + y (£2) for E\, E2 € € such that 
E,; NE, =@and E, U En € &, 

(c) y is finitely additive on € if y (Up Ex) = has (Ex) for every disjoint finite 
sequence (Ex: k =1,...,n) in € such that Uf_) Ex € © 

(d) y is countably additive on € if y (nen En) = nen y(E,,) for every disjoint 
sequence (En :n € N) in € such that U,en En € © 

(e) y is subadditive on € if y(E\ U E2) < y(E1) + y (£2) for E, E2 € € such that 
E,UE,€€&, 

(f) y is finitely subadditive on € if y (pai Ex) < hai Y (Ex) for every finite sequence 
(Ex: k =1,...,n) in € such that p_, Ex € & 

(g) y is countably subadditive on € if y (Unen En) < oneN v(E),) for every sequence 
(En: n €N) in € such that Ucn En € €. 


Note that in (c) while L)f_, Ex € € is required, it is not required that any of (es Ex, 
Up, Ex. --- U%Z] Ex be in €. Note also that (c) implies (b) and (f) implies (e). 


Observation 1.20. Let y be a nonnegative extended real-valued set function on a collection 
€ of subsets of a set X. Assume that J € € and y(@) = 0. 

(a) If y is countably additive on €, then it is finitely additive on €. 

(b) If y is countably subadditive on €, then it is finitely subadditive on €. 


Proof. Suppose y is countably additive on €. To show that it is finitely additive on €, let 
(Ey: k = 1,... ,m) be a disjoint finite sequence in € such that Jr_, Ex € €. Consider 
the infinite sequence (Fy : k € N) in € defined by Fy = Ey fork = 1,...,n and 
Fy = @ fork >n+1. Since @ € €, (Fe : k € N) is a disjoint sequence in € with 
ken Fe = User Ex € €. Thus by the countable additivity of y on € and by the fact that 
y(B) = 0, we have y (Uj-1 Ex) = v (ken Fe) = Deen ¥ (Fe) = Wher v(Ex). This 
proves the finite additivity of y on €. We show similarly that if y is countably subadditive 
on &, then it is finitely subadditive on €. w 


Lemma 1.21. Let (E, : n € N) be an arbitrary sequence in an algebra X of subsets of a 
set X. Then there exists a disjoint sequence (Fy, : n € N) in 2b such that 
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N N 
(1) ie En = e F, for every N EN, 
n=1 n=1 
and 
2 Un=U*r. 
neN neN 


In particular, if X is a o-algebra, then nen Fn = Une En € 2. 


Proof. Let Fj = E) and F, = E, \ (EZ, U...U En-1) forn > 2. Since 2 is an algebra, 
F, € 2 for n € N. Let us prove (1) and (2) and then the disjointness of (F, : 2 € N). 

Let us prove (1) by induction. To start with, (1) is valid when N = 1 since Fy = Ej. 
Next, assume that (1) is valid for some N € N, that is, BRen E, = (Jey F,,. Then we have 


N+1 N N N N+1 
LJ F, = (Um) u Fwan = (Un) U (Ever \U x) = J En, 
n=l n=1 n=1 n=1 n=l 
that is, (1) holds for N + 1. Thus by induction, (1) holds for every N € N. 

To prove (2), let x € Unen E,. Then x € E, for some n € N and thus we have 
x € Ue) Ex = Uger Fe C Unen Fn by (1). We show similarly that if x € U,,¢y Fn then 
x € Une En. Thus we have Ucn En = Unen Fn. This proves (2). 

Finally let us show that (F, : n € N) is a disjoint sequence. Consider F,, and F,, where 
n#m,sayn < m. We have Fy, = Em \ (E1 U---U Em-1). By (1) and by the fact that 
n <m,we have E, U---U Em) = Fi) U---U Fm—1 D Fy. Thus we have F, 1) Fin = @. 
This prove the disjointness of (F,:n¢éN). 


Lemma 1.22. Let y be a nonnegative extended real-valued set function on an algebra A 
of subsets of a set X. 

(a) If y is additive on AL, it is finitely additive, monotone, and finitely subadditive on QA. 
(b) If y is countably additive on 2X, then it is countably subadditive on A. 


Proof. 1. Suppose y is additive on 2{. Let (Ey, :k = 1,... ,n) bea disjoint finite sequence 
in 2. Since 2 is an algebra, we have eae E; € Afork =1,... ,n. By the disjointness 
of ey E, and E,, and by the additivity of y on 2{, we have 


n—-1 


(Ue) = (Ue) +e. 


Repeating the argument, we have y (Uz_, Ex) = )-p-1 ¥(Ex). This proves the finite 
additivity of y on 2. To prove the monotonicity of y on 2, let E1, Ez € Wand Fy C Ep. 
Then £), Eo \ EE; € A, LE, N(E2\ E\;) =@, and EF; U (Eo \ E;) = E2 € Aso that by the 
additivity of y on 2, we have y(E1) + y(E2 \ E1) = y(E2). Then since y (E2 \ Ei) = 0, 
we have y(E1) < y(£E2). This proves the monotonicity of y on 2. 

To show the finite subadditivity of y on 2, let (Ex, :k = 1,... ,n) bea finite sequence 
in A. If we let Fj = E, and Fy = Ex \ (EF, U--- U Ex_)) fork = 2,... ,n, then as we 
showed in the Proof of Lemma 1.21, (Fy : k = 1,... ,) is a disjoint finite sequence in 
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MA with e_, Fe = User Ex so that by the finite additivity and the monotonicity of y on 
A, we have y (e_1 Ex) = v (Ute Fe) = Vier v(Fd) < Sy v (Ex). This proves the 
finite subadditivity of y on 2f. 

2. Suppose y is countably additive on 2f. To show that it is countable subadditive on 
A, let (E, : n € N) be a sequence in 2 such that L,2y En € A. Let F) = Ey and F, = 
En \ (BE, U...En-1) forn = 2. Then by Lemma 1.21, (F, : n € N) is a disjoint sequence 
in A and LU), cn Fn = Unen En. Thus by the countable additivity and the monotonicity 
of y on 2, we have y (new En) = ¥ (Unen Fn) = Cnen ¥(Fn) <= Dnen Y (En). This 
proves the countable subadditivity of y on 20. 


Proposition 1.23. Let y be a nonnegative extended real-valued set function on an algebra 
A of subsets of aset X. If y is additive and countably subadditive on A then y is countably 
additive on Al. 


Proof. Suppose y is additive and countably subadditive on 2f. To show that y is countably 
additive on 2, let (E, : n € N) be a disjoint sequence in 2 such that Unen E, € A. The 
additivity of y on 2l implies its monotonicity and finite additivity on 2 by (a) of Lemma 
1.22. Thus forevery N € N, wehave y(Unen En) = ¥(ULy En) = My y (En). Since 
this holds for every N € N, we have y(Uney En) = Donen Y(En). On the other hand, 


by the countable subadditivity of y on 2, we have y(U,en En) < Donen Y(En). Thus 
¥(Unen En) = Snen ¥(En). This proves the countable additivity of y on 2. 


Definition 1.24. Let 2( be a o-algebra of subsets of a set X. A set function js defined on A 
is called a measure if it satisfies the following conditions: 


1° nonnegative extended real-valued : j1(E) € [0, 0] for every E € &, 
2° p(B) =0, 
3° countable additivity: (En :n €N) C XA, disjoint > pw (Unen En) = nen H(En). 


Lemma 1.25. A measure 2 on a o-algebra &X of subsets of a set X has the following 
properties: 


(1) finite additivity: (E1,... , En) C &, disjoint = pw (Up, Ex) = Spay H (Ee), 

(2) monotonicity: E,, Ez € A, Ey C Ez > w(E)) < w(E2), 

(3) Ei, Ez € UM, Ey C E2, w(E1) < 00 = p(E2 \ E1) = w(E2) — (Ed), 

(4) countable subadditivity: (E,:néENcAS pw (Uren En) < Den HCEn), 

and in particular 

(5) finite subadditivity: (E,... , En) CU => w (Uke, Ex) < Vey M(ED.- 

Proof. The countable additivity of 4 on 2{ implies its finite additivity on 2 by (a) of 
Observation 1.20. The finite additivity of 4 on 2 implies its additivity on 2( and then its 


monotonicity on 2{ by (a) of Lemma 1.22. 
To prove (3), let Ej, Ez € 2 and E; C E2. Then E; and E2 \ EF, are two disjoint 


14 CHAPTER 1 Measure Spaces 


members of 2 whose union is equal to Ez. Thus by the additivity of 4 on 2, we have 
B(E2) = w(E) + w(E2 \ £)). If w(E1) < 0, then subtracting (£1) for both sides of 
the last equality, we have u(E2) — u(E1) = u(E2 \ E1). This proves (3). 

The countable additivity of 44 on 2 implies its countable subadditivity on 2 by (b) of 
Lemma 1.22. This then implies the finite subadditivity of 4 on 2¢ by (b) of Observation 
1.20. @ 


Regarding (3) of Lemma 1.25, let us note that if ~(£) = oo then by the monotonicity 
of uw we have (E2) = 00 also so that w(E2) — (£)) is not defined. 


[VI] Measures of a Sequence of Sets 


Let y be a measure on a o-algebra 2 of subsets of a set X. Let (E, : n € N) be 
a sequence in 2. If lim E,, exists, does lim u(E,) exist? If it does, do we have 
noo n—>0o 
u( lim E,) = lim p(E,)? The next theorem addresses this question for monotone se- 
noo noo 


quences of measurable sets. It is based on the countable additivity of a measure. It is a 
fundamental theorem in that a subsequent theorem regarding the limit inferior and the limit 
superior of the measures of an arbitrary sequence of measurable sets as well as the monotone 
convergence theorem for the Lebesgue integral, Fatou’s lemma, and Lebesgue’s dominated 
convergence theorem are ultimately based on this theorem. 


Theorem 1.26. (Monotone Convergence Theorem for Sequences of Measurable Sets) 

Let 2 be a measure on a o-algebra A of subsets of a set X and let (E, : n € N) bea 

monotone sequence in Q. 

(a) If En t, then lim (En) = 1 lim En). 

(b) If En |, then dim, (En) = p( lim En), provided that there exists a set A € A with 
L(A) < 00 such that E, C A. 


Proof. If E, +, then fim, En = Unen En € 2. If En J, then tim, En = Onen En € Ul. 


Note also that if (E, : n € N) is a monotone sequence in 2(, then (u(E,) : n € N) isa 
monotone sequence in [0, 00] by the monotonicity of 4 so that lim p(E,) exists in [0, oo]. 
n-> OO 


1. Suppose E, +. Then we have p(E,) +. Consider first the case where (En) = 00 for 
some no € N. In this case we have lim, H(En) = 00. Since Eny C Unen En = lim En, 
n> na 


we have .( lim En) > “(Eny) = 00. Thus (lim E,) = 0o = lim p(E,). 
noo nw noo 
Consider next the case where u(E,) < oo for every n € N. Let Eo = @ and consider 


a disjoint sequence (F,, : n € N) in 2 defined by F, = E, \ En-1 forn € N. We have 
Un En = UM, Fn for every N € N and hence Unen En = Unen Fn Then we have 


w( lim En) = w((JEn) = (Fn) = oe) 
neN neN neN 


=o (En \ En-1) = Yo {u(En) — HEn-1)}, 


neN neN 
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where the third equality is by the countable additivity of and the fifth equality is by (3) of 
Lemma 1.25. Since the sum of a series is the limit of the sequence of partial sums we have 


DE (HEn) ~ wEn1)} = lim) (w(E) — w(Ex-1)} 


neN k=1 


= lim {#(En) — u(Eo)} = lim (En). 


Thus we have jz( lim En) = lim p(Ep). 
n->0O n>oo 
2. Suppose E, | and assume the existence of a containing set A with finite measure. 
Define a disjoint sequence (F, : n € N) in 2( by setting F, = Ey, \ En41 forn € N. Then 


(1) Ei\\()in=(J hm. 
neN neN 


To show this, let x € Ey \ en En. Then x € E; and x is not inevery E,. Since E, J, 
there exists the first set En)+41 in the sequence not containing x. Then x € Eng \ Eno+1 = 
Fay © Une Fn. This shows that £1 \ en En C Unen Fn- Conversely if x € Ucn Fas 
then x € Fro = Eng \ Eng+1 for some no € N. Now x € Eng C Ey. Since x ¢ Eng+1, we 
have x ¢ (en En. Thus x € Ey \ nex En- This shows that Ucn Fn C £1 \ Men En- 
Therefore (1) holds. Now by (1), we have 


@) w(E1\ () En) =#( Um). 
neN neN 
Since 1 (Qyen En) < H(E1) < u(A) < 00, we have by (3) of Lemma 1.25 


@) u(E1\ () En) = w(E1) ~ H{ () En) = eB) ~ 2 Jim Ey). 


neN neN 


By the countable additivity of 4, we have 


(4) ( U Fa) = eG) = Do aE \ Ent) 


neN neN neN 
= 0 {eH En) — w(Enti)} = lim Y 7 {a (En) — w Eee} 
neN k=1 


= lim {#(E1) — “(Eny1)} = (£1) — lim p(En41). 
n—0OoO n—->co 
Substituting (3) and (4) in (2), we have 
HE) —- p( lim. E\) = w(E\) - dim, w(En+1) = H(E1) — jim, (En). 


Subtracting (£1) € R from both sides we have .( lim, LS lim (En). 
n nu 
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Remark 1.27. (b) of Theorem 1.26 has the following particular cases. Let (E, : n € N) be 

a decreasing sequence in 2. Then lim pu(E,) = u( lim £, n) if any one of the following 
n->CO n—->co 

conditions is satisfied: 

(a) u(X) < 00, 

(b) u(£1) < 00, 

(c) U(En,) < 00 for some no € N. 


Proof. (a) and (b) are particular cases of (b) of Theorem 1.26 in which X and E£) respectively 
are the containing set A € 2 with (A) < oo. 

To prove (c), suppose 4(E,,,) < 00 for some no € N. Let (F, : n € N) be a decreasing 
sequence in 2{ obtained by dropping the first no terms from (EZ, : n € N), that is, we set 


Fn = Enytn forn € N. Lemma 1.7 implies that lim inf F, = liminf EZ, and lim sup F, = 
n—-co noo noo 
lim sup Z, andthus lim F, = lim E,. Now since (Fy, : n € N) is a decreasing sequence 
n—-0o n->0o noo 


and Fy C En, forn € N and since “(En,) < 0, (b) of Theorem 1.26 applies so that 
lim (Fy) = u( lim F,) = u( lim E,). Since (w(Fn) : n € N) is a sequence obtained 
n->CO noo no 
by dropping the first no terms of (u(E,) : n € N), we have lim | LCF) = lim, (En). 
t—> na 


Therefore we have lim u(E,) = u( lim E,). & 
noo noo 


Let 2 be a measure on a o-algebra 2 of subsets of a set X. Then for an arbitrary 


sequence (E,, : n € N) in 2, lim inf E,, and lim sup E,, exist in 2( by Theorem 1.9 and thus 
n noo 


(lim inf E,) and (lim sup En) are defined. Now (44(En) : n € N) isa sequence in [0, co] 
n n->0o 
and thus liminf w(E,) = lim inf w(£,) and limsup u(E,) = lim sup p(£,) exist in 
noo n>Ok>n noo noo k>n 
[0, co]. How are (liminf E,) and «(lim sup E,) related respectively to lim inf 1(En) 
n->0o n=*00 = 


and lim sup “(E,)? The next theorem addresses this question. 
n—->Oo 


Theorem 1.28. Let 4 be a measure on a o-algebra A of subsets of a set X. 
(a) For an arbitrary sequence (Ey, : n € N) in 20, we have 


(1) (lim inf En) < liminf 4(En). 
(b) If there exists A € 2 with u(A) < 00 such that E, C A forn €N, then 
(2) (lim sup En) > lim sup p(Ep). 
no noo 
(c) If both lim E, and lim (Ey) exist, then 
noo n> Oo 
(3) w( lim En) < lim (En). 
(d) If lim E,, exist and if there exists A € W with (A) < co such that E, C A forn EN, 
n> 


then lim p(E,) exists and 
noo 


- de ee 
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Proof. 1. Recall that lim inf En = Unen Neon Ee = im, Men Ee by the fact that 
(Men Ex +n €N) is an increasing sequence in 2. Then by (a) of Theorem 1.26, we 
have (lim inf En) = dim # (Mica Ex) = lim inf p (Neen Ex) since the limit of a 
sequence, if it exists, is equal to the limit inferior of the sequence. Since ess, Ex C En, 
we have 1 ((\yon Ex) < #(En) for n € N by the monotonicity of 4. This then implies 
lim inf 2 (()y:,, Ex) < \iminf u(E,). Continuing the chain of equalities above with this 
no _ noo 

inequality, we have (1). 

2. Assume that there exists A € 2 with 4(A) < oo such that E, C A forn e N. Now 
lim sup En = Men Upon Ee = lim Upon Ee by the fact that (Uy>, Ex in € N) isa 


no 


decreasing sequence in 2. Since E, C A for all n € N, we have );.,, Ex C A for all 
n € N. Thus we have (lim sup En) = H( lim. ees Ex) = dim, m (Wesg Ex) by (b) 
of Theorem 1.26. Now lim w(U,-, Ex) = limsup u(U,.,, Ex) since the limit of a se- 
noo = noo cS 

quence, if it exists, is equal to the limit superior of the sequence. Then by psi Ex D En, we 
have 1 (U,., Ex) = (En). Thus lim nsup (psn Ex) = lim n sup u(E,). Continuing 
the chain of equalities above with this inequality, we have (2). 

3. If lim E, and lim p(E,) exist, then lim E, = liminf EZ, and lim w(EZ,) = 

noo noo n—->0OO n—>>CoO n>oo 

lim inf LL(E),) so that (1) reduces to (3). 

a If jim, E,, exists, then am eup E, = jim, En, = lim inf E,,. If there exists A € 2f 
with (A) < oo such that E, C a fot née N. hen by (2) ana (1) we have 
(5) lim sup (En) < u (lim sup En) = u( lim, En) 


n>o 


= pl tim int En) < liminf u(E,). 
n—o0o n—>oo 


Since liminf u(E,) < lim sup “(E,) the inequalities (5) imply 
Aero n> 0o 
lim inf u(E,) = u( lim E,) = lim sup p(E,). 
n->00 n->0o n—>0o 


Thus lim 4(E,) exists and then by (5) we have ( lim En) = lim “(E,). This proves 
(4) : n-> OO n->CoO 


[VII] Measurable Space and Measure Space 


Definition 1.29. Let 2 be a o-algebra of subsets of a set X. The pair (X, QW) is called a 
measurable space. A subset E of X is said to be U-measurable if E € A. 


Definition 1.30. (a) If 4 is a measure on a o-algebra XA of subsets of a set X, we call the 
triple (X, A, 4) a measure space. 
(b) A measure pt on a o-algebra X of subsets of a set X is called a finite measure if 
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A(X) < 00. In this case, (X, A, ) is called a finite measure space. 

(c) A measure js on a o-algebra LU of subsets of a set X is called ao -finite measure if there 
exists a sequence (En : n € N) in 2 such that Uncen En = X and (En) < 00 for every 
néN. In this case (X, A, 2) is called a o-finite measure space. 

(d) A set D € 2 in an arbitrary measure space (X, A, 1) is called a o-finite set if there 
exists a sequence (Dy : n € N) in A such that |J,exy Dn = D and u(Dn) < 0 for every 
neN. 


Lemma 1.31. (a) Let (X, 20, 4) be a measure space. If D € Wis aa-finite set, then there 

exists an increasing sequence (Fy, :n € N)inQsuchthat lim F, = Dandu(F,) < oo for 
noo 

every n € N and there exists a disjoint sequence (Gn : n € N) in A such that, .~¥ Gn = D 

and u(G,) < oo foreveryn Ee N. 

(b) If (X, 2, 2) is a o-finite measure space then every D € Wis a o-finite set. 


Proof. 1. Let (X, 2l, 4) be a measure space. Suppose D € 2 is a o-finite set. Then there 
exists a sequence (D, : n € N) in 2 such that U7 Dn = D and 4(D,) < 00 for every 
n €N. Foreachn EN, let F, = Up_, Dg. Then (F, : n € N) is an increasing sequence 
in 2 such that lim Fr = new Fx = Une Pa = D and wn) = u(Uee1 De} < 
ye H(Dy) < 00 for everyn EN. 

Let Gy = Fy and Gy = Fy \ Utc} Fi for n > 2. Then (Gy : n € N) is a disjoint 
sequence in 2 such that Uc Gn = Uncen Fn = D as in the Proof of Lemma 1.21, 
W(G1) = WF) < 00 and w(Gn) = WM(Fa \ pci Fe) S w(Fn) < 00 for n > 2. This 
proves (a). 

2. Let (X, 2, 4) be aa-finite measure space. Then there exists a sequence (E, : n € N) 
in 2 such that UL), En = X and u(En) < oo for everyn € N. Let D € Q&. For each 
n &N, let Dy = DN En. Then (Dn : n € N) is a sequence in 2 such that L,,<;4y Dn = D 
and 4(D,,) < (En) < 00 for every n € N. Thus D is ao-finite set. This proves (b). & 


Definition 1.32. Given a measure 2 on a o-algebra A of subsets of a set X. A subset E of 
X is called a null set with respect to the measure wu if E € Mand w(E) = 0. In this case 
we say also that E is a null set in the measure space (X, A, 4). (Note that % is a null set in 
any measure space but a null set in a measure space need not be 9.) 


Observation 1.33. A countable union of null sets in a measure space is a null set of the 
measure space. 


Proof. Let (E,, : n € N) be a sequence of null sets in a measure space (X, 2, ~). Let 
E= nen E,. Since 2( is closed under countable unions, we have E € 2{. By the 
countable subadditivity of 4 on 2f, we have n(E) < one (En) = 0. Thus p(E£) = 0. 
This shows that F is a null set in (X, 2l, 4). 


Definition 1.34. Given a measure 4 on ac-algebra A of subsets of a set X. We say that the 
o-algebra X is complete with respect to the measure y if an arbitrary subset Eo of a null set 


§1 Measure on a o-algebra of Sets 19 


E with respect to ut is amember of 2 (and consequently has 4( Eo) = 0 by the monotonicity 
of 4). When Lis complete with respect to 4, we say that (X, A, ) is a complete measure 
space. 


Example. Let X = {a,b,c}. Then 2 = {9, {a}, {b, c}, x} is a o-algebra of subsets of 
X. If we define a set function 4 on 2 by setting 4(H) = 0, w({a}) = 1, w({b,c}) = 0, 
and y4(X) = 1, then y is a measure on 2f. The set {b, c} is a null set in the measure space 
(X, A, w), but its subset {b} is not a member of 2. Therefore (X, A, 2) is not a complete 
measure space. 


Definition 1.35. (a) Given a measurable space (X, ). An A-measurable set E is called 
an atom of the measurable space if @ and F. are the only UA-measurable subsets of E. 

(b) Given a measure space (X, A, w). An W-measurable set E is called an atom of the 
measure space if it satisfies the following conditions : 


1° p(E) > 0, 
2° Eo C E, Eo € & => (Eo) = Vor u(Eo) = pw (E). 

Observe that if E is an atom of (X, 20) and u(E) > 0, then E is an atom of (X, 2, wu). 
Example. In a measurable space (X, 20) where X = {a, b,c} and A = {@, {a}, {b, c}, X}, 
if we define a set function jz on 2 by setting 4() = 0, w({a}) = 1, w({b, c}) = 2, and 


“(X) = 3, then mw is a measure on 2{. The set {b,c} is an atom of the measure space 
(X, 2, 2). 


[VIII] Measurable Mapping 


Let f be a mapping of a subset D of a set X into a set Y. We write D(f) and S(f) for the 
domain of definition and the range of f respectively. Thus 


D(f)=Dc x, 
Rif) = {ye Y:y = f(x) forsome x € D(f)} cy. 


For the image of D(f) by f we have f(O(f)) = Rf). 
For an arbitrary subset E of Y we define the preimage of E under the mapping f by 


f'(B) = {x eX: f(x) € E} = {x © Df): f@) € E}. 
Note that E is an arbitrary subset of Y and need not be a subset of S4(f). Indeed E may 


be disjoint from 9t(f), in which case f—'(E) = 9. In general we have f(f—1(E)) C E. 
For an arbitrary collection € of subsets of Y, we let f~'(€) := { f-1(E): E € €}. 


Observation 1.36. Given sets X and Y. Let f be a mapping with O(f) C X and 
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Rf) CY. Let E and E, be arbitrary subsets of Y. Then 

(1) f'W=D(f), 

(2) ICE) =f 'W\D=f'@\ FIO = DN\ Ff, 
(3) f7'(Uaea Eu) = Uses £7! (Ea); 

(4) f7'(Maea Za) = Maca £1! (Ea). 


Proposition 1.37. Given sets X andY. Let f beamapping withD(f) C X andR(f) CY. 
If B is a o-algebra of subsets of Y then f—1(98) is aa-algebra of subsets of the set Dif). 
In particular, if D(f) = X then f—'(9B) is a o-algebra of subsets of the set X. 


Proof. Let 8 be a o-algebra of subsets of the set Y. To show that f—!(98) is a o- 
algebra of subsets of the set D(f) we show that D(f) € f—!(98); if A e f—!(B) 
then D(f) \ A € f~!(93); and for any sequence (An : n € N) in f—!(98) we have 
Unen An € f7'(B). 

1. By (1) of Observation 1.36, we have D(f) = f7(Y) € f7(B) since Y € B. 

2. Let A € f—!(9%8). Then A = f~!(B) for some B € 8. Since B° € B we have 
f71(B°) € f71(93). On the other hand by (2) of Observation 1.36, we have f—'(B°) = 
D(f)\ f-\(B) = Df) \ A. Thus D(f) \ A € f-1(B). 

3. Let (A, :n € N) bea sequence in f~!(%3). Then A, = f~!(B,) for some B, € B 
for each n € N. Then by (3) of Observation 1.36, we have 


U An =U rn = 671(U Ba) € £1), 


neN neN neN 
since U,<y Bn € B. 8 


Definition 1.38. Given two measurable spaces (X, Wand (Y, B). Let f be amapping with 
D(f) c X and R(f) c ¥. We say that f isa A/%B-measurable mapping if f—'(B) € A 
for every B € %, that is, f—'(98) c A. 


According to Proposition 1.37 for an arbitrary mapping f of D(f) Cc X into Y, f~!(93) 
is aa -algebra of subsets of the set D(f). 21/33-measurability of the mapping f requires that 
the o-algebra f~! (38) of subsets of D(f) be a subcollection of the o-algebra A of subsets 
of X. Note also that the 2{/33-measurability of f implies that D(f) = f—!(¥) € A. 


Observation 1.39. Given two measurable spaces (X, 20) and (Y, 3B). Let f be a A/B- 
measurable mapping. 

(a) If 20, is a o-algebra of subsets of X such that 21; D 2, then f is 2; /%3-measurable. 
(b) If Bo is a o-algebra of subsets of Y such that Bo C B, then f is 2(/23o-measurable. 


Proof. (a) follows from f~!(38) C 2 C MA; and (b) from f—!(9%B0) c f—-'(B) CA. a 


Composition of two measurable mappings is a measurable mapping provided that the 
two measurable mappings form a chain. To be precise, we have the following: 
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Theorem 1.40. (Chain Rule for Measurable Mappings) Given measurable spaces (X, 20, 
(Y, 8), and (Z, €). Let f be a mapping with D(f) Cc X, Rf) Cc Y, g be a mapping 
with D(g) C Y, R(g) Cc Z such that R(f) C D(g) so that the composite mapping go f 
is defined with D(g o f) C X and Rigo f) c Z. If f is A/B-measurable and g is 
38 /€-measurable, then g o f is A/€-measurable. 


Proof. By the 2/%3-measurability of f, we have f~!(98) C A, and by the 3/¢€- 
measurability of g, we have g-!(€) C ®B. Thus (go fy (©) = f(g (©) c 
f"(B) CU a 


The 2{/538-measurability condition can be reduced when % is the o-algebra generated 
by a collection € of subsets of Y. Thus we have the following: 


Theorem 1.41. Given two measurable spaces (X, 2) and (Y, 8B), where B = a(€) 
and € is an arbitrary collection of subsets of Y. Let f be a mapping with D(f) € A 
and R(f) C Y. Then f is a X/B-measurable mapping of Df) into Y if and only if 
fOAE) CA. 


Proof. If f is a 2/23-measurable mapping of D(f) into Y, then f~!(93) C so that 
f-\(€) Cc A. Conversely if f—(€) C A, then o(f~(€)) C o(Q) = A. Now by 
Theorem 1.14, o(f—'(€)) = f-!(o(€)) = f71(9B). Thus f-!(9%8) C Wand f isa 
2(/33-measurable mapping of D(f). # 


Proposition 1.42. Given two measurable spaces (X, 20) and (Y, By), where Y is a topo- 
logical space and By is the Borel o-algebra of subsets of Y. Let f be a mapping with 
Df) € Wand Rf) Cc Y. Let Oy and Cy be respectively the collection of all open sets 
and the collection of all closed sets in Y. 

(a) f is a X/By-measurable mapping of Df) into Y if and only if f-\(Oy) C A. 

(b) f is a A/By-measurable mapping of D(f) into Y if and only if f~\(€y) C A. 


Proof. Since By = o(My) = a(€y), the Proposition is a particular case of Theorem 
141. § 


Theorem 1.43. Given two measurable spaces (X,8&x) and (Y, By) where X and Y 
are topological spaces and By and By are the Borel o-algebras of subsets of X and 
Y respectively. If f is a continuous mapping defined on a set D € By, then f is a 
38 x /By-measurable mapping of D into Y. 


Proof. Let V be an open set in Y. The continuity of f on D implies that f—'(V) = UN D 
where U is an open set in X so that f-'(V) € Sx. Since this holds for every open set V 
in Y, f is a 33x /Sy-measurable mapping of D into Y by (a) of Proposition 1.42. g 


A particular case of Theorem 1.43 is when we have a real-valued continuous function 
f defined on a set D € Sy where By is the Borel o-algebra of subsets of a topological 
space X. In this case we have (Y, By) = (R, Br). By Theorem 1.43, f isa By/Br- 
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measurable mapping of D into R. 


[IX] Induction of Measure by Measurable Mapping 


Let jz be a measure on a o-algebra 2 of subsets of a set X. We show next that a measurable 
mapping of the measurable space (X, 2) into another measurable space (Y, 93) induces 
a measure on the o-algebra 8. The induced measure on % is called the image measure 
induced by the measurable mapping. 


Theorem 1.44, (Image Measure) Given two measurable spaces (X, 2) and (Y, 8). Let 
f be a AX/B-measurable mapping of X into Y. Let 1 be a measure on A. The set function 
defined by v = 1 o f~! on B, that is, v(B) = pb (f7'(B)) for B € BB, is a measure on 
SB. 


Proof. Since f is a 2(/38-measurable mapping of X into Y, we have f~!(B) € 2 for every 
B € ® and then v(B) = w(f~'(B)) € [0, 00]. Also v(®) = w (f-!@)) = w@) = 0. 
Let (B, : n € N) be a disjoint sequence in 8. Then (f-!(B,) : n € N) is a disjoint 
sequence in M@ and f~! (LU, en Bn) = Unen f'(Bn) € 2. Thus we have the equality 


»(Unew Bn) = H(F~"(Unen Bn) = Drew HF" Bn)) = Dnen ¥(Bn)- This shows 
that v is countably additive on 2{. Therefore v is a measure on B. 


Problems 


Prob. 1.1. Given two sequences of subsets (E,, :n € N) and (F, : n € N) of aset X. 
(a) Show that 


lim inf E, U lim inf Fy C lim m inf (En U Fr) C lim inf E,, Ulim sup Fh 


noo 
Cc limsup(E, U F,) C lim sup E,, U lim sup Fy. 
noo n~>0o nO 
(b) State and prove a similar chain of inclusions for intersections. 
(c)Show thatif lim E, and lim F, exist,then lim (EZ,UF,) and lim (E, Fy) exist. 
n—>co now now nao 


Prob. 1.2. (a) Let (Ay : n € N) be a sequence of subsets of a set X. Let (B, : n € N) bea 
sequence obtained by dropping finitely many entries in the sequence (A, : n € N). Show 


that lim inf By, = lim inf An and pe neue By, = limsup A,. Show that iim, By, exists if 
naw 
and only if jim, An aera and when ‘they exist they are equal. 


(b) Let (A, . a e€ N) and (B, : n € N) be two sequences of subsets of a set X such 
that A, = By for all but finitely many n € N. Show that lim inf Bn = lim inf An and 


lim sup By, = lim sup A,,. Show that Jim, B,, exists if and only’ if “im, An Basa and when 
n-> OO noo 
they exist they are equal. 


Prob. 1.3. (a) Let a € R and let (x, : n € N) be a sequence of points in R, all distinct from 
a, such that lim, X, = a. Show that lim {n} # {a}. 
n> n> 


(b) Let E CR. Fort e RletE+r= {x+t re de = E}, that is, the translate of E by t. 
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Let (fn : n € N) be a sequence in R such that lim ¢, = 0 andlet Ey, = E +1, forn e N. 
now 
Construct a set E C R such that jim, Ey, # E. 


Prob. 1.4. The characteristic function 1,4 of a subset A of aset X is a function on X defined 
by 
1 forx € A, 


IaQ) = 0 forx € AS. 


Let (A, :n € N) be a sequence of subsets of X and A be a subset of X. 
(a) Show that if Jim An = A then jim, 1,4, = 1,4 on X. 


(b) Show that if “tim. 1,4, = 1, on x then fim. An = A. 


Prob. 1.5. Let 2( be a o-algebra of subsets of a set X and let Y be an arbitrary subset of X. 
Let B= {ANY : A € 2}. Show that B is a o-algebra of subsets of Y. 


Prob. 1.6. Let 21 be a collection of subsets of a set X with the following properties: 
1°. X EA, 

22, A BeAsaA\B=ANB € A. 

Show that 2f is an algebra of subsets of the set X. 


Prob. 1.7. Let 2( be an algebra of subsets of a set X. Suppose 2 has the property that for 
every increasing sequence (A, : n € N) in 2, we have ney An € 2. Show that 2 is a 
o-algebra of subsets of the set X. 

(Hint: For an arbitrary sequence (B, : n € N) in 2, we have Ucn Bn = Unen An where 
(A, : n € N) is an increasing sequence in 2 defined by An = Ui_, Bx forn € N.) 


Prob. 1.8. (a) Show that if (26, : n € N) is an increasing sequence of algebras of subsets of 
aset X, then Jc Mn is an algebra of subsets of X. 

(b) Show by example that even if 2l, in (a) is a c-algebra for every n € N, the union still 
may not be a o-algebra. 


Prob. 1.9. Let (X, 20) be a measurable space and let (E,, : n € N) be an increasing sequence 
in 2( such that Ucn En = X. 

(a) Let A, = WN Ep, that is, A, = {AN E, : A € A}. Show that ,, is a o-algebra of 
subsets of E,, foreach n € N. 

(b) Does ),, cy Mn = 2 hold? 


Prob. 1.10. Let X be an arbitrary infinite set. We say that a subset A of X is co-finite if A‘ 
is a finite set. Let 24 consist of all the finite and the co-finite subsets of a set X. 

(a) Show that 2( is an algebra of subsets of X. 

(b) Show that 2( is a o-algebra if and only if X is a finite set. 


Prob. 1.11. Let X be an arbitrary uncountable set. We say that a subset A of X is co- 
countable if A‘ is a countable set. Let 2¢ consist of all the countable and the co-countable 
subsets of a set X. Show that 2 is a a-algebra. 

(This offers an example where an uncountable union of members of a o-algebra is not a 
member of the o-algebra. Indeed, let X be an uncountable set and let A be a subset of 
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X such that neither A nor A° is a countable set so that A, AS ¢ 2. Let A be given as 
A = {x, € X: y €T'} where Fin an uncountable set. Then {x,} € 2 for every y € I, 
but Uy er {xy} = A ¢ 2.) 


Prob. 1.12. For an arbitrary collection € of subsets of a set X, let a(€) be the algebra 
generated by €, that is, the smallest algebra of subsets of X containing €, and let 0 (€) be 
the o-algebra generated by €. Prove the following statements: 

(a) a(a(€)) = a(€), 

(b) o(o(€)) = o(€), 

(c)a(€) C o(€), 

(d) if € is a finite collection, then a(€) = a(€), 

(e) c(a(€)) = o(€). 

(Hint for (d): Use Prob. 1.13 below.) 


Prob. 1.13. Let € = {£),--- , En} be a finite collection of distinct, but not necessarily 
disjoint, subsets of aset X. Let D be the collection of all subsets of X which have expressions 
of the type F, N-+- M F, where F; is either E; or Ef foreachi = 1,--- ,n. Let 2 be the 
collection of all finite unions of members of D. 

(a) Show that D has at most 2” distinct members. 

(b) Show that 2 = a(€). 

(c) Show that «(€) has at most 2?” distinct members. 

(d) Show that o(€) = a(€). 

Remark. For an arbitrary collection € of subsets of a set X, the smallest o-algebra of 
subsets of X containing €, o(€), always exists according to Theorem 1.11. Prob. 1.13 
presents a method of constructing o (€) for the case that € is a finite collection. 


Prob. 1.14. Let (2f, : n € N) be a monotone sequence of algebras of subsets of a set X and 
let 2f = lim, Q,. Show that 2is an algebra. 
Es Soa 


Prob. 1.15. Let (2, : n € N) be a monotone sequence of o-algebras of subsets of a set X 
and let 24= lim 2. 

noo 
(a) Show that if (2, : n € N) is a decreasing sequence then 2 is a o-algebra. 
(b) Show that if (2f, : n € N) is an increasing sequence then 2f need not be a o-algebra by 
constructing an example. 


Prob. 1.16. Let {A; : i = 1,... ,n} be a disjoint collection of nonempty subsets of a set X 
such that Jj_, Ai = X. 
(a) Show that the collection of all finite unions of members of {A; : i = 1,... ,} is equal 


too ({A;:i=1,...,n}). 
(b) Show that o({Aj : i = 1,... ,n}) isa finite set. 


Prob. 1.17. Let {A, : n € N} be a disjoint collection of nonempty subsets of a set X such 
that Ucn An = X. 

(a) Show that the collection of all countable unions of members of {A, : n € N} is equal to 
a({An :n € N)}). 

(b) Show that o({A, : 2 € N}) is an uncountable set. 
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Prob. 1.18. Show that ao-algebra of subsets of a set cannot be acountably infinite collection, 
that is, its cardinality is either finite or else it is at least that of the continuum. 


Prob. 1.19. Let € be an arbitrary collection of subsets of a set X. Show that for every 
A € a(€@) there exists a finite subcollection {E),--- , E,} of € depending on A such that 
Aé a({E}, ee En}). 

(Hint: Show that the collection of all sets A with this property is an algebra and then show 
that this algebra contains €.) 


Prob. 1.20. Let € be an arbitrary collection of subsets of a set X. Show that for every 
A € oa(€) there exists a countable subcollection €4 of € depending on A such that 
A €a(Ga,). (We say that every member of o (€) is countably generated.) 


Prob. 1.21. Let X be a countably infinite set and let 2 be the a-algebra of all subsets of X. 
Define a set function 4 on 2l by defining for every E € 2 
iS | 0 if E isa finite set, 
co otherwise. 
(a) Show that yz is additive but not countably additive on 2f. 
(b) Show that X is the limit of an increasing sequence (F£,, : n € N) in 2{ with n(E,) = 0 
for all n, but 4(X) = oo. 


Prob. 1.22. Let X be an infinite set and let 2( be the algebra consisting of the finite and the 
co-finite subsets of X (cf. Prob. 1.10). Define a set function u on 2 by setting for every 
A€ QA: ere 
if A is finite, 

KAS 1 if A is co-finite. 
(Note that since X is an infinite set, no subset A of X can be both finite and co-finite although 
it can be neither.) 
(a) Show that y is additive on the algebra 2f. 
(b) Show that when X is countably infinite, 42 is not countably additive on the algebra 2. 
(c) Show that when X is countably infinite, then X is the limit of an increasing sequence 
{A, :n € N} in 2 with w(A,) = 0 for every n € N, but u(X) = 1. 
(d) Show that when X is uncountable, then y is countably additive on the algebra 2f. 


Prob. 1.23. Let X be an uncountable set and let 2 be the o-algebra consisting of the 
countable and the co-countable subsets of X (cf. Prob. 1.11). Define a set function yz on 2 
by setting for every A € 2f: 
Wo = 0 if A is countable, 
1 if A is co-countable. 
(Note that since X is an uncountable set, no subset A of X can be both countable and 
co-countable although it can be neither.) Show that yz is countably additive on 2f. 


Prob. 1.24, Let X = (0, oo) and let J be the collection of intervals of the type (n — 1, n] for 
n © N. Let 2 be the collection of all arbitrary unions of members of J. For every A € 2 
let us define j(A) to be the number of elements of J that constitute A. 

(a) Show that 2 is a o-algebra of subsets of X. 

(b) Show that yz is a measure on the o-algebra 2. 
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(c) Let (An : n € N) C 2 where A, = (n, 00) forn € N. Show that for the decreasing 
sequence (A, :n € N) we have lim u(An) # (lim A,). 
n—-0o n—> oOo 


Prob. 1.25. Let (X, 2, 2) be a finite measure space. Let € = {E, : A € A} be a disjoint 
collection of members of 2{ such that 4(£,) > 0 for every 4 € A. Show that € is at most 
a countable collection. 


Prob. 1.26. Given a measure space (X, A, 4). We say that a sequence (A, : n € N) in 2 
is almost disjoint if u(A; MN Aj) = 0 for j #k. 

(a) Show that if (An : n € N) C Mis almost disjoint, then 4 (Ucn An) = Donen (An): 
(b) Show that if (A, :n € N) C is such that w (U,cy An) = Donen H(An) < 00, then 
(A, :n € N) is almost disjoint. 

(c) If we remove the condition >< (An) < 00 in (b), then the conclusion is not valid. 
Show this by constructing an example. 


Prob. 1.27. Let 4 be a measure on a o-algebra 2 of subsets of a set X and let Wp be a 
sub-o-algebra of 2f, that is, 2(9 is a o-algebra of subsets of X and Ay C 2. Show that the 
restriction of jz to 29 is a measure on o. 


Prob. 1.28. Let 41 and 2 be measures on a o-algebra 2l of subsets of a set X and let 
a1, a2 > 0. Show that the set function a 41 + a2f2 on 2 defined for E € QW by setting 
(oj ty + A242) (E) = @1 4 (E) + a2442(E) is a measure on 2. 


Prob. 1.29. Let (X, 2l, 4) be a o-finite measure space so that there exists a sequence 
(En: n € N) in 2 such that U),,¢y En = X and u(En) < 00 for every n € N. Show that 
there exists a disjoint sequence (F, : n € N) in 2 such that Ucn Fn = X and (Fn) < 00 
for every n € N. 


Prob. 1.30. Let (X, 20, 2) be a measure space. Show that for any £1, Ez € 2l we have the 
equality: w(E) U E2) + w(E1 9 E2) = w(E1) + H(E2). 


Prob. 1.31. The symmetric difference of two subsets A and B of a set X is defined by 
H(AAB) = (A \ B)U(B\ A). 

(a) Prove the triangle inequality for the symmetric difference of sets, that is, for any three 
subsets A, B, C of aset X we have AAB C (AAC) U (CAB). 

(b) Let (X, 2f, 2) be a measure space. Show that n(AAB) < “n(AAC) +u(CAB) for any 
A, B,C € Qt. 


Remark. Let (X, 2{, 4) be a finite measure space. Then a function p on 2f x 2 defined by 
p(A, B) = u(AAB) for A, B € 2 has the following properties: 

1° pA, B) € [0, u(Xx)], 

2° p(A, B) = p(B, A), 

3° p(A, B) < p(A,C) + p(C, B). 

However p need not be a metric on the set 2( since p(A, B) = 0 does not imply A = B. 


Prob. 1.32. Let (X, 20, 1) be a finite measure space. Let a relation ~ among the members 
of 2 be defined by writing A ~ B when n(AAB) = 0. 
(a) Show that ~ is an equivalence relation, that is, 
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1° A~A, 
22 A~BSOB~A, 
3° A~B,B~CSA~C. 
(b) Let [A] be the equivalence class to which A belongs and let [2{] be the collection of all 
the equivalence classes with respect to the equivalence relation ~. Define a function p* on 
[2K] x [Ql] by setting p*([A], [B]) = w(AAB) for [A], [B] € [20]. 
(c) Show that p* is well defined in the sense that its definition as given above does not 
depend on the particular representative A and B of the equivalence classes [A] and [B}; in 
other words, 

A’ € [A], B’ € [B] > u(A‘AB’) = W(AAB). 
(d) Show that p* is a metric on the set [2f]. 
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§2 Outer Measures 


[1] Construction of Measure by Means of Outer Measure 


Definition 2.1. Let X be an arbitrary set. A set function * defined on the a -algebra 93(X) 
of all subsets of X is called an outer measure on X if it satisfies the following conditions : 


1° nonnegative extended real-valued : 4*(E) € [0, 00] for every E € 93(X), 

2° w*(G) =0, 

3° monotonicity : E\, E, € $8(X), E) C FE, > p*(E1) < p*(E2), 

4° countable subadditivity: (Ey: n € N) C P(X) > *(Unen En) < nen B* (En). 


By definition an outer measure jz* is a countably subadditive set function on the o- 
algebra Y3(X). If it is also additive on 93(X), that is, if it satisfies the condition that 
w*(Ey U £2) = w*(E1) + w*(E2) whenever E}, Er € 98(X) and EF) N E2 = G, then 
according to Proposition 1.23, * is countably additive on 93(X) so that it is a measure on 
33 (X). In general an outer measure y2* does not satisfy the additivity condition on 3(X). 
We shall show that there exists a o-algebra 2 of subsets of X, 2 C 98(X), such that when 
* is restricted to 2 it is additive on 2. Then yz* is countably additive on 2( by Proposition 
1.23 and is thus a measure on 2. 


Let E € $8(X). For an arbitrary A € B(X), we have (AN E)N (AN E‘) = @ and 
(AN E)U(AN EY) =A. 


Definition 2.2. Let * be an outer measure on a set X. We say that a set E € 9B(X) is 
measurable with respect to ts* (or 4*-measurable) if it satisfies the following Carathéodory 
condition : 


U*(A) = w(ANE)+u*(ANE‘)  forevery A € $(X). 


The set A is called a testing set in the Carathéodory condition. We write D0t(y*) for the 
collection of all *-measurable E € 3B(X). 


Observation 2.3. The countable subadditivity of j2* implies its finite subadditivity on B(X) 
by Observation 1.20. Thus u*(A) < w*(AN E) 4+ w*(AN E*) for any E, A € $B(X). 
Therefore to verify the Carathéodory condition for E € 98(X), it suffices to verify that 
w*(A) > w*(AN E) + w*(AN E*) for every A € $B(X). 


Lemma 2.4. Let jz* be an outer measure ona set X. Consider the collection IN(p*) of all 

p*-measurable E € ¥(X). 

(a) If E1, Ex € DM(u*), then Ey U Ez € Dt(pu*). 

(b) The set function x* is additive on IN(*), that is, u*(E, U E2) = w*(E\) + p*(E2) 
for E\, Ez € Dt(u*) such that E, 0 Er = ©. 
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Proof. 1. Suppose Ey, Ez € IN(*). Let A € F(X). Since LE; € HNt(y*) we have 
(1) B*(A) = w*(AN E}) + w*(AN Ef). 
With AM Ef asa testing set for Ez € 2t(u*), we have 
(2) W*(AN Ef) = w(AN EXO Er) + w*(AN EG N E5). 
Substituting (2) into (1) we have 
(3) B*(A) = w(AN Ey) + w*(AN ESO Eo) + w*(AN EVN E5). 
Regarding the first two terms on the right-hand side of (3) note that 

(AN £1) U(AN Ef NM Ey) = AN (£1 U (Ef N Ep) 

=AN(E; U(E2\ E})) = AN(E) U Ep). 

Then by the subadditivity of .* we have 


(4) B*(AN Ey) + w*(AN Ef N Ep) = w*((AN Ey) U (AN Ef 0 Ed)) 
(5) = p*(AN (E, U E2)). 


We have also p*(AN ESN ES) = u*(A N(E,U E2)°). Substituting this and (4) in (3), we 
have 


yt(A) > w(A0 (EL U Ea) + w*(A 0 (Ey U ED)’. 


By Observation 2.3 this shows that E, U E> satisfies the Carathéodory condition. Hence 
E,U E2 € Mt(u*). 

2. To prove the additivity of u* on Dt(y*), let £1, Ez € Dt(u*) and £) 1 £2 = G. 
Since Ey € 9t(u*), we have *(A) = w*(AN Ei) + w*(AN ES) for every A € BCX). 
In particular, with A = E; U E2 we have 


w*(E1 U Ey) = w*((E1 U E2) 9 E1) + w*((E1 U E2) 9 E4). 


Now the disjointness of E, and E2 implies that (E,UE2)NE1 = E, and(E,)UE2)NE{ = E. 
Thus 2*(£; U E2) = w*(E1)+ u*(E2). OW 


The next theorem shows that for an arbitrary outer measure jz* on a set X, there exists 
anon y*-measurable subset of X if and only if u* is not additive on $8(X). 


Theorem 2.5. Let 41* be an outer measure on a set X. Then the following two conditions 
are equivalent: 


(i) u* is additive on 3B(X). 
(ii) Every member of $8(X) is u*-measurable, that is, It(yu*) = BCX). 


Thus there exist non j1*-measurable sets in X if and only if js* is not additive on 93(X). 
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Proof. 1. Suppose y* is additive on 98(X). Let E € 98(X). Then for an arbitrary 
A € 38(X), the two sets AM E and AN E* are disjoint members of 93(X) whose union is 
equal to A so that by the additivity of * on 98(X) we have u*(A) = w*(ANE)+p*(ANES). 
This shows that every E € §8(X) satisfies the Carathéodory condition. Thus E € Dt(*) 
and then $B(X) C Mt(yw*). On the other hand, since 98(X) is the collection of all subsets 
of X we have Dt(w*) C 9(X). Therefore we have Mt(u*) = YX). 

2. Conversely suppose $B(X) = 2t(u*). Then since u* is additive on Nt(u*) by 
Lemma 2.4, * is additive on 93(X). 


Example. Let X be an arbitrary set and for every E € 98(X) let .*(E) be equal to the 
number of elements in E. Then j* satisfies conditions 1° - 4° in Definition 2.1 and is thus 
an outer measure on X. Moreover jz* is additive on $B(X). 


Lemma 2.6. Let * be an outer measure ona set X. If E € §8(X) and u*(E) = 0, then 
every subset Eo of E, and in particular E itself, is a member of DIt(*). 


Proof. If .*(£) = 0, then for any subset Eg of E, we have 4*(Eo) = 0 by the monotonicity 
of 2*. Then forevery A € 98(X), we have u*(AN Eo) + *(ANES) < w*(Eo) +u*(A) = 
u*(A) by the monotonicity of *. This shows that Eo satisfies the Carathéodory condition 
by Observation 2.3. Hence Eo € Dt(u*). oe 


Lemma 2.7. Let * be an outer measure ona set X. If E, F € 38(X) and u*(F) = 0, 
then w*(E U F) = u*(B). 


Proof. By the subadditivity of u*, we have u*(E U F) < p*(E) 4+ w*(F) = p*(E). On 
the other hand by the monotonicity of u*, we have w*(E) < u*(E U F). Therefore we 
have w*(EUF)=p*(E). Of 


Theorem 2.8. Let ,.* be an outer measure on a set X. Then the collection IN(y*) of all 
p*-measurable subsets of X is a o-algebra of subsets of X. 


Proof. 1. For any A € 93(X), we have u*(ANX)+u*(ANXS) = w*(A)4+*(B) = u*(A). 
This shows that X satisfies the Carathéodory condition so that X € Dt(y*). 
2. Let E € Dt(y*). Then for every A € $8(X) we have 


w*(A) = W*(ANE) + w(AN E*) = (AN (E)*) + (ANE). 
This shows that E° satisfies the Carathéodory condition so that E° € Dt(p*). 


3. Let (E, :n € N) C D(u*). By Observation 2.3, to show that Ucn En € Dt(u*), 
it suffices to show that for every A € 98(X), we have 


u*(A) > ur(A n [ U En}) +u*(A n [ U E,| ). 


neN neN 
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Let us show first that for every k € N, we have 


MwA) = Se (an(U ae aa [Us if) 


with the understanding that ae E; = @. Let us prove (1) by induction on k € N. Now 

fork = 1, since E; € Dt(u*), we have p*(A) = w*(AN £1) + w*(AN Ef). Thus (1) is 

valid for k = 1. Next assume that (1) is valid for some k € N. Let us show that (1) is valid 
c 

for k + 1. Now with AN [ na E;| as a testing set for Ex41 € Dt(u*), we have 


e(an[Ue])- e(ao[Usy neu) +u'(ao[Ue Ey] n%,:) 
=nt(aa[ Ej) Ex) + w(aa{| E\| ). 


Substituting this equality into (1) which is valid for k by our assumption, we have 
k j-] k k+1 ’ 

u*(A) = we(a n [U Ei) n Ej) +ut(A n [ U Ej] n Ext) + ur(A n [ 0 E;} 
= = j ja , 

“ye (an[Uay Ej) +" («Ua ). 


This shows that (1) is valid for k + 1 under the assumption that it is valid for k. Thus by 
induction, (1) i is valid for every k € N. 

Since Uj_y Ei C Ujen Ei. we have [Uf_, Ei]© > [Ujen £;]’, and then by the 
monotonicity of u*, we have p*(AN[ Uj-1 Ei)) = w*(AN[Ujen £s]*)- Using this in 
(1), we have 


‘Crl 


te 
i 


j=l 


j-1 


be ye Dee (an[Uayng,)+e(ao[U zi). 


i=l jeN 
Since this holds for every k € N, we have 


j-1 


u*(A) > out(an] Ei] Ej) +m (an[ Ua} ) 


jeN i=l jen 
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where the second inequality is by the countable subadditivity of u*. Now by Lemma 1.21 


in : j-l 
U (Us) 02) =U [U8] =Us. 
jeN i=l jeN i=l jeN 

Therefore we have 

u*(A) > ur(A n [ U E;]) +ur(A n [ U Ej] ). 
JEN jeN 


Thus (J jen Ej satisfies the Carathéodory condition. Then we have (J jen Ej € Miu*). - 


We have just shown that if * is an outer measure on a set X, then the collection IIt(*) 
of all .*-measurable subsets of X is ao -algebra of subsets of X. For an arbitrary measurable 
space (X, 20), by Definition 1.29 we say that a subset of X is 2{-measurable if it is amember 
of 2. Since Mt(*) is the collection of all 4*-measurable subsets of X by Definition 2.2, 
p*-measurability and 99t(.*)-measurability of a subset of X are equivalent. 


Theorem 2.9. Let j.* be an outer measure ona set X. If we let ws be the restriction of jx* 
to the o-algebra IN(*), then p is a measure on IN(j2*) and furthermore (X, Mt(u*), 7) 
is a complete measure space. 


Proof. Since .* is countably subadditive on 93(X), its restriction on 93t(*) is countably 
subadditive on 93t(u*). By Lemma 2.4, yx* is additive on 93t(jz*). Therefore by Proposition 
1.23, * is countably additive on the o-algebra D(z*) and is therefore a measure on 
M(u*). If we write yu for the restriction of 4* to Nt(u*), then we have a measure space 
(Xx, M(u*), L). According to Lemma 2.6, if EF € 99t(u*) and x(E) = 0, then every subset 
of E is a member of 99t(u*). Thus (X, 99t(*), 4) is acomplete measure space. Ww 


[II] Regular Outer Measures 


Definition 2.10. An outer measure * on a set X is called a regular outer measure if every 
subset of X is contained in a 4*-measurable set with equal outer measure, that is, for every 
E € §8(X), there exists F € Dt(u*) such that F D E and p*(F) = p*(E). 


In a measure space (X, 2, w), if (E, : n € N) is an increasing sequence in 2{, then 
lim “(E,) = u( lim En). This is a consequence of the countable additivity of 2 on 2. 
noo n-> Co 


(See the Proof of Theorem 1.26.) If 4* is an outer measure on a set X, then for an increasing 
sequence (E,, : n € N) in $8(X) we may nothave lim p*(En) = p*( lim, En). We show 
n—oo > 


next that if .* is a regular outer measure then the equality holds. 


Theorem 2.11. Let jz* be an outer measure ona set X and let (E, : n € N) be an increasing 
sequence of subsets of X. Then 


(1) lim y*(E,) < p*( lim En). 
no noo 
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If * is a regular outer measure then 


(2) lim p*(E,) = p*( lim En). 
noo n-0o 


Proof. 1. Let (E,, : n € N) be an increasing sequence of subsets of X. By the monotonicity 
of u*, (u*(En) : n € N) is an increasing sequence of extended real numbers so that 

lim p*(E,) exists. Also by the monotonicity of u* we have u*(E,) < u* (Unen En) for 
noo 


every n € N so that im, B*(En) < #* (Unen En) = p*( lim, E,). This proves (1). 
2. Assume that * is a regular outer measure. Then for every n € N, there exists 


F, € t(*) such that E, C F, and u*(E,) = w*(F,) = uC), where p is the restriction 
of z* to Nt(u*). Now E, C F, forn € N implies that lim infEy C lim inf Fp. Then 
nt» n> 


rae ee ee eee 
EA tins Ea) ae ex) = 1 ee Es) 
=(liminf F,) < liminf w(F,) = liminf u*(Fp) 
n>oo noo n> OO 
=liminf u*(E,) = lim p*(En), 
Nw n->CO 


where the second equality is by the fact that lim inf F, € Dt(u*), the second inequality is 
n> 
by (a) of Theorem 1.28, and the last equality is by the existence of lim, p*(En). This and 
n> 
(1) imply (2). 


Definition 2.12. Let :* be an outer measure ona set X. We say that 2* is o -finite on 3B(X) 
if there exists a sequence (A, : n & N) in $8(X) such that Unen An = X and p*(An) < 00 
foreveryn éN. 


Let us note that the sequence (A, : n € N) in Definition 2.12 can be chosen to be 
a disjoint sequence. In fact if we let B} = A; and Bn = A, \ Bas Ax forn > 2, 
then (B, : n € N) is a disjoint sequence in $8(X), U,en Bn = Unen An = X, and 
B*(Bn) < w*(An) < 00 for every n € N by the monotonicity of z* on $3(X). 


In a measure space (X, 2, uw), if E, F € A, E Cc F, and w(E) = w(F) < ov, then 
LCF \E) = w(F)— “(E) = 0. This follows from the additivity of 4 on 2. The assumption 
LE) < oois to ensure that the difference n(F) — 4(E) is defined. If 4* is an outer measure 
ona set X, andif E € $(X), F € Mt(u*), E Cc F, and w*(F) = w*(F) < 00, do we 
have u*(F \ E) = 0? In the next theorem, we show that for an outer measure jz* which is 
regular and o-finite, this question is equivalent to the question as to whether yz* is additive 
on §8(X), or equivalently according to Theorem 2.5, the question of non-existence of non 
j*-measurable sets in X. 


Theorem 2.13. Let u* be a regular and o-finite outer measure on a set X. Then the 
following two conditions are equivalent: 
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(i) Dt(u*) = P(X). 
(ii) E € BCX), F € Miu"), E CF w*(E) = w*(F) < 0 > w*(F \ E) = 0. 


Proof. 1. To show that (i) implies (ii), assume 0t(u*) = 93(X). Suppose E and F satisfy 
the hypothesis of (ii). Then E and F are members of DIt(z*). Since jz* is a measure on the 
a-algebra t(2*), it is additive on 2t(u*). This implies that u*(F) = u*(F\ E)+u*(E). 
Subtracting .*(E) € R from both sides, we have u*(F \ E) = u*(F) — u*(E) = 0. This 
shows that (i) implies (ii). 

2. To show that (ii) implies (i), let us assume (ii). Let E be an arbitrary member of 
$B(X). Since * is o-finite on 93(X), there exists a sequence (A, : n € N) in $(X) such 
that Ucn 4n = X and w*(A,) < 00 for everyn € N. Let Ex = EX Ap forn € N. Then 
(En : n € N) is a sequence in $8(X) with Ucn En = E and w*(En) < w*(An) < 00 for 
every n € N by the monotonicity of 4* on $8(X). Now since y* is a regular outer measure, 
there exists F, € D’(y*) such that F, D E, and u*(F,) = w*(En) for every n € N. By 
(ii), we have p*(F, \ En) = 0. This implies that F, \ En € 3t(u*) by Lemma 2.6. Since 
En = Fy, \ (Fn \ En) and F, and F, \ En are members of the o-algebra D0t(*), Ey, is a 
member of 9Jt(u*) for every n € N. Then E = cy En € 29t(u*). This shows that every 
member of 98(X) is a member of 90t(jz*). Thus (ii) implies (i). w 


Definition 2.14. An outer measure * on a topological space X is called a Borel outer 
measure if By C M(u*). 


Definition 2.15. An outer measure p* on a topological space X is called a Borel regular 
outer measure if it is a Borel outer measure on X and if for every E € 38(X) there exists 
F € Sx such that F D E and u*(F) = p*(E). 


Remark 2.16. A Borel regular outer measure jz* on a topological space X is a regular outer 
measure on X in the sense of Definition 2.10. This follows from the fact that By C DMt(p*). 


[11] Metric Outer Measures 


Given a metric space (X,d). Let the topology on X be the metric topology by the metric 
d. The distance between a point x € X anda set E € 98(X) is defined by d(x, F) = 
infyer d(x, y). Ifx € E then d(x, E) = 0 but the converse is false. If E is a closed set 
then d(x, E) = 0 if and only if x € E. The distance between two sets E, F € 9B(X) is 
defined by d(E, F) = infxez,yer d(x, y). ENF A Othend(E£, F) =0. If ENF =9, 
d(E, F) may still be equal to 0 even if E and F are closed sets. If E is a closed set and F 
is a compact set, then d(E, F) = Oifandonly if ENF #9. 


Definition 2.17. Given a metric space (X, da). 

(a) Two sets E,, Ex € §8(X) are said to be positively separated if d(E\, E2) > 0. 

(b) An outer measure j1* on X is called a metric outer measure if for every pair of positively 
separated sets E,, Ez € 98(X), we have u*(E, U E2) = w*(E}) + w* (£2). 
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Lemma 2.18, Let .* be a metric outer measure on a metric space (X,d). Let (An :n € N) 
be an increasing sequence in §8(X) andlet A= lim Ap. If A, and A\ An+1 are positively 
n—->0oO 


separated for every n &€ N, then u*(A) = lim p*(Ap). 
noo 
Proof. Since A, t, we have u*(A,) t as n — oo by the monotonicity of the outer 


measure jz*. Since A, C A we have u*(An) < *(A) for every n € N. Thus we have 
lim b*(An) < u*(A). It remains to show 
n 


(1) w*(A) < lim p*(An). 


Let Ag = @ and define a sequence (B, : n € N) in $8(X) by setting B, = A, \ Ay—1 for 
néN. Let us show 


(2) DoH (Bar-1) S lim w*(An), 
keN 
* H * 
(3) B u*(Bax) < lim (An). 
€ 


To prove (2), let us consider w* (Ue! Bors) for an arbitrary N € N. Let us write 


(eee Bo-) = CU, Box-1) U Bon+1. Now we have eae Bog-1 C A2n— 1 and 
Bon+t = Aznei \ Aon C A \ Aon. This implies 


N 
aU B2-1, Boy+1) 2 d (Azn-1, 4 \ Azn) > 0 
el 


by our assumption on the sequence (A, : n € N). Then since ,* is a metric outer measure, 
we have 


N+1 N 
ur U Bo) = u([ U) Bx U Boy+1) 
k=l k=l 
N 
= u*( U Bu-1) + p*(Bon+1)- 
k=l 


Repeating the argument to u*( C4 Box-1) and iterating the process N times, we obtain 


N+I N+1 


u*( L) Bu-1) = > L*(Box_1). 
jl k=l 


Since J’! Boe-1 C Aw, we have YAa w*(Boe-1) < w*(Aon41). Thus 
N41 
De (Bret) = Tim D7 v*(Bae-1) Slim w*(Aaw41) = lim p*(An). 
keN N-> oo tel N>0oo noo 
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This proves (2). We prove (3) likewise by starting with his, Box for N € N. 

If at least one of the two series in (2) and (3) diverges, then lim j*(A,) = 00 and (1) 

n-> OO 
holds. Suppose that both series converge. Then we have 
(4) Do (Bn) = D> we (Bar-1) + > H*(Brx) < 00. 
neN keN keN 
Now A= lim An = Unen An = Ano U (Unsng+1 Bn) for an arbitrary no € N. Thus by 
the countable subadditivity of the outer measure *, we have 
(5) U*(A) <U*(Any) + SY) w*(Br). 
n>not+l1 

By (4) we have nim, planer L*(Bn) = 0. Then p*(A) < nim, L* (Ano) by letting 
no — co in (5). This proves (1). 


Theorem 2.19. An outer measure * on a metric space (X, d) is a Borel outer measure, 
that is, Bx C Mt(u*), if and only if y* is a metric outer measure. 


Proof. 1. Suppose j* is a metric outer measure. The Borel o-algebra 8x of subsets 
of X is the smallest o-algebra of subsets of X containing all open sets in X and is thus 
also the smallest o-algebra of subsets of X containing all closed sets in X by Lemma 1.17. 
Therefore to show that By C Mt(u*) it suffices to show that every closed set in X is a 
member of 9)t(u*). Let E be a closed set in X. To show that E € 9t(u*), according to 
Observation 2.3 it suffices to show that for every A € $3(X) 


(1) B*(A) > w(ANE) + u*(AN E*). 
Let B= ANE‘. Let (B, : n € N) be an increasing sequence of subsets of B defined by 
(2) B, = {x € B: d(x, E)> 4}. 


Let us show that the sequence satisfies the conditions 


(3) jim, Bn = LU Bn = B, 
neN 
1 
d >--—— >0. 
(4) (Bn, B\ Brit) = = — —— > 


Now since B, C B foreveryn € N, we have Unen B, C B. To prove the reverse inclusion, 
letx € B. Thenx ¢ E. Since E is a closed set, we have d(x, E) > 0. Thus there exists 
n € Nsuch that d(x, FE) > 1. Then by (2) we have x € By. This shows that B C Unen Bh 
and proves (3). To prove (4), let x € B, and y € B\ Bni1. Since y € Bandy ¢ Bn41, 
we have d(y, E) < — by (2). Then there exists z € E such that d(y, z) < 1_ | Since 


n+1 n+1 
x € B, andz € E, we have d(x, z) > 1 by (2). The triangle inequality of the metric 
d(x,z) < d(x, y) + d(y, 2) implies d(x, y) = d(x, z) — d(y,2) > 4 — 4k. Since this 


holds for arbitrary x € B, and y € B \ Bn41, (4) holds. 
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Now (3) and (4) imply by Lemma 2.18 that 
(5) jim, B*(Bn) = p*(B) = w(AN E),. 


Since AN E C E, we have d(AN E, B,) > d(E, Bn) > + by (2). Thus AN E and B,, are 
positively separated. Then the fact that .* is a metric outer measure implies that we have 
(ANE) + p*(Bn) = ur((A NE)U Bn) < y*(A) by the fact that B, C B C A. Letting 
n —> oo and applying (5), we have (1). 

2. Conversely suppose yz* is a Borel outer measure on X, that is, By C Mt(u*). To 
show that jz* is a metric outer measure, let E,, E2 € 98(X) be such that c := d(E), Ez) > 0. 
For each x € Ej, let Gy = {y € X : d(x, y) < §} and let G = U,eg, Gx. Then G is an 
open set, Ey C G, and Ex NG = @. Since G € By C Mt(u*), we have p*(Ey U Ey) = 
u*((Ey U E2) NG) + w*((E1 U Ex) N G*). Since E) C G and E2NG = Y, we have 
(E| U E2) NG = Ey and (E; U E2) 1 GS = Ep. Thus p*(E; U Ez) = w*(E1) + w* (Ed). 
This shows that z* is a metric outer measure. W 


[IV] Construction of Outer Measures 


Definition 2.20. A collection % of subsets of a set X is called a covering class if it satisfies 
the following conditions : 


1° there exists (Vn :n € N) CG such that Ucn Vn = X, 


2° GEM. 
For E € $8(X), a sequence (V, :n € N) C J such that UneN Vn D E is calleda covering 
sequence for E. 


Theorem 2.21. Let % be a covering class of subsets of a set X. Let y be an arbitrary set 
function on %& such that 


1° nonnegative extended real-valued : y(V) € [0, oo] for every V € &, 
2° y@) =0. 
Let us define a set function 1* on §8(X) by setting for every E € 3B(X) 


u(E) = int | Daan ¥(Va) Vn it € N) CB, pen Vn > Ej. 
Then * is an outer measure on X. We call x* the outer measure based on y. 


Proof. Let us show that our y* satisfies conditions 1°, 2°, 3°, and 4° of Definition 2.1. 
Clearly 4*(E) € [0, co] for every E € 98(X). Since @ € 3, (@) is a one term covering 
sequence in 93 for @ and thus 4*(%) < y(@) = 0. 

To show the monotonicity of u* on 98(X), let Ey, Ey € F(X) and Ey c Ey. Then 
every covering sequence in % for E2 is also a covering sequence for Ej. This implies that 
the collection of extended nonnegative numbers on which we take the infimum to obtain 
j2*(E}) is greater than the collection on which we take infimum to obtain u*(E2). Now if 
A and B are two collections of extended real numbers and A > B theninf A < inf B. Thus 
p*(E\) < u*(E2). This proves the monotonicity of u*. 
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To show the countable subadditivity of 4* on 98(X), let (E, : n € N) C $B(X). Let 
€é > 0. Foreachn € N, by the definition of 4*(E,,) as an infimum there exists a sequence 
(Vnjk ik € N) C GW such that Upey Vink D En and Pye ¥(Vnk) < w*(En) + 35. Then 
Unen (Use Vne) > nen En- This implies 


H(Unert En) © [7nd] sD {eEn + &} = Sen) +. 
neN keN neN neN 


By the arbitrariness of ¢ > 0, we have p* (Unen En) nen H*(En). This proves the 


countable subadditivity of u*. © 


Remark 2.22. The nonnegative extended real-valued set function y on the covering class 
3G on which the outer measure yz* is based in Theorem 2.21 satisfies no conditions other 
than that y(@) = 0. In particular, y is not required to be monotone on 23. Thus it is possible 
that we have V, W € 23 such that W Cc V but y(W) > y(V). The existence of such a set 
W in & has no effect on the definition of z*. If such a set W is a member of a covering 
sequence (V, : n € N) foraset E € 98(X), then by replacing W with V we have a covering 
sequence of E with a possibly smaller, but never greater, sum )-, <j ¥ (Vn). Thus in taking 
infimum of 7 ,,cn Y(Vn) on the collection of all covering sequences of E, a sequence with 
W as a member has no effect. 


Remark 2.23. Further regarding the set functions y and z* in Theorem 2.21, we have: 
(a) For V € 33, (V) is a one term covering sequence in 20 for V and thus 


w*(V) = int { Dyan ¥Va) : Vai EN) CB, Unew Va 2 V} s 7(V). 


However .*(V) = y(V) may not hold. In fact if there exist W, V € 23 such that W c V 
and y(W) > y(V), then since (V) is a one term covering sequence in 23 for W, we have 
u*(W) < ¥(V) < y(W). 

(b) In general BW C Mt(u*) does not hold. See §20 for an example. In §20 we show that 
if YW is an algebra of subsets of X and y is additive on 23, then Wc Mt(u*), and if y is 
countably additive on 95, then y = * on 3. These results are extended in §21 to the case 
where 23 is a semialgebra (see Definition 21.1) of subsets of X. In §20 we show also that 
an outer measure based on a countably additive set function on an algebra is a regular outer 
measure. 


For an outer measure * based on an extended nonnegative valued function y with 
y(®) = 0 on a covering class %3 of a set X as in Theorem 2.21, the scope of the testing 
sets in the Carathéodory condition for 4*-measurability is reduced as we show in the next 
theorem. 


Theorem 2.24. Let 23 be a covering class for a set X and let y be a set function on 3 
such that y(V) € [0, co] for every V € % and y(®) = 0. Define an outer measure * on 
X by setting for every E € 3B(X) 


p(B) = int | Pnen (Vn) | Vn it €N) CB, Unew Ya D El. 
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Then the following two conditions, the first of which is the Carathéodory condition for the 
p*- measurability of E, are equivalent: 


@ pw*(A)=p*(AN E)+ u*(AN ES) for every A € B(X) 
Gi) w*(V) = WwVNE) + (VE) for every V € B. 


Proof. Since (i) implies (ii), it remains to show that (ii) implies (i). Let us assume (ii). Let 
E & 33(X). For an arbitrary A € §8(X), let (V, : n € N) be an arbitrary sequence in 3 
such that Ucn Vn D A. By (ii) we have p*(Vn) = w*(Va OE) + w* (Vn N E*) for every 
n & N. Summing over n € N, we have 


Don) = D0 Vn OE) + YT en OE) 
neN neN neN 


= u(U ne) +u*(U (un £4) 


neN neN 
=«'((U%)o#)+e((Um)oe) 
neN neN 
> (ANE) + p*(ANE*), 


where the first inequality is by the countable subadditivity of the outer measure 4.* and 
the second inequality is by the monotonicity of 4*. According to (a) of Remark 2.23, 
L*(Vn) < (Vn). Thus Doc ¥ (Vn) = M*(ANE) + p*(AN E*). This shows that u*(AN 
E) + *(AN E*) is a lower bound for the collection of nonnegative extended real numbers 
{nen (Vn): (Vain EN) CB, U,en Vn D A}. Since *(A) is the infimum, that is, 
the greatest lower bound, of this collection, we have uw*(A) > w*(AN E) + w(AN ES). 
The reverse inequality holds by the monotonicity of 4*. Thus (i) holds. 


Problems 


Prob. 2.1. For an arbitrary set X let us define a set function u* on 93(X) by 
. number of elements of E if E is a finite set, 
w(E) = eter datea phen 
oo if E is an infinite set. 


(a) Show that jz* is an outer measure on X. 

(b) Show that j* is additive on 93(X), that is, u*(E) U E2) = w*(E\) + w*(E2) for any 
E\, Ez € $8(X) such that £1 N E2 = @. 

(c) Show that z* is a measure on the o-algebra 93(X). (This measure is called the counting 
measure.) 

(d) Show that %(u*) = 98(X), that is, every E € 98(X) is w*-measurable. 


Prob. 2.2. Let X be an infinite set and let 4 be the counting measure on the o -algebra 2 of 
all subsets of X. Show that there exists a decreasing sequence (E,, : n € N) in 2€ such that 
E, | @, thatis, lim EZ, = %, with lim w(E,) £0. 

n> OO noo 


Prob. 2.3. Let * be an outer measure on a set X. Show that if y* is additive on B(X), 
then it is countably additive on $3(X). 
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Prob. 2.4. Let z* be an outer measure on a set X. Show that a non j*-measurable subset 
of X exists if and only if 4.* is not countably additive on 98(X). 
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[I] Lebesgue Outer Measure on R 


Definition 3.1. Let 3, be the collection of G and all open intervals in R, Joc be the collection 
of ® and all intervals of the type (a, b] in R, 3co be the collection of 6 and all intervals of 
the type [a, b) in R, and 3, be the collection of ® and all closed intervals in R, with the 
understanding that (a, 00] = (a, 00) and[—o, b) = (—00, b). Let = FoUTocUTcoUTe, 
that is, the collection of ® and all intervals in R. For an interval I in R with endpoints 
a,b éR,a <b, we define @(1) = b—a. Foran infinite interval I in R we define €(1) = ov. 
We set £(0) = 0. 

For a countable disjoint collection {I, : n € N} in 3, we define €£ ( Unen In) = 
DeneN £Un). 

With the nonnegative extended real-valued set function £ on the covering class 3 of R, 
let us define a set function on 9B(R) by setting for every E € 3B8(R) 


w(B) = inf { Dyeny Un) : Un it €N) C Boy ner dn > EI. 


By Theorem 2.21, 4* is an outer measure on R. We call u* the Lebesgue outer measure 
on R. We write IN, for the o-algebra It(u*) of ws -measurable sets E € %B(R) and 
call it the Lebesgue a-algebra of subsets of R. Members of the o-algebra 9N, are called 
ON, -measurable or Lebesgue measurable sets. We call (R, Wt, ) the Lebesgue measurable 
space. We write 1, for the restriction of u* to IN, and call it the Lebesgue measure on R. 


We call (R, I, u | the Lebesgue measure space on R. 


For some E € 98(R), we have )°,cy (Un) = 00 for any (J, :n € N) C Jo, such that 
Unen I, D E so that we have inf | nen LUn): Un in EN) CIFo, Unen In D E| = 00. 


Observation 3.2. Each of the four collections 3,, Joc, Ico, Ic, is a covering class of R 
in the sense of Definition 2.20, and @ is an extended nonnegative valued set function with 
£(@) = 0 on each of these four collections. Thus if we define four set functions m%, m%., 
m*,, and m* on §3(R) by setting for every E € 98(R) 

ms(E) = inf {ren 2Un) : Uni 2 EN) C30, Unex In DE}, 

MS-(E) = inf [Yoren £Un) : Un in © N) C Foes nen In DE}, 

BS (E) = inf [Doyen €n) : Un in EN) C Teo, nen In DE}, 

BCE) = inf {nen €Un) : Uni 2 © N) C Ic, Unen In DE}, 
then each of these set functions is an outer measure on R by Theorem 2.21. Among these 


four, 3 is the Lebesgue outer measure 4*. Actually for every E € 98(R) we have the 
equalities u*(E) = u*(E) = wi(E) = wi(E). 


Proof. Let us show that 43(E) = u*(E) for every E € 98(R). The same kind of argument 
can be used to show that 4*(E) = u%.(E) and u*(E) = ui,(E). 
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Let ¢ > 0 be arbitrarily given. Let (7, : n € N) be a sequence in J, such that 
nen In D E. Let In = (dn, bn) and Jn = [an — €/2"*', by + €/2"*"] for n ¢ N. Then 
(Jn: n € N) is a sequence in 3¢, nen Jn D E, and Deny £(Jn) = Donen Un) + €. The 
last equality implies by the definition of 4*(£) as an infimum that u2(E) < Den €Un) +8. 
Since this holds for an arbitrary sequence (J, : n € N) in 3, such that U,cn In D E, we 
have p2(E) < #35(E) +. Then by the arbitrariness of ¢ > 0, we have ui(E) < pu*(E). 
Conversely starting with an arbitrary sequence (J, : n € N) in 3, given by I, = [an, Dn} 
forn € N such that UneN In D E, and defining a sequence (J, : n € N) in J, by setting 
In = (Gn — €/2"*", by + €/2"*') for n € N, we show by the same argument as above that 
MS(E) < we(E). Thus u3(E) = wi(E). of 


Lemma 3.3. (a) For every x € R we have {x} € 90%, and u*({x}) = 0. 
(b) Every countable subset of R is a null set in (R, mM, , L,). 


Proof. 1. Let x € R. For every ¢ > 0, we have x € (x — €,x +) € 3, and thus the 
sequence (I, :n € N) = ((x —e,x + €),9,@,...) in 3 is a covering sequence for {x}. 
This implies that HF ({x}) < nen Un) = 2¢. By the arbitrariness of ¢ > 0, we have 
u*({x}) = 0. By Lemma 2.6, this implies {x} € N(u*) = M,. 

2. A singleton in R is a null set in (R, nt, , H,) by (a). A countable subset of R is then 
a countable union of null sets and is therefore a null set by Observation 1.33. 


Lemma 3.4, ue = £ onJ,, that is, B*(Z) = £(1) for every interval I in R. 


Proof. 1. Consider the case where J is a finite closed interval given by J = [a, b] where 
a,b &€ R,a < b. Foran arbitrary ¢ > 0, we have J = [a,b] C (€—£,b +8) € 3g. Thus 
((a —€,b+6),8,G,.. .) is a covering sequence in 3, for J. This implies that we have 
wil) < &((a—e,b+ £)) + £(B) + £() + --- = &(1) + 2e. Since this holds for every 
€ > 0, we have 


(1) us(1) < e). 


Next let we show that for every covering sequence (J, :n € N) in 3, for 7, we have 


(2) Yo Un) = LCD. 


neN 


Now if a member J, in a covering sequence is an infinite interval, then £(/,) = oo so that 
Senen £Un) = © > £(1) and (2) holds. Thus consider the case where every member in 
the covering sequence is a finite interval. Let us drop any member in the covering sequence 
that is disjoint from J and drop also any member that is contained in another member of 
the sequence. The resulting sequence (J, : n € N) is a covering sequence for 7 with 
nen £Un) < Ven Un). Since (Jn : n € N) is an open cover of the compact set /, it has 
a finite subcover. Renumber the members of the sequence if necessary so that J c |) hae J 
where J, = (ax, bg) fork = 1,...,N anda, < a2 <--- < ay. Nowif a; = a; for 
some i # j, then either J; C Jj; or Jj C Jj; which contradicts the fact that none in the 
sequence (J, : k = 1,...,N) is contained in another in the sequence. Thus we have 
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a, < a2 <-:: < ay. Let us show that a2 < b;. Assume the contrary, that is, b} < ap. 
Since J, and J2 are not disjoint from /, there exist x} € (a), b1) NJ and x2 € (a2, b2) NT. 
Then a, < x1 < by < az < x2 < by. Since x1,x2 € I and J is an interval we have 
[x1, x2] C I. Since by < ap, there is at least one point in [x1, x2] that is not covered by 
(J\,..., Jn). Indeed if b) = az then this point is not covered by (J, :k =1,..., N) and 
if by < ay then (by, az) is not covered by (J, : k = 1,... , N). This is a contradiction. 
Thus we have a2 < b,. Similarly we show that 


a, < az < by, 
an < a3 <b, 


an-1 < ayn < bn-1, 
an< by. 


Now nen £Un) ea yee LT) and 


N 
So ee) = (61 — at) + (b2 = a2) +++ + (by-1 = a1) + (by — ay) 
k=l 

= (a2 — a1) + (43 — a2) + +++ + (AN — an-1) + (bn — aN) 


=by-—a,>b-a=CL(). 


Thus nen Un) > £1). This proves (2). According to (2), €(/) is a lower bound 
for (Syren Un) = Un i EN) C Fo, Unew In D I}. Since u* (J) is the infimum of this 
collection of nonnegative extended real numbers, we have wr ) = £1). Therefore 
BS(I) = eZ). 

2. If J is a finite open interval given by J = (a, b), then by the monotonicity and finite 
subadditivity of * and by (a) of Lemma 3.3, we have 


w*((a, b)) < we ([a,b]) < 44 ({a}) + HF (a, b)) + 5 ({b}) = ut (Ga, b)). 


Thus ue ((a, b)) = ue (La, b)) = e([a, b}) = e((a, b)), where the second equality is by our 
result in 1. 

3. If J is a finite interval of the type J = (a, b], then since (a, b] = (a, b) U {b} and 
1*({b}) = 0 by (a) of Lemma 3.3, we have jz*((a, b}) = u*((a, b)) by Lemma 2.7. Thus 
ur ((a, b}) = £((a, b)) = €((a, b}). Similarly for a finite interval 7 of the type J = [a, b). 

4. Let / be an infinite interval. Consider for instance J = (a, 00) where a € R. For any 
n € N such that n > a, we have (a, 00) D (a,n) and u* ((a, o0)) > u*((a,n)) =n-a, 
by the monotonicity of wt and by our result in 2. Since this holds for every n > a, we 
have p* ((a, oo)) =o= £((a, 00)). Similar arguments apply to infinite intervals of other 
types. i 


Proposition 3.5. The Carathéodory condition for the u*-measurability for E € 3B8(R) 
() wt(A) = WANE) + ut(AN EY) for every A € BR) 
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is equivalent to the condition 
(ii) uF) = HEC OE) + wE(1 0 E*) for every I € 3p. 


Proof. Since j* is an outer measure based on the set function £ on the covering class 3, of 
subsets of R, the equivalence of (i) and (ii) is a particular case of Theorem 2.24. 


Lemma 3.6. 3 C 20t,, that is, every interval in R is a SM, -measurable set. 


Proof. 1. Let us show first that every open interval in R is 99t,-measurable. By Definition 
3.1, 99, -measurability and 90, -measurability of a subset E of R are synonymous. Thus 
according to Proposition 3.5, a subset E of R is 90t, -measurable if and only if it satisfies 
the condition 


(1) BE) = WINE) + u*(1 ON E*) for every I € 3. 


Consider an infinite open interval (a, 00) in R where a € R. Then for an arbitrary 
I € 3, we have 


I= 1NR=10 {(@,00) U (a, 00)°} = {11 (a, 00)} U {7 N (a, o0)*}. 


Now I / (a, oo) is either an interval or 9 and similarly {1 9 (a, 00)¢ } is either an interval 
or B. Since I M (a, 00) and {1M (a, 00)°} are disjoint and their union is equal to 7, we have 


(2) (1) = £(1 (a, 00)) + (1 N (a, 00)°). 


According to Lemma 3.4, we have €(/) = 4, (7), (1 9 (a, 00)) = ww, (1 2 (a, 00)), and 
£(1N (a, 00)°) = w, (IN (a, 00)°). Substituting these into (2), we have 


(3) uC) = (19 (a, 00)) + uw, (11 (a, 00)*) forevery I € 3. 


This verifies condition (1) for (a, oo) and shows that (a, 00) is D0t, -measurable. 

By similar argument, we show that an infinite open interval (—oo, b), where b € R, 
is Jt, -measurable. If a,b € Randa < b, then R = (—oo,b) U (a, 00). Then since 
(—00, b) € I, (a, 00) € MM, and Mt, is ao-algebra of subsets of R, we have R € Mt,. 
This shows that every infinite open interval in R is 93, -measurable. An arbitrary finite open 
interval is given by (a, b) where a,b € Randa < b. Then (a,b) = (—00, b) N (a, ov). 
Since (—00, b) € Mt,, (a, 00) € Mt,, and Mt, is a o-algebra of subsets of R, we have 
(a, b) € Mt,. Thus we have shown that every open interval in R is St, -measurable. 

2. Let J be an interval in R which is not an open interval. Then J = {a}U/, J = IU {b}, 
or J = {a} UI U {b}, where J is an open interval, a,b € R,a < b, and {J, {a}, {b}} isa 
disjoint collection. Now I € 99, by our result above and {a}, {b} € 93t, by Lemma 3.3. 
Then since 99t, is a o-algebra of subsets of R, we have J € D,. a 


A set E in a topological space X is said to be dense in X if for every non-empty open 
set O in X we have EM O # @. In particular if E is a dense subset of R then every open 
interval (a, 8) in R contains infinitely many points of E. Indeed the denseness of E in R 
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implies that (@, 8) contains a point x; € E. Then the subinterval (a, x1) of (a, 8) contains 
a point x2 € E and the subinterval (a, x2) of (a, x1) contains a point x3 € E and so on. 
Thus (a, 8) contains an infinite sequence (x, : n € N) of distinct points in FE. 


Observation 3.7. If E is a null set in (R, 9%, 4), then E° is a dense subset of R. 


Proof. For every open interval J in R, we have ,, (1) > 0. Thusif E ¢ 9%, andy, (E) = 0, 
then by the monotonicity of %, on 99t,, E cannot contain any open interval as a subset. 
This implies that E° N I 4 for every open interval J and therefore E° is dense in R. # 


Examples. (a) If Q is the set of all rational numbers and P is the set of all irrational 
numbers, then Q is a null set in (R, 99t,, 4.) and P € Mt, with p, (P) = oo. 
(b) For every interval J in R, we have 1M P € Mt, with u,(IN P) = (1). 


Proof. 1. The set Q of all rational numbers is a countable set and thus a null set in 
(R, Mt,, u,) by (b) of Lemma 3.3. The set P of all irrational numbers, being the com- 
plement of Q in R, is a member of t,. By the additivity of uw, on Dt,, we have 
u,(P) + ,(Q) = w,(R). Since w,(Q) = 0 and w,(R) = £(R) = ov, we have 
H,(P) = 0. 

2. Let J be an interval in R. By Lemma 3.6, J is a member of 29t,. This implies that 
IM P and IM Q are members of 9I,. Since P and Q are disjoint and their union is R, 
IN P and I Q are disjoint and their union is J. By the additivity of 1, on Dt,, we have 
a, P) +4, Q) = w,U) = £1) by Lemma 3.4. Since w,(Q) = 0, we have 
1, (1 Q) = 0 by the monotonicity of w, on Mt,. Thus u,(1N P) = (1). w 


[II] Some Properties of the Lebesgue Measure Space 


We show that the Lebesgue measure (R, 97%,, « _) has the following properties: 


(i) R, 33,, w,) is acomplete measure space. 

(ii) i Mt, ue 4 is a o-finite (but not finite) measure space. 

(iii) Bec M,. 

(iv) 4,(O) > 0 for every nonempty open set O in R. 

(v) (IR, 9%, 4.) has no atoms. 

(vi) (IR, 99t,, w,) is translation invariant. 

(vii) . DT, is positively homogeneous. 

(viii) Non 99t, -measurable sets exist. 

(ix) The Lebesgue outer measure ,2* is a Borel regular outer measure. 


Property (i) is immediate. Indeed since the measure space (R, DN, . ye i is constructed 
by means of an outer measure ue it is acomplete measure space according to Theorem 2.9. 
We prove the rest of the properties below. 


Theorem 3.8. The Lebesgue measure space (R, Mt, , e ) is a o-finite, but not finite, 
measure space. 


46 CHAPTER 1 Measure Spaces 


Proof. Note that .,(R) = €(R) = oo by Lemma 3.4. This shows that (R, t,, ,) is 
not a finite measure space. Let us show that (R, 9,, 4.) is a o-finite measure space. 
Let E, = (—n,n) forn € N. Then E, € 9M, forn € N and Ucn En = R with 
(En) = €(En) = 2n < oo. Thus (R, mM, L,) is ao-finite measure space. 


Theorem 3.9. Bp Cc Mt,, that is, every Borel set in R is a Lebesgue measurable set. 


Proof. Every interval in R is a member of the o-algebra 0%, by Lemma 3.6. Since every 
open set in R is a countable union of open intervals, it is a member of NJt,. Thus if we 
let © be the collection of all open sets in R, then O C t,. From this, it follows that 
o(9) C o(M,) = M,. Since BR = o(D), we have BR Cc WM,. w 


Observation 3.10. For every nonempty open set O in R, we have y., (O) > 0. 


Proof. Every nonempty open set O in R contains an open interval J. Then we have 
w(O) 24,4) =e) >0. & 


Proposition 3.11. Regarding atoms in (R, 9%,) and atoms in (R, IN, “,), we have: 
(a) In the Lebesgue measurable space (R, I,), the only atoms are the singletons. 
(b) The Lebesgue measure space (R, MT. i) has no atoms. Indeed if E € IN, and 

4, (E) > 0, then for every € > 0 there exists Ey C E, Eo € 2M, with 4, (Eo) € (0, €). 


Proof. 1. For every x € R, we have {x} € 93t, by (a) of Lemma 3.3. The only subsets of 
{x} are @ and {x}. Thus {x} is an atom. 

Now let E € 9%, and suppose £ contains at least two points. Let x € E. Then 
{x} € 90t,. But {x} 4 @ and {x} # E. Thus E£ is not an atom of the measurable space 
(R, 99t, ). This proves (a). 

2. For ¢ > 0 arbitrarily given, let J, = ((n — le, ne] forn € Z. Then (J, :n € Z)isa 
disjoint sequence in 34. with U,e7 In = R. Let En = EN I, forn € Z. Then (Ey : n € Z) 
isadisjoint sequence in 9, and|),,-7 En = E. By the countable additivity of 4, on 99, we 
have ) neq M,(En) = by (Unez En) = u,(E) > 0. Thus there exists some no € Z such 
that 1,(En,) > 0. Since Eny = EO Ing C Ino, we have Ww, (En) < Uno) = € by the 
monotonicity of 4,. Thus we have yu, (Eng) € (0, €]. This proves (b). ml 


Definition 3.12. Let X be a linear space over the field of scalars R. 
(a) For E Cc X and xg € X, we write 
E+xo= {x +x0:%x ¢ E} ={yeX:y=x 4x0 for some x € E} 


and call the set the xo-translate of E. 
(b) For a € R, we write 
aE ={ax:xe E}={y€X:y=ax forsomex € E} 


and call it the dilation of E by factor a. 
(c) For a collection € of subsets of X,x € X,anda € Rwewrite€+x = {E+x LEE €} 
anda€ = {aE [Ee €}. 
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Observation 3.13. For translates of sets the following equalities hold: 


(E +41) + x2 = E + (x1 4+ 2), 
(E4+x)° = E64+x, 
Ei C Ey > £\4+xC Ep,+x. 


For translates of collections of sets we have 


(Vaca Ex) +* = Unea (Ea +2), 
(Nae Ea) +* = Nea (Ea + %)- 


For dilations of sets we have 


B(aE) = (aB)E, 
(aE)° = aE‘. 


Definition 3.14. Given a measure space (X, A, 4) where X is a linear space. 

(a) We say that o -algebra Q is translation invariant if for every E € Wand x € X we have 
E+x € 2. 

(b) We say that the measure y is translation invariant if Q is translation invariant and if for 
every E € Qandx € X we have u(E +x) = p(B). 

(c) We call (X, A, ) a translation invariant measure space if both U and 2 are translation 
invariant. 


Example. As an example of a o-algebra of subsets of R that is not translation invariant, 
let I, = (n — 1,n] forn € Z and let 2 be the collection of @ and all countable unions of 
members of the collection {J,, : n € Z}. It is easily verified that 2f is a o-algebra of subsets 
of R. 2 is not translation invariant since J, € 2 but J, + ; = (n _ } n+ 5] is not a 
member of 2. 


Lemma 3.15. (Translation Invariance of the Lebesgue Outer Measure) For every E € 
§B(R) and x € R, we have ph(E +x) = u*(E). 


Proof. Note that for every J € 3, and x € R, we have ] +x € J, and (1 +x) = (J). 
Let E € §8(R). Take an arbitrary sequence (J, : n € N) in 3, such that Ue, In D E. 
For an arbitrary x € R, (J, + x : n € N) is a sequence in 3, with £(7, +x) = €(1,) and 
Unen Un t+) = (Unen In) +x D E+x. Thus Prey €Un) = Dnen Un tx) = wt (E+x) 
by the fact that (7, +x :n © N) is acovering sequence for E + x and by the definition of 
Be (E +x) as an infimum. Since this holds for an arbitrary covering sequence (J, :n € N) 
for E and since 27 (E) is the infimum of }°,2y (Un), we have w*(E) > wt (E +x) for any 
E € $8(R) andx eR. 

Applying this result to E + x and its translate (E +x) — x = E, we have the reverse 
inequality ut (E+x)> ur (E.). Therefore BME +x)= ue (E). 8 
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Theorem 3.16. (Translation Invariance of the Lebesgue Measure Space) The Lebesgue 
measure space (R, 90, , 11,) is translation invariant, that is, for every E € MN, andx ¢ R 
we have E+x € OM, and p,(E+x) = u,(E). Let Ot, +x i= {E +x:Ee wt, }. 
Then DI, + x = Mt, for every x € R. 


Proof. Let E € 99, and x € R. To show that E +x € Dt,, we show that for every 
A € §8(R), we have pr(A (E+ x)) + us(A O(E + x)*) = y* (A). By Lemma 3.15 


BE(AN(E +2)) + HT(AN(E +x)°) 
=p ({AN(E+x)}—x) + ut ({AN (E+ x)*} — x) 
= ut ((A—x) NE) + wt ((A—x) + E’) 
= pi (A—x)=ur(A), 


where the second equality is by Observation 3.13, the third equality is by the Carathéodory 
condition satisfied by our E € SJ, with A — x as a testing set, and the last equality is by 
Lemma 3.15. Thus E +x € St,. Then wp, (E +x) = wi(E +x) = wt(E) = u,(E), 
where the second equality is by Lemma 3.15. 

For every E € S0t, and x € R we have E +x € 9Jt, as we showed above. Thus 
Mt, +x C Mt,. Now Mt, = MW, +0 = Mt, + (—x) +x for any x € R. Since -—x € R 
we have 93, + (—x) C DMt,. Then Mt, + (—x) +x C Mt, +x, that is, Mt, C Wt, +x. 
Therefore we have Dt, +x = Dt,. 


Lemma 3.17. For E € 8(R) anda € R, letaE = {y © R: y = ax for some x € E}. 
Then yw (aE) = la|u* (E). 


Proof. Consider the collection 3, of % and all open intervals in R. Let S = (J, : n € N) be 
a sequence in J, and let S be the collection of all sequences in J,. Fora ¢ R,a £0, let us 
define a mapping Mg of § into § by setting My(S) = (al, :n € N) forS = (J, :n € N). 
Clearly M, is a one-to-one mapping of $ onto S with inverse mapping given by Mj/. For 
an arbitrary E € 93(R), let $, be the subcollection of § consisting of sequences $ = (Ip : 
n € N) such that Ucn In D E. Note that Ucn In D E if and only if Uney an D aE. 
Thus M,(S,) = 8,, and in fact My is a one-to-one mapping of §, onto 5,,. Let A be 
a nonnegative extended real-valued set function on § defined by A(S) = ene £UIn) for 
S= (,:n € N). Then 


(1) AM(Ma(S)) = Y> &(cTn) = Jor D> &Un) = IalA(S). 
neN neN 


We have 7(E) = infses, 4(S) and pF (@E) = infres,, (7). By the one-to-one corre- 
spondence between S, and §,, by Ma and by (1), we have 


inf A(T) = inf A(M,(S)) = inf |a|ACS) = lo 27 (E). 
TES, 5 SES, Ses, 


This shows that Be (aE) = la|ur (E) when a 4 0. When a = 0, we have wE = {0} with 
HF ({0}) = 0 so that L(@E) = |@|* (Z) holds trivially. 
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Theorem 3.18. (Positive Homogeneity of the Lebesgue Measure Space) For every set 
E € Mt, anda € R, we have aE € It, and uw, (@E) = |a|u, (£). For every a € R, let 
aM, := {aE : E € MN,}. ThenaIN, = Mt, for every a € R such that a # 0. 


Proof. The Theorem is trivially true when a = 0. In what follows we assume a ¥ 0. Let 
E € Mt,. To show that aE € Wt, , we show that u*(A) = wt(AN@E) + uF (A a) (wE)°) 
for every A € 93(R). With +A as a testing set for EF € IN, , we have 


(1) wi (GA) = wy (ZANE) + uy (ZANE’). 
By Lemma 3.17, we have 
1 1 
pe (2A) = To #7 (A), 
1 1 1 1 
ut (4A N E) = Bt (4A al 2ak) = ja; (A Nak), 
ut (LAN E*) = us (FAN 2aE*) = byt (An (@E)’). 
Substituting these equalities in (1) and multiplying the resulting equation by |a|, we have 
L(A) = BAN aE) + H*(AN (a@E)°). This shows that aE € St,. Then we have 
Me (@E) = wi (aE) = \olut (E) = |e|u, (E) by Lemma 3.17. 
For every E € 99, anda € R we have aE € 2t, as we showed above. Thus 


aM, C M,. Leta ¢ Randa 4 0. Then M, = 1Mt, = at M, Cc aMt,. Thus we 
have aD, = Dt,. w 


[III] Existence of Non Lebesgue Measurable Sets 
Consider the interval [0, 1) in R. Define addition modulo 1 of x, y € [0, 1) by 


x+y ifx+y<1, 


x+y= . 
x+y-1 ifx+y2l1. 


The operation + takes a pair of numbers in [0, 1) toa number i 7 [0, 1). qt is commutative, 
that is, x - y=y + x, and associative, that is, (x + y) + Zax 4 (y ne z). For 


E c [0, 1) andy € (0, 1), let E + y= {z €[0,1):z=x vs y for some x € E}, and call 
this set the y-translate of E modulo 1. 


Lemma 3.19, Let E C [0, 1). IfE € 9, thenforevery y € {0, 1), we have E - y € M, 
and p,(E + y) = “,(E). 


Proof. Let E € 99, and y € {0, 1). Then (0, 1 — y) and [1 — y, 1) are two disjoint subsets 
of [0, 1) whose union is [0, 1). Define two disjoint subsets of E by E} = EM[0,1— y) 
and E27 = EN[1—y, 1). Then £E} UE) = E. Also Ej, E2 € N,. Thus 


dd) B,(E) = (Ei) + bw, (E2). 
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Now E; +: y = E, + y € M, by the translation invariance of (R, 9Jt,, 4.) and we have 
(2) Bw, (2, + y) =u, (21+ y) = u,(£)). 


Onthe otherhand, E2 + y = E7+y—1 € 9, by the translation invariance of (R, IN, u,) 
and we have 


(3) uw, (Eo + y) = 4,(E2+y—1) =n, (E2). 
Now 
(4) E+y=(£1UE) +y=(Ei + y)U(E2 +9). 


The disjointness of E and E2 implies that of E) + y and E2 + y. Since Ey + yand Ez + y 
are members of 93, as we showed above, we have E + y € 9,. Then by (4), (2), (3), and 
(1), we have uw, (E + y) = ,(£1 + y) +H, (E2 + y) = wu, (£1) +4, (£2) = uw, (£). O 


Theorem 3.20. The interval [0, 1) in R contains a non Lebesgue measurable set. 


Proof. For x, y € (0, 1), let us say that x and y are equivalent and write x ~ yifx—yisa 
rational number. Then 

x~X 

x~y>yr~x, 

X~YYVZISX~Z. 
Thus ~ is an equivalence relation among elements of [0, 1). Let {E.} be the collection of 
the equivalence classes with respect to this equivalence relation. {Eq} is a disjoint collection 
and Us Eq = [0, 1). Any two elements of [0, 1) which are in one equivalence class differ 
by a rational number and any two elements of [0, 1) which are not in the same equivalence 
class differ by an irrational number. 

Let P bea subset of [0, 1) constructed by picking an element from each Ey. (According 
to the Axiom of Choice, given a nonempty collection of nonempty sets it is possible to select 
an element from each set.) Let {r, : n € Z+} be an enumeration of the rational numbers in 
(0, 1) with ro = 0. Let 

P, =P +My forn € Z4. 
Note that Pp = P + mo=P fe 0 = P. Let us show first that {P, : n € Z+} is a disjoint 
collection, that is, 


(1) mnéZi,mAn> Py OP, =. 


Assume the contrary. Then Py, Py, 4 @ and there exists x € Py OM Pn. Since x . Pin 
we have x = Pm 4 Ym for some Pm € P. Similarly since x € P, we have x = pn 4 Tn 
for some py, € P. Then Pm es ™m = Pn ee Tn. Since Pm re rm is either Pm + rm OF 
Pm +1m — 1 and pp Ps rn is either py +m Of Pn + 7m — 1, the difference pm — pny is a 
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rational number. Then pm, Pn € Eq for some a € A. But P contains only one element of 
E,. Thus pm = Pn. Then the equality pm + 'm = Pn + rm, Which we established above, 
is reduced to pm i Tm = Pm as Tr . This implies 7, = 7, and then m = n, a contradiction. 
This proves (1). 

Let us show next that 


(2) L) Pn = (0,1). 


neZy 


Since P, C [0, 1) forn € Z+ we have Unez, P,, Cc [0, 1). To prove the reverse inclusion 
we show that if x € [0, 1) then x € P, forsomen € Z,. Now if x € [0, 1), thenx € Ey 
for some a. Since P contains one element from each equivalent class, there exists p € P 
such that p € Ey. Thus x and p differ by a rational number. Since both x and p are in 
[0, 1), their difference is a rational number in [0, 1), that is, their difference is r, for some 
neé Zi. Nowif x > p, thenx = p+r, so that x € P,. On the other hand, if x < p, 
then p =x +r, so that x = p —r,. Let rm, = 1 — rp, a rational number in [0, 1). Then 
x=pt+tm—l=p + Ym so that x € P,. Thus in any case x is in P, for some n € Z4. 
This shows that [0, 1) C UneZs P,, and proves (2). 

Finally to show that P ¢ 9Jt,, assume the contrary, that is, P € 9t,. Then by Lemma 


3.19, P, = P - tm © Dt, and p, (Pn) = “,(P). By (2) and (1) we have 


3) 1=14,(00,D)=4.( U Pe) = mPa = Yo uP). 


neZy neZ + neZ 


Since P € 99,, 4, (P) is defined and yz, (P) > 0. If u,(P) = 0, then DeneZ, Hi (P) =0 
so that (3) reduces to 1 = 0, a contradiction. If 4, (P) > 0, then Deze HU, (P) = co so 
that (3) reduces to 1 = 00, a contradiction. This shows that P is notin 93. & 


[IV] Regularity of Lebesgue Outer Measure 


Lemma 3.21. (Borel Regularity of the Lebesgue Outer Measure) The Lebesgue outer 
measure ue on R has the following properties: 
(a) For every E € 9B(R) and € > 0, there exists an open set O in R such that O D> E and 


HEE) < w(O) < ut(E) +e. 


(Note that the strict inequalities w*(E) < u*(O) and A (O) < wi (E) + may not hold.) 
(b) For every E € 3B(R), there exists a Gs-set G in R such that G > E and 


* ear: 
ut(G) = wi(E). 
(c) The Lebesgue outer measure ut is a Borel regular outer measure. 


Proof. 1. Let E € 98(R) and let e > 0. If wt (E) = o then with the open set R D E 
we have “*(E) < w*(R) = 00 = 00 + € = pt (E) + €. Thus (a) is trivially true in this 
case. Now consider the case pe (E) < o. By the definition of ut (E) as an infimum there 
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exists a sequence (J, : n € N) in 3, such that Unen I, D E and ue *(E) < nen €UIn) < 
we *(E) +e. If we let O = LU, x Jn, then O is an open set, O > E, and by the monotonicity 
and the countable subadditivity of 4*, we have 


HEE) < uO) = ut(U mn) s Dat) = Ye) < ute) te. 


neN neN neN 


(Note that for E € 98(R) such that .* (E) = 00, it is impossible to have an open set O in R 
such that O D E and the strict inequality ut (BE) < H*(O) < ut (E) +6, that is, 00 < 00.) 

2. Let EF € §B(R). Fore = 1 forn € N, there exists an open set O, > E such that 

B*(E) < wt(On) < wt (E)+4 by (a). LetG = (),c7 On. Then GisaG5- sand DE. 
cae C On for every n EN, we have 1* (E) < ue *(G) < ur *(On) < ur *(E) +4 » by the 
monotonicity of Be. Since this holds for every n € N, we have Le *(E) < Ty *(G) < é we *(E) 
and therefore p.* *(B) = we *(G). 

3. Since By CM, = M(u*) by Theorem 3.9, ut is a Borel outer measure on R. A 
Gs5-set is a member of Sp. Thus ut is a Borel regular outer measure by (b). @ 


Theorem 3.22. For E € 98(R), the following conditions are all equivalent : 
(i) E € M,. 

(ii) For every e > 0, there exists an open set O D E with w*(O\ E) <e. 
(iii) There exists a Gs-set G D E with ut (G\ E)= 

(iv) For every € > 0, there exists a closed set C C E with UNE \O) <e. 
(v) There exists an F,-set F C E with WE \F)=0. 


Proof. We show that (i) => (ii), (ii) > (iii), and (iii) > (i). This establishes (i) (i) (iii). 
We then show that (i) = (iv) and (iv) > (i). Finally we show that (iv)=> (v) and (v) > (i). 
(Note that proving (iv) = (i) is actually superfluous.) 


1. (i) > Gi). Assume that E satisfies (i). According to Lemma 3.21, for every ¢ > 0 
there exists an open set O D E with wi(E) < wi(O) < wi(E) +e. Since E € M,, 
with O as a testing set in the Carathéodory condition satisfied by E, we have ut (E)+e= 
HY(O) = wi(ON E) + HCO E°) = pi(E) + Hi(O \ E). If wX(E) < 0, then 
subtracting Le (E) from the last inequality we have BX(O \ E) <e. if ue (E) = on, let 
E, = EQ (n—1,n] forn € Z. Then (E, : n € Z) is a disjoint sequence in Vt, with 
Unez En = E and, (En) < uy, ‘(ee 1, n)) = 1. Applying the result above to E,, for each 
n € Z, for every € > 0 we have an open set On D E, such that 4,(On \ En) < 3712-MHle, 
If we let O = U,ez On, then O is an open set, O D E, and 


ove=(Uom)\(UE n) = KUO) (Us) 


-Ula0(U))-Ufo(U#)) 
C COn \ En). 


neZ 
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Then we have 


u*(O\ E) < ak < ) (On \E) 


neZ neZ@ 
ye +2) le 1 i 2 
—— = -€ _— 
no. 35m = y 32" 3 3 
= £, 


This shows that E satisfies (ii). 

2. (ii) => (iii). Assume that E satisfies (ii). Then for e = 1, n &N, there exists an 
open set On D E with u*(O, \ E) < 4. Let G = (),cx On, a Gs-set containing E. Now 
G C O, implies WG \ E) < ui (On\ E) < i for every n € N. Thus L(G \ E) =0. 
This shows that E satisfies (iii). 

3. (iii) > (i). Assume that E satisfies (iii). Then there exists a Gs-set G > E with 
u*(G \ E) = 0. Now p7(G \ E) = 0 implies that G \ E € Dt(u*) = Mt, according to 
Lemma 2.6. Since E C G, we have E = G \(G \ E). Then the fact that G and G \ E are 
in 99, implies that E is in D7,. 

4. (i) = (iv). Assume that E satisfies (i). Then E € 90, and hence E° € Dt,. As 
we showed in 1, 2, and 3, (i), (ii), and (iii) are all equivalent. Thus applying (ii) to our 
E® € 9t,, for every ¢ > 0 we have an open set O D E° with w*(O \ E°) < &. Now 
for any two sets A and B, we have A\ B = AN BS = Bo (A‘)S = BS \ AS. Thus 
O\ ES = E \ O* and then HY(E \ O°) < &. Now O£ is aclosed set and O° C E since 
O > E*. If we let C = O°, then we have (iv) for E. 

5. (iv) > (i). Assume that £ satisfies (iv). Then for every € > 0, there exists a closed set 
CC E with wi (E\C) < e. Now E\C = C°\ E® so that pt(C°\ E°) se. AlsoC CE 
implies C° D E°. Let O = C°. Then O is an open set, O D E° and u*(O \ E°) < e. 
This shows that E° satisfies (ii). Since (ii) is equivalent to (i), we have E° € SIt,. Then 
E € 9%,. Thus E satisfies (i). 

6. (iv) > (v). Assume that E satisfies (iv). Then for every n € N, there exists a closed 
set Cy C E with wt(E \ Cr) < i. Let C = Unen Cn, an F,-set contained in E. Now 
EDC DCysothatE\C C E\C, and u*(E\C) < u*(E \ Cy) < } foreveryn EN. 
Thus pt (E \ C) = 0. This shows that E satisfies (v). 

7. (v) => Gi). Assume that EF satisfies (v). Then there exists an F,-set F C E with 
HI(E\ F) =0. Now WHE \ F) = Oimplies that E \ F € Mut) = Mt, by Lemma 2.6. 
Since F C E, we have E = F U(E \ F). Since F is an F,-set, F € Br C Mt,. Thus 
E € 90t,. This shows that E satisfies (i). 


Remark 3.23. According to (b) of Lemma 3.21, for every E € 98(R) there exists a Gs-set 
G D E with w*(G) = ui (E). This does not imply u*(G\E) = 0. SinceG = EU(G\E), 
we have ui (G) < wi (E) + n*(G \ E) by the subadditivity of the outer measure ut. If 
wt (G) = Hi(E) < ov, then subtracting this real number from the last inequality we 
have 0 < w7(G \ E). On the other hand, as we showed in 3 in the Proof of Theorem 
3.22, the equality wt (G \ E) = 0 implies the 99, -measurability of E. Thus for any non 
29, -measurable set E, we have ut (G \ E) > 0. Theorem 2.13 is relevant here. 
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Next we derive from Theorem 3.22 some approximation theorems for Lebesgue mea- 
surable sets by open sets in terms of symmetric differences. The symmetric difference of 
two sets A and B is defined by AAB = (A \ B) U(B \ A). 


Theorem 3.24. Let E € $8(R). Then E € IM, if and only if for every ¢ > O there exists 
an open set V with u*(EAV) < «. 


Proof. 1. If E € 90t,, then by (ii) of Theorem 3.22 for every ¢ > 0 there exists an open set 
V D> E with wt (V\ E) < e. Since V D E, we have V\ E = EAV. Thus HN (EAV) <€é. 

2. Conversely suppose for every € > 0, there exists an open set V with w*(EAV) < . 
To show that E € St,, we show that E satisfies (ii) of Theorem 3.22. Let e¢ > 0 be 


arbitrarily given. By our assumption there exists an open set V with w*(EAV) < §. 
Consider the set E \ V C EAV. By Lemma 3.21, there exists an open set W D E\ V 
with u*(W) < wi(E\V) +5 < uR(EAV) + § < Ze, If we let O = W UV, then O is 


an open set containing E and 
O\’'\E=(WUV)\ECWU(V\E)CWU(EAV) 


so that 5 ; 
Be(O\ E) < ui(W) + wi(EAV) < ze + ae 


Thus E satisfies (ii) of Theorem 3.22 and therefore E € St,. & 


Theorem 3.25. Let E € M,. If u,(E) < 00, then for every & > 0, there exist finitely 
many disjoint finite open intervals J\,... , Jm such that , (EA ea Jn) <6. 


Proof. If E € 9%, then by (ii) of Theorem 3.22 for an arbitrary ¢ > 0 there exists an open 
set O D E such that 


€ 
(1) H,(O\ E) < z 

If w,(E) < 00, then by the additivity of w, on 9%,, we have 
(2) 11,(O) = 1, (E) + 4, (0 \ E) < 00. 


Now #*(O) = #,(O) < 00. Thus by the definition of #*(O) as an infimum, there exists 
a sequence (J, : n € N) in 3, such that U,,<1y In D O and 


(3) ¥> en) < w8(O) + i < 00. 
neN 


The convergence of the series )> cn £(In) implies that there exists N € N such that 


(4) Ye) < 5. 


n>N 
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By the triangle inequality for symmetric differences, that is, AAB C (AAC) U (CAB) for 
any three sets A, B, and C, we have 


ea Inc (EAO) U (0A Un) U ({U #]a| U In}). 


By the monotonicity and finite subadditivity of 2, we have 


(5) lt, (EA U In) < ,(EAO) + y,(0a 1 n) 


neN 


Since E C O, we have EAO = O \ E and then by (1) we have 
€ 
(6) 1, (ERO) = ,(0\ E) < 5. 


Since O C Unen In, we have OA Unen In = (Uheny In) \ O. Then we have 
(1) Et eg er 
neN neN neN 


< oun) — #0) + > en) ~ 2, (0) < = 
neN nen 


where the second equality is by (3) of Lemma 1.25 which is applicable since 1,(O) < co 
by (2) and the last equality is by (3). Finally since Bae In C Unen In we have 


[U4}{U}=[U] (U4) e Um 


neN =] neN n>N 
and then 
® u({U na alm }) so(U me) s a.m) = YO etn) < 5. 
neN n=1 n>N n>N n>N 


Using (6) - (8) in (5), we have jz, (EA eae In) < €. Note that Se neN £Un) < ©& according 
to (3) and this implies that J, is a finite interval for every n € N. Let us note that since 
{In :n = 1,..., N} is a finite collection of finite open intervals, leper I, is the union of 
finitely many disjoint finite open intervals J),...,Jm. 


Remark 3.26. Theorem 3.25 is not valid without the assumption that 4, (EZ) < oo. For 
example, let E = U,,cy En where En = (n—4,n) forn € N. Then E € 99t, and 
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bu, (E) = oo. Let {h,..., Zn} be an arbitrary finite disjoint collection of finite open 
intervals in R. Then there exists No € N such that Gaon In © (—No, No). This implies 


N N 
EA\J > E\\ JD E\(-No,No)= LU En. 


n=1 n=1 n>Not+l 
Thus we have 
. 1 
w(EAUm)24( U m= Yo wd= Yo 5=0.8 
n=1 n>Not+l n>No+1 n>Not+l1 


Since every open interval in R has a positive Lebesgue measure, every Lebesgue measur- 
able set containing an open interval has a positive Lebesgue measure. The converse is false, 
that is, a Lebesgue measurable set with a positive Lebesgue measure need not contain an 
open interval. For instance the set of all irrational numbers contained in (0, 1) has Lebesgue 
measure equal to 1 but this set contains no open interval. The next theorem shows that if 
E € 2M, and w,(E) > 0, then there exists a finite open interval 7 such that uw, (EM 1) is 
as close to 2, (7) as we wish. 


Theorem 3.27. Let E € Dt, with 4,(£) > 0. Then for every a € (0, 1) there exists a 
finite open interval I such thata w,(1) < uw, (ENT) < pw, (). 


Proof. Consider first the case where 2, (E) € (0,00). Leta € (0,1). Then i =1+yn 
with n > 0. Since u,(E) € (0,00), we have 7 1,(E) € (0,00). By Lemma 3.21, there 
exists an open set O D> E such that 


1 
(1) H,(O) <u, (E) + nu, (E) =U +)4,(E) = ott) < ©. 


Now since O is an open set in R, it is the union of a disjoint sequence (J, : n € N) of open 
intervals in R. Then p,(O) = nen Un). Since E C O, we have 


1 (E) = (EN 0) = 4, (EAL) hn) =u, (EN In). 
neN neN 


Using these expressions for 2, (O) and yz, (E) in (1), we have 


(2) do 4h) < ~ En In). 


neN neN 


Therefore there exists at least one no € N such that 4, (Ing) < tu (E AM Ing). Since 
pt, (O) < ©, I, is a finite open interval for every n €¢ N. Let J = Ing. Then J is a finite 
open interval with ay, (J) < uw, (END < uw, (). 

Now consider the case 4, (E) = 00. By the o-finiteness of the Lebesgue measure space 
(R, 9, 4,), there exists a Nt, -measurable subset Eo of E with u, (Zo) € (0, 00). Then 
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by our result above for E € 29t, with 4, (E) € (0, 00) , there exists a finite open interval 

Tsuchthatapu,(1) < w,(EoN!l) <u, (ENT) <u,U). & 

Definition 3.28. For every E € 3B(R), let the difference set of E, ACE), be defined by 
A(E) = {z€R:z=x-—y forsome x,y € E}. 


Note that for every E € 38(R), we have 0 € A(E). 


Theorem 3.29. If E € 90, and 1, (E) > 0, then A(E) contains an open interval. 


Proof. If 2, (£) > 0, then by Theorem 3.27 for every a € (0, 1) there exists a finite open 
interval J, such that 


(1) ou, (Tu) <M, (EA Ta). 


Let Jo = ( = 5H, Ua), $ ,(Ia)). Let us show that for sufficiently large a € (0, 1) we 
have Jy C A(E). Let z € Jq be arbitrarily chosen. We show that z € A(E) by showing 
that z = x — y forsome x, y € E. Now (EN Ig) U [(E N Ig) + z] C Ig U Ua +z). Since 
z € Ja, the set Iq U (Iq + Z) is an open interval with 4, (Ia U Ua + 2)) < {1+ $}u, Ue). 
Thus we have 


Q) a, (EAM) U [EO te) +2]) $1, (le Ula +2) {1+ 5} 1 (le). 


By the translation invariance of (IR, 90t,, 4,), we have w,((EO Ia) +z) = 4, (EN Iq). 
Now if we assume that EO Jy, and (EM Iq) + z are disjoint, then 


(3) HW, ((EN ly) U[(EM Te) +2]) = B, (EO Ta) +b, (EM Ta) +2) 
= 2, (EN Iq) > 20 4, (la), 
by (1). Thus, if we assume that EM I, and (EM Iy) + z are disjoint then by (2) and (3) 


(4) 2a <145. 


Now as a ¢ 1, we have 2a ¢ 2 and1+ 5 + 15. Thus for sufficiently large a € (0, 1), 
(4) is impossible. Indeed (4) is impossible for a = 2. Therefore with the choice a = 3, 
EO Iy and (EM Iq) + z cannot be disjoint. Let x € (EN Ig) N[(ENM Iq) +z]. Then 
we have x € EO Jy as well as x € (EN Jy) +z. Thus x = y+ z forsome y € EN Ig. 
Then z = x — y where x, y € E so that z € A(E). This shows that witha = 3, we have 
Jy C A(E). O 


[V] Lebesgue Inner Measure on R 


As we show next, the regularity of the Lebesgue outer measure 4* on R implies that for 
every E € 3$B(R), ue (E) is the infimum of the Lebesgue measures of all the open sets that 
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contain E. We then define the Lebesgue inner measure ,,(E) of E as the supremum 
of the Lebesgue measures of all the closed sets that are contained in E. We show that if 
E € $8(R) and HT (E) < 0, then E € 90, if and only if p4,,(E) = ut (EZ). 


Notations. We write Op, Cp, and Ap for the collections of the open sets, the closed sets, 
and the compact sets in R respectively. 


Proposition 3.30. For E € 9B(R), we have u*(E) = inf {u,(O): OD E, O € Op}. 


Proof. Let E ¢ 9B(R). If O € Op and O D E, then by the monotonicity of pt 
and by the fact that O € S9t, we have w*(E) < w*(O) = w,(O). Thus we have 
Ht (E) < inf {u,(O) : O D E,O € Dp}. To prove the reverse inequality, let ¢ > 0 be 
arbitrarily given. According to Lemma 3.21, there exists O € Op such that O D E and 
M,(O) < wi(E) + €. Thus inf {u,(O): O D E,O € Op} < pi (E) +e. From the 
arbitrariness of € > 0, we have inf {u,(O): O D E, O € Dp} < BNE). a 


Definition 3.31. The Lebesgue inner measure of E € 3B(R) is defined by 
Ms,,(E) = sup {u,(C): CC E,C € Ep}. 


(Note that @ C E and @ € €p so that the collection of all closed sets contained in E is 
nonempty.) 


Observation 3.32. For every C € Ep, we haves, (C) = 4, (C). 


Proof. This is an immediate consequence of Definition 3.31. 


We say that a topological space X is a o-compact space if there exists a sequence 
(Ky : n € N) of compact sets in X such that Unen Kn = X. Since a finite union of 
compact sets is a compact set, if we let K, = j_, Ki forn € N then (K; : n € N) is an 
increasing sequence of compact sets in X with lim. Ki = Unen Ki = Unew Kn = X. 
The intersection of a closed set and a compact set in a Hausdorff space is a compact set. 
Thus if X is a o-compact Hausdorff space, then for every closed set C in X there exists an 
increasing sequence (C, : n € N) of compact sets in X such that jim, Cn = C. Indeed if 


we let C, = CM Kj, then the sequence (C, : n € N) is such a sequence. 

Consider the Hausdorff space R. If we let J, = [—n, n] then (J, : n € N) is an increasing 
sequence of compact sets in R and L),,<~y Jn = R. Thus R is a o-compact Hausdorff space. 
Then for every closed set C € R there exists an increasing sequence (C,, : n € N) of compact 
sets in R such that C = jim, C,,. From this fact we derive the following expression for the 


Lebesgue inner measure on R. 


Proposition 3.33. For every E € 38(R), ws, (E) = sup {u,(K) :KCE,KeE Rp}. 


Proof. Let a = sup {u,(C) iC GB, 6.€ Ez} and 8 = sup {u,(K) :KCE,KeE Rr} 
for brevity. Since €p D Ap we have a > B. It remains to provea < B. 
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Consider first the case a < oo. In this case, for every € > 0 there exists Co € Ep such 
that Co C E and 
(Co) > a —e. 
Let (K, : n € N) be an increasing sequence in Ap such that lim | K, = Unen Kn = Co. 
n 
We have lim yu, (Kn) = (Co). Then 
n—>ooO 
B > sup“, (Kn) = lim ,(Kn) = &,(Co) > a —€. 
neN noo 
Then by the arbitrariness of ¢ > 0, we have B > a. 

Next consider the case a = ov. In this case, for every M > 0 there exists Cy € €p 
such that Cy C E and uw, (Cy) > M. Let (K, : n € N) be an increasing sequence in Kp 
such that tim. Kn = Unen Kn = Cm. Then Jim 1, (Kn) = &,(Cm) so that 

M <p4,(Cm) = lim pw, (Kn) = sup h, (Kn) < B. 
noo neN 
By the arbitrariness of M > 0, we have B =co=a. Bf 


Theorem 3.34. The Lebesgue inner measure j1,,, on R has the following properties: 
1° nonnegative extended real-valued : 1x,,(E) € [0, 00] for every E € $B(R), 


2° px, (B) = 0, 
3° monotonicity : E\, Er € B(R), E) C Eo => ps,,(E1) < Mx, (E2), 
4° countable superadditivity : 

(En: n €N) C P(R), disjoint => ps,, (nen En) = Dnen He. (En), 
5° translation invariance: E € 98(R) andx € R => ps, (E+) = bx, (E), 
6° positive homogeneity: E € 93(R) anda € R > ps, (AE) = Jalpyy,, (E). 


Proof. Properties 1° - 3° are immediate from Definition 3.31. Property 5° follows from 
the translation invariance of (R, 90t,, j,) applied to the closed sets C in Definition 3.31. 
Similarly 6° follows from the positive homogeneity of (R, t,, ,). 

To prove 4°, let (E, : n € N) be a disjoint sequence in 93(R). [f us, (Eng) = 
oo for some no € N, then we have s,,(Unen En) = Ha,(Eno) = 00 by 3° so that 
bx, (nen En) = 00 = Vonen Hx,,(En)- Thus consider the case where f+,, (En) < 00 
for every n € N. Let N € N be arbitrarily fixed. Let ¢ > 0. Now for every n € N, since 
[x,,(En) < 00 there exists C, € @p such that Cy, C En and uw, (Cn) > fe, (En) — & 
by Definition 3.31. Since (EZ, : n € N) is a disjoint sequence, (C, : n € N) is a disjoint 
sequence. For the closed set ey Cy contained in Baa E,, we have by 3° , Observation 
3.32, and the finite additivity of y, 


n=1 n=1 n=1 


N N 
= Doi (Cn) > DY oe (En) ~ €. 
n=1 n=1 
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By the arbitrariness of ¢ > 0, we have ele En) = Ny Me, (En). Then by 3°, 
we have x,,(Upen En) => My Mx, (En). Since this holds for every N € N, we have 
bese (nen En) = Spex H+, (En). This proves 4°. 


Remark 3.35. (a) Needless to say condition 4° in Theorem 3.34 does not hold without the 
assumption of the disjointness of (EF, : n € N). For instance if we let Ey = Ep = (0, 1] 
and £3 = O forn > 3, then ws,, (Unen En) = x,,(E1) = 1, but Dey Me, (En) = 2. 
(b) Let us observe also that the superadditivity of 1,,, on §8(R) implies its finite superad- 
ditivity on 93(R), that is, if (E, : nm = 1,..., N) is disjoint finite sequence in $8(R) then 
bie (IS En) = yo Lex,, (En)- 


Observation 3.36. For every E € 98(R), we have p,,, (EZ) < ui (E). 


Proof. Let E € $8(IR). Let Co be an arbitrary closed set in R such that Co C E and let Og 
be an arbitrary open set in R such that Op D FE. Then Co C Qo so that yz, (Co) < 4, (Oo). 
Since this holds for an arbitrary Og € Op such that Oo D E, we have 


(Co) < inf {u,(O): OD E,O € Or} = w*(E) 


by Proposition 3.30. Since this holds for an arbitrary Co € Ei such that Co C E, we have 
sup {u,(C); C C E,C ¢ Ep} < pi (E), thatis, wy, (EZ) < wi(E). & 


The next theorem is a criterion for the Lebesgue measurability of a subset of R in terms 
of the Lebesgue inner measure. 


Theorem 3.37. Let E € 98(R). 
(a) FE € ,, then py, CE) = Hi (E). 
(b) If is,,(E) = wt (E), then E € IN, provided that LE(E) < 00. 


Proof. 1. Suppose E € 20t,. Let J, = (n—1,n] and E, = EN I, forn € Z. Consider the 
disjoint sequence (E, :n € Z) in IN, with u, (En) < oo for everyn € Z and Unez EE 
E. By (iv) of Theorem 3.22, for an arbitrary ¢ > 0 there exists C, € @jp such that C, C Ey 
and 1, (En \ Cn) < 37'27"le for every n € Z. Since u,(Cn) < 4, (En) < 00, we have 
H, (En) — Wy (Ca) = bh, (En \ Cn) 80 that 


by En) < Hey (Ca) + 55 


<sup{u,(C):CCE,,Ce ex} +2 


le 
3 2Inl" 


3 a 
=x, (En) ei 
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Then we have 


vi (E) = 1 (E) = (UV En) = a(n 


neZ neZ 
le 
< 2s | tes, (En) + sam} < pu (U En) +€é 
neZ néeZ 
= by, (E) + € 


where the second inequality is by 4° of Theorem 3.34 (countable superadditivity of j4*). 
Thus by the arbitrariness of ¢ > 0, we have wi(E) < Ms,,(E). On the other hand, 
HF (E) > [tx,, (EZ) by Observation 3.36. Therefore u,,, (FE) = HEE). This proves (a). 

2. Conversely suppose Lx, (E) = HT (E) and p47 (E) < co. To show that E € MN, , 
it suffices to show that for every € > 0 there exists O € 9p such that O D E and 
u*(O \ E) < € according to (ii) of Theorem 3.22. Now according to Proposition 3.30 we 
have L*(E) = inf {u,(O): O D E, O € Dp}. Thus there exists O € Og such that O D 
E and (0) < Hi (E) + §. Since py, (EZ) = sup {u,(C) : C C E,C € €p} and since 
Mx,,(E) < wi (E) < oo there exists C € €p such that C C E and py, (E) — 5 << 4,(C). 
Since C Cc E and thus O \ E Cc O \ C, we have 


ui(O\ E) < pX(0\C) 
=1,(0 \C) = 1, (0) — 1,(©) 
<{up(E) + 5} - {u0,. (2) - 3} = 6, 
where the second equality is valid by the fact that , (C) = BAC) < B*(E) <o. - 
Remark 3.38. Without the assumption 44*(E) < 00, (b) of Theorem 3.37 is false, that is, 


if E € 93(R) and if BT (E) = 00, then py,, (EF) = MN (E) does notimply E € 99,. This is 
shown by the existence of a set E € $B(R), FE ¢ ON, with us, (EZ) = HT (E) =o. 


Example. By Theorem 3.20, there exists Eo C [0, 1) such that Ep ¢ 90t,. Consider the set 
E = Eg U{1, oo). Since py, (1, o0)) = 00, we have px,, (E) = 00 by the monotonicity 
of x,,. Thus by Observation 3.36, we have ps,,(E) = ut (E) = oc. To show that 
E ¢MN,, note first that since Eo and [1, 00) are disjoint we have Ep = E \ [1, 00). Since 
[1, 00) € Dt, if E € Mt,, then we would have Eg € Mt,. This is a contradiction. This 
shows that E ¢ 9t,. 


The Lebesgue inner measure on R has the following regularity properties. Compare these 
properties with the regularity properties of the Lebesgue outer measure on R in Lemma 3.21. 


Lemma 3.39. Let E © 98(R) with LX(E) < OO. 
(a) For every € > 0 there exists C € Ep such that C C E and 


fy, CE) — € < uw, (C) < ws, (E). 
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(b) There exists an F,-set F in R such that F C E and w,(F) = ps,,(E). 


Proof. 1. We have p4,,(E) < Hi(E) < oo by Observation 3.36. It follows then from 
the definition of ,,, (EZ) that for every « > 0 there exists C € Ep such that C Cc E and 
Mx, (E) — € < f,(C). By Observation 3.32 and by the monotonicity of .,,, we have 
H(C) = fs,,(C) S Mx,, (EZ). This proves (a). 

2. For every n € N there exists C, € €p such that C, C E and ps, (E) — 7 < 
1 (Cn) < Ms,, (E) by (a). If we let F = U,,en Cn, then F is an F,-setandC, C F CE 
for every n € N. Since F € 0, we have us,, (F) = ut, (F) by (a) of Theorem 3.37. Thus 
bx, (E) -1 < (Cr) < UCP) = Us, (CF) < x, (E). Since this holds for every n € N, 
we have p, (F) = Ux, (E). Ef 


As an outer measure the Lebesgue outer measure Be is subadditive on $3(R). As we 
showed in Theorem 3.34, the Lebesgue inner measure j4,, is superadditive on 93(IR). We 
show next some mixed inequalities. 


Proposition 3.40. Let F;, Er € 38(R) and BEI U E2) < 00. 
(a) We have ps,, (£1 U £2) < us, (E1) + Hi (E2). 
(b) If E19 Ez =, then pty,, (Ex) + WE (Eo) S ue (E1 U Ed). 


Proof. 1. Since HI (Ey U E2) < ov, there exists an F,-set E such that F C E, U E2 and 
,(F) = px,, (£1 U Ex) by Lemma 3.39. By Lemma 3.21, there exists a Gs-set G D E2 
such that w,(G) = HY (E2). Now F C (F\G)UGand F\ GC (£) VE2)\GC E. 
Thus we have 


fx, (Ey U E2) = ,(F) <u, ((F \G) UG) 
<p, (F \ G) + a, (G) = 4, (F \ G) + w*(E2) 
=x, (F \ G) + w*(E2) < Ms, (E1) + uF (ED), 


where the third equality is by (a) of Theorem 3.37 and the last inequality is by the mono- 
tonicity of j,,,. This proves (a). 

2. Assume that FE; 1 E2 = @. Since BI(E1) < WEY U Ez) < oo, there exists an 
F,-set F C E, such that pw, (F) = x,, (E1) by Lemma 3.39. By Lemma 3.21, there exists 
a Gs-set G D E, U E2 such that np, (G) = BEY U E2). Since G D (FE) U E2) D F, we 
have G = F U(G \ F). Since E, N Ez = @ and F C Fj, we have G \ F D E>. Thus 


Hi (E) U E2) = 4, (G) = uw, (F) + 4, (G \ F) 
=H, (E1) + WEG \ F) > bs, (E1) + wi (E2). © 
The next theorem says that if E is a Lebesgue measurable set in R with finite Lebesgue 
measure and if we decompose the set into two parts in an arbitrary way, then the sum of 


the Lebesgue inner measure of one part and the Lebesgue outer measure of the other part is 
always equal to the Lebesgue measure of the set. 
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Theorem 3.41. Let E € 98(R). If E € It, and u,(E) < ©, then for every A € 3B(R), 
we have s,,(AN E) + uF (ACN E) = pw, (E). 


Proof. For an arbitrary A € 93(R), AN E and A‘ N E are two disjoint sets whose 
union is E so that wt ((A N E)U (ASN E)) = HE) < oo. Thus by (a) and (b) of 
Proposition 3.40, we have jx, (E) < tx,,(AN E)+ pe (ASN E) < M(B). But E € Dt, 
and this implies p,,,(E) = pt (E) = u,(E) according to (a) of Theorem 3.37. Thus 
Hts, (ANE) + wt(A° NE) = 4,(E). 


Lemma 3.42. Let € € (0, 1) be an irrational number and let 


A={n+m&:m,neZ}, 
B={n+mé:m,n€Z, neven}, 
C={n+mé:m,n € Z, n odd}. 


Then A= BUC, BNC =@, C = B + 1 (that is, the translate of B by 1 € R),0 € B, and 
A, B, and C are all countable dense subsets of R. 


Proof. Clearly A, B, and C are all countable subsets of R. It remains to show that they are 
dense in R. Let us observe that if m’, m,n’, n"” € Z and (n’, m’) 4 (n", m”) then 


(1) n’ + me x n’ + m"é. 
To prove this, suppose (1’, m’) 4 (n”, m”) but n’ + m’E =n" + mE, that is, 
(2) n’ = n’ = (m” = m')é. 


Now since (n’,m’) 4 (n”,m”) we have either m’ 4 m” or n’ 4 n” or both. If m’ 4 m” 
then by (2) we have & = (n’ — n”)/(m” — m’) which is a rational number. This contradicts 
the fact that € is an irrational number. On the other hand if n’ 4 n” then n’ — n” 4 0 and 
then by (2) we have m” — m’ 4 0 so that € = (n’ — n")/(m" — m'), contradicting the fact 
that € is an irrational number. This proves (1). 

To show that A is dense in R, we show that every open interval J in R contains at least 
one point of A. Now for every i € N, there exists a unique nj € Z such thatn; +i& € [0, 1). 
Let x; = 2; +i& € A fori e N. Let k € N be so large that t < “#,(/). Consider 


the collection {xj :i = 1,...,k +1} C A. Note that x1,... ,x441 are all distinct by 
(1). Let x;,i = 1,...,4+ 1, be enumerated in increasing order and let the result be 
labeled as 0 < y] <-->: < yeti < 1. Nowif yj41 — yj = t for all j = 1,...,k, 
then yrat — yt > K- i = 1 which is impossible since both y; and yg4, are in [0, 1). 
Thus yj+1 — yj < : for at least one j = 1,...,k. In other words, in the collection 
{xj :i=1,..., +1}, there exists at least one pair x, and xq such that 0 < xp —Xq < ie 


Consider all the integral multiples of x» — xg, that is, the collection {n(xp — xg): n € Z}. 
This is a subcollection of A since 


n(Xp — Xq) = n{ (mp + pE) — (ng + g&)} =n(np — 1g) + n(p — QE € A. 
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The distance between two adjacent points in the collection {n(xp — xq) : n € Z} is less than 
i: Since the length of the open interval J is greater than i, I must contain at least one point 
in the collection. Thus / contains at least one point of A. This proves the denseness of A 
inR. 

The proof for the denseness of B is similar. We need only to replace [0, 1) in the 
argument above for the denseness of A by [0, 2). The proof for the denseness of C follows 
from the fact that C = B + 1, that is, C is atranslate of Bby 1. 


Proposition 3.43. Let & € (0, 1) be an irrational number and let A = {n+mé : m,n € Z}. 
Forx,y €R, let us write x ~ y ifx — y € A. Then ~ is an equivalence relation, and if we 
let Eg be a set consisting of an element from each of the equivalence classes with respect to 
the equivalence relation ~, then Eo ¢ IN,. 


Proof. 1. For every x € R, we have x ~ x since x — x = 0 € A. Secondly for any 
x,y € R,x ~ y implies y ~ x since a € A implies —a € A. Finally for any x, y,z € R, 
ifx ~ y and y ~ zthen x ~ z since aj, a2 € A implies a; + a2 € A. Therefore ~ is an 
equivalence relation. Let R be decomposed into the equivalence classes with respect to ~. 
By the Axiom of Choice we can select one element from each of the equivalence classes. Let 
Eo be the set of points thus selected. Let the elements of the countable set A be enumerated 
as {a, :n € Z4+} with ag = 0. Consider the collection of sets {Eo + an: n € Z+}. 


To show that Eo + am and Eg + a, are disjoint when m ~ n, suppose (Eo + am) 
(Eo + an) 4 @. This implies that there exist x1, x2 € Eo such that xj + am, = x2 -+dy. Then 
X1 —X2 = Qn — Gm € A. But ay ¥ ay so that xj # x2. Thus we have two distinct elements 
x1 and x2 from Eo such that x; — x2 € A, that is, x1 ~ x2, a contradiction to the definition 
of Eo. 


Next we show that Unez., (Zo + an) = R. Every y € R is in one of the equivalence 
classes with respect to ~. Let x be the element in that equivalence class that has been 
selected to be an element of Eo. Then y — x € A, say y—x =a, € A forsomen € Zy4. 
Thus y = x + a, € Eo + ay. Therefore Unez, (Eo + an) =R, thatis, Eo + A=R. 


2. To show that Eg ¢ 9t,, let us show first that the assumption Eo € Dt, leads to 
jt, (Eo) = 0. Consider the difference set A(Eo) of Eo as in Definition 3.28. Let z € A(£o). 
Then z = x—y wherex, y € Eo. Nowifx = y, thenz =0 € A. Ifontheotherhandx # y, 
then since x, y € Eo, x and y do not belong to the same equivalence class with respect to 
the equivalence relation ~ and thus z = x —y ¢ A. Therefore we have A(E9)NA = {0}, or 
B. Now if Eo € 90, and yz, (Eo) > 0 then A(Eo) contains an open interval J by Theorem 
3.29. Then since A is a dense subset of R the open interval J contains infinitely many points 
of A so that A(E9) 9 A D 1M A contains infinitely many points of A. This contradicts 
A(Eo) NA = {0}, or @. Thus if Eo € 29t, then yw, (Eo) = 0. 

3. Suppose Eo € DVt,. Then uz, (Eo) = 0 as we showed in 2. By the translation 
invariance of (R, M,, ity) we have Ey + an € DM, and pw, (Eo + an) = (Eo) = 9 for 
n € Zz. Since Unez, (Eo + a,) = Rand {Eo + a, : n € Z4} is a disjoint collection, 
we have 4, (R) = 4, (Unez (Eo + an)) — nee i, (Eo + an) = 0, a contradiction. 
Therefore Eo ¢ D0t,. 
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By means of the non 9), -measurable set Eg in Proposition 3.43 above, we construct 
next a set M © 93(R) such that both ys,,(M) = 0 and u.,,(M°) = 0. Then we have 
bx, (M) + ba, (M°) = 0 A Us,, (R). This shows in particular that the Lebesgue inner 
measure j4,,,, though superadditive, is not an additive set function on 93(R). 


Theorem 3.44. There exists a set M € §8(R) with the following properties: 
(1) ox,, (M) = He, (M*) = 0, 
(2) ws, (MN E) = ps,,(M°N E) =0 forevery E € B(R), 


(3) (MN E)= Bet (ME NE) =p, (E) for every E € MN, with nu, (E) < 0, 


Proof. 1. Let A, B, and C be the three subsets of R defined in Lemma 3.42 and let Eo be 
the non 90, -measurable subset of R defined in Proposition 3.43. Let M = Eo + B. By the 
definition of j4,,, to show that y,,,(M) = 0, it suffices to show that for every closed set 
F Cc M we have p, (F) = 0. We show that actually for every F € 99, such that F c M, 
we have u,(F) = 0. Let A(F) be the difference set of F as in Definition 3.28. Since 
F € 90,, to show that yz, (F) = 0 it suffices to show that A(F) contains no open intervals 
in R according to Theorem 3.29. Since C is a dense subset of R by Lemma 3.42, every open 
interval in R contains some points of C. Thus to show that A(F’) contains no open intervals, it 
suffices to show that A(F)NC = @. Toshow A(F)NC = G, letz € A(F). Then z = z;—z2 
where z1,z2 € F C M = Eo+ B so that z = (x1 +1) — (x2 +52) = (41 — x2) + (by — bp) 
with x1, x2 € Eo and by, b2 € B. Now if x1 = x2, then z = b; — b2 € B and thus z ¢ C. 
On the other hand if x; # x2, then by the definition of Eo in Proposition 3.43, we have 
x1 —x2 ¢ A. Now x1 — x2 = z+ (b2 — b1). Since bj, b2 € B, we have by — Db, E BCA. 
If z € A, then since A is closed under addition, we have x1 — x2 € A, acontradiction. Thus 
z¢ A. Then since C C A, we have z ¢ C. Thus in any case, if z € A(F) then z ¢ C. This 
shows that A(F) 1 C = @ and proves ps,, (M) = 0. 

To show that jx,, (M°) = 0, recall that we showed in 1 of the Proof of Proposition 3.43 
that Eo + A = R. Thus we have 


MS =R\M =(Eo+A) \(£o+ B) 
=Fo+C=(£Fo9 + B4+1)=M+1. 


By the translation invariance of jz5,, on §8(IR) by 5° of Theorem 3.34, we have the equalities 
bx, (M°) = bx, (M + 1) = Us,,(M) = 0. This completes the proof of (1). 

2. (2) follows from (1) by the monotonicity of w,, on $B(R). 

3. Let E € Mt, and w,(E) < oo. According to Theorem 3.41, for every A € 
BCR), we have ws, (AN EE) + ET (AS OE) = w,(£). With the choice A = M° we 
have 0 + wi(M 1 E) = p,(E) by (2) and similarly with the choice A = M we have 
0+ ur (M6 E) = 4, (E) by (b). This proves (3). # 


Theorem 3.45. Every 93,-measurable set E with u,(E) > 0 contains a non IM, - 
measurable set. 


66 CHAPTER | Measure Spaces 


Proof. Let M be as in Theorem 3.44. Then by (2) and (3) of Theorem 3.44, we have 
Ls, (MOE) = Oand u* (MN E) = u,(E) > Oand therefore u,,, (MNE) 4 ue (ME). 
This shows that MM E ¢ 93st, by (a) of Theorem 3.37. 


Problems 


Prob. 3.1. Let a decreasing sequence (E, :n € N) C 90, in the Lebesgue measure space 
(R, 9, , 4) be given by E, = [n, 00) forn € N. 
(a) Find Jim, E,, and (. lim, E,). 


(b) Find ges be, (En). 
noo 


Prob. 3.2. Consider a sequence (E, : n € N) C 9M, defined by FE, = [0, 1) U [n,n + 1) 
when n is odd and E, = [0, 1) U [n,n + 2) when n is even. 
(a) Show that jim, E,, exists and find dim, En. 


(b) Show that “im Lt, (En) does not Gane 


Prob. 3.3. For each of the following sequences (E, :n € N) Cc M,, 
(a) show that tim, E,, exists and find dim, En, 


(b) show that ‘lim nH, (En) exists and im, B, (En) # HC lim, En). 


(1) Ey, = [0, MUA ee 
(2) E, = [0, 1) U [n, 2n) forn EN, 
(3) E, =[n,n+1) forneN. 


Prob. 3.4. Let J be the collection of @ and all finite open intervals in R. Define an outer 
measure p* on R by setting for each E € $8(R) 

w*(E) = inf { Prey €Un) : Un 2 EN) CI, Unen In DE}. 
Show that .* = y* defined in Observation 3.2. 


Prob. 3.5. Let € be a disjoint collection of members of DJ, in the Lebesgue measure space 
(R, 9, 4). Show that if 4, (E) > 0 for every E € €, then the collection € is at most 
countable. 


Prob. 3.6. For E € St, with u,(E) < ov, define a real-valued function g, on R by setting 
9, (x) = w,(EN(—0o,x]) forx ER. 

(a) Show that y, is an increasing function on R. 

(b) Show that lim g,(x)=Oand lim 9,(x) = y,(E). 
X>—-C x00 

(c) Show that ¢, satisfies the Lipschitz condition on R, that is, 
lo, (x’) — gg (x”)| < |x’ —x”"| forx’,x” ER. 

(d) Show that ¢, is uniformly continuous on R. 

Prob. 3.7. Let E € 0, with u,(£) < oo. Show that for every a € (0, 1), there exists a 


subset Fy of EF such that Ey € 90%, and p, (Ex) = ap, (E). 
(Hint: Use the continuity of the function g, in Prob. 3.6.) 
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(Thus the Lebesgue measure space (R, Mt, we 1) not only does not have any atoms but in 
fact every Lebesgue-measurable set with finite measure has a measurable subset with an 
arbitrarily designated fraction of the measure. See Prob. 3.8 for E € 93, with uw, (EZ) = oo.) 


Prob. 3.8. Let E € 93t, with w, (EZ) = oo. Show that for every A € [0, 00), there exists a 
subset E, of E such that FE, € DN, and pw, (Ey) = 2. 


Prob. 3.9. Let E Cc R and Le (E) = 0. Show that E° is a dense subset of R, that is, 
every open interval in R contains some points of E°, in other words no open interval can be 
disjoint from E°. 


Prob. 3.10. For E C R, define —E, called the reflexion of EF with respect to the origin, by 
setting -E = {y € R: y = —x forsome x € E}. 

(a) Show p*(—E) = w*(E). 

(b) Show that if E € 90,, then —E € Mt, and u,(—E) = 4, (E). 


Prob. 3.11. For E C R anda € R, define aE, called the dilation of E by the factor a, by 
setting aE = {y € R: y = ax forsomex € E}. 

(a) Show j1'(@E) = |olu* (E). 

(b) Show that if E € 90,, thenaF € Mt, and w, (@E) = jal, (£). 


Prob. 3.12. Consider the measure space (R, Br, w z): 
(a) Show that if E ¢ Sp andt ée R,thenE +t € Bpandu,(E +t) =p, (4). 
(a) Show that if E ¢ Bp anda € R,thenaE € Brand p, (@E) = |a|p, (E). 


Prob. 3.13. Let f be a real-valued function on (a, b) such that f’ exists and satisfies 
| f"(x)| < M for x € (a,b) for some M > 0. Show that for every subset E of (a, b) we 
have u*(f(E)) < Mui (E). 


Prob. 3.14. From the interval [0, 1] remove the open middle third (3, 4). Remove the open 
middle third from each of the two remaining intervals [0, Al and [:. ie This leaves us four 
closed intervals. Remove the open middle third from each of the four. Continue this process 
of removal indefinitely. The resulting set T is called the Cantor ternary set. 

(a) Show that T is a Borel set. 

(b) Show that T is a compact set. (A set in R is compact if and only if it is bounded, that 
is, contained in a finite interval, and closed.) 

(c) Show that T is nowhere dense. (A set A in a topological space (X, 9) is called nowhere 
dense, or non-dense, if the interior of its closure is empty, that is, (A)° = @.) 

(d) Show that T is a perfect set. (A set A in a topological space (X, ) is called perfect if 
A = A’ where A’ is the derived set of A, that is, the set consisting of all the limit points of 
the set A. A point in a set A is called an isolated point of A if it is contained in an open set 
which contains no other point of A. Thus a set A is perfect if and only if it is closed and has 
no isolated point in it.) 

(e) Show that 7 is an uncountable set and in fact a one-to-one correspondence between T 
and [0, 1] can be established. 

(Hint: Express every number in [0, 1] as a ternary number, that is, 0.a;a2a3--- where 
a; =0,1, or 2 foreach i. Then T consists of those ternary numbers in which the numeral 
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1 never appears as a; for any i. To establish a one-to-one correspondence between T and 
[0, 1], express every number in [0, 1] as a binary number.) 

(f) Show that 2, (T) = 0. 

(Thus the Cantor ternary set is an example of a null set in (R, 9t,, ~,) which is an un- 
countable set.) 


Prob. 3.15. Let Q be the set of all rational numbers in R. For an arbitrary ¢ > 0, construct 
an open set O in R such that O D Q and u*(O) <e. 


Prob, 3.16. Let Q be the set of all rational numbers in R. 

(a) Show that Q is a null set in (R, Br, ,) . 

(b) Show that Q is a F,-set. 

(c) Show that there exists a Gs-set G such that G D Q and np, (G) = 0. 
(d) Show that the set of all irrational numbers in R is a Gs-set. 


Prob. 3.17. Consider the measure space (R, Tt. ue 7) . 

(a) Show that every null set in (IR, 99, , 4,) is a subset of a Gs set G which is itself a null 
set in (R, 0, “,) . 

(b) Show that every E € 99, can be written as E = G \ N where G is a Gs set and N isa 
null set in (R, 99t,, 4,) contained in G. 

(c) Show that every E € 90%, can be written as E = F UN where F is an Fy set and N is 
a null set in (R, 9t,, 4,) disjoint from F. 


Prob. 3.18. Show that for every increasing sequence (E,, : n € N) of subsets of R, we have 
lim y*(E,) = 4*( lim Ep). 
noo n->0O 


Prob. 3.19. (a) Show that the #4*-measurability condition on E € §B(R): 


(1) H(A) = UT(AN E) + wi(AN E*) for every A € 9B(R), 
is equivalent to the following condition: 
(2) ME) = wi OE) + pi (10 E®) for every I € Jo. 


(b) Let J be the collection of all open intervals in R with rational endpoints. This is 
a countable subcollection of 3,. Show that condition (2) is equivalent to the following 
apparently, and only apparently, weaker condition : 


(3) HI) = WEI NE) + wi(I 0 E*) for every J € J. 


Prob. 3.20. Let & be the set of all irrational numbers in the interval (0, 1). Show that for 
every € € (0, 1) there exists a closed set C in R such that C C E andy, (C) > 1—-e. 


Prob. 3.21. (a) Let A C R. If there exists ¢ € (0, 1) such that Lt (ANIL) < €€(J) for every 
open interval J then H(A) = 0. 

(b) Let E € $0, with u,(E) > 0. Then there exist n € (0, 1) and an open interval 7 such 
that (ENI+h)N(EO 1) £ @ forevery h € R with |h| < n€(Z). 

(c) For A € Rlet AA = {2 € R: z= x —yforsomex,y ¢€ A}. If E € Dt, and 
u,(E) > 0 then AE contains an open interval. 


Prob. 3.22. Consider the measure space (R, 99t,, 4,). Show that if E € 9, and yz, (E) > 
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0 then the set E + E contains an open interval. 


Prob. 3.23. Let Q be the set of all rational numbers in R. Show that for any x € R we have 
lim 1gQ4:(x) ¥ 1Q(x) and indeed lim 109+1(x) does not exist. 
t> ‘> 


Prob. 3.24. Consider a measure space (R, Br, L). Suppose for every E € Sp we have 
lim Le+:(*) = 1e(x) for p-ae. x € R. Show that w(R) = 0. 
t 
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§4 Measurable Functions 


[I] Measurability of Functions 


Notations. For a set D we write {x € D : ---} for the subset of D consisting of those points 
x in D satisfying one or more conditions represented by ---. Note that {x € D:---}=@ 
when the defining conditions --- are not satisfied by any x € D. We also abbreviate 
{x € D:---}as{D:---} when there is no ambiguity. Thus for example, if f is an extended 
real-valued function defined on a subset D of a set X anda € R, then {x € D: f(x) < a} 
is the subset of D consisting of all x € D at which f(x) < @ holds. We also use the 
abbreviation {D : f < a}. 


Definition 4.1. Let (X, 20) be an arbitrary measurable space and let D € 2X. An extended 
real-valued function f defined on D is said to be UA-measurable on D if it satisfies the 
condition that {x € D: f(x) <a} € &, that is, f~'([—00, a) € 2, for every a € R. 

In particular, when (X, 2) = (R, t,), D € MN, and f is Mt, -measurable on D, we 
say that f is Lebesgue measurable. Similarly when (X, 2%) = (R, Br), D € Br, and f 
is Bp-measurable on D, we say that f is Borel measurable. 


Observation 4.2. (a) If 2; and My are two o-algebras of subsets of a set X such that 
2, C lo, then every 2(;-measurable function is also a 2l2-measurable function. 

(b) Let 2{o be the smallest o-algebra of subsets of a set X, that is, 29 = {O, X}. Then an 
extended real-valued function f defined on X is 2(9-measurable on X if and only if f isa 
constant function on X. 

(c) With 98(X), the greatest o-algebra of subsets of a set X consisting of all subsets of X, 
every extended real-valued function on an arbitrary E € 9§8(X) is $8(X)-measurable on E£. 


As an intermediate case to the two extreme cases (b) and (c) above, we have 


Example. Let € = {In, n+l)ine Z}. The o-algebra generated by €, o(€), is the 
collection of all countable unions of members of €. An extended real-valued function 
defined on R is o (€)-measurable if and only if it is a right-continuous step function with 
jump discontinuity occurring at integers in R only. 


For an arbitrary subset E of a set X, the identity function (or the characteristic function) 
of E is a function defined on X by 


1 ifxeE, 


ae | 0 ifx €E°. 


Observation 4.3. Let (X, 20) be a measurable space and let FE € 98(X). Then Ig is a 
2-measurable function on X if and only if E € 2. 
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Proof. Let E € 98(X). Note that the domain of definition of 1g is X € 2. If E € 2( then 


GeN fore <0, 
{xe X:1e(x) <a} ={ E°eM forO<a<1, 
Xe2 fora>l. 


Thus {x E€X:1g(x) < a} € 2(forevery a € Rand 1, is 2{-measurable on X. Conversely 
if 1g is 2-measurable on X, then we have {x € X : 1z(x) < a} € 2 for every a € Rso 
that in particular E° = {x € X:1g(x) <5} ¢ Mandthen Ee QW. wo 


Lemma 4.4. Let (X, 20) be a measurable space and f be an extended real-valued function 
defined on D € &. Then the following conditions are all equivalent: 

@) {x ED: f(x) <a} € &, that is, f—'([—co, a]) € W, for everya ER, 

(ii) {x € D: f(x) > a} € W thatis, f—'((a, 00]) € A, for everya € R, 

(iii) {x € D: f(x) = a} € %, that is, f—"([a, o0]) € A, for everya ER, 

(iv) {x eD: f(x)< a} € A, that is, f-'([-00, a)) € &, for everya ER. 


Proof. 1. (i) © (ii). Let a € R be fixed. Let D; and D2 be the two sets in (i) and (ii) 
respectively. Then Dj MN Dz = @ and Dj U D2 = D € Aso that D} = D \ Dp and 
Dz = D\ D,. Thus D, € if and only if Dz € QL. 

2. (iii) <> (iv) by the same argument as in 1. 

3. (iv) => (i). Note that for every x € D anda € R, we have f(x) < a if and only if 
f(x) < a + } for every n é N. Thus we have {D: f < a} = (hen {D if <att}, 
If f satisfies (iv), then every set in the intersection is in 2 and then so is the countable 
intersection. This shows that f satisfies (i). 

4. (ii) > (iii). Note that we have f(x) > @ if and only if f(x) > a — 1 for every 
n €N. Then by the same argument as in 3, (ii) implies (iii). 


Corollary 4.5. Let (X, 20) be a measurable space and let f be an extended real-valued 
2-measurable function defined on D € A. Then 

(a){xe D: f(x) =a} € A foreveyaeR. 

ae é€D: f(x) Sale a 


Proof. For a € R, we have 
{[D: f=a}={D:f<a}\{D:f <a}em 
by (i) and (iv) of Lemma 4.4. We have also 


{D: f=co} =D\{D: f <co}=D\|J{D:f<nheu 


neN 


and 
{D: f =-oo} = D\{D: f >-o} =D\|J{D: f =n} eo. 
neN 
This proves (a). For (b), note that 


{D: feR}=D\({D: f=co}U{D: f =—-co}) - A 
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Let us note that condition (a) in Corollary 4.5 is a necessary but not sufficient condition 
for the 2{-measurability of f on D, that is, an extended real-valued f on D € & satisfying 
condition (a) need not be 2{-measurable on D. Below is an example. 


Example. Consider the measurable space (R, 93t,). By Theorem 3.20 there exists a non 
OI, -measurable set E C (0, 1). Let f be a function defined on (0, 1) € 97, by 


x forxe€E, 


(x)= 

f —x forx€(0,1)\E. 

For every a € R, the set {x € (0,1) : f(x) = a} is either 9 or a singleton. In any case 
it is a St, -measurable set. Thus f satisfies condition (a) of Corollary 4.5. But f is a non 
MN, -measurable function since {x € (0,1): f(x) > 0} =E ¢M,. 


Let (X, 20) and (Y, 8) be measurable spaces. By Definition 1.38, a mapping f of a set 
D C X into Y is 2/%3-measurable if f~!(93) C 2%. This implies that D = f~!(Y) € A. 
Let us relate this definition of measurable mapping to 2{-measurability of a real-valued 
function f on aset D € 2(in a measurable space (X, 2) as in Definition 4.1. 


Theorem 4.6. Let (X, 20) be a measure space and let f be a real-valued function on a 

set D € M. Let Op and Cp be the collections of the open sets and the closed sets in R 

respectively. 

(a) f is U-measurable on D if and only if f is aS /BR-measurable mapping of D into R, 
that is, f~' (SBR) C A. 

(b) f is &-measurable on D if and only if f~'!(Op) C A. 

(c) f is 2-measurable on D if and only if f~'(€p) C A. 


Proof. 1. Let J be the collection of all open intervals in R. Since every open set O inR 
is a countable union of open intervals, we have O € o (3) and thus Op C o(3) and then 
a(OpR) C o(¥). On the other hand, since J C Op, we have o(J) C o(Mp). Therefore 
o(3) =o (Or) = Br. 

Now suppose f is a real-valued 2l-measurable function defined on D € 24. For an 
arbitrary finite open interval (a, 6) in IR, we have 


F-1((@, B)) = f7'((—00, B) \ (—00, a) = f—"((—00, B)) \ f7!((—00, a]) € 2 


by (iv) and (i) of Lemma 4.4. Similarly for an infinite open interval J in R, we have 
f7!(1) € & by (ii) and (iv) of Lemma 4.4 and Corollary 4.5. This shows that f~!(3) C QL. 
Then since 0 (3) = Bp, we have 


f' (Br) = f-'e@) =a(f 1H) CoM =A 


by Theorem 1.14. This shows that f is a 2{/9$p-measurable mapping of D into R. 
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Conversely if f is a 21/23p-measurable mapping of Dinto R, then we have f~!(B) € 2 
for every B € Sp and in particular for every a € R we have f—'((—00, a]) € 2. This 
shows that f is a 2(-measurable function on D. This proves (a). 


2. To prove (b), note that f (Op) C Wif and only if f —1($3p) C Q. (Indeed since we 
have Op C Bp, f-'(Be) C Wimplies f—!(Dp) C M. Conversely if f—'(Op) c A, 
then we have f-'(8p) = f-'(o(Op)) = o( f-'(OR)) C o(Q = A by Theorem 
1.14.) Then (b) follows from (a). 


3. (c) is proved in the same way as (b) using the fact thato(€p) = Br. 


According to Theorem 4.6, among all the o -algebras of subsets of R, the Borel o-algebra 
SS has the special property that every real-valued function f onaset D € Cin an arbitrary 
measurable space (X, 2l) is 2(-measurable on D if and only if f is a 2¢/23p-measurable 
mapping of D into R. This is a consequence of Definition 4.1 for 2{-measurability of a real- 
valued function in terms of the Borel sets (~0o, a] fora € R. In particular, a real-valued 
function f ona set D € 9M, in the measurable space (R, Mt, ) is Dt, -measurable on D if 
and only if f is a St, /Br-measurable mapping of D into R, and similarly a real-valued 
function f ona set D € Sp in the measurable space (R, Bp) is Bp-measurable on D if 
and only if f is a Bp/BR-measurable mapping of D into R. 


Let us note that Theorem 4.6 is applicable to extended real-valued functions. Let f be an 
extended real-valued 2{-measurable function on a set D & 2 in a measurable space (X, 2). 
By (b) of Corollary 4.5, Dp) = {D: f € R} is a 2(-measurable set. Then by Theorem 4.6, 
the restriction fo of f to Do is a 2(/S8p-measurable mapping of Do into R. 


Lemma 4.7. Let (X, 20) be a measurable space. 

(a) If f is an extended real-valued U-measurable function on a set D € A, then for every 
Do C D such that Do € 2, the restriction of f to Do is a 2-measurable function 
on Do. 

(b) Let (D, : n € N) be a sequence in Mand let D = UneN Dn. Let f be an extended 
real-valued function on D. If the restriction of f to Dy is A-measurable on D,, for every 
n EN, then f is 2-measurable on D. 


Proof. 1. To prove (a), note that {Dy : f < a} = {D: f < a} M Do foreverya € R. If 
f is 2-measurable on D, then {D : f <a} € % so that {Do: f <a} € A. 


2. To prove (b), note that {D if< a} = {Unen Dir: f < a} = Unen {Dn if < a} 
forevery a € R. If f is 2{-measurable on D,, for every n € N, then {Dn ifs a} € 2€ for 
everyn €Nsothat{D: f <a}eQ. w 


Observation 4.8. Let (X, 20) be a measurable space and let D € 2. Then every constant 
function on D is 2{-measurable on D, that is, if f(x) = y forevery x € D forsome y € R, 
then f is 2{-measurable on D. 
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Proof. If f(x) = y for every x € D, then for every a € R, we have 


DEN ifa>y, 
D:f< ={D:iy< = 
| fsa} y sa} ene ifa<y. 


Thus f is 2{-measurable on D. 


Observation 4.9. Let (X, 20) be a measurable space and let f be an extended real-valued 
function on a set D € 2. Let us decompose D into three subsets Do = {D :f é€ R}, 
D, ={D: f = —oo}, and D2 = {D: f = 0}. Then we have 


: Do, D1, D2 € A, 
f is 2-measurable on D & ; 
f is &Mk-measurable on each of Do, D1, Do. 


Proof. If f is 2(-measurable on D then Do, D1, Dz € 2 by (a) and (b) of Corollary 4.5 
and f is 2l-measurable on each of Do,Di, and D2 by (a) of Lemma 4.7. Conversely if 
Do, D1, D2 € Mand f is A-measurable on each of Do,D1, and D2 then f is 2l-measurable 
on D by (b) of Lemma 4.7. 


Observation 4.10. Let (X, 20) be a measurable space and let f be an extended real-valued 
function on a set D € 2 assuming at most countably many values y, € R for n € N. Let 
Dn = {D ie Yn} forn € N. Then f is 2{-measurable on D if and only if D, € 2¢ for 
everyn EN. 


Proof. If f is 2l-measurable on D, then D, € 20 for every n € N by (a) of Corollary 4.5. 
Conversely suppose D, € 2( for every n € N. Then since f is constant on D, € 2, f 
is 2-measurable on D, by Observation 4.8 for every n € N. Since D = Un cy Dn, f is 
{-measurable on D by (b) of Lemma 4.7. 


[II] Operations with Measurable Functions 


Addition, multiplication and product of extended real-valued functions entails addition and 
multiplication of extended real numbers. 


Convention. For addition and multiplication in the extended real number system R let us 
adopt the convention that = —> = 0 for any c € R. Such expressions as 00 — oo, 


—0oo + 00, (Koo) - 0, 0- (+00), and $e remain undefined. 


Theorem 4.11. Let (X, 20) be a measurable space and let f be an extended real-valued 
2-measurable function on a set D € 2. Then for every c € R, we have the domain of 
definition of the function cf, D(cf) € Wand cf is a A-measurable function on D(cf). 


Proof. Clearly D(cf) C D(f) = D. Letus find D(cf) and show that it is a 2{-measurable 
set. Ifc € Randc £0, then D(cf) = D € MW. If c = 0, then (cf)(x) = cf (x) is defined 
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only if f(x) € R. so that D(cf) ={D: f € R} € A by (b) of Corollary 4.5. This shows 
that D(cf) € 2 foreveryc eR. 

Let us show that cf is 2-measurable on D(cf) € W. If c = 0, then (cf)(x) = 0 
for every x € D(cf) and thus cf is M2-measurable on M(cf) by Observation 4.8. If 
c > 0, then for every a € R, we have {D(cf) cf < a} = {D 7 fi < a} € 
by Lemma 4.4 so that cf is 2{-measurable on D(cf). Similarly if c < 0, then we have 
{Dicf) : cf <a} ={D: f > £} € A by Lemma 4.4 so that cf is A-measurable on 


Dicf). a 


Theorem 4.12. Let (X, 2() be a measurable space and let f and g be two extended 
real-valued -measurable function on a set D € A. Then the domain of definition of the 
function f + g, DC f + g) € Wand f + g isa A-measurable function on D(f + g). 


Proof. To find D(f + g) which is a subset of D let us recal] that oo — 00 and —00 + 00 
are undefined. Thus let 


Do={D: feR}N{D: geR} EM, 

D, ={D: f=-oo}N{D:¢< cole, 
Dy ={D: f =oo} N{D: g > —co} € A, 
D3={D: f <oo} N{D:g=-oo} € A, 
Dg={D: f >-co} N{D: g=00} € &, 
Ds5={D: f =o} N{D:g=-col ec A, 
De ={D: f =-c}N{D: g=co} ew. 


Then {Dy : k = 0,... ,6} is a disjoint collection of subsets of D and ea Dy = Dz 
Since f(x) + g(x) is defined on each of Do,... , D4 and undefined on Ds and De, we 
have O(f + g) = bee Dy € 2. To show the 2{-measurability of f + g on D(f + g), 
it suffices to show that f + g is 2{-measurable on D,; fork = 0,... ,4 according to (b) of 
Lemma 4.7. Since f + g has the constant value —oo, 00, —0o, and oo on Dj, Do, D3, and 
Dg respectively, f + g is 2{-measurable on each of these four sets by Observation 4.8. 

Regarding Do, we have {Do : f + g < a} = {Do: f <a—g} foreveryae R. 
Let {r, : n € N} be the collection of all rational numbers in R. Now if f(x) < a — g(x) 
then there exists a rational number r, such that f(x) < m < @ — g(x). Conversely if 
f(x) <™m <a — g(x) for some rational number r,, then f(x) < a — g(x). Thus 


{Do: f <a-g}=|){Do: f<m<a-g} 


= (J [{Do: f <m}N{Do:m <a—g}] 
SO PnP eral mee 


€ BW. 
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(Regarding the first of the equalities above, note that for a rational number r, such that 
f(x) <n < @— g(x) does not hold for any x € Dg we have {Do : f < rm <a—g}=9.) 
This shows that f + g is 2l-measurable on Do. 


Theorem 4.13. Let (X, A) be a measurable space and let f and g be two extended 
real-valued 2-measurable functions on a set D € A. Then the domain of definition of the 
function fg, D( fg) € Wand fg is a A-measurable function on D( fg). 


Proof. Let us determine D( fg) Cc D. Recall that oo - 0 and 0 - +00 are undefined. Let 
D, =[{D: f =o}U{D: f =-oo}]N{D:g=0} € A, 
D2. =[{D:g =o} U{D:g=-oo}]N{D: f =0} « A. 
Then D( fg) = D\ (D, U D2) € A. 
To show the 2l-measurability of fg on O( fg), note that O( fg) is the union of the 


following three sets: 

Eo = {D(fg): g =0} € A, 

E, = {D(fg):8 > 0} € QA, 

E.= {D(fs) 1g <0} € 2. 
Now fg = 0on Eo so that fg is 2{-measurable on Eg by Observation 4.8. Let {r, :n € N} 
be the collection of all rational numbers. Let a € R be fixed. Then for x € E) we have 


f()g(x) < a, thatis, f(x) < zo)’ if and only if there exists rn such that f(x) < rm < Ok 
Thus we have 


{E.: fe<a}= (£1: f <2} =Unen {Ei : f < ta < $} 
= [{£r: f <m} {Ei :mg <a}] eo, 


neN 


where {Ej : tng < a} € AW since r,g is 2A-measurable on E; by Theorem 4.11. This proves 
the 2l-measurability of fg on E,. The 2l-measurability of fg on E2 is shown likewise. 
Then fg is 2{-measurable on D( fg) by (b) of Lemma 4.7. 


Lemma 4.14. Let (X, 20) be a measurable space and let f be an extended real-valued 
A-measurable function on a set D € 2X. Then the domain of definition of the function + 


D(}) € Mand} isa meal fain on B(3) 


Proof. Let us note that D(+) = D\{D: f =0} € &. To show the 2A-measurability of 7 
on DF), we show that {D(4) : t > a} € 2 for every a € R. Let us observe that 


£ 
(1) 0<a<b>i>j, 
(2) a<b<05/>}, 
(3) a<0<b3i<}. 
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1. If w = 0, then {D(+) : + > O} = {D(F): f > O}\ (D(z): f = co} e A. 

2. Ifa > 0, then {D(+): + >a} ={D(F):0<f<j}em. 

3. Ifa < 0, then 

{D(}): 4 >a} = (D4): +>, f > 0}u{D(F): + >a, f <0}. 
Since a < 0, we have 
{D(F): +>, f > 0} ={D(F): f > 0} € a. 

On the other hand a < 0 implies 

{D(F) 24 tsa,f<o}= (DF): f <4, f <0} = (DG): f <j} em 


This shows that {D(F E + > a} € 2 for the case w < 0 and completes the proof of the 
A-measurability of Gs n D(+ ). # 


Theorem 4.15. Let (X, 2) be a measurable space and let f and g be two extended 
real-valued UA-measurable function on a set D € 2X. Then the domain of definition of the 


function &, (4) € Mand & is a A-measurable function on D(4). 


Proof. Let 
Do ={D: f =0}, 
D, ={D: f =o} N{D:g =o}, 
Dy, ={D: f =oo}N{D:g=—-oo}, 
D3 ={D: = -oo} N{D:g =oo}, 
Ds={D: f =-oo} N{D: g = —oo}. 
By (a) of Corollary 4.5, D; € & fori = 0,... ,4. Then D($) = D\ (Ujao Di) € & 


Since $ = (+) - g, the M-measurability of 4 on D(4) follows from Lemma 4.14 and 
Theorem 4.13. & 


Theorem 4.16. Let (X, 20) be a measurable space and let f and g be two extended real- 
valued A-measurable functions on a set D € A. Then 


() {D: f =g}e%, 
(2) {D:f <g}e%, 
(3) {D: f<ghee, 
(4) {D: f#ghem. 


Proof. To prove (1), note that the set {D :f= g} is the union of the three disjoint sets 
{D :f=gea= —oo}, {D : f = 8g = oo}, and {D :f=geE R}. Now by (a) of 
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Corollary 4.5, {D: f =g =—oo} ={D: f =—oo} N{D: g = —co} € A. Similarly 
C :f=g=ooj € A. Finally, since f(x) = g(x) € Rif and only if f(x) — g(x) = 0, 
D:f=geR}={D: f—g=0} = {D(f —g): f —g = 0} € A by Theorem 

4.11, Theorem 4.12 and (a) of Corollary 4.5. Thus {D a g} is the union of three 
2{-measurable sets and is therefore 2{-measurable. 

To prove (2), let {rn Ine N} be the collection of all rational numbers in R. Then we have 
{D: f <g}=Unen{D: f <r <8} =Unen [Dif <m}N {Dim <s}] <u. 

Next by (1) and (2), we have {D: f <g}={D: f=g}U{D: f < g} € &. This 
proves (3). 

Finally we have {D: f # g} = D\ {D: f = g} € & by (1). This proves (4). 


[11] Equality Almost Everywhere 


Definition 4.17. Given a measure space (X, 2, 4). We say that two extended real-valued 
2-measurable functions f and g defined on a set D € A are equal almost everywhere and 
we write f = ga.e. on D if there exists a null set N in (X, A, 2) such that N C D and 
F(x) = g(x) forx € D\N. 


Remark 4.18. In the definition above, f = g a.e. on Dif f = g outside of a null set N of 
the measure space contained in D. This does not exclude the possibility that f(x) = g(x) 
for some, and indeed for every, x € N. 

If f and g are 2{-measurable on D, then the set Dp = {D uf + g} is 2l-measurable 
by Theorem 4.16. If f = g a.e. on D, that is, f = g outside of a null set NV, then Dp C N 
and thus by the monotonicity of 4 we have (Do) = 0. 


Remark 4.19. Almost everywhere equality of two functions are defined with respect to a 
given measure jz on a given o-algebra of subsets of a set X. If more than one measures on 
a given o-algebra 2l are under consideration, or more than one a-algebras of subsets of X 
are under consideration, we say that f = g, y-a.e. on D, or even f = g, (2, w)-ae. on D 
to indicate the measure yz and the o-algebra 2 to which the null set belongs. 


Observation 4.20. Let (X, 21, jz) be a complete measure space. 

(a) Every extended real-valued function f defined on a null set N in (X, 2, uw) is 
2{-measurable on N. 

(b) Let f and g be two extended real-valued functions defined on a set D € 24 such that 
f =gae. on D. If f is 2t-measurable on D then so is g. 


Proof. 1. Let f be an arbitrary extended real-valued function defined on a null set VN. Now 
N € 2. To show that f is 2{-measurable on N, we show that for every a € R, the set 
{N : f < a} is a M-measurable set. But (X, 2, w) is a complete measure space and this 
implies that every subset of the null set N is a 2l-measurable set. Thus our set {N : f < a} 
is a 2{-measurable set. 

2. Suppose f = g a.e. on D. Then there exists a null set N in the measure space 
(X, A, ) such that N C Dand f = gon D\N. If f is 2{-measurable on D, then f is 


§4 Measurable Functions 719 


2{-measurable on the 2{-measurable subset D \ N of D by (a) of Lemma 4.7. Since f = g 
on D\ N, g is 2-measurable on D \ N. On the other hand since N is a null set in a complete 
measure space, g is 2{-measurable on N by (a). Thus g is 2{-measurable on D \ N and on 
N and therefore 2{-measurable on (D \ N) UN = D by (b) of Lemma 4.7. 


{I1V] Sequence of Measurable Functions 


Let (fn : n € N) be a sequence of extended real-valued functions on a subset D of a set 
X. For each x € D, ( fr(x) ine N) is a sequence of extended real numbers. Thus 
liminf f,(x) = lim { inf fy(x)} and lim sup f,(x) = lim _{ sup fx(x)} always exist in 
n->00 noo ‘ k>n n—>0o N00 * k>n 

R. lim Jn(X) exists in R if and only if liminf f,(x) = lim sup f(x). 

n> 00 n—>0o n->00 

We say that (f,(x) : n € N) converges if lim f,(x) exists and lim f,(x) € R. 

noo n> OO 
We say that (f, : n € N) is a monotone sequence if ( r(x) ine N) iS a monotone 


sequence of extended real numbers for every x € D. 


The functions min yom _max yim inf Shs sup Tas liminf fn, lim sup fy, and 
n=l... Tyscs neN 
lim fn are defined Sowiis Thus 
née 


_mnin yin@ = _mnin yn): 
aK fa)(x) = —_ fax), 


(2 
= 
( inf fn) (x) = inf fax), 
( 


sup on = sup fn(x), 
neN neN 


(lim inf fn) (x) = lim inf fn(x), 


(lim sup fn) (x) = lim isu fax), 


neN 


( lim fn)(x) = him, f(x). 


Theorem 4.21. Let (X, 2) be a measurable space and let { fn : n € N) be a monotone 
sequence of extended real-valued 2-measurable functions ona set D € A. Then lim fh 
noo 


exists on D and is 2A-measurable on D, 


Proof. If (fn : n € N) is a monotone sequence on D, then (f,(x) : n € N) is a monotone 
sequence of extended real numbers so that lim f,(x) exists in R for every x € D. Thus 
jim, Jn exists on D. oe 

Let us show the 2{-measurability of Jim, fr on D. If (fp : n € N) is an increasing 


sequence, then for anya € Rwehave lim f,(x) > @ if and only if f,(x) > @ for some 
n->CoO 
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néN. Thus {D: im, fn > a} = Unen {D: fn > o} € 2. This shows that lim, fn is 
—> n> 

{-measurable on D by (ii) of Lemma 4.4. If (f;, : n € N) is a decreasing sequence, then 

(—f, in € N) is an increasing sequence and thus fim, (— fn) is M-measurable on D by 


our result above. But lim (-—fn) = — lim fh. Thus — — lim f, is 2{-measurable on D. 
n> n—>0o n—>0o 
Then lim | Jn is 2-measurable on D by Theorem 4.11. # 
n 


In the proof above of the 2{-measurability of the limit function lim f, of an increasing 
noo 


sequence (f, : n € N), we applied criterion (ii) of Lemma 4.4 for 2{(-measurability. Let us 

comment that criterion (iii) of Lemma 4.4 for 2{-measurability is not applicable here. For 

an increasing sequence (f, : n € N) and an arbitrary a € R, we have lim f,(x) > @ if 
n> Oo 


and only if f,(«) > @ for some n € N. However 


lim fr(x) >a & f(x) => @ forsomen EN. 
n> 


Consider for instance a strictly increasing sequence ( fr) ine N) such that f,(x) <a@ 
for every n € N and lim. FTn(x) = a. We have lim | Sux) = @ but f,(x) < a@ for every 
n- n— 


neN. 


Theorem 4.22. Let (X, 2) be a measurable space and let (fy, :n € N) be a sequence of 

extended real-valued A-measurable functions on a set D € A. 

(a) The functions min f,, max fy, inf f,, sup fr, liminf f,, and limsup fy 
n=I,...,N n=1,...,N neN neN neN neN 


are A-measurable on D.  __ 
(b) Let De = {D : lim f, € R}. Then De € Wand lim f, is WA-measurable on De. 
n> oo noo 
Proof. 1. Let us show the 2-measurability of Pee fron D, Leta € Rand x e€ D. 
Then min { fi(x),..., fw(x)} < @ if and only if Ph <a forsomen = 1,...,N. Thus 


N 
a a ila U{D: fr<a} em 
n=1 
by (iv) of Lemma 4.4. This proves the 2f-measurability of min ‘ fy on D. Similarly 
n=l,..., 
max { f(x), ... , fy(x)} > @ if and only if f,(x) > a forsomen = 1,... , N so that 
N 
{D max fr>a}=(J{D fn > a} € A 
are n=1 


by (ii) of Lemma 4.4. This proves the 2{-measurability of max i fron D. 
N=1,e., 
2. Let us show that me fn is 2-measurable on D. Leta € Randx € D. Now 
ne 
inf fn(x) is the greatest lower bound of { Ir@)ine N}. If the greatest lower bound of 
née. 


{fu(x) : n € N} is less than @ then a@ is not a lower bound of { fn(x) Ine N} so that 
fn(x) < a forsomen € N. Conversely if f,(x) < @ for some n € N then since the greatest 
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lower bound of { fr) ine N} does not exceed f,(x), itis less than a. Therefore we have 
inf fu(x) < a if and only if f,(x) < a for some n € N. Thus we have 
née 


{D: inf fr <a}= {Ds fr<a}em 
neN 
by (iv) of Lemma 4.4. This proves the 2{-measurability of inf fron D. 
ne 


3. To prove the 2{-measurability of sup f, on D, let us note that for sequence of extended 
neN 
real numbers { f,(x) : n © N} forx € D we have sup fn(x) = — inf ( ~ fn(x)). Now 
neN ne 
the 2{-measurability of f,, on D implies that of —f,, by Theorem 4.11. Then inf ( - fn) is 
n& 


{-measurable on D by our result above. Then — inf, (— fn(x)) is A-measurable on D by 
ne. 


Theorem 4.11. This shows that sup fy is 2{-measurable on D. 
neN 
4, Recall that liminf f, = lim {infgon fic} where (infkon fe :n € N) is an increasing 
n— oo noo 


sequence. By our result above, infy>n f; is 2(-measurable on D for every n € N. Then by 
Theorem 4.21, lim. {infysn fx} is M-measurable on D. This proves the 2(-measurability 
n 


of liminf f, on D. The 2{-measurability of lim sup f, on D is proved likewise. 
Bare? n00 


5. To prove (b), note that since D, = {D: liminf f, = limsup fy} andsince liminf fy 
n—0o n—>0o n> 00 
and lim sup f, are two 2{-measurable functions on D, we have De € 2{ by (1) of Theorem 
n->OO 
4.16. The 2t-measurability of lim inf fn on D implies its 2l-measurability on D, by (a) of 
Lemma 4.7. Then since lim | fh= lim inf Fn on De, lim | fn is M-measurable on De. 
n> > n> 


Theorem 4.23. Let (X, 20) be a measurable space and let (fy, : n € N) be a sequence of 
extended real-valued UA-measurable functions on a set D € A. Let 


(1) De={D: lim fy €R}, 

(2) De={D: lim fr eR}, 

@) Doo ={D: lim, fy = 00}, 

(4) D_o ={D: lim fy = —0o}, 
n-->>oCo 

(5) Dye = {D > im: Fn does not exist}, 


so that De and Dye are disjoint and De U Dne = D; De, Doo, and Do are disjoint and 

D,U Doo U D_oo = De. Then De, De, Doo; D-o0; Dne € A and lim, Sn is A-measurable 
Ps aaa od 

on each of De, De, Doo, and D—oo. 


Proof. By (b) of Theorem 4.22, D. € 2 and lim | Fn is 2-measurable on D,. Then 
n> 


D, € Wand Deo, D-oo € MW by (b) and (a) of Corollary 4.5 respectively. By (a) of Lemma 
47, jim, fn is A-measurable on D,, Doo, and D_oo. Finally Dae = D\ De € A. Wf 
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Proposition 4.24. Let (X, 2) be a measurable space and let (fy :n € N) be a sequence of 
extended real-valued 2X-measurable functions on a set D € A. Let D, be the subset of D 
on which the sequence converges and let Dog and D_oo be the subsets of D on which the 
limit of the sequence is equal to © and —oo respectively. Then 


(1) De=(\ U 0) {2 : \fvte - ful < 4}, 


meéN NEN peN 
(2) Do =(\ LU ( (2: Sven =m), 
meéN NEN peN 
(3) D-o = (\ U (0: fray s —m). 
méN NEN peN 


Proof. 1. A sequence of real numbers (a, : n € N) converges if and only if it is a Cauchy 
sequence, that is, it satisfies the condition that for every ¢ > O there exists N € N such 
that |a, — a’,| < ¢ forn,n’ > N. If a sequence of extended real numbers (a, : n € N) 
converges then a, € R for all but finitely many  € N so that there exists N € N such that 
an — a, is defined for n,n’ > N. Thus a sequence of extended real numbers converges if 
and only if it is a Cauchy sequence, that is, for every ¢ > 0 there exists N € N such that for 
n,n’ > N the difference a, — a}, is defined and |a, — @/,| < e. 

Now for each x € D we have a sequence of extended real numbers (f;,(x) : n € N) and 
(fn(x) : n € N) converges if and only if it is a Cauchy sequence. Thus we have 


(fn(x) : n € N) converges 
Ve > 0,4N € N such that | f,(x) — fi(x)| < e forn,n’ > N 
Ve > 0,5N € N such that | fy+ p(x) — fv(x)| < € forall pe N 


vm € N, AN € N such that | fy+p(x) — fv(x)| < + forall pe N 


The expression (1) for D, follows from this. 

(Let us note that the set {x €D: |fuep(x) — fu(x)| < +} in (1) is the subset of D 
consisting of all points x € D at which | fy+p(x) — fn(x)| exists and is less than A. It 
may be an empty set. This is the case when fy+p(x) = f(x) = 00 for every x € D 
so that | f+p(x) — fr (x)| does not exist for any x € D. However if (fr(x) : n € N) 
converges at some x € D, then there exists N € N such that f,(x) € R for all n > N and 
{x € D: | fusp(x) — fy(x)| < 4} # @ forall p e N) 

2. Now im, JSn(x) = 00 if and only if for every m € N there exists N € N such that 


fn(x) = m for every n > N, that is, fy4 p(x) = m for every p € N. From this we have 
(2). Similarly for (3). 


Notations. For two extended real-valued functions f and g defined on a set D, we write 
f Ag =min(f,g} and f v g = max(f, g}, that is, (f A g)(x) = min { f(x), g(x)} and 
Cf Vv g)(x) = max { f(x), g(x)} forx € D. 
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Definition 4.25. Let f be an extended real-valued function on a set D. The positive part 
f*, the negative part f—, and the absolute | f\ of f are nonnegative extended real-valued 
functions on D defined for x € D by setting 


f*@) = (Ff Vv 0)(@) = max{ f(x), 0}, 
f7@) = -(f A0)(%) = — min{ f(x), 0}, 
(fl@) = IF @). 


Note that at any x € D, at least one of ft(x) and f~(x) is equal to 0 so that the 
difference f+(x) — f~ (x) is always defined and moreover 


ft (x) — f (%) = max{ f(x), 0} + min{ f(x), 0} = f(x). 
We have also 


fT) + f7@) = max{ f (x), 0} — min{ f(x), 0} = |f@)! = [f1@). 


Proposition 4.26. Let f be an extended real-valued A-measurable function on a set D € A 
where A is a o-algebra of subsets of set X. Then f*, f~, and \f| are A-measurable 
functions on D. 


Proof. The 2-measurability of f+ and f~ is from Theorem 4.22. The 2(-measurability of 
| f| is from Theorem 4.12. 


[V] Continuity and Borel and Lebesgue Measurability of Functions on 
R 


An extended real-valued function f ona subset D of R is said to be continuous at x9 € D 
if f(xo) € R and if for every ¢ > 0 there exists 5 > O such that | f(x) — f(xo)| < & for 
every x € (x9 — 6, x9 + 6) N D. We say that f is continuous on D if f is continuous at 
every x € D. It follows then that if f is continuous on D, then its restriction to a subset Do 
of D is continuous on Do. 

Let D; and D2 be two disjoint subsets of R. Let f; and f2 be continuous on D; and D2 
respectively. If we define a function f on Dy U Dz by setting 


Ji@) forx € Dy, 


Tos fo(x) forx € Do, 


then f may not be continuous on D; U Dy and in fact it may be discontinuous at every 
x € Dj UD). (Thus if we merge two continuous functions, the result may not be a 
continuous function. Compare this with (b) of Lemma 4.7 according to which the result of 
merging countably many measurable functions is a measurable function.) 


Example. Let Q@ and P be respectively the set of all rational numbers and the set of all 
irrational numbers in R. We have QM P = @and OUP =R. Let f; be defined on Q 


84 CHAPTER | Measure Spaces 


by setting f\(x) = 1 for every x € Q, and let f2 be defined on P by setting fo(x) = 0 for 
every x € P. Since f; is constant on Q, it is continuous on Q. Similarly f> is continuous 
on P. If we define a function f on Q U P = R by setting 


fix)=1 forxe Q, 
fo(x) =0 forx e P, 
then f is discontinuous at every x € R. 
Since f; is constant on Q € Bp, f; is BR-measurable on Q by Observation 4.8 and 
similarly f) is S3p-measurable on P. Then f is Bp-measurable on Q U P = R by (b) of 


Lemma 4.7. Actually the 83p-measurability of f on R can be shown directly by observing 
that for every a € R we have 


po 


Se Br fora € (—w,0), 
{x ER: f(x) <a} ={ P¢ Bp fore (0,1), 
Re Be fora €[l,oo). g 


Recall that a real-valued function f on a subset D of R is continuous on D if and only 
if for every open set O in R we have f~'(O) = DOV where V is an open set in R. 


Theorem 4.27. Let f be a real-valued continuous function on a subset D of R. 
(a) If D € Bp, then f is Bp-measurable, and hence IN, -measurable also, on D. 
(b) If D € IN,, then f is M,-measurable on D. 


Proof. 1. Suppose D € Sp. To show that f is Bp-measurable on D, it suffices to show 
that f-!(O) € Bp for every open set O in R by (b) of Theorem 4.6. Now the continuity of 
f on D implies that f~!(O) = DM V where V is an open set in R so that f~'(O) € Bp. 
Thus f is Sp-measurable on D. Since Br C MW, f is also Mt, -measurable on D by (a) 
of Observation 4.2. 

2. If D € Mt, then f-1(0) = DNV € M, so that f is Mt, -measurable on D by 
(b) of Theorem 4.6. # 


Theorem 4.28. Let f be a real-valued SM, -measurable function on a set D € IN, and let 
g be a real-valued SB8p-measurable function on a set E € BR such that ED f(D). Then 
the composite function g o f is a real-valued IN, -measurable function on D. 


Proof. If f is a real-valued DJ, -measurable function on D € 93, then f is a Wt, /Br- 
measurable mapping of D into R by Theorem 4.6. Similarly if g is a real-valued Bp- 
measurable function on E € Sp then g is a Br/BR-measurable mapping of E into R 
by Theorem 4.6. Since f(D) C E the composite function g o f is defined on D and then 
by Theorem 1.40 (Chain Rule of Measurable Mappings) the mapping go f is a IN, /Br- 
measurable mapping of D into R, that is, the function go f is a real-valued 90%, -measurable 
functionon D. & 


Corollary 4.29. Let f be a real-valued IN, -measurable function on a set D € IN, and 
let g be a real-valued continuous function ona set E € Sp such that E D f(D). Then the 
composite function g o f is a real-valued DM, -measurable function on D. 
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Proof. A real-valued continuous function g ona set E € Bp is a BR-measurable function 
on E by (a) of Theorem 4.27. Thus the Corollary is a particular case of Theorem 4.28. & 


Definition 4.30. Given a measure space (R, A, 4). Let f be an extended real-valued 
function on a set D € A. We say that f is continuous a.e. on D (or to be more precise, 
(QA, )-a.e. on D), if there exists a null set N in (R, 2f, 2) such that N C D and f is 
continuous at everyx € D\ N. 


Theorem 4.31. Let f be an extended real-valued function on a set D € ON,. If f is 
continuous (SN, , 4, )-a.e. on D, then f is I%t,-measurable on D. 


Proof. Since f is continuous a.e. on D, there exists a null set N in (R, 9t,, 4,) such 
that N C D and f is continuous at every x € D\ N. The restriction fj of f to D\ N 
is continuous at every x € D \ N and thus 99, -measurable on D \ N by (b) of Theorem 
4.27. On the other hand the restriction fo of f to N is 2%, -measurable on N since every 
function on a null set of a complete measure space is measurable on the null set by (a) of 
Observation 4.20. The 93, -measurability of fj on D \ N and the 99, -measurability of fo 
on N imply the 90, -measurability of f on (D\ N) UN = D by (b) of Lemma4.7. & 


In general if D € Sp or D € IN, and f is a continuous function on D, the image of 
Dby f, f(D), may not be in Bp or MN, . However we have the following special case. 


Proposition 4.32. Ler f be a real-valued function with both D(f) and Rf) in Br. 
Suppose f is a homeomorphism (that is, f is continuous and one-to-one and its inverse 
function is also continuous). Then for every SBp-measurable subset B of D(f), we have 
f(B) € Br. 


Proof. Let g be the inverse function of f. Then we have D(g) = K(f) € Br and 
Rig) = Df) € Br. Since g is continuous on O(g) € Br, g is a BR-measurable 
function on 4)(g) by (a) of Theorem 4.27. Then g is a Bp/Bp-measurable mapping 
from R to R. Let B C D(f) and B € Bp. Since f and g are one-to-one, we have 
f(B) = g7!(B). Since g is a Bp/BpR-measurable mapping, we have go! (B) € Br. 
This shows that f(B) € Br. i 


[VI] Cantor Ternary Set and Cantor-Lebesgue Function 


[VI.1] Construction of Cantor Ternary Set 
Let To = [0, 1]. 

Let hy = (3. 2), the open middle third of 7. Let G; = I),; and let T) = To \ G1. 

Let Iz, and J2,2 be the open middle thirds of the two closed intervals constituting 7). 
Let G2 be the union of [1,4; 2,1, 12,2 and let Tz = Tp \ G2. 

Let 131, 5,2, 5,3, and 1,4 be the open middle thirds of the four closed intervals consti- 
tuting T>. Let G3 be the union of 1) 3; 121, 12,2; B11, 2, 53, b,4 and T3 = To \ G3, and 
so on. In general let Ix,1, ... , Zg,2e-1 be the open middle thirds of the 2*-! closed intervals 
constituting T,_1. Let Gx be the union of 11,1; ...3 Jea,---, Ty ox-t and Ty = To \ Gy. Gx 
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is the union of 2° + 2! 4+ 2? 4... 4 24-! = 2k — | disjoint open intervals contained in To 
and (Gx : k € N) is an increasing sequence of open sets contained in 7g. Ty is the union 
of 2 disjoint closed intervals contained in Tp and (7, : k € N) is a decreasing sequence of 
closed sets contained in Jp. Let 


eo -Oe and T =79\G. 


We call T the Cantor ternary set. Note that TM G = 8, T U G = [0, 1] and 


T =T)\G=M%NG =TMA(L Gr) =TN((] GF) 
keN keN 


= ( (M9 GD = ( \(To\ Ge) = (] Te = im T. 


keN keN keN 


Theorem 4.33. The Cantor ternary set T has the following properties: 

(a) T is a null set in the Borel measure space (R, Br, 4,). 

(b) G = [0, 1] \ T is a union of countably many disjoint open intervals in R; G is dense in 
[0, 1], and p,(G) = 1. 

(ec) T is an uncountable set. Indeed the cardinality of T is equal to ¢, the continuum. 

(d) T is a compact set in R. 

(e) T is a perfect set in R, that is, T is identical with the set of all its limit points. 

(f) T is nowhere dense in R, that is, the interior of its closure, (T)’, is an empty set. 


Proof. 1. Since T is a closed set, T € Bp. Since (7; : n € N) is a decreasing sequence 


contained in [0,1] and lim 7 = T, we have u,(T) = w,( lim 7%) = lim py, (7%). 
k->00 k->0o k-00 


Now 4, (To) = 1, #,(T1) = ¥, 4, (T2) = (2)’, and so on and in general yz, (Tk) = (3)" 
fork ¢ N. Thus p,(T) = jim (2) = 0. This shows that T is a null set in (R, Br, tt,): 
00 


2. G = [0,1] \ T is a union of countably many disjoint open intervals in R. Being a 
null set in (R, Bp, 4,) by (a), T is a null set in (R, Mt,, w,). Then by Observation 3.6, 
T¢ is dense in R. Since G = [0,1] NT‘, the denseness of T° in R implies the denseness 
of G in [0, 1]. Since GU T = (0, 1] and x, (T) = 0, the additivity of u, on Sp implies 
that 1, (G) = 14, ([0, 1]) — 4, (7) = 1. 

3. T is the result of indefinitely iterated process of deleting open intervals from (0, 1]. In 
the first step an open interval is deleted from [0, 1], leaving 2 disjoint closed intervals. In the 
second step an open interval is deleted from each of the 2 disjoint closed intervals, leaving 
2? disjoint closed intervals. In the third step an open interval is deleted from each of the 2? 
disjoint closed intervals, leaving 2 disjoint closed intervals and so on indefinitely. The two 
endpoints of each of the 2* disjoint closed intervals in the k-th step of deletion are never 
deleted in subsequent steps of deletion and are thus elements of 7. Thus the cardinality of 
T is at least equal to 2%o = ¢, the continuum. Since T C [0, 1] and the cardinality of [0, 1] 
is equal to c, the cardinality of T is equal to c. 

4. T is a bounded closed set and is thus a compact set in R. 
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5. Let T’ be the set of all limit points of T. Since T is a closed set, we have T D T’. 
It remains to show that T C T’. To show that every xo € T is a limit point of T, we show 
that (xo — 5, x9 + 8) contains at least one point of T other than x9 itself for every 6 > 0. 
Now since x9 € T and T = Oke Ty, we have xo € 7; for every k € N. Given 6 > 0, 
let k € N be so large that * < 6. Since x9 € Ty and since T; is the disjoint union of 2k 
closed intervals each with length a the one closed interval among the 2* constituting T 
that contains xg is contained in (xo — 6, x9 + 6). Thus (xq — 5, x9 + 6) contains points of 
T other than xo. Thus T C T’. This shows that T = T’. 


6. Since T is a closed set, we have T = T and then (rT). = T°. To show that 
T° = @, assume the contrary. Then T° is a non-empty open set in R so that pz, (T°) > 0 
by Observation 3.10. This contradicts the fact that 4, (7) = 0. Therefore T° = @ and then 


(T)’ =. © 


If J is an open interval in R then pz, (1) > 0. A set E € 2, with w,(E) > 0 need 
not contain an open interval. The set of all irrational numbers in an interval is such a set. 
Below we present a closed set F in R with w, (F) > 0 and containing no open interval. Its 
construction resembles that of the Cantor ternary set. 


Example. Let a € (0,1). We have ) ew xa = a. From the closed interval [0, 1] 
delete an open interval in the center with length 5a. From each of the two resulting closed 
intervals delete an open interval in the center with length 5 re. From each of the resulting 
closed intervals delete an open interval in the center with length ipe and so on. If we let 
G be the union of all the deleted open intervals, then G is an open set contained in [0, 1] 
and .,(G) = $a + sya + gra +--- = a. The set F = [0,1] \ G is a closed set and 
,(F) = 1—a@ > 0. The fact that F contains no open intervals can be shown as follows. 
After n-th step in the process of deleting open intervals, we have deleted an open set Gy, 
with 1,(Gn) = {3+ MI +--+ 57}a = {1— t}a. We are left with a closed set Fy 
consisting of 2” disjoint closed intervals each with length rake - {1 - a }a| < x. Note 
that F = (0, 1]\ G = [0, 1] (U,en Gn)* = (0, IN (Men Fn) = Men Fn. Now let J 
be an open interval. Then 6 := yu, (I) > 0. Letn € N be so large that ma < B. Since F, 
is the union of disjoint closed intervals of length less than Hs I cannot be contained in F),. 
Then J cannot be contained in F = (ey Fn. 


{VI.2] Cantor-Lebesgue Function 

The open set G, defined in the construction of the Cantor set, is the union of the disjoint 
open intervals: 71,1; 1, 2,2; 61, B2, 3, 6,4; --- 3 Tis. +s Lg gt-13 ---, with length 
Lk, j) = 1/3* forj =1,... , 2-1 and k € N. Let us define a real-valued function tg on 


88 CHAPTER | Measure Spaces 


G by setting 
5 for x in I,1, 
oe x for x in 12,1, 12,2 respectively, 
ae 2 ne 3, a forx in 31, 42, 5,3, 1,4 respectively, 
ne shi zl for x in Ig1,... , Z¢.ok-1 respectively, 


Thus defined, to is an increasing function on G. If x’ and x” are two points in G and if the 
distance between the two is less than HP then the difference between t(x’) and r(x”) does 


not exceed x: Thus for every € > 0, if k € N is so large that nd < ¢€, then 
x',x" EG, |x! — x" < x4 => Ito’) — t0(2")| S ze <e. 


Thus to is uniformly continuous on G. This implies that to has a unique continuous extension 
to G. Since G is dense in [0, 1] we have G = [0, 1]. Let t be the continuous extension of 
tq to [0, 1]. We call this function the Cantor-Lebesgue function on [0, 1]. 


Theorem 4.34. The Cantor-Lebesgue function t on [0, 1] has the following properties: 
(a) t is continuous on [0, 1]. 

(b) t is increasing on [0, 1]. 

(c) t(0) = Oand t(1) = 1. 


Proof. By its definition, t is continuous on [0, 1]. To show that r is increasing on [0, 1], let 
x’, x” € [0, 1] and x’ < x”. Now since G is dense in [0, 1], we can select two sequences 
(a, : n € N) and (b, : n € N) in G such that a, < b, foreveryn € Nanda, | x’ and by, + 
x”. By the continuity of t on [0, 1], we have im, T(An) = T(x’) and fim, T(bn) = T(x”). 
Since t is increasing on G and since a,,b, € G and a, < b,, we have t(an) < t(by) 
forn € N. Thus jim, T(an) < fim, t (by), that is, t(x’) < r(x"). This shows that 7 is 
increasing on [0, 1]. 

To show that t (0) = 0, consider the following sequence of intervals in the construction 

: _ (1 2 = fl 2 cir ee ple 2 

of fF: Th => (3: 5): hi => (32, 3) 131 => (5 : 3). S185 Tk => (se x); ... Let Xk 
be the midpoint of J%,1, that is, x, = 3, fork € N. Then fim, x, = 0. From our 


definition of t on G, we have t (xx) = a Then by the continuity of t at x = 0, we have 
T(0) = t( lim Xk) = lim t(x,) = lim 3 = 0. We show similarly that tr(1) = 1. # 
k->00 k->00 k> 00 


We use the Cantor ternary set and the Cantor-Lebesgue function to construct : 

(a) a strictly increasing continuous function transforming a null set with Lebesgue 
measure 0 into a set with positive Lebesgue measure, (Proposition 4.37), 

(b) a continuous function transforming a Lebesgue measurable set into a non Lebesgue 
measurable set, (Proposition 4.38), 
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(c) a 9%,-measurable function f and a 9M, -measurable set E such that f —I(E) is not 
Sot, -measurable, (Proposition 4.39), 
(d) a Lebesgue measurable set which is not Borel measurable, (Proposition 4.40). 


Proposition 4.35. Let X be an arbitrary topological space and Y be a Hausdorff space. Let 
f be a continuous mapping of a compact set K in X into Y. If f is a one-to-one mapping, 
then f is a homeomorphism of K to f(K). 


Proof. The compactness of K and the continuity of f imply that f(K) is a compact set 
in Y. Consider the relative topology on K derived from the topology of X and the relative 
topology on f(K) derived from the topology of Y. If C is a closed set in K then C isa 
compact set in K so that f(C) is a compact set in f(K). Since Y is a Hausdorff space, 
f (K) is a Hausdorff space and this implies that the compact set f(C) in f(K) is a closed 
setin f(K). Thus f(C) is a closed set in f(K) for every closed set C in K. This implies 
that f(V) is an open set in f(K) for every open set V in K. Now since f is a one-to-one 
mapping, an inverse mapping g exists. For every open set V in K, g~!(V) = f(V) which 
is an open set in f(K). This shows that g is acontinuous mapping of f(X) to K. Therefore 
f isahomeomorphism of K to f(K). & 


Lemma 4.36. Let y = t +1 where t is the Cantor-Lebesgue function on [0, 1] and t is the 
identity mapping of [0,1], that is, (x) = x for x € [0,1]. Then gy is a homeomorphism 
of [0, 1] onto [0, 2]. Furthermore both and its inverse function are strictly increasing 
functions on their respective domains of definition. 


Proof. Since both t and ¢ are real-valued, continuous, and increasing on [0, 1], so is 
yg = t+, Since t(0) = 0, t(1) = 1, -(0) = 0, and (1) = 1, we have y(0) = 0 and 
y(1) = 2. By the Intermediate Value Theorem for continuous functions, for every a € (0, 2) 
there exists x € (0, 1) such that g(x) = a. Thus y([0, 1]) = [0, 2]. 

Since Tt is increasing and ¢ is strictly increasing on [0, 1], ¢ = t + cis strictly increasing 
on [0, 1]. Thus g maps [0, 1] one-to-one onto [0,2]. Then by Proposition 4.35, g is a 
homeomorphism of [0, 1] to [0,2]. The inverse function y of g is defined on [0, 2] and 
maps [0, 2] one-to-one onto [0, 1]. Since ¢ is increasing on [0, 1], w is increasing on [0, 2]. 
Since w is one-to-one, it is strictly increasing. 


Proposition 4.37. There exists a strictly increasing continuous function f on [0, 1) anda 
compact set K C [0,1] such that K is a null set in (R, Br, ,) and p, (f(K)) =, 


Proof. We show that the function g = t +12 in Lemma 4.36 and the Cantor ternary set 
T are such function and set. Let G be the open set defined in the construction of T. G is 
the union of countably many disjoint open intervals. Let (J, : n € N) be an enumeration 
of the open intervals constituting G. Let c, be the value of the Cantor-Lebesgue function 
on J, forn € N. Then g(Jn) = (© + 74)(Jn) = Jn + en, the cy-translate of J,. Thus 
0(G) = % (nen Jn) = Unen (Jn + cn) € BR. Form # n, if the open interval J, is to the 
left of the open interval J,,, then cy, < Cm since Tt is an increasing function. Thus J, + cy 
and Jin + Cm remain disjoint. Then by the countable additivity of 4, and by the translation 
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invariance of (R, 29t,, 4, ), we have 


,(9(G)) = D> In + en) = D> hn) = 1 (@) = L- 


neN neN 


Now 
g(T) = g([0, 1] \ G) = g([0, 1]) \ e(G) = [0, 2] \ g(G) € Be 


and hence 2, (y(T)) = 1, ({0, 2]) — 4, (y(G)) = 2 — 1 = 1. Thus for the Cantor ternary 
set T, which is acompact set in R and anull set in (R, Bp, 2, ) and for the strictly increasing 
continuous function ¢ on [0, 1], we have pu, (v(T)) =1. 8 


Proposition 4.38. There exist a set E € 90, and a continuous function f on an interval 
containing E such that f(E) ¢ %,. 


Proof. Let T be the Cantor ternary set and let the function g and w be as in Lemma 4.36. 
We showed in the Proof of Proposition 4.37 that g(T) € Sp and p, (y(T)) > 0. Then by 
Theorem 3.45, there existsaset A C y(T) suchthat A ¢ D0t,. Now (A) C v(9(T)) =T. 
Since T is a null set in the complete measure space (R, 9It,, ,), its subset y(A) is a null 
set in (R, 99t,,4,). Let E = y(A) and f = g. Then E C [0,1], E € M,, f isa 
continuous function on [0, 1] and f(E) = (go w)(A)=AGD,. w 


If f is a real-valued Mt, -measurable function on a set D € Nt,, then f isa MN, /Bp- 
measurable mapping by (a) of Theorem 4.6 so that f—'(B) € 99t, for every B ¢ Bp. 
However for E € 99t,, we may not have f~!(E) € 99t,. An example is given in the next 
Proposition. 


Proposition 4.39. There exists a real-valued IN, -measurable function f for which we have 
foley) ¢ Mt, for some E € M,. 


Proof. Let T, A, g and y¥ be as in Proposition 4.38. We have A C g(T), A ¢ Dt, and 
w(A) € DIt,. Now yp is a real-valued continuous function on [0,2] and hence a it, - 
measurable function on [0, 2]. Since w is a one-to-one mapping, we have yo! (v(A)) — 
A ¢ Ot,. Let f = y and E = (A). Then f is a real-valued D0, -measurable function 
on [0, 2], E € 9, and f-'(E) = y-!(W(A)) =A GIN,. w 


Proposition 4.40. There exists E € 90, such that E ¢ Bp. 


Proof. Let T, A, g and w be as in Proposition 4.38. We have A Cc 9(T), A ¢ Dt, 
and y(A) € 90t,. Let us show that (A) ¢ SS. Now since gy is a homeomorphism of 
[0, 1] onto [0, 2], for every Sp-measurable subset B of [0, 1] we have g(B) € Br by 
Proposition 4.32. Thus if y(A) € %p, then g(y(A)) € Bg. But y(y(A)) = A ¢Z M, 
and consequently y(y(A)) ¢ Bp. This shows that y(A) ¢ Br. 
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Problems 


Prob. 4.1. Given a measurable space (X, 20). Let f be an extended real-valued function on 
aset D € 2. Let Q be the collection of all rational numbers. 

(a) Show that if {x € D: f(x) <r} € 2 forevery r € Q then f is 2l-measurable on D. 
(b) What subsets of R other than Q have this property? 

(c) Show that if f is 2{-measurable on D, then there exists a countable subcollection € of 
MX, depending on f, such that f is o(€)-measurable on D. 


Prob. 4.2. Let € be a collection of subsets of a set X. Consider o(€), the smallest o- 
algebra of subsets of X containing €. Let f be an extended real-valued o (€)-measurable 
function on X. Show that there exists a countable subcollection € of € such that f is 
a(€)-measurable on X. 


Prob. 4.3. Show that the following functions defined on R are all Borel measurable, and 
hence Lebesgue measurable also, on R : 

(a) f(x) = 0 if x is rational and f(x) = 1 if x is irrational. 

(b) f(x) = x if x is rational and f(x) = —x if x is irrational. 

(c) f(x) = sinx if x is rational and f(x) = cos x if x is irrational. 


Prob. 4.4. Let f(x) be a real-valued increasing function on R. Show that f is Borel 
measurable, and hence Lebesgue measurable also, on its domain of definition. 


Prob. 4.5. Let f be an extended real-valued Borel measurable function on a set D € Br. 
Show that if we redefine f arbitrarily on a countable subset Do of D the resulting function 
is still Borel measurable on D. 


Prob. 4.6. Let D be acountable subset of R. Show that every extended real-valued function 
f on D is Borel measurable on D. 


Prob. 4.7. Let f be an extended real-valued function defined on an interval J in R. Let Q 
be an arbitrary countable subset of R. Show that if f is continuous at every x € J \ Q, then 
f is Borel measurable on J. 

Note that the countable set Q may be dense in 7. For instance Q may be the set of all 
rational numbers in J. Below are some examples of functions of the type being considered. 


(a) Let (cy : k € N) be an arbitrary sequence of real numbers. Let f be a real-valued 
function on R defined by 


tanx forx 4 (2k+1)% fork € Z, 
f@«)= | 


Ck for x = (2k + 1)5 fork € Z. 


(b) f is a right-continuous step function on R defined as follows. Let (x, : k € Z) bea 


sequence in R such that x, < x44; fork € Zwith lim x, = —oo and lim xz = ov. 
k->—00 k->0o 


Let (cy : k € Z) be a sequence of real numbers. Define f by f(x) = cx for x € [xx, xn41) 
fork € Z. 

(c) Let Q be the collection of all rational numbers in (0, 00). Let each x € Q be expressed 
as 2 where p and q ate positive integers without common factors. Define a function f on 
(0, co) by setting 
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1 . 

~ ifxe Qandx = 7, 
et ean eeL 

0 ifxe(0,~)\Q@. 
Show that f is discontinuous at every rational x € (0, oo) and continuous at every irrational 
x € (0, ~). 


Prob. 4.8. Let f be an extended real-valued 99, -measurable function on a set D € 3, 
Show that (./]f]) is a 90, -measurable function on D. 


Prob. 4.9. Consider the Lebesgue measure space (R, 90t,,4,). Let f be an extended 
real-valued function defined on R. Consider the following two concepts: 

(i) f is continuous a.e. on R, that is, there exists a null set N in (R, Mt, ,) such that f 
is continuous at every x € R\ N, 

(ii) f is equal to a continuous function a.e. on R, that is, there exist a continuous function 
gon R anda null set N in (R, Mt, L,) such that f(x) = g(x) foreveryx € R\ N. 

To show that these are two different concepts: 

(a) Construct a function which satisfies condition (ii) but not (i), 

(b) Construct a function which satisfies condition (i) but not (ii). 


Prob. 4.10. Let (f, : n € N) and f be extended real-valued functions on a set D. Show 
that if lim, fn(x) = f(x) at some x € D, then we have both lim fit (x) = ft (x) and 
n> 


fim, fn OO) = fF @). 


Prob. 4.11. Let f and g be two real-valued functions on R. 

(a) Show that if f and g are Bp-measurable on R, then so is go f. 

(b) Show that if f is 99%, -measurable on R and g is Bp-measurable on R, then g o f is 
St, -measurable on R. 


Prob. 4.12. Let X be a set and let (Y, &) be a measurable space. Let T be a mapping from 
X to Y. Show that T—!() is a o-algebra of subsets of the set D(T), and in particular, if 
D(T) = X then T~!(G) is a o-algebra of subsets of the set X. 


Prob. 4.13. Given two topological spaces (X, Oy) and (Y, Dy). Let By = a(Py), 
that is, the Borel o-algebra in X, and similarly let By = o(My). Show that if T is a 
homeomorphism of (X, 9x) onto (Y, Dy), then T|(Sy) = By and T (Bx) = By. 
(Hint: Show first that the fact that By is a v-algebra of subsets of Y implies that T~!(By) 
is a o-algebra of subsets of X.) 


Prologue to Prob. 4.14 to 4.19. Note that the infimum and the supremum of uncountably 
many 9Jt, -measurable functions may not be 9), -measurable. To construct an example, let 
E be anon 9, -measurable set contained in (0, 1) and define a real-valued function F on 
(0, 1) x (0, 1) by 

PESTS { 1 for (x, y) € (0,1) x (0,1) withxy =yeE, 
: 0 otherwise on (0, 1) x (0, 1). 


Foreach y € (0, 1), define a function f, on (0, 1) by setting f,(x) = F(x, y) forx € (0, 1). 
Consider the uncountable collection of functions { f, : y € (0, 1)}. For each y € E, 
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_ | 1 whenx=y, 

fy) = | 0 when x € (0, 1) \ {y}. 
and for each y € (0, 1) \ E, we have 

fy(x) = 0 when x € (0, 1). 
Thus f, is a 99, -measurable function on (0, 1) for each y € (0, 1). But 

a pars 1 whenxe E, 

Pye@) JyV2 =) 9 whenx € (0,1)\ E. 

Since E ¢ 90t,, the function sup, (1) fy is not It, -measurable on (0, 1). 


Prob. 4.14. Let g be a continuous function on an interval J in R. Let (r, : n € N) be the 
collection of the rational numbers in J. Show that 


inf {g(y): y € J} = inf{g(r,) : n € N}, 

sup{g(y) : y € 1} = sup{g(rn) nn € N}. 
Prob. 4.15. Let D € S0t, and let F be a real-valued function on D x (c, d) satisfying the 
conditions: 
1°. For each y € (c,d), F(-, y) is a Nt, -measurable function on D. 
2°. For each x € D, F(x, -) is a continuous function on (c, d). 
Show that g and yr defined by (x) = infye(c,a) F(x, y) and w(x) = supyere,gy F(x, y) for 
x € D are $M, -measurable on D. 


Prob. 4.16. Let F be as in Prob. 4.15. Show that for if yo = c or d, then lim int, F(-, y) 
y> Yo 


and lim sup F(-, y) are 99t, -measurable functions on D. 
y-> Yo 
Prob. 4.17. Let F be as in Prob. 4.15. Show that if yo = c or d, the subset of D on which 
the function tate F(-, y) exists is a 99t, -measurable set and the function lim F(-, y) is 
> Yo y> yo 


S9t, -measurable on the subset. 


Prob. 4.18. Let f be a real-valued continuous function on R. For x € R, let 
(4) (x) = lim £4+8-/@) 
ne h—0 ‘ 


if the limit exists in R. (We say the f is differentiable at x € R only if (4) (x) eR.) 
Show that D(¥) € Sr and ae is Sp-measurable on D(#). 


Prob. 4.19. Let F be a real-valued continuous function on [a, b] x [c,d]. Show that the 
function f defined on [a, b] by f(x) = ie F(x, y) dy for x € [a, b] is a 99, -measurable 
function on [a, b]. 


Prob. 4.20. Let (X, 2l, w) be a measure space and let f be an extended real-valued 2t- 
measurable function on X. Let E, = {X :|f| > A} and g(4) = (E,) for A € [0, 00). 
(a) Show that ¢ is a nonnegative extended real-valued decreasing function on [0, 00). 

(b) Show that if ¢(Ao) < co for some Ag € [0, 00), then ¢ is right-continuous on [Ag, oo). 


Prob. 4.21. Let (X, 2, 2) be a measure space. Let (f, :m € N) be an increasing sequence 
of nonnegative extended real-valued 2{-measurable functions on X andlet f = lim f, on 
n> 0o 
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X. Ford € [0, 00) let E, = {x fn A} for n € Nand let E = {X : f > A}. Show that 
lim E, = E and lim, B(E,) = BCE). 
nw 


now 


Prob. 4.22. Let us call a sequence (a, : n € N) of extended real numbers eventually 
monotone if there exists no € N such that (a, : n > no) is monotone, that is, either 
increasing or decreasing. 

Let (X, 2, 4) be a measure space. Let (f,, : n € N) be a sequence of extended real- 
valued 2{-measurable functions on X such that (fn(x) : n € N) is eventually monotone for 
everyx € X. Let f= jim, fron X. 

For 4 € [0, 00) let En = {X : | ful > A} forn € Nand let E = {X :|f| >A}. 

(a) Show that lim E, = E. 
n-> OO 
(b) Show that if (X, 2f, 2) is a finite measure space then fim, M(E,) = BCE). 


Prob. 4.23. Let (X, 2(, 4) be a measure space. Let (f, : n € N) and f be extended 
real-valued 2{-measurable functions on a set D € 2{ such that lim f, = f on D. Then 
naw 


for every a € R we have 

(1) u{D: f >a} <liminf u{D: fr > a} 

(2) u{D: f <a} <liminf u{D: fr <a}. 
nw 
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§5 Completion of Measure Space 


[I] Complete Extension and Completion of a Measure Space 


By Definition 1.34 a measure space (X, 2, 4) is called a complete measure space if every 
subset of a null set in (X, 2, 41) is a member of 2. According to Theorem 2.9, a measure 
space constructed by means of an outer measure is always a complete measure space. In 
particular the Lebesgue measure space (R, MN, u,) on R is a complete measure space. 


Definition 5.1. Given a measure space (X, A, (4). If there exists a complete measure space 
(X, &, v) such that § D Wand v = p on A, then we say that (X, §, v) is a complete 
extension of (X, A, pw). If there exists a complete extension (X, &o, vo) of (X, A, pt) such 
that for any complete extension (X, &,v) of (X, A, w) we have F D Fo and v = vo on 
So, then we call (X, Fo, vo) a completion of (X, A, x). A completion is thus a smallest 
complete extension. 


For an arbitrary measure space (X, 2(, z), if acompletion exists then itis unique. Indeed 
if (X, ¥), v1) and (X, Fe, v2) are two completions of (X, 2, 4), then ¥) C Fo and F2 Cc F 
so that ¥) = &2 and since v2 = vy on F and vy = v2 on Bz we have vy} = v2 on F) = BF. 
We show below that every measure space has a completion by constructing it. 


Definition 5.2. Given a measure space (X, A, 4). Let Mt be the collection of all null sets 
in (X, 2, 2) and N be the collection of all subsets of the members of Nt. Let A be the 
collection of all subsets of X of the type E = AUC where A € Mand C € N. We call A 
the completion of the o-algebra A with respect to the measure |. 


Lemma 5.3. Let (X, 2, 2) be an arbitrary measure space. The completion A of the o- 
algebra & with respect to the measure yu is a o-algebra of subsets of X. Indeed we have 


A =o(AUMN). 


Proof. Let us show that 2 is a o-algebra of subsets of X. First of all, since 6 € Nc MN, 
we have X = X U@® € A. To show that A is closed under complementations, let E € 2. 
Then E = AUC where A € 2 andC Cc BE MN. Now Ef = (AUC) = AS NC. Since 
C = B\(B\C) = BNCB\C)*, wehave CS = B°U(B\C). Then E° = ASO BSU(B\C)) = 
(ASN BS) U[AS N (B\ C)]. Since A, B € 2, we have A° M BS € QA. On the other hand, 
A°N(B\C) C B\C C Bso that ACN (B\ C) € Mt. Thus E° € MW. To show that 2 is 
closed under countable unions, let E,, € 2 be given by E, = Ap UC, where A, € 2( and 
Cn C By € Mforn € N. Then ney En = Unen (An UCn) = (Unen An) U (Open Cn): 
Now Une An € 2. Also nen Cn C Un en Bn. Since a countable union of null sets is a 
null set in any measure space, |_),,17 Bn € Stand thus L),<xy Cn € Mt. Thus Uncen En € 2. 
This completes the proof that 2 is a o-algebra of subsets of X. 

If A € &, then A = AUQ. Since M € Nt, we have A € 2. Thus A c W. If C e MR, 
then since @ € 2, we have C= MUC € A. Thus M Cc A. Therefore AU M c A and 
then o (2 U Dt) C o (A) = A. 
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To show that 2 is the smallest o-algebra of subsets of X containing 2 U Nt, note that if 
§ is a c-algebra of subsets of X containing 2U MN, then it contains any set of the type AUC 
where A € 2% and C € M. Thus F contains MW. Therefore is the smallest o-algebra of 
subsets of X containing 2 and 3. 


Theorem 5.4. (Existence of the Completion of a Measure Space) Let (X, 2, 4) be an 
arbitrary measure space. Let St be the collection of all null sets in (X, A, jz) and Nt be the 
collection of all subsets of the members of St. Let A be the completion of the o-algebra 
QA with respect to the measure , that is, A = ao (A U MN). Let us extend the domain of 
definition of the set function from A to A by Setting 


(1) H(E) = (A), 


forE € A given as E =AUC with A € MandC € MM. Then pt is a measure on A and 
the measure space (x , QA, h) is the completion of (X, M, 1). 


Proof. 1. Let us show that the set function » on the o-algebra QA is well-defined, that 
is, 4(E) defined by (1) does not depend on the representation of E as the union of a set 
in 2( and a set in St. Thus let E = Ay UC; and E = Az U C2 where Aj, Az € 2 and 
C1, Cy € MN. Since C), Cz € Ht, we have Cy C By and C2 C By where By, By € Mt. Then 
by Ay UC] = A2UC2, we have Ay UC) U By U Bz = A2UC2U By UB». Since C} C By and 
C2 C Bz, the last equality reduces to A} UB,;UB2 = A2UB,UB2 and thus 4(A;UB),UB2) = 
L(A2 U BU Bo). Now (Ai) § w(A1UB) U Ba) < w(A1) + (B1)+4(B2) = w(A1) and 
therefore 4(A1) = “(Aj U B, U Bz). Similarly we have (Az) = “(A2 U By U Bo). This 
shows that 4(A1) = (Az), proving the independence of u(E) from the representation 
E=AUC. 

2. Let us show that yw is a measure on the o-algebra QA. First of all, we have LE) € 
(0, co] for any E é Dye by (1). Secondly, since 6 = ®U @ where @ € AandGe MC Mm, 
we have 4(@) = 0 by (1). To show the countable additivity of 4 on A, let (E, :n € N) be 
a disjoint sequence in 2. Let En = An UCy where A, € Mand C, C By € Mforn EN. 
The disjointness of (E,, : n € N) implies that of (A, : n € N) and that of (C, :n € N). Let 
A=Unen An € 2%, B= Unen Bn € Stand C = Unen Cn. Then C C B so that C € N. 
Now Un en En = nen (An U Cn) = (Unen An) U (Upen Cn) = AUC. Thus by (1), we 
have # (en En) = #(AUC) = H(A) = # (nen An) = Drew H(An) = Dnen #En)- 
This proves the countable additivity of jz on 2( and completes the proof that is a measure 
on 2. 

3. To show that the measure space (xX a, 7) is a complete measure space, we show 
that if E is a null set in (Xx, A, KL), that is, E € 2 and (E) = 0, then every subset Eo of 
E is a member of &. Now E = AUC where A € M andC Cc B € MN. By (1), we have 
(A) = (EE) = 0. Since B € SN, we have w(B) = 0. Thus n(AUB) < w(A)+pu(B) = 0 
so that z(A U B) = 0. Then since AU B € Qand w(A U B) = 0, we have AU B € MN. 
Now Eo CE =AUC CAUB ES. Thus Ep € MC A. 

4, Since AC A, (x , Ut, h) is a complete extension of (X, 2, 2). 

§. To show that (Xx, A, L) is the completion of (X, 2l, jz), let (X, %, v) be an arbitrary 
complete extension of (X, 2f, 2). Then the o-algebra ¥ contains 2 and MN. This implies 


§5 Completion of Measure Space 97 


that F D o(MWUu Jt) = & by Lemma 5.3. Next let us show that v = yw on 2. For 
any E € & given by E = AUC where A € AandC Cc Be ®, let us use the 
representation E = AU(C\ A). Note thatC\ACCC BeEMNsothatC\Aec MN 
and AN (C \ A) = @. Then we have v(E) = v(AU (C \ A)) = v(A) + v(C \ A). Since 
A € 2( we have v(A) = (A) = “(E). On the other hand, since C \\ A C B € St and 
v(C \ A) < v(B) = w(B) = 0, we have v(C \ A) = 0. Thus v(E) = pu (E). This shows 
that v = pw on A. Therefore (xX, A, L) i is the smallest complete extension of (X, 2, 4). & 


For an arbitrary measure space (X, 2, 2), acompletion exists by Theorem 5.4. With 2, 
the completion of { with respect to jz as in Definition 5.2 and with z extended to A by (1) of 
Theorem 5.4, (X, 2, 1) is a completion of (X, 2, ). The completion of a measure space 
is unique as we noted above. This justifies representation of the completion of (X, 2, 2) 
by our construction (X, 2, 1). 


Observation 5.5. Consider the completion (x 2, h) of a measure space (X, 2, 1). 
(a) Every null set in (X, 2, 12) is a subset of a null set in (X, 2, 14). 


(b) Let 2 be ; the completion of the o-algebra A with respect to the measure jz on 2%. Then 
we have A& = Y. 


Proof. 1. Let E be a null set in (X, &, w). Then E € & so that E = AUC with Ac A 
and C Cc B where B is a null set in (X, 2(, 2) and w(E) = p(A). Since w(E) = 0 we have 
(A) = 0 and then A U B is a null set in (X, 2, ~). Thus E = AUC C AUB whichisa 
null set in (X, 2, 2). This S$ proves (a). 


2. By Definition 5.2, 2 is the collection of all subsets E of X of the type E = AUC 
where A € 9 and C is a subset of a null set in (X, 2, Hy. Since (X, 2, ~) is a complete 


measure space, C € 2. Thus E € 2. This shows that Ac A. On the other hand since 2 
is the completion of 2t with respect to jz, we have 2 D MA. Therefore A = WA. w 


Let (X, 2, 1) be the completion of a measure space (X, 2, 2). Since Ac A, a A- 
measurable function f on aset D € 2 C 2M may not be 2-measurable on D. The following 
theorem shows that there exists a null set N in (X, 2, ~) such that f is 2l-measurable on 
D\N. 


Theorem 5.6. Let (x A, L) be the completion of a measure space (X, 2, 4). Let f be an 
extended real-valued A-measurable function on a set D € AC A. Then there exist a null 
set N in (X, 2, 1) and an extended real-valued A-measurable function g on D such that 
f =g on D\N. (Inother words, if f is an extended real-valued U-measurable function 
ona set D € &, then there exists a null set N in (X, A, x) such that f is WA-measurable on 
D\N) 


Proof. Let {r, : n © N} be the collection of all rational numbers. For every n € N, 
let Ey = {D if < rn}. By the 2{-measurability of f on D, we have E, € 2. Then 
E, = An UC, where A, € 20 and C,, is a subset of a null set B, in (X, 2f, w). If we let 
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N = Unen Bn, then N is a null set in (X, 2, 4). Define an extended real-valued function 
g on D by setting 
f@) forxe D\N, 


eas 0 forx EN. 
It remains to show that g is 2{-measurable on D. Now for every n € N, we have 
(1) {D:g<m}={D\N:g<m}U{Nig <r}. 
Note that {N 1g< Tn} = @ or N according as 7, < O orm > 0. In any case we have 
(2) {N:g <r} eM. 
On the other hand we have 
(3) {D\N:g<m}={D\N:f <m}=(D\N)N{D:f <n} 
=(D\N)O(A, UC,) = (D\ NYO A, € A, 
where the last equality is by the fact that C, C By, C N. By (1), (2), and (3) we have 
(4) {D:g<m}€M foreveryneN. 


Now let a € R. There exists an increasing sequence of rational numbers (rz : k € N) such 
that ~ t a. Then {D: g <a} = Lken{D: g < re} € XM by (4). This proves the 
A-measurability of gon D. w 


[11] Completion of the Borel Measure Space to the Lebesgue Measure 
Space 


The Borel measure space (R, Sp, 2, ) on R is obtained by restricting the Lebesgue measure 
11, on the Lebesgue o-algebra 92, to the Borel o-algebra Br C Mt,. Thus (R, Mt, ,) 
is a complete extension of (R, Bg, 4,). We show next that (R, 9t,, w,) is actually the 
completion of (R, Br, 4,). 


Theorem 5.7. Consider the Lebesgue o-algebra 31, and the Borel o-algebra Br on R. 

(a) Let E € 98(R). Then E € Dt, if and only if E = AUC where A € Bp and C isa 
subset of a set B € Br with p(B) = 0. 

(b) The Lebesgue measure space (R, MT, 1) is the completion of the Borel measure space 
(R, Br, 1,). 


Proof. 1. If E € Si, then by Theorem 3.22, there exists a Gs-setG D E with, (G\E) = 
0 and there exists an Fa-set F Cc E with u,(E \ F) = 0. Then F c E C G and 
w(G\ F) =p, (G\ E)+ 4, (E \ F) = 0. Now E = F U(E \ F) where F € Sp, 
E\F CG\F,andG \ F € Sp with uw, (G \ F) =0. 

Conversely suppose E = AUC where A € Sp and C is a subset of aset B € Bp with 
p(B) = 0. Now A, B € Be C Mt,. Since C is a subset of B € Mt, with pw, (B) = 0, 


§5 Completion of Measure Space 99 


we have C € 99t, by the completeness of the measure space (R, M,, ,). Thus E € Mt,. 
This completes the proof of (a). 

2. To prove (b) let (R, Br, in 1) be the completion of (R, Bp, w,). By Definition 5.2, 
Bp consists of subsets of R of the type E = AU C where A € Bp and C is a subset of a 
set B € Bp with «, (B) = 0. Thens by (a) we have Be = Mt,. 


Corollary 5.8. The Borel measure space (R, Br, 1, ) is not a complete measure space. 


Proof. If (R, Bp, 4,) were a complete measure space, then it would be equal to its com- 
pletion which is the Lebesgue measure space (R, 9%,, u,) by Theorem 5.7. But according 
to Proposition 4.40 we have 20t, # Br. ff 


Proposition 5.9. Let f be an extended real-valued IN, -measurable function on a set 
D € Sp. Then there exist a null set N in (R, Br, #) and an extended real-valued Bp- 
measurable function g on D such that g = f on D\ N so that f is Sp-measurable on 
D\N. 


Proof. According to Theorem 5.7, (R, St, ,) is the completion of (R, Br, “,). Then 
the Proposition is a particular case of Theorem 5.6. 
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§6 Convergence a.e. and Convergence in Measure 


[I] Convergence a.e. 


Definition 6.1. Given a measure space (X, A, w). Let (fy : n € N) be a sequence of 
extended real-valued °A-measurable functions on a set D € A. We say that lim fy, exists 
n->O0oO 


a.e. on D if there exists a null set N in (X, A, w) such that N C Dand \im fy,(x) exists 
noo 
for every x € D\ N. We say that (f, : n € N) converges a.e. on D if lim fy(x) exists 
n->OO 
and lim | Sn(x) € R for everyx € D\ N. 
n> 


Note that in the definition above for the existence of lim f, a.e. on D, it is possible 
n->OO 
that lim Jn(X) exists at some, and indeed at every, x € N. If we let D, be the subset 
n 
of D consisting of only those points x € D for which lim f(x) exists, then D, € 2 
n—>Co 


by Theorem 4.22 and we have D\\N C D, and D\ De C N. The extended real-valued 
function lim f,, is 2{-measurable on D, by Theorem 4.22. 
n> 


Lemma 6.2. Given a measure space (X, A, w). Let (fn : n € N) be a sequence of extended 

real-valued 2-measurable functions on a set D € 2. If for every n > 0 there exists a 

A-measurable subset E of D with w(E) < n such that jim, Sn(&) exists (resp. f(x) 
> 


converges) for every x € D\ E, then lim | Sn(x) exists (resp. f,(x) converges) a.e. on D. 
n— 


Proof. Under the assumption of the condition in the Lemma, for every k € N there exists 

a 2{-measurable subset E, of D with w(E,) < i such that lim, Fn(x) exists (resp. f(x) 
n 

converges) for every x € D\ Ex. Let E = ()\,ey Ex. Then E C D, E € &, and 

ME) = 1 (Qe Ex) < w(Ex) < Z for every k € N. This implies that 4(£) = 0 so that 

E is a null set in (X, 2, yr). 

Let us show that lim f,,(x) exists (resp. f,(x) converges) for every x € D\ E. Now 
n—->OO 

D\E = DOES = DN (Men Ex) = DA(Upen Ee) = User (DN ED = Usen(P\ Ex). 

Thus ifx ¢ D\ E thenx € D\ Ex for some k € N. Then lim | Fn(X) exists (resp. de(*) 
naa 


converges). # 


Proposition 6.3. (Uniqueness of Limit a.e.) Given a measure space (X, 2,4). Let 
(fn : n € N) be a sequence of extended real-valued U-measurable functions on a set 
D € A. Let g1 and gz be two extended real-valued 2A-measurable functions on D. If 
dim, fn = 81 @e. on D and im, Sn = 82 ae. on D also, then g; = g2 ae. on D. 


Proof. Under the assumption of the Proposition, there exist two null sets Nj and N2 of 
(X, 2, 2) such that NM), N2 Cc D, tim, fn = g; on D \ Nj, and jim, Jn = 820n D\ Ny. 
Let N = NUN). Then N is asubset of D andanull set of (X, 2, 4) and g; = jim, Sn = 22 
onD\N. @ 
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Proposition 6.4. Given a measure space (X, 2A, 2). Let (f, : n € N) be a sequence of 
extended real-valued A-measurable functions on a set D € A and let f be a real-valued 
-measurable function on D. Then 


qd) [D: tim f=} =) U 1) (2: lwee— fl < 3}, 


méN NEN peN 
and 
(2) 1D: far f=) NT) U (P: lve - fl dh: 
méN NEN peN 


Proof. The set {D : lim fh = f } consists of every x € D for which the sequence 
n~-> OO 


of extended real numbers ( fr) ine N) converges to f(x). Now for each x € D, 
( Trix) ine N) converges to f(x) if and only if for every m € N there exists N € N such 
that | fyap(x) - f(x)| < 4 for every p € N. Equation (1) is a set theoretic statement of 
this fact. To prove (2), note that the set {x € D: f,(x) # f(x)} consists of every x € D 
for which either Jim, fn(x) does not exist or fim, Fn(x) exists but is not equal to f(x). 


Now we have 


(D: fu f}=D\{D: lim fr=f} 


=D\() U 1) {0 : nse - fl < 3} 


méN NEN peN 


=| J J > see r<2)] 


méN NEN peN 


=pn| U al U {2 ree F< 21] 


meéN NEN peN 


=U 1 U [en {a: tvs - fl < 2)) 


meéN NEN peN 


=U) Ul): lie - fle x) 


méN NEN peN 


The following theorem is a criterion for convergence a.e. of a sequence of measurable 
functions. It is fundamental in that several convergence theorems will be derived from it. 


Theorem 6.5. Given a measure space (X, 2X, w). Let (fn : n € N) be a sequence of 
extended real-valued A-measurable functions on a set D € Mand let f be a real-valued 
2-measurable function on D. Then 


(fn in €N) converges to f ae. on D 


<>u( lim sup {D ipoas 1}) = 0 for every m EN. 
noo 
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Proof. (fn, : n € N) converges to f a.e. on D if and only if u{D: fr * f} = 0. By (2) 
of Proposition 6.4, this last condition is equivalent to 


(1) uo U1) U {2 : live - fle #}) =0. 
méN NEN peN 


By the monotonicity of 4 and by the fact that a countable union of null sets is always a null 
set, (1) is equivalent to the condition that 


(2) w( U {= lfw+r - fl2 #}) =0 for every m € N. 
NeN peN 
Condition (2) is equivalent to the condition that 


(3) “(17 LJ {D:| -—fl= 4}) =0 for every me N 


NéeNn>N 


that is, z(limsup{D:|fn— f|>4})=OforeverymeN. w 


noo 


The necessary and sufficient condition in Theorem 6.5 for convergence almost every- 
where of a sequence of measurable functions leads to the question as to when the equality 
u(lim sup An) = 0 holds for a sequence (A, : n € N) of 2{-measurable sets in a measure 

noo 
space (X, 2, 4). Recall that according to Lemma 1.7, lim sup A, consists of every x in X 


n>o 
at which infinitely many A, intersect. If we make each A, smaller, the set of infinite inter- 
sections becomes smaller. How small must the sets A, be to ensure i lim sup An) = 0? 
> 00 


n 
The Borel-Cantelli Lemma gives a sufficient condition for this to take place. 


Theorem 6.6. (Borel-Cantelli Lemma) Given a measure space (X, 2X, 4). For any se- 
quence (An :n € N) in A with Yo ,cy M(An) < 00, we have {lim sup A,) = 0. 
n-> Co 


Proof. By definition, lim sup An = Mey Upsn Ak- If we let En = U5, Ax forn € N, 
noo 
then (E, : n € N) is a decreasing sequence in 2( and a neup An = im, E,,. Now for 


Ey = Ups, A, we have 1(E1) = w( Up en An) < Dy ms )<o. ‘Thus (E,:n €N) 

is a decreasing sequence in 2 and w(E)) < oo. Then u( lim En) = lim p“(E,) by 
n—>Co noo 

Theorem 1.26. Thus we have 


(lim sup An ) = u( lim E, = jim (En) = lim n w(x) < < lim ee 


> 00 
" k>n 


Since )°,cy (An) < co implies im, Dien H(Ad) = 0, we have (lim sup An) = 0. W 


n> oOo 


Combining Theorem 6.5 with the Borel-Cantelli Lemma, we obtain the following suf- 
ficient conditions for a.e. convergence of a sequence: 
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Theorem 6.7. Given a measure space (X, 2, wu). Let (fy : n € N) be a sequence of 
extended real-valued 2&-measurable functions on a set D € A and let f be a real-valued 
2-measurable function on D. Suppose there exists a sequence (&, : n € N) of positive 
numbers such that 


1° lim e, = 0, 
n>OO 


© YUMD: lin — f12 en} < 00. 


neN 
Then (fn 1 n € N) converges to f a.e. on D. 


Proof. If we let An = {D : | fn — f| = €n} forn EN, then )°, oy ¢(An) < 00 by 2°. Thus 
by the Borel-Cantelli Lemma (Theorem 6.6), we have u( lim sup An) = 0, that is, 
n> OO 


(1) (lim sup(D fa — fl>&n ') 0, 


noo 
Let m € N be arbitrarily given. By 1°, there exists N € N such that e, < + forn > N. 
This implies that {D:|f, -— f| 2 en} D {D t\fn- fl= iy forn > N. Then we have 
lim sup(D : | fr — f| > &n} D limsup {D:|fr — fl> 4}, 
noo 


noo 


by applying Lemma 1.7 for the limit superior of a sequence of sets. Then we have 


(2) w(timsup(D : (fn — f1 > €n}) > w{ tim sup {D : aa tl > 1}). 


noo 


By (1) and (2) we have 


(lim sup {D Ifa - fl = 2}) =0 foreverymeéN. 


noo 


By Theorem 6.5 this shows that (f, : 2 € N) converges to fae.onD. 


Remark 6.8. Conditions 1° and 2° are sufficient conditions for (f, : 2 € N) to converge to 
f ae. on D but they are not necessary. Below is such an example. 


Example. In (R, 9,, 2,), let D = (0, 1) and let f,(x) = 1 forx € (0, 4) and f(x) = 
forx € (i, 1) forn € N and let f(x) = 0 forx e€ (0,1). Then (f, : n € N) converges to 
f everywhere on D. Let (€, : n € N) be an arbitrary sequence of positive numbers such 
that lim én = 0. Let us show that 1° ey H{, 1) : | fn — f| = En} = 00. Let N € N be 
so large that e, < 1 forn > N. Then 


YH (O.0 lf — fle en} = D> (OD 1h — fl = en) 


neN n>N 
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Theorem 6.9. Given a measure space (X, A, w). Let (gn : n € N) be a sequence of 
real-valued ‘A-measurable functions on a set D € A. Suppose there exists a sequence 
(m:n € N) of positive numbers such that 


1° Yom <0O, 


neN 
2° So u{x € D: |gn(x)| = ma} < 00. 
neN 
Then the series >) <x 8n converges absolutely a.e. on D and hence converges a.e. on D. 


Proof. Let A, = {x € D: |gn(x)| = mn} forn € N. By 2° we have }°, cy W(An) < 00 
and thus by Theorem 6.6 we have j.(limsup A,) = 0. Let E = limsup An. Then E isa 


noo n—0o 
subset of D and is also a null set in (X, 2, 4). Also, for every x € D, we have x € E if 


and only if x € A, for infinitely many n € N. Then 


x €D\E x € A, for at most finitely many n € N 
> there exists N(x) € N such that x ¢ A, forn > N(x) 
<> there exists N(x) € N such that |gn(x)| < ny, forn > N(x). 


Thus forx € D \ E, we have 


N(x) N(x) 
Yolen = Yo ben + DO len Do len@I+ So om. 
neN n=1 n>N(x)+1 n=l n>N(x)+1 


Since gy, is real-valued for every n € N, we have pao I8n(x)| < 00. By 1° we have 


Don>N(x)4+1 tn < Yonen Mn < 00 also. Thus for x € D \ E, we have ew |8n(x)| < 00, 
that is, the series }°,, cy n(x) converges absolutely and hence converges for every x € D\E, 
thatis,a.e.on D. & 


[1] Almost Uniform Convergence 


We say that a sequence of extended real-valued functions (f, : n € N) converges uniformly 
on aset D toa real-valued function f if forevery ¢ > 0 there exists N € N, depending one 
but not on x € D, such that | f,(x) — f(x)| < e forall x € D whenn > N, or equivalently, 
for every m € N there exists N € N such that | f,(x) — f(x)| < a for all x € D when 
n>QN. 


Definition 6.10. Given a measure space (X, A, 4). Let (fy : n € N) be a sequence of 
extended real-valued 2t-measurable functions on a set D € Mand let f be a real-valued 
A-measurable function on D. We say that (f, : n € N) converges almost uniformly on D 
to f iffor every n > 0 there exists a 2-measurable subset E of D such that u(E) < n and 
(fn in € N) converges uniformly on D \ E to f. 


If (fn : n € N) converges almost uniformly on D to f, then (f, : n € N) satisfies the 
condition in Lemma 6.2 and thus (f, : n € N) converges to f a.e. on D. Egoroff’s Theorem 
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proves that the converse holds provided that u(D) < oo, that is, convergence a.e. on 
D implies almost uniform convergence on D provided that 4(D) < oo. We specialize 
the necessary and sufficient condition for convergence a.e. in Theorem 6.5 to the case 
u(D) < oo in the next Proposition and then derive Egoroff’s Theorem from it. 


Proposition 6.11. Given a measure space (X, 2X, 2). Let (fn: n € N) be a sequence of 
extended real-valued A-measurable functions on a set D € A and let f be a real-valued 
2-measurable function on D. Suppose 


1° (fn :n € N) converges to f a.e. on D, 
2° w(D) < ©. 
Form € Nandn €N, let 


(1) Dam) = (J {x € D: |felx) — f)| = 3}. 


k>n 


Then we have 


(2) lim p(D,(m)) =0 for everym €N, 
noo 
and consequently 
(3) jim n w{D =f —f\l>= 3}=0 for everymeéN. 


Proof. Condition 1° is equivalent to (lim: sup {D:|fn—f| = +}) =0 foreverymeN 


f 
by Theorem 6.5, in other words, P(gae User {D:|fi-fl= 
Thus we have 


i 
m 
4d 
m 


}) = Oforeverym €N. 


(4) u( () Dn(m)) =0 foreverym €N. 
neN 


Now D,(m) C D, Dn(m) € &, and (D,(m) : n € N) is a decreasing sequence for 

every m € N. Thus Olen D,(m) = lim Dyj(m) for every m € N. Since D,(m) Cc D 
noo 

and 44(D) < 00, we have u(Mnen Da(m)) = p( tim. D,(m)) = tim, u(Dna(m)) by 

Theorem 1.26 for every m € N. But according to (4), u( Ohnen Dn (m)) = 0 for every 

m € N. Therefore Jim, H(Dn(m)) = 0 for every m € N. This proves (2). Then since 


{D:|fu — f| = +} C Dun), (3) follows from (2) by the monotonicity of . & 


Theorem 6.12. (D. E. Egoroff) Given a measure space (X,2A,p). Let D € MW and 
BCD) < o. Let (fn : n € N) be a sequence of extended real-valued A-measurable 
functions on D and let f be a real-valued 2-measurable function on D. If (fr: n € N) 
converges to f a.e. on D, then (fy, :n € N) converges to f almost uniformly on D. 
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Proof. For m € N andn €N, let 


(1) Dy(m) = |_) {x € D: lf) — f@)1 = Z}. 


k>n 


Then by (2) of Proposition 6.11, we have 
(2) lim_y(D,(m)) = 0 for every m € N. 
n->OOoO 
Let 7 > 0 be arbitrarily given. By (2), for every m ¢€ N there exists N(m) € N such that 


L(Dyim)(m)) < om 


Consider the sequence (Dnm)(m) Ime N) of 2f-measurable subsets of D. Let 


E = |J Dum(m). 


meN 


Then E c D, E € 2, and 


M(E) = n( U Dyim(m)) = ae u(Dnm(m)) s > na = 7. 
meN 


meN meN 


Consider D \ E. If x € D\ E, then x ¢ E and thus x ¢ Dnim)(m) for every m € N. 
Then by (1), we have | fx(x) — f(x)| < 1 for k => N(m) for every m € N. This shows that 
(fn in €N) converges to f uniformlyonD\ E. @ 


Remark 6.13. Theorem 6.12 does not hold without the assumption j4(D) < oo, 


Example. Consider (R, Mt, , L,). Let D = [0, 00) with x, (D) = ov. Let f(x) = tx for 
x € Dforn € Nandlet f(x) = 0 forx € D. Then the sequence (f, : n € N) converges to 
J everywhere on D. To show that (f, : n € N) does not converge to f almost uniformly on 
D, we show that for some 7 > 0 there does not exist a 9JT, -measurable subset E of D with 
it, (E) < n such that (f, :n € N) converges to f uniformly on D\ £. For our example, we 
show that actually for any 9Jt, -measurable subset E of D with n, (E) < 00, (f, :n € N) 
does not converge to f uniformly on D \ E. Let E be a 9Jt,-measurable subset of D 
with u,(E) < oo. Let w,(E) < M where M € (0,00). Let Dy = [(k — 1)M, kM) for 
k EN. Then (Dy : k € N) is a disjoint sequence and |_),~~n Dy = D. Since u,(E) < M 
and 44,(Dx) = M, there exists x, € Dx such that x, ¢ E for each k € N. We have 


lim x, = oo. To show that (f, : n € N) does not converge to f uniformly on the subset 
noo 
{xp 1k € N} of D\ E, note that given e > O for any N € N, however large, andn > N there 
exists k € N such that tx, > so that | fu(xz) — f(xe)| = fn(xe) = Lx~ > &. This shows 
that (fn : n € N) does not converge to f uniformly on set {x, : k € N}. Thus (f, : 1 € N) 
does not converge to f on the set D \ E containing the set {xz : k € N}. 


§6 Convergence a.e. and Convergence in Measure 107 


[III] Convergence in Measure 


Definition 6.14. Given a measure space (X, A, w). Let (fn : n € N) be a sequence of 
extended real-valued X-measurable functions on a set D € A. We say that (fn :n € N) 
converges in measure yt on D if there exists a real-valued A-measurable function f on D 
such that for every € > 0 we have 


(1) jim u{D :|fn- fl =e} =0, 
that is, for every e > O and n > O there exists Ne, € N such that 
(2) w{D:\fn-flze}<n forn => Ne». 
We write fy, & f on D for this convergence. 


Remark 6.15. (a) If (1) of Definition 6.14 holds for every ¢ € (0, €9] for some eg > 0, 
then (1) holds for every € > 0. This follows from the fact that for e > €9, we have {D ; 
lfn—f| =e} C{D:|fa—fl = £0} sothat u{D:|fna—fl =e} < u{D:|fa—fl> eo} 
andthen lim “{D:|fr—f|>e} < lim u{D:|fr— fl > eo} =0. 
noo noo 

(b) It is clear from (2) of Definition 6.14 that a sequence obtained by dropping finitely 
many terms from (fn : n € N) or by adding finitely many terms to (f;, : n € N) converges 
in measure if and only if (f, : n € N) converges in measure. 


Observation 6.16. Condition (1) in Definition 6.14 is equivalent to the following condition 


. . 1 
(3) lim w{D :\fn— fl= q} =0 for every m € N. 
Proof. Clearly if (1) holds then (3) holds. Conversely assume that (3) holds. Given ¢ > 0, 
let m € N be such that + < ¢. Then {D: |f, — f| = e} C {D:lfi— fl = A} and 
A{D:\fa— fl =e} su{D:|fr— fl = +} by the monotonicity of 2. Thus (3) implies 
(1). Therefore (1) and (3) are equivalent. 


Example 1. In (R, Mt, , Ly), let (f, : n € N) be a sequence of functions on D = [0, oo) 
defined by 
n forxe (n—4,n], 
Sn(x) = 
0 forxe D\(n- 1 nj, 
forn € N. Let f =0on D. Fore € (0, 1], we have 


ae 
lim #,{D:|fa—fl>e} = lim u,((n—;.n]) = lim — =0. 


n> 0o noon 


This shows that (f, : 2 € N) converges to f on D in measure yz, by (a) of Remark 6.15. 
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Example 2. In (R, 9, ,), let D = [0, 00) and let 
1 forx € (n—1,n], 
Sa(x) = 
0 forxe D\(—t1,n] 
forn € N and let f = 0 on D. Fore € (0, 1], we have 
jim #2 {D Ifa — fl 2 e} = 4,(@—1Ln}) = lim 1= 1. 
Thus (f, : 2 € N) does not converge to f on D in measure pz, . 


Proposition 6.17. Given a measure space (X, A, w). Let (fy : n € N) be a sequence of 
extended real-valued X-measurable functions on a set D € Mand let f be a real-valued 


-measurable function on D. Then fy bat f on D if and only if for every 5 > 0, there 
exists Ns € N such that 


(4) w{D:|fn—fl28} <8 forn > Ns. 


Proof. Let us show that (4) is equivalent to (2) of Definition 1.14. Clearly (2) implies (4). 
To show that (4) implies (2) let e > 0 and 7 > 0 be arbitrarily given and let 6 = ¢ A n. By 
(4) there exists Ns € N such that 4{D : | f, — f| = 5} <4 forn > Ns. Nowe > 6 implies 
{D:|fn—-fl2e} Cc {D:|fr— f| = 4} and then we have 


w{D:|fa-fl>e}su{D:ilfa-fl>s} <8 <n forn> Nj. 
This shows that (4) implies (2). & 
Corollary 6.18. f, zat f on D if and only if for every m € N, there exists Nm € N such 
that 
(5) e{D:\fa-fl>t}< 4 forn> Nn. 


Proof. Let us show that (5) is equivalent to (4) of Proposition 6.17. Clearly (4) implies 
(5). To show that (5) implies (4), let 5 > 0 be arbitrarily given. Let m(5) € N be such 


that ho < 6. Then (D: If — fl > 8} c {D: Ifa — fl> ats By (5) there exists 
Nm) € N such that w { D: |fr - fl = ws} < er} for n > Nm). Then we have 


w{D:lfn— S128} <w{D: la — SIE ats} < moy <8 form = Ney. 
This shows that (5) implies (4). 
Corollary 6.19. Given a measure space (X, 2, w). Let (fr : n € N) be a sequence 


of extended real-valued &X-measurable functions on a set D € A and let f be a real- 
valued X-measurable function on D. Suppose there exist two sequences of positive numbers 
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(a, :n € N) and (B, : n € N) such that 


1° lim a, = Oand lim B, = 0, 
noo noo 


2° uw{D: |fn— f| = an} < Bn forall everyneN. 


Then (fn: n € N) converges to f on D in measure p. 


Proof. Assume 1° and 2°. Let ¢ > 0 be arbitrarily given. Let N € N be so large that for 
n> N wehave o, < and B, <e. Then{D:|f, — fl >e} C {D: |fn— fl = an} so 
that n{D:|fa— fle} <u{D: | fa — fl = on} < Bn < forn > N. This shows that 
(fn: n € N) converges to f on D in measure yz according to Proposition 6.17. 


Lemma 6.20. Given a measure space (X,2, 2). Let f and g be two real-valued - 
measurable functions on a set D € QL. Let €, €1, and €2 be positive numbers such that 
€ = £1 + &. Then for an arbitrary extended real-valued A-measurable function h on D, 
we have 


) {D:lf—gle}C{D:\f—hl> er}U{D: |h— gl > en}, 
and 
(2) u{D:|f—gl>e} sH{D: lf —Al>ai}+u{D: |h— gl =e}. 


Proof. Let the three sets in (1) be denoted by A, Aj, and Ao. If x € Dandx ¢ A; U Ap, 
then x ¢ A; and x ¢ Az so that | f(x) — h(x)| < e; and |h(x) — g(x)| < €2 and then 


If) — g(x)| S If) —h@)| + Ih@) — g@)| < e1+e2 =8 


so that x ¢ A. Thus if x € D\ (A; U A?) thenx € D\ A. This shows that D \ (A; U A2) C 
D\A, that is, A} UAz > A. This proves (1). Then (2) follows from (1) by the monotonicity 
and subadditivity of yw. 


Theorem 6.21. (Uniqueness of Limit of Convergence in Measure) Given a measure 
space (X, 2A, uw). Let (fr: n € N) be a sequence of extended real-valued A-measurable 
functions on a set D € QM and let f and g be two real-valued A-measurable functions on 
Dz ify f on Dand fr are gon Dalso, then f = g ae. on D. 


Proof. Suppose f, aa) f on Dand f, s gon D also. Then for every € > 0, we have 


jim w{D : | fn — fl =e} =0, 
() 

jim w{D :\fn - gl =e} =0. 
To show that f = ga. on D, let us assume the contrary, that is, u{D (fF g} > 0. Then 
since f(x) # g(x) if and only if | f(x) — g(x)| > 0, we have 


(2) u{D:|f —g|>0}>0. 
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Now since {D : |f — g| > 0} = Uke {D : |f — | = 7}, we have 
(3) H{(D:|f—gl>0}< }ou{D:|f —gl> }}. 

keN 


By (2), the left side of (3) is positive. Then not all of the summands on the right side are 
equal to 0. Thus there exists some kg € N such that 


(4) u{D:if—glz gp} >o. 
By Lemma 6.20, for every n € N we have 
n{D:f-ele pd} su[D:lf- fl> ak} +u{D:im—slz a}. 


Letting n — oo on the right side of the last inequality, we have yz {p :|f-el= L| =0 
by (1). This contradicts (4). 


Theorem 6.22. (H. Lebesgue) Given a measure space (X, A, 2). Let (fy :n €N) bea 
sequence of extended real-valued A-measurable functions on a set D € A and let f be a 
real-valued A-measurable function on D. Suppose 


1° (f, :n € N) converges to f a.e. on D, 

2° w(D) < ov. 

Then (fr :n € N) converges to f in measure ys on D. 

Proof. According to Proposition 6.11, conditions 1° and 2° imply that for every m € N we 
have jim w{D ilfa- fl = +} = 0. But this is convergence of (f, :n € N) to f on D 
in measure by Observation 6.16. @ 


Remark 6.23. Theorem 6.22 does not hold without the condition 4(D) < oo. 


Example. In (R, 9%, 4), let D = [0, 00) with ,(D) = 00. Let fn(x) = 4x forx € D 
and n € N and let f = Oon D. Then (f, : n € N) converges to f everywhere on D but 
(fn : n € N) does not converge to f on D in measure py, since for every € > 0 we have 
M{D:|fn- fl =e} = u,{D: fr = &} = u,([ne, 00)) = 00 for everyn € N. 


Theorem 6.24. (F. Riesz) Given a measure space (X,X, ). Let (fn: n € N) bea 
sequence of extended real-valued U-measurable functions on a set D € Band let f be a 
real-valued A-measurable function on D. If (fy :n € N) converges to f in measure jz on 
D, then there exists a subsequence (fn, : k € N) which converges to f, -a.e. on D. 


Proof. If (f, : € N) converges to f on D in measure, then by Proposition 6.17, for every 
e€ > O there exists N, € N such that u{ D tlfp-fl= e} <eforn > N,. Then fore = i 
there exists ny € N such that 


u{D:\fn — fl > 4} <4, 
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and for ¢é = a there exists n2 € N, n2 > n1, such that 
: 1 1 
H{D | fn — fl > x} <a 
and so on. In general for every k € N, there exists ng € N, ng > mg—, such that 
P 1 1 
PAD? Nie — FNS oe <3 


Then since lim x = Oand since D yey w{D : | fu — f1 > a} < Deen =1< &, 
the sequence (fy, : k € N) converges to f a.e. on D by Theorem 6.7. & 


Example. (A Sequence Converging in Measure but Diverging Everywhere) 

1. Consider the Lebesgue measure space (R, 99, ,). For a € R, let [a] be the greatest 
integer not exceeding @ and let (@)mog1 = @ ~ [a]. Thus (@)moai € [0, 1) forevery a € R 
and (@)mod1 = 0 if and only if @ is an integer. Let us define a sequence (a, : n € N) in 
D = [0, 1) by setting for every n e N 


t= (14545 7 ae 


For instance, we have 


a1 = (Lodi = 0, 


a = (145) -(5) came 

2 mod 1 2 mod | 2 

ees 
2 3 mod 1 6 mod | 6 


(1+5+5+3) (3) 1 
a= ={— =—, 
2 3 4 mod | 12 mod 1 12 


and so on. Define a sequence of subsets of D, (D, : n € N), by setting 


[on, Mn41) if &n < On41; 
Dn = 
[an, 1) U [0, Qn+1) if An > An+1- 
Note that pz, (Dn) = aw forn EN. Since nen 2 = = 00, the endpoint a,+1 of Dy traverses 


D = [0, 1) infinitely many times as n — oo. Define a sequence of functions (f, :n € N) 
on D = [0, 1) by setting f,(x) = 1 forx € D, and f,(x) = 0 for x € D\ Dy, and let 
f(x) =0forx e D. 

2. For e € (0, 1], we have 


lim “,{D:|fn- -—flze}= lim, (Dn) = lim eG 


n> 00 -on+] 


This shows that (f, : n € N) converges to f on D in measure y,. 
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3. Let us show that (fn(x) : n € N) diverges for every x € D. For each x € D, we 
have x € Dy, for infinitely many n € N and x ¢ D,, for infinitely many n € N also. Thus 
Jn(x) = 1 for infinitely many n € N and f,,(x) = 0 for infinitely many n € N also. This 
shows (f,(x) :n € N) diverges. 

4. To select a subsequence (f,, :n € N) of (f, : 1 € N) which converges to f ae. on 
D, let us decompose D into a disjoint sequence of subintervals (A, : m € N) of the type 
[a, b) with (Am) = 3a. Thus 


= 1 pee AT oe I —fl,il 1,1 1 
Al = 0, 3),42 =[$,5+32),49=[3+ 5 stata). . 
Since jim, be, (Dn) = jim een = 0, we can select n} € N such that D,, C A1. Then 


select ae fe N, 22 > pts auch that D,, C Az and so on. Consider the subsequence 
(fu 2 k € N) of Cf, :n € N). For each x € D, we have x € Am for some m € N. Then 
for k > m we have fn, (x) = 0 and thus Jim, Jn, (x) = 0 = f(x). Thus our subsequence 
(fn > k € N) converges to f everywhere on D. 

5. Note also that the sequence (f, : n € N) not only converges to f on D in measure 
but it satisfies the stronger condition Jim. u{D:\|fr— f\| > 0} = 0. Indeed we have 


(D :1fn— f| > 0} = Dy and 2,(Dr) = = 


[IV] Cauchy Sequences in Convergence in Measure 


Definition 6.25. Given a measure space (X, 2A, w). Let (fy : n € N) be a sequence of 
real-valued A-measurable functions on a set D € 2A. We say that the sequence is a Cauchy 
Sequence with respect to convergence in measure 2 on D if for every € > O and n > O there 
exists Ne,n € N such that 


(1) uf{x € D:|fnlx) — fal =e} <n form, n> Nen, 

or equivalently, for every 5 > O there exists Ns € N such that 

(2) pfx € D: | fnlx)— fale) 2 8} <8 form, n= No. 

(The equivalence of (1) and (2) can be proved by the same argument as in Proposition 6.17.) 


Observation 6.26. If (fn, : n € N) is a sequence of real-valued 2{-measurable functions 


and if fi Bae f on D, then (f, : n € N) is a Cauchy sequence with respect to convergence 
in measure yz on D. 


Proof. If f, = f on D, then by Proposition 6.17 for every « > 0 there exists N. > O such 
that w{D:|fn— fl = §} < § forn = N,. Then by Lemma 6.20 we have 


u{D: | — fal =e} <u{D > Vf — —fl>s}+ u{D fn — fl = §} 
<5+5=6 form,n>N,. 
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This shows that (f, : n € N) is a Cauchy sequence with respect to convergence in measure 
ponD. & 


Theorem 6.27. Given a measure space (X, A, 2). Let (fn 1 n € N) be a sequence of real- 
valued A-measurable functions on a set D € A. If (fn: n € N) is a Cauchy sequence with 
respect to convergence in measure y on D, then there exists a real-valued A-measurable 


function on D such that fr = fon D. 


Proof. 1. If (f, : n € N) is a Cauchy sequence with respect to convergence in measure on 
D, then by (2) of Definition 6.25 for every 5 > 0 there exists Ns € N such that 


H{D:\ fn — fal = 5} <6 form, n> Ns. 


Then for 6 = 4, there exists ny € N such that we have u{D : |fm+p — fml = 4} < 5 


for all p ¢ N. Next for 6 = 3 there exists nz € N, n2 > ny, such that me have 
u{D : \fntp — fl = 32} < zz for all p € N, and so on. In general for 8 = 3 there 
exists n, € N, ng > ng—1, such that 


(1) H{D: \fntp ~ ful = oe) <5 for all p EN. 


Thus for the subsequence (f,, :n € N) of (fn :n € N), since ny41 = ng + p for some 
p €N, we have 


(2) HAD: | fr: — fal = 4) < fork EN. 


For brevity, let us write g, = fn, fork € N. Let us show that the sequence (gx : k € N) 
converges a.e. on D. According to Lemma 6.2, it suffices to show that for every 7 > 0 there 
exists a 2{-measurable subset E of D with n(E) < 7 such that (g(x) : k € N) converges 
foreveryx € D\ E. Let Dj ={D: Iain ~ gil > 37} for j € Nand let Ej = Urs; De 
for j € N. By (2), we have u(Dj;) < =; 1 and then 


w(E}) en <x wale = 


l>j e>j 


For 7 > 0 arbitrarily given, let j © N be so large that —> xP sat < 7 so that w(E;) < 7. Let us 
show that (g,(x) : k € N) converges for every x € D\ Ej. Let e > 0 be arbitrarily given. 
LettNeé N be so large that sy <eandN > jalso. Ifx ¢ D\ Ej, thenx ¢ De foré > j 
so that by (2) we have 


N+p-1 
(3) lgw+p(x) — gn(x)]< >> Igesi(x) — ge(x)| 
£=N 
MIETE 


1 1 1 
2 ye pe BNET Os gk = NT ee for p EN. 
f=N feN 
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This shows that (gg(x) : k € N) is a Cauchy sequence of real numbers and hence it is 
a convergent sequence. Therefore we have shown that for the arbitrarily given 7 > 0, 
we have a 2l-measurable subset Ej; of D such that u(Ej) < n and (g(x) : k € N) 
converges for x € D \ E;. Thus by Lemma 6.2, (gx : k € N) converges ae. on D. Let 
D, = {x € D: lim ge(x) € R}. Then D, € 2% by Theorem 4.23 and 4(D \ De) = 0 
since (g, : k € N) converges a.e. on D. Let us define a real-valued 2{-measurable function 
f on D by setting f(x) = jim, gx(x) forx € D, and f(x) =O forx € D\ De. 


2. Let us show next that gy, es f on D. (Note that Theorem 6.22 is not applicable here 
since we do not assume 4(D) < 00.) In (3) we showed that for every j € N we have 


Igv+p(x) — gw(x)| < syst for N > j, p€ Nandx € D\ Ej. 


Letting p > oo and recalling jim, g(x) = f(x) for x in Dp D D \ Ej, we have 
lf (x) — gn(x)| < sf for N > j andx € D\ Ej. 
This implies that {D : |gv — f| > svt} C Ej; for N > j and then we have 
u{D: |gn ~ fl > grat} S M(Ej) < pa for N > j. 
For an arbitrary ¢ > 0, let 7 € N be so large that she < e. Then for N > j, we have 


w{D:|gn — fl=e} <e{D: ign — fl sh} Sv{D: len — fl > sh} 
1 


ane 


1 
2 1 
<{D: len - fl > wa} < 557 < 
This shows that gx a f on D by Proposition 6.17. 
3. Finally to show that f, = f on D, note that for every « > 0 and every f,, we have 


M{D:\fa- fle} <u{Dilf- ful = 3}+u{D:l fa — fl> 5}, 


by Lemma 6.20. Now since (f, : n € N) is a Cauchy sequence with respect to convergence 
in measure, there exists N; € N such that w{D:|fn— fa| = $} < § forn, ng > Ni. On 


the other hand since fn, x f on D, there exists N;’ € Nsuch thatu {D:|fr, — fl = sl < 
§ for ny > Ni’. If we let Ne = max{N;, Nf}, then w{D: | fn — fl =e} < § +5 =e for 
n > N,. This shows that f, re f on D by Proposition 6.17. § 


Remark 6.28. (a) Let (f;, : n € N) be a sequence of real-valued 2{-measurable functions 
ona set D € 2( in a measure space (X, 2f, 4). By Observation 6.26 and Theorem 6.27, the 
sequence converges to a real-valued 2{-measurable function on D in measure y if and only 
if it is a Cauchy sequence with respect to convergence in measure LL. 

(b) Referring to Definition 6.25, the definition of Cauchy sequence for convergence in 
measure is restricted to sequences of real-valued (but not extended real-valued) measurable 
functions. The reason for this restriction is as follows. For given e > 0 and n > 0, consider 
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the set Dnn = {D : |fin — ful = €}. If fae) = & for all x € Dandn €N, then the 
difference f(x) — fn(x) is undefined for any m,n € N and x € D. Then Din.n = @ since 
by definition D,,,» is the set of all points in D at which | fin(x) — fi(x)| is defined and 
is not less than ¢. Thus we have (Dmn) = 0 < n for all m,n € N. Yet the sequence 
(fn : 2 € N) does not converge in measure on D to a real-valued measurable function. 

(c) If f, is real-valued a.e. on D for every n € N, that is, there exists a subset E,, of D 
which is a null set in (X, 2{, jz) such that f, is real-valued on D \ Ep, then E = nen En is 
a null set contained in D and by restricting f, to D \ E foreveryn € N, we have a sequence 
of real-valued measurable functions on D \ E to which we can apply Theorem 6.27. 


[V] Approximation by Step Functions and Continuous Functions 
[V.1] Approximation of Lebesgue Measurable Functions by Step Functions 


Definition 6.29. By a right-continuous step function on a finite interval [a,b) € Jeo, we 
mean a function f on [a, b) of the form f = Yy_, ck 14, where (Ik: k =1,... ,n)isa 
finite disjoint sequence in Jeo with Jt_, Ik = [a, b). By a right-continuous step function 
on R or on an infinite interval [a, 00) € Jeo, we mean a function f on R or [a, 00) such that 
its restriction to any finite subinterval of the class 3¢o is a right-continuous step function 
on the finite subinterval. 


Let us note that the set of the endpoints of the intervals in the domain of definition of a 
right-continuous step function on R or on [a, oo) has no limit points in R. In particular the 
set of points of discontinuity of a right-continuous step function is a countable set having 
no limit points in R. Let us note also that a right-continuous step function on an infinite 
interval may be an unbounded function and its range is a countable subset of R. 


Observation 6.30. If fi,... , fn are right-continuous step functions on a common domain 
of definition, then a fj + --- + nfn with a1,...,@, € R is a right-continuous step 
function. If f; and fp are right-continuous step functions on the same domain of definition, 
then fi V f2 and f; A f2 are right-continuous step functions. 


Lemma 6.31. Given a measure space (X, 2X, u). Let f be an extended real-valued A- 
measurable function on a set D € A with u(D) < ow. If f is real-valued a.e. on D, then 
for every & > 0 there exist a A-measurable subset E of D with wCE) < € anda constant 
B > 0 such that |f| < Bon D\ E, 


Proof. Let D, = {D : |f| < n} = f-!([-n,n)) forn € N. Then (D, : n € N) 
is an increasing sequence in 2f with jim, Dn = Unen Dn = {D : |f| < 00} so that 
fim, H(Dn) = = pw{D: |f| < 0} = n(D) < since n{D: | f| = oo} = 0. Thus for an 


arbitrarily given ¢ > 0, there exists N € N such that w(D \ Dy) = w(D) — uw(Dy) < «€. 
Let E = D\ Dy. Then “(E) < ¢ andforx € D\ E = Dy we have [f(x)| < N. Let 
B=N. § 


Remark 6.32. Lemma 6.31 does not hold without the condition 4(D) < oo. 
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Example 1. In (R, 99t,, 4,), let D = (0,00) and let f(x) = x forx € D. We have 
tt, (D) = oo. Let us show that not only for some ¢ > 0 but in fact for every « > 0 it 
is impossible to have a 99t, -measurable subset E of D with u,(E) < e such that f is 
bounded on D \ E. Let E be a $0, -measurable subset of D with n,(E) = c > 0. Let 
h= [2(n — Le, 2nc) forn € N. Then (J, : n € N) is a disjoint sequence of intervals 
and Ucn Jn = D. Now since , (In) = 2c and w,(E) = ¢, In is not a subset of E and 
therefore there exists x, € I, \ E for every n € N. Consider the subset {x, : n € N} of 
D\ E. Since xn € In, we have f(xn) => 2(n — 1)c forn € N and thus for any constant 
B > 0, we have f(x,) > B for sufficiently large n € N. Thus f is not bounded on D \ E. 


Example 2. In (R, 9%,,4,), let D = R\ {ka : k € Zand let f(x) = |cscx| for 
x € D. We have ,(D) = oo. Let us show that for any constant B > 0 however large, it is 
impossible to have a 99, -measurable subset E of D with finite measure such that | f| < Bon 
D\E. Letc € (0, ¥) be such thatcscc = B. Then{D : | f| > B} = Upeg (ka —c, kt +0) 
so that 4, {D :|f| > B} = oo. Thus any 90, -measurable subset E of D with jz, (E) < 00 
cannot have the set {D : | f| > B} as a subset and f cannot satisfy the condition | f| < B 
on D\ E. 


Theorem 6.33. Let f be an extended real-valued IN, -measurable function on D = [a, b). 
Suppose f is real-valued a.e. on D. Then for every ¢ > 0 there exist a SN, -measurable 
subset E of D with u,(E) < € and a right-continuous step function s on D such that 
|f —s| < eon D\ E. Moreover if M, < f < M2 on D for two constants M,, M2 € R 
such that M, < Mo, then s can be so chosen that M, < s < M2 on D. 


Proof. 1. Consider first the case where f is nonnegative extended real-valued on D. Since 
1t,(D) < 00, according to Lemma 6.31 for an arbitrary ¢ > 0 there exists a 99t, -measurable 
subset D,p of D with 4,(Duo) < § and there exists B > 0 such that f(x) € [0, B) for 
x€D\ Dy. Let Dp = D\ Dyy. Then 


(1) M, (Db) = &,(D) — H, (Dub) > 4, (D) — §- 


Let N &€ N be so large that & <e. Let 


(2) Dn ={Dp: f € [n¥,+1)¥)} forn=0,...,N—-1. 
Note that D, = f—! ([nZ, (n + 1I)8))NDy € M, forn = 0,... ,N—1. Let Dy = Dyp. 
Then {Do,... , Dx} is a disjoint collection and 
N-1 N 
(3) J Dr = Dp and |) D, =D. 
n=0 n=0 
Foreachn = 0,... , N, we have 4, (Dn) < © so that by Theorem 3.25 there exists a union 


V, of finitely many finite open intervals such that 


€ 
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To each open interval in the union V,, adjoin its left endpoint so that V,, is a union of intervals 
of the class 3-5. This does not affect the inequality (4). Forn =0,... , N, let us define a 
function s, on D by 


(5) 


S n& forx eV, ND, 
Sp(X) = 
‘ 0 forx €D\ Vy. 


Thus defined, s, is a right-continuous step function on D. Let 


N 
(6) s(x) = YS s(x) forx e D. 
n=0 


Then s is a right-continuous step function on D by Observation 6.30. By (6), we have 
(7) S(x) =S,(x) ifx €EV,N Dandx ¢ V; fork Fn. 
Foreachn = 0,... , N, let 


(8) Dx = (Vn Dn) \ J Vi 
kn 


= (Va Dn) \ (J [(Ve \ Di) U (Ve De] 
kn 


= (Vi Dn) \ (Vi \ De) UJ Ve A Dy) 
k4 kf 


= (Va Dn) \ JV \ Ded, 
kn 


where the last equality is from the fact that if k  n, then D, and Dg are disjoint so that 
Vn Dn and Vz, M Dx are disjoint. Now we have 


(9) (Da) = by (Vn Dn) — we, (| J(Ve \ Ded) 
kAn 


> H(Vn 0 Dn) — >, (Ve \ De) 
kin 


> W,(Dn) — By (VnADn) — D> 4, (VeADy) 
kAn 
N 
= ,(Dn) — D>, VeADy) 
k=0 
& 


> by (Dn) - 2(N +1)’ 
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where the last inequality is by (4). Let 


N-1 
(10) D* = |) Dt and E=D\D*. 
n=0 
Since {D, : n = 0,..., N} is a disjoint collection and D*¥ C D, forn = 0,...,N, 
{D* :n=0,... ,N)} is a disjoint collection. Thus we have 
N-1 N-1 eo 
Ky * = 
u,(D*) = de HOD > Dd Hs(Dr) Soares 


& 
> (Do) — ae Kh, (D)— 6, 


where the first inequality is by (9), the second inequality is by (3) and the last inequality is 
by (1). Thus we have pw, (E) = 4, (D) — 4, (D*) < «. 

Let us show that |f —s| < eon D\E. Ifx € D\ E = D*, thenx € D* for 
some n = 1,...,N — 1. Then since x € D* C Dy, by (8) andn < N — 1, we have 
f(x) € [n¥, (n+ 1)#) by (2). On the other hand, since x € D*, we have x € Vin M Dn 
andx ¢ V; fork # n according to (8). Thus s(x) = s,(x) = n& by (7) and (5). Therefore 
| f(x) — s(x)| < & <e. This proves that | f — s| < eon D\ E. 

2. If 0 < f < M on D for some constant M > 0, let s’ = s AM. Thens’ isa 
right-continuous step function on D such that 0 < s’ < M and|f —s’| <eonD\ E. 

3. Let f be extended real-valued on D and let f = f* — f~. By our result in 1, for 
€ > O there exists a DI, -measurable subset E; of D with 4, (Ei) < 5 and there exists a 
right-continuous step function s on D such that | f+ —s | < § on D\ E) and similarly there 
exists a 9Jt, -measurable subset E2 of D with uw, (E2) < 5 and there exists a right-continuous 
step function s2 on D such that | f~ — s2| < § on D \ E2. If we let E = Ej U E2 and 
§ = s| — 52, then E is a 9, -measurable subset of D with u,(E) < w,(£1) +4, (£2) <& 
and s is a right-continuous step function on D. For x € D \ E we have 


|f (x) — s(x)| = |(f*7@) — £7 @)} - {s1@) — 52@)}| 


<If*() — si@)1+ {7 @) — ml <5 +5 =6. 

4. Suppose M, < f < M2 on D fortwo constants Mj, M2 € R such that M; < M2. 
Consider the function g = f — M; on D. Now0 < g < M2 — M, on D. For every 
€ > 0, by our result in 2 there exists a 99, -measurable subset E of D with 2, (E) < € and 
there exists a right-continuous step function ¢ on D such that 0 < ¢ < M2 — M, on D and 
jg —t]<eonD\ EE. Lets =t+ M, on D. Thens is a right-continuous step function on 
D such that Mj <s < M2 on D, and |f —s| = |{g + Mi} — {t+ Mj}| = |g —t| < eon 
D\E. tt 


In Theorem 6.33 the domain of definition of the Jt, -measurable function f is assumed 
to be a finite interval so that it has a finite Lebesgue measure. With this assumption, Lemma 
6.31 and Theorem 3.25 are applicable in constructing a step function approximating /f. 
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Once the existence of such a step function is proved for a 99, -measurable function defined 
on a finite interval, we can use this result to show that a 99t, -measurable function defined 
on an infinite interval can be approximated by a step function. This is done in the next 
Corollary. 


Corollary 6.34. Let f be an extended real-valued IN, -measurable function on D = [a, 00) 
or R. Suppose f is real-valued ae. on D. Then for every € > 0 there exist a DI, - 
measurable subset E of D with 1,(E) < € and a right-continuous step function s on D 
such that |f — s| < € on D\ E. Moreover if M, < f < M2 on D for two constants 
My, Mo € R such that M, < Mo, then s can be so chosen that M, < s < M2 on D. 


Proof. The Corollary can be proved in the same way for the two cases D = [a, 00) and 
D=R. Let us consider the case D = R. Let ¢ > O be arbitrarily given. Let J, = [n~1, n) 
forn € Z. Then {J, : n € Z} is a disjoint collection of finite intervals of the class 3c 
with U,ez In = R. By Theorem 6.33 there exist a 90%, -measurable subset E, of J, with 
(En) < 27!"£ and a right-continuous step function s, on J, such that | f — sp| < 27g 
on I, \ En for every n € Z. If My < f < M2 on D, then s, can be so chosen that 
M, < sy < M2 on I, according to Theorem 6.33. If we let E = Unez E, then E isa 
Nt, -measurable subset of D with 


u,(E) = #,(\ &) = YotE) < Daa = =e. 


neZ, neZ 


Let s be the right-continuous step function on R defined by setting s = s, on J, forn € Z. 
Then | f — s| = |f —s,| < ¢€ on I, \ En forn € Z so that |f —s| < eonR\E. If 
M, < f < M2 onR, then as noted above s, can be so chosen that M, < s, < M2 on I, for 
n € Zand consequently M; <s < M,onR. w 


Theorem 6.35. Let f be an extended real-valued IN, -measurable function on D = a, b), 
[a, 00), or R. Suppose f is real-valued a.e. on D. Then there exists a sequence (5, :n € N) 
of right-continuous step functions on D which converges to f on D in measure {4, and also 
converges to f a.e. on D. Moreover if M, < f < M2 on D for two constants M,, Mz € R 
such that M, < Mb, then the sequence (sp : n € N) can be so chosen that M, < s, < M2 
on D for everyn EN. 


Proof. By Theorem 6.33 and Corollary 6.34, forevery k € N there exists a 99, -measurable 
subset Ey of D with u, (Ex) < t and there exists a right-continuous step function sz, on 
D such that |s, — f| < zon D ‘\ E,. This implies {D > |s, — fl = i} C Ex so that 
we have “,{D > [Sk — fl > i} < i for every k € N. According to Corollary 6.18, this 
shows that the sequence (s, : & € N) converges to f on D in measure. Then by Theorem 
6.24 (Riesz), there exists a subsequence (sx, : € € N) which converges to f a.e. on D. As 
a subsequence of (s, : k € N), the sequence (s,, : € € N) also converges to f on D in 
measure. If Mj < f < Mp2 on D, then s, can be so chosen that M, < sy < M2 on D for 
every k € N according to Theorem 6.33 and Corollary 6.34 and thus Mi < sg, < M2 on D. 
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[V.2] Approximation of Lebesgue Measurable Functions by Continuous Functions 


Theorem 6.36. (E. Borel) Let f be an extended real-valued IN, -measurable function on 
R which is real-valued a.e. on R. Then for every € > 0 there exist a 30, -measurable subset 
E of Rwith ,(£) < ¢ anda continuous real-valued function g on R such that | f — g| < 
on R\ E. Moreover if M, < f < M2 on R for two constants M,, Mz € R such that 
M, < Mb, then g can be so chosen that M, < g < M2 onR. 


Proof. Let ¢ > 0 be arbitrarily given. According to Corollary 6.34, there exist a 90t, - 
measurable subset Eo of IR with , (Eo) < 5 and a right-continuous step function s on R 
such that | f — s] < 5 on R \ Eo. Let s be given by s = )o,ez¢n- 1), where c, € R 
forn € Zand {I, : n € Z} is a disjoint collection of finite intervals of the class J¢, with 
Unez I, = R. We number the intervals J, in such a way that J, is to the left of Z,41 on the 
real line R for every n € Z. This is possible since the set of the endpoints of the intervals in 
the domain of definition of a right-continuous step functions on R does not have any limit 
points in R as we noted following Definition 6.29. Let I, = [@n, Gn41) where an < Qn4.1 
forn € Z. The set {a, : n € Z} contains all the points of discontinuity of the step function 
s in R. Now for every n € Z, ay is the right endpoint of the interval J», = [@n—1, an) and 
the left endpoint of the interval J, = [@n, dn41). Let us define 

bn = 


min { 75: €(ln-1)- Un), 


It = [an + 8s Ant — nti] C Ins 
Jn = [an — $n, An + Sn). 


Then R = ---US,-, ULF Un UTTU Ing U fot U---, where J,_, is to the left of J*_,, 
I , isto Be cack of Jn, iz is to the left of J* and so on. We define a continuous real-valued 
function g on R by setting g be equal to s on J* and letting g to be linear on J, assuming the 
value of s at the two endpoints of J, for every n € Z. Thus for x € It we define g(x) = cn 
and for x € J, we define g(x) by 


g(x) — Cn-1 = Cn — Cn-1 
xX — (dn — bn) (Qn + 8n) — (Gn — bn)’ 
that is, 


Cn — Cn— 
g(x) = 2x — (aq — 3n)} + Cnet- 
26n 


Let E= Eg U (Unez Jn): Then E is a 90t, -measurable subset of R with 


1,(E) < (Eo) + Yan) < 5+ Ys = Ses ae 


neZ neZ 


and g =sonR\ E. Then|f — g| <|f —s|+|s—gl=|f—s|<eonR\E. 

If M; < f < M2 onR, then s can be so chosen that M) < s < M2 on R according 
to Corollary 6.34, Then for the continuous real-valued function g defined above, we have 
Mi <g<M2onR. wu 
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Theorem 6.37. Let f be an extended real-valued IN, -measurable function on R. Suppose 
f is real-valued a.e. on R. Then there exists a sequence (g, : n € N) of continuous real- 
valued functions on R which converges to f on R in measure 1, and also converges to 
f ae. on R. Moreover if M, < f < M2 on R for two constants M,, Mz © R such that 
M, < Mo, then the sequence (gy : n € N) can be so chosen that My < gn < M2 onR for 
everyn EN. 


Proof. This Theorem can be proved in the same way as Theorem 6.35. # 


(Let us remark that if f is a $0, -measurable but not S$p-measurable real-valued function 
on R then there does not exist any sequence (g, : n € N) of continuous functions on R 
which converges to f everywhere on R since the existence of such a sequence implies that 
f is Bp-measurable on R by (b) of Theorem 4.22.) 


A continuous real-valued function f defined on an open set G in a topological space 
X may not have a continuous extension to X, that is, there may not be any continuous 
real-valued function g on X such that g = f on G. For example, if X = Rand G = 
(—00, 0) U (0, 00) and f is defined by f(x) = x—! for x € G, then f is continuous on G 
but has no continuous extension to X. On the other hand, if f is a continuous real-valued 
function defined on a closed set F in a metric space X, or more generally in a normal 
topological space, then f has a continuous extension to X. In the next Proposition, we 
prove this for the particular case X = R by an elementary construction. 


Proposition 6.38. Let F be a closed set in R. If f is a continuous real-valued function 
defined on F, then f has a continuous extension to R, that is, there exists a continuous 
real-valued function g on R such that g = f on F. 


Proof. 1. Let G = F°. Then G is an open set in R so that G = Uren I, where (1, : k € N) 
is a countable collection of disjoint open intervals in R. Let I, = (ax, by) fork € N. Let us 
define a real-valued function g on R by setting g = f on F and setting 


f (bx) — f (ak) 

ee 
by — ag 

that is, g is linear on the closed interval [az, bg] D Ip. Note that a, and by are in F so that 

f (ax) and f (by) are defined and g(ax) = f (ax) and g(by) = f (bx). Let us show that g is 

continuous at every x9 € R. Now GN F = @ and GU F = R and every xo € R is either 

in Gorin F. 

2. If xo € G, then xo € (ag, bg) for some k € N. Since g is linear on (ag, bg), g is 
continuous at x9. Suppose x9 € F. To show that g is continuous at x9, we show that g is 
both left-continuous at x and right-continuous at xo. Let us prove the right-continuity of g 
at x9. There are three cases to be considered regarding the position of xo in F: 

(a) There exists 7 > O such that [xo, x9 + 9) C F. 
(b) There exists 7 > 0 such that (xo, x9 + 7) C G. 
(c) For every 7 > 0, (xo, x9 + 7) contains points from both F and G. 

Case (a). Since f is continuous on F, it is continuous on [xo, x9 + 7) and in particular 
right-continuous at x9. Then since g = f on [xo, x9 + 7), g is right-continuous at x9. 


g(x) = x —ag)+ flax) forx € [az, bg] fork € N, 
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Case (b). The fact that x9 € F and (xo, xo +) C G implies that there exists k ¢ N 
such that (xo, xo + 7) C (ax, bx) and x9 = ax. Then since g is linear on [a,, by], g is 
right-continuous at x9 = ax. 

Case (c). By the continuity of f at xo, for every ¢ > 0 there exists 6 > 0 such that 


(a) if (x) — f(xo)l < for x € [x0,x0-+3) NF. 


Now since (xo, x0 + 7) NM F # @ for every n > 0, there exists x1 € (xo, x9 + 5) NF. Let 
us write x] = x9 + do with dg € (0, 6). By (1) and by the fact that g = f on F, we have 


é 
(2) lg(x) — g(xo)| < 3 for x € [xo, Xo + do] N F. 


Consider [xo, x9 + 60] NG. If x € [xo, x9 + 69] MG, then since xo, xo + 69 ¢ G and 
x € G, there exists k € N such that x € (ag, by) C [xo, xo + 50] C [x0, xo + 5). Since 
ax, by € [xo, Xo + 8) N F, (1) implies that | f(a.) — f(xo)| < £ and | f (bx) — f(xo)| < 5. 
Since g is linear on [ax, bg], for our x € (ag, by) we have either f(ax) < g(x) < f (bg) or 
FS (ax) => g(x) > f (bx) and in any case we have 


Ig(x) — flak)| < | flax) — f(be)| = | fan) — fx0)| + If Go) — f(be)| < =. 


Then 
2 
[g(x) — g(xo)l = Ig(x) — f (x0)! < Ig) — fla@dl + f(a) — f(x0)| < = = =8 =e. 
Thus we have shown 


(3) Ig(x) — g(xo)| < € forx € [xo0, x0 + 0] NG. 


Since F UG = R, (2) and (3) imply that |g(x) — g(xo)| < © for x € [xo, xo + do]. This 
proves the right-continuity of g at xo. The left-continuity of g at xo is proved likewise. & 


Theorem 6.39. (N. N. Lusin) Let f be an extended real-valued IN, -measurable function 
on R which is real-valued a.e. on R. Then for every € > 0 there exist an open set G in R 
with ,(G) < € and a continuous real-valued function g on R such that g = f onR\G. 


Proof. Let ¢ > 0. According to Theorem 6.36 (Borel), for every n € N there exist a 
Nt, -measurable subset E,, of R with uw, (En) < Son and a continuous real-valued function 
fn on R such that | fn — f| < $37 on R\ En. Let E = Une En. Then we have 


1 
lfn - fl < sm on R \ £ for every n € N. 


This shows that the sequence (f,, : n € N) of continuous functions converges to f uniformly 
on R \ E. The continuity of f, and the uniform convergence of f, to f on R \ E implies 
that f is continuous on R \ E. Now 


1 
1, (E) =u(U En) <)-m,(En) < S55 = = 


neN neN neN 
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According to (a) of Lemma 3.21, there exists an open set G in R such that G D E and 
1, (G) Sw, (E)+ 5 < €. Since f is continuous on R \ E, it is continuous on the closed 
set R \ G. Then by Proposition 6.38 there exists a continuous real-valued function g on R 
such thatg = fonR\G. @ 


Problems 


Assumptions. For problems in this section, unless otherwise stated, it is assumed that 
(fn: n € N) is a sequence of extended real-valued 2{-measurable functions on a set D € 2 
in a measure space (X, 2, w) and f is a real-valued 2(-measurable function on D. Similarly 
for (g, :n € N) and g. 


Prob. 6.1. Let (X, 2, 2) be a measure space and let D € 2. Let (f, : n € N) and f be 
extended real-valued 2(-measurable functions on D and let f be a real-valued on D. For 
an arbitrary ¢ > Olet Den ={D:|fn— f| >} forn € N. Then lim fn = f ae. on D 
n 
if and only if (lim sup De,,) = 0 for every ¢ > 0. 
n—> Oo 
Prob. 6.2. Let (X, 2, ~) be a measure space. Let (f, : n € N) be a sequence of ex- 
tended real-valued 2{-measurable functions on X and let f be an extended real-valued 
{-measurable function which is finite a.e. on X. Suppose lim | fn = f ae. on X. Let 
n> 


ae [0, #(X)) be arbitrarily chosen. Show that for every « > 0 there exists N € N such 
that #{X :|fr—-fl<e}>aforn>N. 


Prob. 6.3. Let (f, : n € N) be a sequence of real-valued continuous functions on R. Let £ 
be the set of all x € R such that the sequence (f,(x) :n € N) of real numbers converges. 
Show that E is an Fa -set, that is, the intersection of countably many F;-sets. 


(Hint: Use the expression E = (),ne~ Uwen (pen {x ER: | fvsp(x) — fu(x)| < x} 


m 


Prob. 6.4. Conditions 1° and 2° in Theorem 6.7 are sufficient for (fy, :n € N) to converge 
to f ae. on D, but they are not necessary. To show this, consider the following example: 

In (R, 9, 4,), let D = (0,1) and let f,(x) = 1 for x € (0,4) and f(x) = 0 for 
x € [4,1) form € Nand let f(x) = 0 for x € (0,1). Then (f, : n € N) converges to f 
everywhere on D. Show that for any sequence of positive numbers (€, : n € N) such that 


Jim, én = 0, we have Donen Hi {x € ©, 1): [fax) — fF) = en} = 00. 


Prob. 6.5. To show that Egoroff’s Theorem holds only on sets with finite measures, we have 
the following example: 

Consider (R, 9, u,). Let D = [0, 00) with u,(D) = oo. Let fr(x) = 2 forx € D 
forn € N and let f(x) = 0 for x € D. Then the sequence (f, : n € N) converges to f 
everywhere on D. To show that (f, : n € N) does not converge to f almost uniformly on 
D, we show that for some 7 > 0 there does not exist a 0, -measurable subset E of D with 
jt, (E) < 7 such that (f, : 1 € N) converges to f uniformly on D \ &. Show that actually 
for any 99, -measurable subset E of D with 4, (E) < 00, (f, : n € N) does not converge 
to f uniformly on D \ E. 
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Prob. 6.6. By definition, f;, & f on D if for every e > 0 
jim w{x € Ds | fn) — Ff) =e} =0. 

Show that this condition is equivalent to the condition that for every ¢ > 0 
jim w{x € D: |fnl) — f@)| > €} =0. 


Prob. 6.7. (a) Show that the condition 
lim {x € D: | fax) — f(x)| > 0} =0 
n->0oO 


implies that f, > f on D. 

(b) Show by example that the converse of (a) is false. 

(c) Show that the condition in (a) implies that for a.e. x €¢ D we have f,(x) = f(x) for 
infinitely many n € N. 


Prob. 6.8. Let (a, : n € N) be a sequence of extended real numbers. Show that the sequence 
converges to a real number a if and only if every subsequence (an ,ikeé N) of the sequence 
(a, : n € N) has a subsequence (ne, :feE N) converging to a. 


Prob. 6.9. (a) Show that if every subsequence ( In ik € N) of a sequence (f, :n € N) has 
a subsequence ( fg 1 £ E N) which converges to f on D in measure, then the sequence 
(fn in € N) itself converges to f on D in measure. 

(b) Show that if 4(D) < oo and if every subsequence (f,, : k € N) of the sequence 
(fn : n € N) has a subsequence (fn,, : £ € N) which converges to f a.e. on D, then the 
sequence (f, : n € N) itself converges in measure to f on D. 


Prob. 6.10. Show that if f, zt f on D, then cf, Bet cf on D foreveryc ER. 

(Assume that f, is real-valued for every n € N to make multiplication cf, (x) of fn(x) by 
c € Rincluding c = 0 possible at every x € D. Alternately, consider only c 4 0 and permit 
Fn to be extended real-valued.) 


Prob. 6.11. Show that if fi a f on D and gy, Are gon D, then f, + &n 4 f+gonD. 
(Assume that f, and g, are real-valued for every n € N to make the addition f, (x) + gn(x) 
possible at every x € D.) 


Prob. 6.12. Show that if f, Bet f on D and gy, ss g on D and if u(D) < ov, then 
TnBn ees fg on D. (Assume that both f, and gy are real-valued for every n € N so that the 
multiplication f(x) gn(x) is possible at every x € D.) 


Prob. 6.13. Show that if f, ct f on D and if u(D) < ov, then for every real-valued 


continuous function F on R we have F o f, 4 Fo f on D. (Assume that f, is real-valued 
forevery n € N to make the composition (Fo fn)(x) = F ( fn (x)) possible atevery x € D.) 


Prob. 6.14. The following are two modifications of Prob. 6.13: 


(a) Show that if we remove the condition 4(D) < 00, we still have F o f, meth oF fonD 
if we assume that F is uniformly continuous on R. 


(b) Show that if we remove the condition 4(D) < 00, we still have F o fn 4 Fo fonD 
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if we assume that the sequence (f, : n € N) is uniformly bounded. 


Prob. 6.15. Referring to Prob. 1.32, show that ([2C], *) is a complete metric space, that is, 
if a sequence {[A,] : n € N} in [2£] is a Cauchy sequence with respect to the metric p* then 
there exists [A] € [2] to which the sequence converges with respect the metric p*. 


Prob. 6.16. An extended real valued function f on R is said to be left-continuous at xo € R 
if f(xo) € R and limys,, f(x) = f(xo). Similarly f is said to be right-continuous at 
xo € Rif f(xo) € Rand limy,, f(x) = f (xo). 

(a) Show that if f is left-continuous everywhere on R, then f is Bp-measurable on R. 
(b) Prove a parallel statement for a right-continuous function. 

(Hint: For (a), construct a sequence of right-continuous step functions which converges to 
f everywhere on R.) 


Prob. 6.17. Let f be an extended real valued function on R. 

(a) Show that if limy+x9 f(x) exists in R for every xo € R, then the collection of points 
xo € R at which limyyx) f(x) # f (xo) is a countable collection. 

(b) Prove a parallel statement for limy) x) f(x). 


Prob. 6.18. Let f be an extended real valued function on R. 
(a) Show that if lim,41) f(x) exists in R for every xo € R, then f is Sp- measurable on R. 
(b) Prove a parallel statement for limy) x) f(x). 


Prob. 6.19. Let (X, 2, 4) be a finite measure space. Let (f, : n € N) be an arbitrary 
sequence of real-valued 2{-measurable functions on X. Show that for every ¢ > 0 there 
exist F € 2( with w(E) < e and a sequence of positive real numbers (a, : n € N) such that 
im, an fn =OonX\E. 


Prob. 6.20. Let (X, 2, w) be a finite measure space. Let (f, : n € N) be an arbitrary 
sequence of real-valued 2{-measurable functions on X. Show there exists a sequence of 
positive real numbers (a, :n € N) such that lim a, f, = 0, -a.e. on X. 

noo 
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Chapter 2 


The Lebesgue Integral 


§7 Integration of Bounded Functions on Sets of Finite Mea- 
sure 


[I] Integration of Simple Functions 


Definition 7.1. Given a measure space (X, A, 1). A function ¢ is called a simple function 
if it satisfies the following conditions: 

1° Dp) € AW 

2° gp is A-measurable on D(¢g), 

3° gy assumes only finitely many real values, that is, SX(¢) is a finite subset of R. 

(Note that 4(D(g)) = 00 is permissible but oo and —oo are not permissible values for a 
simple function ¢.) 


Lemma 7.2. If g, and ¢2 are simple functions on a set D € 2X and if c\, cz € R, then 
C1 G1 + C2 ¢2 is a simple function on D. 


Proof. The 2l-measurability of c; gj +c2 ¢2 on D follows from that of yg) and g2 by Theorem 
4,12. Since gy) and 2 each assume only finitely many real values, cg + c2 ¢2 assumes 
only finitely many real values. In fact if {aj : i = 1,...,m) and {bj : j = 1,...,n} 
are the values of g; and ¢ respectively, then the values of cj g1 + c2 2 are given by 
{c1aj + c2b; :i =1,...,m;j =1,...,n} which is a finite set in R. Thus cj g1 + c2 ¢ 
isa simple functionon D. w 


Definition 7.3. Let y be a simple function on a set D € Ain a measure space (X, A, j2). 
Let {a; : i = 1,...,n} be the set of the. distinct values assumed by y on D and let 
Di = {x € D: g(x) = a;} fori =1,...,n. {Dj :i =1,... ,n} is a disjoint collection 
in M and \Ji_, Di = D. The expression v(x) = S~?_1 a;1p,(x) for x € D, or briefly, 
g= St aj1p,, is called the canonical representation of 9. 


Note that if D; € 2l and a; € Rfori =1,... , and if we let D = | )?_, D; and define 
g = j=: 4i1p, on D then ¢ is a simple function on D. However 77_, aj1p, may not be 
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the canonical representation of g since {D; : i = 1, ...n} may not be a disjoint collection 
and since {aj :i = 1,... ,n} may not be a collection of distinct real numbers. 


Convention. We adopt the convention that 0 - too = too - 0 = O if one the two factors is 
the constant value of a measurable function on a measurable set and the other is the measure 
of the set. 


Let g = )-j.| 4i1p, be the canonical representation of a simple function ona set D € 2 
of a measure space (X, 2(, ~). By our convention above, a;j.(D;) is defined and exists in 
the extended real number system R fori = 1,... , n but yee} ai w(Dj) may not exist since 
oo — oo is undefined. 


Definition 7.4. Let ¢ = )°y_, a;1p, be the canonical representation of a simple function on 
a set D € 2 in a measure space (X, A, 4). The Lebesgue integral of y on D with respect 
to y is defined by 


[900 mids) = Yano, 
i=] 


provided that the sum exists in R. In this case we say that y is Lebesgue semi-integrable 
on D with respect to 4, or simply, jt semi-integrable on D. We say that y is Lebesgue 
integrable on D with respect to 1, or simply 2-integrable on D, only when f{, p P(x) u(dx) 
is a real number. The notation f, p v4 is an abbreviation for di p P(x) u(ax). 


Let D € Mand let {Dj : i = 1,... ,n} be adisjoint collection in A such that )7_, Dj = D. 
Let aj,... ,@, € R. If we define a function g on D by setting g = Ma ajlp, on D then 
¢ is a simple function on D. However )~}_, aj1p, may not be the canonical representation 
of y since aj,... , d, are not assumed to be distinct. Nevertheless Definition 7.4 implies 
that if {, ¢ du exists then it is given by 


| gdp =) aiu(D). 
D 


i=l 


To show this, consider for instance the case that a], ... , pn, are distinct and a,_) = ay. In 
this case we let E = D,_;UD,. Then yey aj1p,+an—11£ is the canonical representation 
of ¢ so that by Definition 7.4 we have 


n—2 n—2 
/ gdp= >> aiu(Di) + an-1 (EF) = >> ain(Di) + Qn—1(Dn-1) + Qn-1 (Dn) 
D 


i=] i=] 
n 

=) aip(Di). 
i=] 


Examples. Consider (R, Bp, “,). Let Q and P be respectively the sets of all rational 
numbers and irrational numbers in R. We have PN Q = 9, P UQ=RandP, Qc Br. 
Let us define a simple function g on [0, 1] € Bp by setting (x) = 0 forx € [0,1]NQ 
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and gj (x) = 1 for x € [0,1] 9 P. With 1, ([0, 1] Q) = 0 and pz, ([0, 1]N P) = 1, we 
have Sto. gidu, =0-0+1-1 = 1 and thus g is y-integrable on [0, 1]. Next let us 
define a simple function g2 on R by setting g2(x) = 0 forx € Q and g2(x) = 1 forx ¢€ P. 
In this case we have n, (Q) = 0 and 4, (P) = oo so that Spode, =0-041:-we= 
oo and thus g2 is jz semi-integrable on R. As another example, if we define a simple 
function ¢3 on [0, 00) € Bp by setting g3(x) = —1 forx € kez, ,[2k + 1,2k + 2) and 
g3(x) = 1 for x € Uper,[2k, 2k + 1), then since 1, (Ugez,,[2k + 1, 2k + 2)) = 00 and 
(ger, [2k, 2k + 1)) = 00 also, and since ~1 - 00 + 1 - 00 is undefined, fig...) 93 dH, 
does not exist. 


Observation 7.5. Let g be a simple function on a set D € 2( in a measure space (X, 2, jz). 
1° If w(D) = 0, then f, pdu = 0. 

2° Ify =OonD, then f, pdu = 0. 

3° Ifg = 0on D, then f,, gy du € (0, oo]. 

4° If g <0on D, then {, ydu € [—o, 0]. 

5° If u(D) < oo, then f, pd ER. 

6° gis -integrable on D if and only if u{D : g 4 0} < ov. 

7° If gy = 0onD, then f, y du = 0 if and only if u{x € D: g(x) #0} =0. 

8° Ify>O0onD,E C D,and E € A, then f, pdu < fogdu. 


Observation 7.6. Let y be a simple function on a set D € 2( in a measure space (X, 2, 2). 
Let {E1,... , Ex} be a disjoint collection in 2€ such that Ufa E; = D. Then ¢ isa simple 
function on E; for j = 1,... ,k and if g is « semi-integrable on D then so is g on Ej for 
j=1,...,k and furthermore f, gdp = vies te, gdp. 


Proof. Since E; € 2 and E; C D, the &-measurability of g on D implies the 2(- 
measurability of the restriction of g to Ej; by Lemma 4.7. Since y assumes only finitely 
many real values on D, its restriction to Ej; assumes only finitely many real values on Ej. 
Thus the restriction of g to E; is a simple function on E; for every j = 1,...,&k. Now 
let p = wre aj1p, be the canonical representation of g. Consider the disjoint collection 
{Dj NEj:i=1,...,n;j =1,... ,k} in A with Uh_,(DiN Ej) = Dj fori =1,...,n 
and j7_) jar (Di M E;) = D. The canonical representation of g on Fj is given by 
~ = Vja1 U1 d;nz;. Now 


n n k 
[edu = Dai w(Di) = Ya] ao. n p| 
i=] 


i=t bj 


Lemma 7.7, Let ¢, ¢2, and y be simple functions on a set D € A in a measure space 
(X, 2, 4). Assume that 9), ¢2, and y are pt semi-integrable on D. 
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(a) If g1 = g2 ae. on D, then fy gidu= fy gradu. 
(b) If g1 < y2 on D, then fy gidu < fy godu. 
(c) If p(x) € [Mi, M2] for x € D, then f[, pdu € [Mip(D), M2u(D)). 
(d) cg is ww semi-integrable on D for every c € R. 
Ifc #0 then we have [, cpdu=c frp du. 
Ifc =O then fy cp du = 0 butc fy g dy is undefined in case fp du = £00. 
(e) If y is -integrable on D, then so is cy for every c € R and moreover we have 
fopceydusacfygdu. 
(f) If 1 = 0 and gz = 0 on D, then g + ¢2 is us semi-integrable on D and moreover 
Split gidus=fpgidut fy grdu. 
(g) If at least one of ~, and 2 is j4-integrable on D, then y + ¢2 is uw semi-integrable on 
D and moreover we have fp{vi + g2}dp= de gi dut Ts god. 
In particular, if both gy and ¢2 are .-integrable on D, then so is p, + 2. 
(h) If Dj, Dz € A, Di) Dz = Band Di UD = D, then fy pd = Sp, 9 4K+ Sp, Pah. 


Proof. 1. To prove (a), suppose ¢] = ¢2 on D \ E where E is a subset of D which is a 
null set in (X, 2l, 4). By Observation 7.6, we have f, gidu = Jove gidut froidu 
and fp g2du = Joye 924 + fe ¢2du. On D \ E we have g, = ¢2 so that we have 
Sove gi du= Joye 92. 4b. Since (E) = 0, we have f,, gi du = 0 and f,, gd = 0 by 
1° of Observation 7.5. Thus we have fy gidu = fr go du. 

2. (b), (c), (d), and (e) are immediate from Definition 7.4. 

3. To prove (f), let ) = wie ajlg, and g2 = Bie bj1f, be the canonical representa- 
tions of g and ¢ respectively. If we let G;,; = E; Fj, then we have a disjoint collection 
(Giji:i=l...,mjj=,...,n) in A with U7, Ufo Gi,j = D. We have 


[io du => aip(Ei) = Ya] DaGi| =) ame.) 
i=] 1 =1 


i= j= i=1 j=l 


and similarly 


n n m m n 
[erdu= J bjmF) =o] YmGin| =D YrosmGia. 
2 j=l j=l bist i=I j=l 
On the other hand since g + g2 assumes the value a; + b; onthe set G;,; fori = 1,...,m 
and j = 1,...,n, we have fy {gi + ga}du = Dy, ja Gi + bj)u(Gi,;). Thus we 
have fn {gi + go}du = fpgidut fp gradu. 

4, To prove (g), let g1 = )o7Ly ailz, and gy = Y°"_, bj1r, be the canonical repre- 
sentations of g, and ¢2 respectively. Let Gj,; = E; M Fj as in 3. We have the equalities 
Sp gi de = Yih Vins aie (Gi,j) and fp gr du = YO") Vj-1 bj u(Gi,j). Let us show 
that if at least one of g; and ¢2 is -integrable on D, then the simple function g) + 2 
is 2 semi-integrable on D. Let us assume that g2 is y-integrable on D. Since g) + @ 
assumes the value a; + b; on Gj,;, to show that g| + ¢2 is « semi-integrable on D we 
show that )°7L) doj=1(ai + bj)4(Gi,j) exists in R. Suppose among the m x n sum- 
mands in )\yy Via Gi + bj)u(Gi,j), we have (a; + bj)u(Gi,j) = co for some (i, j) 
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and (ax + be)u(Gx,2) = —0oo for some (k, 2). Now since 2 is p-integrable on D and 
thus b;4(G;,;) and beu(Gx,e) are finite, we have a;4(G;,;) = 00 and agy(Gx,e) = —00 
and then aj(E;) = 00 and agu(Ex) = —0oo. This is impossible since gj is 4 semi- 
integrable on D and ae ajp4( Ej) exists in R. This shows that it is impossible that one 
of the m x n summands assumes the value oo and another the value —oo. Therefore 
1 Vai (ai + bj) u(Gi,s) exists in R. 

5. (h) is a particular case of Observation 7.6. #1 


[II] Integration of Bounded Functions on Sets of Finite Measure 


Given a measure space (X, 20, 4). Let D be a 2{-measurable set with w(D) < oo. Then 
every simple function on D is -integrable on D with respect to w. Let f be a bounded 
real-valued function on D, say | f(x)| < M forx € D forsome constant M > 0. Let g and 
w be simple functions on D such that g(x) < f(x) and f(x) < w(x) for x € D. (Such 
simple functions always exist. For instance g(x) = —M and w(x) = M for x € D will 
do.) Now since gy < w on D, wehave fy gdu < fy wdu. 


Observation 7.8. Let f be a bounded real-valued function on a set D € 2( with z(D) < co 
in a measure space (X, 2f, 4). Suppose f(x) € [M1, M2] for some constants M,, Mz € R 
such that M,; < M2. Then we have 


Min(D) < sup | ydu < inf | edu < Myu(D), 
osf JD fsv Jp 


where sup, < is the supremum on the collection of all simple functions g on D such that 
gy < f on D and inf f<y is the infimum on the collection of all simple functions y on D 
such that f < w on D. 


Proof. For every g and y, we have g < f < y and thus [, du < fp w dy by (b) of 
Lemma 7.7. Then with an arbitrarily fixed y, we have f[,gdu < anf Inv du. Since 
< 


this holds for every y, we have sup fy gydu < inf fywdy. w 
o<f fsv 


Theorem 7.9. Let f be a bounded real-valued function on a set D € M with u(D) < co 
in a measure space (X, A, 2). 
(a) If f is 2t-measurable on D, then 


(1) sup | gdp= inf fv aw. 
o<fJD fsv JD 


(b) Conversely if (1) holds, then f is U-measurable on D provided that (X, A, ) isa 
complete measure space. 


Proof. 1. Let us assume that f is 2{-measurable on D. Since f is bounded on D, there 
exists M > 0 such that f(x) € (-M, M] for x € D. Foreachn €N, let us divide the 
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interval (—M, M] into 2n equal subintervals of length “ given by Inn = ((k — 1) #4, k4] 
fork = —n+1,...,n. Let Dax = {D: f © Ing} = f7'(Unx). Since f is a real- 
valued 2{-measurable function, it is a 2(/98p-measurable mapping by Theorem 4.6. Then 
since Ing € Bp, we have f—'(In,~) € A. Thus {Daye sk = —n+1,... ,n} isa disjoint 
collection in 2 and Opa 41 Dak = D. Foreachn €N, let us define two simple functions 
Gn and w, on D by setting 


M 
On(x) = (kK -1)— forx € Dix fork = —n+1,...,n 
n 


M 
n(x) = k— forx € Dn, fork = —n+1,...,n. 
n 


We have g(x) < f(x) < Wn(x) for x € D. Now by Observation 7.8, we have 


O< int [ van sup f dus f vndu— fondu 
fev Ip osfJD D D 


= [vn — Gnjdp = ~ {Vin — Pn}du 


k=—nt1 Y Prk 


3 9 fe —@-)JuDna) 


=—n+1 
n 


M M 
= DS =x(Dr4) = —H(D) 
n n 
=—n+1 
for an arbitrary n € N. Letting n — 00, we have ant fp vdu— sup fp ¢du = 0. This 
= osf 


proves (1). 

2. Conversely suppose (1) holds. Assume also that (X, 2l, 2) is a complete measure 
space. Let us show that f is 2{-measurable. Now for every n € N, there exist a simple 
function gy, < f and a simple function wy, > f such that 


1 
sup | eau-~< f onay 
osf JD he D 
and 


1 
inf [ wdp+-> / Wn dp. 
fs¥ JD n D 
Subtracting the first inequality from the second and applying (1) we have 


(2) [i vnan— fondu <= 


If we define two functions g and h on D by setting g = sup,en Gn and h = infnen Wn, then 
g and h are 2{-measurable on D by Theorem 4.22. Also from g, < f < W, on D for every 
n € N, we have g < f < hon D. If we show that g = h ae. on D, then we have f = g 
a.e. on D. Then the fact that g is 2l-measurable on D and (X, 2{, w) is acomplete measure 
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space implies that f is 2{-measurable on D according to (b) of Observation 4.20. Thus it 
remains to show that g = fh a.e. on D. Now 


{D:g#h}={D:h-g>0}=|J{D:h-g>}Z} 


keN 
so that 
WID:g#h}<) u{[D:h-g> jz}. 
keN 
If we show that 
(3) u{D:h—-g> 7}=0 foreveryk EN, 


then u{D : g # h} = O and g = hae. on D. To prove (3), let k € N be fixed. Since 
Yn << f <h <n forn EN, wehave{D:h-g >t} C{D: wn—Gn = t} and 
then un{D:h-g> i} SH{D: vn - On > i}. Thus we have 


1 1 1 1 
Lah Uae oe >>} <zu[D: egg Be 
{HD s25y = pH Vn — 


—k 
1 
Pa Ay < | Un(x) — on(x)} d 
shes k 7 es : : 
2 
< fm = gm) dp <*, 
D n 


where the second inequality is from the fact that i < Yn — non {D: Wn — Gn = i} so 
that (b) of Lemma 7.7 is applicable, the third inequality is by 8° of Observation 7.5, and the 
last inequality is by (2). Since this holds for every n € N, we have pu{D :h-g> tI =0 
and then multiplying by k we have u{D th-ge> tI = 0. This proves (3). & 


If f is a bounded real-valued 2{-measurable function on a set D € 2{ with u(D) < co 


in a measure space (X, 2, jz), then SUPy<f ips gdp = inf sey tn wdp € R by Theorem 
7.9 and Observation 7.8. This is the basis of the following definition. 


Definition 7.10. Given a measure space (X, 2, ). Let f be a bounded real-valued A- 
measurable function on a set D € A with u(D) < oo. We define the Lebesgue integral of 
f on D with respect to by 


J feomeax) = sup f oan = inf | wduweR. 
D y<f JD fev Jp 


In other words, with the collection ® of all simple functions g on D such that p < f we let 


[ feoman =sup{ f eau:ve a}. 
D D 


We say that f is Lebesgue integrable on D with respect to t or simply -integrable on D. 
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If D € A with ~CD) < oo then a simple function f defined on D is also a bounded 
real-valued 2{-measurable function on a set with finite measure so that J p J du is defined 
by both Definitions 7.4 and 7.10. Thus we need to verify that the two definitions of f, pfdu 
are consistent for such a function. Let us write /(f) for the integral of f on D in Definition 
7.10, reserving the notation /, p J 4 for the integral of a simple function f as in Definition 
7.4. Thus J(f) = sup { Ip¢du:ge o}. Now if f is itself a simple function on D, then 
f € ® and moreover for every p € ® we have y < f sothat fy, ydu < f, f du by (b) of 
Lemma 7.7. Thus /(f) = sup{ f,gdu:ge}= {p f du. This shows the consistency 
of Definitions 7.10 and 7.4. 


Lemma 7.11. Given a measure space (X, 2, 1). Let f; and fz be bounded real-valued 
MA-measurable functions on a set D € A with u(D) < oo. If fi = fo ae. on D, then 


to fidu= fp fod. 


Proof. For i = 1 and 2, let ®; be the collection of all simple functions yg; on D such that 
9; < fi. By Definition 7.10, we have 


(1) | fiau=or{ f odusee oi}, 
D D 


Let us show that corresponding to every g; € ® there exists g2 € ®2 such that J, ped = 
f p 92d. Now since f; = f2 ac. on D, there exists a subset Do of D which is a null set 
in (X, 2, 2) such that f; = f2 on D \ Do. Since fi and f2 are bounded on D, there exists 
M > Osuch that fi(x), fo(x) € [—M, M] forx e€ D. Let us define a simple function g2 on 
D by setting ¢2(x) = ¢1(x) forx € D \ Do and g2(x) = —M for x € Do. Then g2 < fo 
on D so that y2 € $2. By (h) of Lemma 7.7 and 1° of Observation 7.5, we have 


[vau= nds f adu= | gidu+0 
D D\Do Do D\Do 


=f edu f eidu= | ody. 
D\Do Do D 


Thus corresponding to every g; € ® there exists gz € 2 such that Io gidu = Ip god. 
Then the collection of real numbers { f, yi du : 1 € &1} isasubcollection of the collection 
{ fp G2 du : v2 € &2} and therefore we have 


(2) sup{ [ eiduigi edi} <sup{ f wrdy: g € 2}. 
D D 


By (1) and (2), we have f, fidu < fp f2du. Interchanging the roles of f, and f) in the 
argument above we have f,, fodu < fp fidu. Therefore fy fidu= fy frodu. t 


Lemma 7.12. Given a measure space (X, XU, w). Let f, fi, and f2 be bounded real-valued 
2-measurable functions on a set D € A with u(D) < oo. Then 


(1) fetau=cf fdup forceR, 
D D 
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and 


Q) [int mau= ff nant f fan, 


Proof. 1. To prove (1), note that if c = 0, then cf = 0 on D and thus ts cf du =0. On 
the other hand since tn fdp é€ R,ifc = 0 then efi f du = 0. This proves (1) for the 
case c = 0. Next consider the case c > 0. Now 


1 
(3) fetau= sup f edu =c sup {= f rau 
D es<cf JD gscf (CUD 
1 1 
=e sup f “edu ac sup | ~gdp 
e<cf JD © g/esf JDC 
=csup f pdu=cf f dp. 
gsf/4D D 
This proves (1) for the case c > 0. When c = —1, we have 
(4) [endu= sp f edu = int {- f eau} 
D ys-f dD es-f D 


=— inf [oan =- int f oa 
fs-eJD fee JD 


=-f fan, 


where the last equality is by Definition 7.10. This proves (1) for the case c = —1. When 
c < 0, recalling the results above for the cases c = —1 andc > 0, we have 


(5) fetan= fi (-ledran=- fieitau=-tel f pause ff fay. 


This proves (1) for the case c < 0. With (3), (4), and (5), we have (1). 
2. To prove (2), let g, and g2 be simple functions on D such that g; < fj and g2 < fo. 
By (g) of Lemma 7.7, we have 


[odut f mau= f or+erddu < sup [ oan, 
D D D esfith dD 


since g + ¢ is one simple function on D such that g; + 2 < fi + fo. Then we have 


[odu+ sup f vadu = sup [ean, 
D g”sxhyD esfithYyD 
and 


sup ff or du+ sup f rdu < sup [van, 
gisfivD M<frvD esfitf,YD 
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that is, 


(6) [paws [ raw fit tran. 


Similarly for simple functions y1 and w2 on D such that f; < yw and fo < Wz we have 
fit fo < w+ v2 80 that 


[vraus f adu= fit vadue inf [van 
D D D fitfsv Jp 


and then 
inf dut+ int f du> inf | du, 
jing, [ow es frase we Be URW av 
that is, 
7) [fans [ pane [th Aran. 
D D D 


By (6) and (7), we have (2). 


Lemma 7.13. Given a measure space (X,2, 1). Let f and g be bounded real-valued 
-measurable functions on a set D € A with w(D) < oo. Then 


(1) ego f fans f edu. 


If|f| <M on D where M > 0, then 


(2) [ff raul = f ifidu sm wo), 


Proof. 1. Suppose f < g on D. If gis a simple function on D such that pg < f theng < g 
also. Thus we have supy<y fy Pd < Supycs fy y du, that is, fy fdu < fy gdu. This 
proves (1). 

2. Since f < | f|and—f <|f|also,wehave fy fdu < fp{\f|du by (1) and similarly 
Ip(—f)du < fp lfidu, that is, — f, fdu < fy |fldu by Lemma 7.12. Therefore we 
have |f, f du| < fy lfldu. Also if |f| < M, then fy |fldu < {pM du = Mu(D) by 
(1). # 


Lemma 7.14. Given a measure space (X,&X, wz). Let f and g be bounded real-valued 
Q-measurable functions on a set D € A with u(D) < ~. 

(a) If f > Oae. on Dand f,, f du =0, then f =0 ae. on D. 

(b) If f < gae.onDand f, fdu= fp, gdp, then f = g ae. onD. 


Proof. 1. Consider first the special case that f > 0 on D. Let Do = {x € D: f(x) = 0} 
and D; = {x € D: f(x) > O}. Then we have Do, Di € A, DoN Dy = @ and 
Do U D, = D. Let us show that 


qd) f =0ae.onD} pw(Dj) = 0. 
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Suppose f = Oa.e. on D. Then by Definition 4.17 there exists a null set E in (X, 2, 4) such 
that E C Dand f =0onD\E. Thenby our definition of Dp wehave D\E C Do = D\D. 
Thus D; Cc E and consequently u(D1) < u(E) = 0 so that w(D)) = 0. Conversely 
suppose (D1) = 0. Then D, is a null set in (X, A, ~) and Di Cc D. Now f = 0 on 
Do = D \ Dy. Thus f = 0 ae. on D. This completes the proof of (1). 

Let us note that if ~(D) = 0, thatis, Disanull setin (X, 2f, ~), then u(D)) < w(D) =0 
so that f = 0 ae. on D by (1). 

Now let us show that if f > 0 a.e. on D and fs f dp = 0, then f = 0 ae. on D. By 
our remark above we need only to consider the case 4(D) € (0, 00). To show that f = 0 
a.e. on D, assume the contrary, that is, the statement "f = 0 a.e. on D" is false. By (1) this 
implies that 4(D,) > 0. Now 


Di ={D: f >=) {D: f= 3) 


keN 


and then 
0< (Di) < )ow{D: f > jh. 
keN 
Thus there exist ky € N such that n{D: f > i} > 0. Let us define a simple function g 
on D by setting 
1 
— forxe{D: f > z}, 
= ko 
g(x) = { 
0 forx € D\{D: f = gh. 
Then y < f on D. Thus we have 


1 1 
[irae feau= Fuld: sz Z}>0. 


This contradicts the assumption that /, p f du = 0. Therefore we have f = 0 ae. on D. 
Finally consider the general case that f > 0 a.e. on D and f pf 4 = 0. Then there 
exists a null set £ in (X, 2f, w) such that E Cc Dand f > 0onD\ E. By Lemma7.15 


o= | fau=[ sane fl) sau=f tan. 


Thus f > 0on D\ E and Joye f du = 0. By our result above this implies that f = 0 
a.e.on D\ E. Thus there exists a null set F in (X, 2, 4) such that F C D\ E and f = Oon 
(D\ E)\ F = D\(E UF). As the union of two null sets, E U F is a null set in (X, 2, 1). 
Thus f = 0 ae. on D. 

2. To prove (b), note that if f < g ae.on D then g— f > Oae. on D. If in addition 
we have fy, fdu = fy g du, then f,{g — f}du = 0 by Lemma 7.12. Then by (a), we 
have g — f =Oae.on D, thatis, f=gae.onD. 


Lemma 7.15. Given a measure space (X,&, w). Let f be a bounded real-valued A- 
measurable functions on a set D € A with w(D) < oo. Let (D, :n € N) be a disjoint 
sequence in A such that nex Dn = D. Then fy f du = Vnen Sp, f ab. 
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Proof. Let ¢ be an arbitrary simple function on D such that g < f. Letg = ae ajlg, be 
its canonical representation. Let g, be the simple function on D,, which is the restriction of 
gy to D,. Its canonical representation is given by g, = ar ailz,np,. Note that for each 
i=1,...,p,{E;ND, : 2 € N} isa disjoint collection in 2f with Unen (Ei Dn) = E 

so that 4(£;) = Oey M(Ei NM Dn). Now 


[edu = Ya me= Da bona do 


neN 


Ay [Sane AD »|- ae Gn dp 
neN neN 
= fdp, 
neN Y Pn 
where the third equality is by the fact that if )7 cy in» ---» nen &p.n are convergent 


series of real numbers then )° cy {a1,n +e + Opn} = Donen Cin too + en Opn 
and the last inequality is from the fact that g, is just one simple function on D, such that 
Yn < f so that So, Prd < supyer fp PAK = So, f du for every n € N. Thus we have 


[i fanase fodusd [ fdu. 


neN 


Similarly by starting with a simple function y on D such that f < w we obtain 


[rane ing [vane frau. 
D f<¥ Jb Dn 
neN 
Therefore we have fy, fdu= nen Jp, fav. 
Theorem 7.16. (Bounded Convergence Theorem) Given a measure space (X, 2, 4). Let 
(fn in €N) be a uniformly bounded sequence of real-valued 2-measurable functions on 


aset D € WU with w(D) < oo. Let f be a bounded real-valued A-measurable function on 
D. If (fn :n € N) converges to f a.e. on D, then 


(1) lim | |fa— fldu=0, 
n> Jp 


and in particular 


Q) lim, f fodu= fi fan. 

no D D 
Proof. By the uniform boundedness of (fn : 2 € N) on D, there exists M > 0 such that 
|fn(x)| < M forallx € Dandn EN. Since f is also bounded on D, we assume M > 0 
has been so chosen that | f(x)| < M forall x € D. Now since (f, : n € N) converges to f 
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a.e.on D and since 4(D) < 00, according to Theorem 6.12 (Egoroff), for every 7 > 0 there 
exists a 2(-measurable subset E of D with u(E) < n such that (f, : n € N) converges to f 
uniformly on D\ E, that is, forevery ¢ > 0 there exists N € N such that | f, (x) — f(x)| <e 
for allx € D\ E whenn > N. Then forn > N, we have by Lemma 7.15 


[ite sidum fife stldn fife flan 


</ edu+ { 2Mdu 
D\E E 


<ep(D\ E)+2M p(E) 


< eu(D) + 2Mn. 


Since this holds for all n > N, we have lim sup Ae \fn — fldu < eu(D) + 2Mn. Then 
noo 
since this holds for every n > 0 and eé > 0, we have lim sup fp lfn — fldu = 0. Now 
no 


Sp \fn— f\du = 0 for every n € N so that lim inf So\fn— fldu > 0. Then we have 


0 <timint ff ~fldu <timsup f fy — fldu =o 
noo D noo D 


so that liminf fy |fn— fldu = limsup fp | fn — f|du = 0. This equality implies that 
n> 00 noo 


we have jim, I | fn — f|du = 0. This proves (1). 
To derive (2) from (1), note that by Lemmas 7.12 and 7.13, we have 


3) [i tean- ff sau)=|fote— raul < fit — slaw. 


Applying (1) to the last member of (3), we have lim Ls frdu— fy f du| = 0. Now 
n->OoO 
for a sequence (a, :n € N) of real numbers lim |a,|=Oimplies lim a, = 0. Thus we 
noo nC 
have lim {Sp fndu — fp f du} = 0. This implies (2). 


Given a sequence of extended real numbers (a, : n € N). If there exists a real number 
a such that every subsequence (ap, : k € N) has a subsequence (Ang, :£eE N) converging 
to a, then the sequence (a, : n € N) converges to a. Using this fact we can replace the 
convergence a.e. condition on the sequence of functions in Theorem 7.16 by the weaker 
condition of convergence in measure. Recall that since ~(D) < 00, convergence a.e. on D 
implies convergence on D in measure according to Theorem 6.22 (Lebesgue). 


Corollary 7.17. (Bounded Convergence Theorem under Convergence in Measure) /f 
the condition that (fn :n € N) converges to f a.e. on D in Theorem 7.16 is replaced by the 
weaker condition that (fn : n € N) converges to f on D in measure, the conclusions (1) 
and (2) are still valid. 
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Proof. Assume that (f, : n € N) converges to f on D in measure. We are to show that 
lim | fp \fn— fldu = 0. Consider the sequence of real numbers (a, : n € N) defined by 
n 


a, = f plfén— f\duforn € N. Take an arbitrary subsequence (ap, : k € N). Consider the 
sequence of functions (fn, : k € N). Since (f, :n € N) converges to f on D in measure, 
the subsequence (fn, :  € N) converges to f on D in measure too. Then by Theorem 6.23 
(Riesz), there exists a subsequence (f,,, : € € N) which converges to f a.e. on D. Thus by 
Theorem 7.16, we have lim f p!| frig — f|dy =0, that is, the subsequence (ang :£eE N) 
n—>0o e 
of the arbitrary subsequence (dp, : k € N) of (a, : n € N) converges to 0. Therefore the 
sequence (a, : n € N) converges to 0, that is, lim Ls lf;pn -fldu=0. o 
n->Oo 


[II] Riemann Integrability 


Let J = [a,b] C R. Let P = {xo,... , xn} where a = x9 < ++» < x, = b and consider 
a partition of J into subintervals 7, = [xz-1, xx] fork = 1,...,n. We call xo,... , x, the 
partition points in P. The mesh of P is defined by |P| = max{€(,) :k = 1,... ,n}. Let 
3B be the collection of all partitions of J. If Pi, P2 € YB and P; C Po, then we say that P2 
is a refinement of P1. 


Definition 7.18. Let f be a bounded real-valued function on 1. For P € 9B given by 


P= {xo, fds Xn}, let Ix = [xx-1, XK] and & € I, be arbitrarily chosen fork =1,... ,n. 
The Riemann sum of f corresponding to P and the selection & = (&& :k = 1,...,n) is 
defined by 


S(f,P,&) = >> FEDER). 


k=1 
We say that f is Riemann integrable on I if there exists J € R such that for every ¢ > 0 
there exists 5 > 0 such that 


|S(f, P.€) —J| <e foreveryP € $B with |P| <5. 


In this case, J is called the Riemann integral of f on I and we write f f(x) dx for J. 


Definition 7.19. Let f be a bounded real-valued function on I = [a, b] and let | f (x)| < M 
forx € I forsome M > 0. With P € B given by P = {xo, ae tals let In = [xg-1, xx], 
my = infyen, f(x) and Me = supye, f(x) fork = 1,...,n. The lower and upper 
Darboux sums of f corresponding to a partition P are defined by 


(1) S(f.P) = Dome) and S(f,P) = >> Meh). 
k=l k=1 
Note that 


(2) —ME(I) < S(f.P) < S(f.P) < Me), 
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and 

(3) Py C Po => S(f,P1) < S(f, P2) and S(f, Pi) = S(f, Pa). 

Let 

(4) S(f) = sup S(f,P) and S(f) = inf S(f.?). 
Pep Pep 


We call S(f) and S( f) the lower and upper Darboux integrals of f on I. Clearly 
(5) —ME(I) < S(f) < S(f) < Med). 
Lemma 7.20. Let f be a bounded real-valued function on I = [a,b]. Then S ( f ) = S( f ) 


if and only if for every € > 0 there exists Po € 9B such that 


(1) S(f, Po) — S(f, Po) <e. 


Proof. 1. Suppose for every ¢ > 0 there exists Po € $8 such that (1) holds. Then 
5(f) = jnt S(F.P) < S(F, Po) = SU, Po) — S(f,¥0) + S(F.%) 


<e+S(f, Po) Se+ sup S(f,P) =e + S(f). 
ep 


By the arbitrariness of ¢ > 0, we have S(f) < S(f). On the other hand, S(f) > S(f) for 
any bounded real-valued function f on . Therefore S(f) = S(f). 

2. Conversely suppose S(f) = S(f). Since S(f) = suppeg S(f, P), for every ¢ > 0 
there exists Py € 93 such that 


S(f, Pi) > S(f) — 5, 


and similarly there exists P2 € 98 such that 
S(f, P2) < S(f) + §. 


If we let Po = Pi UP2 € BP, then S(f, Pi) < S(f, Po) and S(f, P2) = S(f, Po) by (3) in 
Definition 7.19 so that 


S(F, Po) — S(F, Po) < S(f, P2) — S(F.P1) < {S(F) + $} - (S(f) -§} =e. 8 


Proposition 7.21. Let f be a bounded real-valued function on I = [a,b]. Then we have 
S(f) = S(f) if and only if for every ¢ > 0 there exists 6 > 0 such that 


(1) S(f, P) — S(f, P) <e for every P € B with |P| < 4. 
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Proof. 1. Suppose for every € > 0 there exists 6 > O such that (1) holds. Take any Pp € 
such that |Po| < 5. Then S(f, Po) — S(f, Po) < ¢ so that S(f) = S(f) by Lemma 7.20. 


2. Conversely suppose S{f) = S{f). Let e > 0 be arbitrarily given. Then by Lemma 
7.20, there exists P* € 98 such that 


(2) S(f, P*) — S(f, P*) < §. 


Let P* = {ao,... ,ay} where a = ao < --- < ay = b, Since f is bounded on /, there 
exists M > 0 such that | f(x)| < M forx e J. Letd= IN: 
(1), let P € 9B be such that |P| < 6. Let P = {xo,... , xn} wherea = xp < +--+ <x, =D. 
Consider Po, Pi,... , Py € YB defined by 


Po =P, Pi = PU {ar}, Po = PV {aj, az},..., Pn = PU {aj,... ,an} = PUP. 
Comparing Pp and P), we have a, € [xx~-1, xx] for some k = 1,... ,n. Thus we have 
S(f, P1) — SCF, Po) 


Lit Penna) + Edn, ean x) ~ (in, (Uta 


M{ (a) — x1) + (xx — a1) } + M (xg — xk-1) 
=2M (xg — xXx-1) < 2M|PI. 
By the same argument as above, we obtain S(f, Px) ~ S(f,Px-1) < 2M|P| for each 
k=1,...,n. Therefore we have 


S(f, Pv) — S(f, Po) = 15490) - S(f, Pr-i)} 


€ 
8NM 4° 


Since Py = PUP* D P*, we have S(f, Pw) = S(f. P*) by (3) in Definition 7.19. Thus 
S(f, P*) — S(f,P) < S(f, Pw) — S(f, Po) < §. 
By similar argument we have S(f, P) — S(f, P*) < 4. By these two inequalities, we have 
S(f,P) — SFP) < (SCF P*) + §} - {SCA *) — G} 
= S(f,P*)- SFP") +5 
<e by (2). 


<2NM|P| < 2NM—— 


This verifies (1) for our 6. 


Theorem 7.22. A bounded real-valued function f on I = a, b] C Ris Riemann integrable 
on I if and only if S(f) = S(f). In this case we have fe f(x) dx = S(f) = S(f). 
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Proof. 1. Suppose S(f) = S(f). To show that f is Riemann integrable on J and moreover 
fe f (x) dx = S(f), we show that for every ¢ > 0 there exists 6 > 0 such that 


(1) |S(f,P,&) — S(f)| <e for every P € $B with |P| < 5. 


Now since S(f) = S(f), by Proposition 7.21 for an arbitrary ¢ > 0 there exists 6 > 0 such 
that 


(2) [S(f,P) — S(f, P)| <e forevery P € $P with |P| <4. 

Let P € $ with |P| < 5 be given by P = {xo,... , xn} wherea = x0 < +++ < xn =D. Let 
&& € [xg-1, xx] fork =1,... ,n. Since infpy_j1 f < fk) < supp, , 4.) f, we have 
(3) S(f,P) < S(f,P,&) < S(F,P). 


By (2) we have 
(4) S(f,P) < S(fP) +e <S(f) +e, 
and similarly by (2) we have 
(5) S(f,P) > S(f,P) —¢ = S(f) -.e. 
By (3), (4), and (5) and by the fact that S(f) = S(f), we have 
S(f) —# < S(f,9,8) <S(f) +e. 

This proves (1). 

2. Conversely suppose f is Riemann integrable on 7. Then there exists J € R such that 
for every € > 0 there exists 6 > 0 such that 
(6) |S(f,P,&) —J| <e forevery P € $8 with |P| < 4 
and in this case £ f(x) dx = J. Lete > Obe arbitrarily given. Let P € 9B with |P| < 5 be 
given by P = {xo,... , Xn} wherea = x9 <--- < x, = b. Now thereexists & € [xx-1, xx] 
such that f(&%) < inf(,_,,.,) f + €. With this choice of & fork = 1,... ,n, we have 
7) S(f,P,£) < S(f,P) +e(b-a). 
Then by (7) and (6), we have 

S(f) = S(f,P) = S(F,P, €) — e(b—a) > J —€ —e(b—a). 


By the arbitrariness of ¢ > 0, we have S(f) > J. By similar argument we have S(f) < J 
also. Thus S(f) < J < S(f). Since S(f) < S(f), we have S(f) = S(f) = J = 
pe f(x)dx. a 
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Theorem 7.23. If f is a continuous real-valued function on I = [a, b], then S(f) = S(f) 
and consequently f is Riemann integrable on I. 


Proof. If f is continuous on the compact set J, then it is uniformly continuous on J. Thus 
for every € > 0 there exists 5 > 0 such that 


€ 
Lf’) — f@’)| < = for any x’, x” € [a, b] such that |x’ — x”| <6. 


Let Po € Ff be such that |Po| < 5. Let Po = {xo,... , xn} wherea = x9 <-*- <x, =b. 
Then 


S(f, Po) — S(f, Po) = pe sup f—_ inf f |e p41) 
kal | Pte-1%) [xe-1 Xk] 
€ 


b-a 


= 


(b-—a)=e. 
From this it follows that 


5(f) — S(F) = jnf, S(F.2) - sup S(f,?) <2. 


Since this holds for every € > 0, we have S(f) = S(f). Then f is Riemann integrable on 
I by Theorem 7.22. @ 


To relate the Riemann integral to the Lebesgue integral, we show in Theorem 7.27 below 
that if a bounded real-valued function f on J = [a, b] is Riemann integrable on /, then it 
is Lebesgue integrable on J with respect to jz, in the sense of Definition 7.10 and moreover 
we have the equality ic f(x) dx = fia 4 f du, Regarding the Riemann integrability of a 
bounded real-valued function f on J = [a, b] , we show in Theorem 7.28 that f is Riemann 
integrable if and only if 4*(E) = 0 where E is the set of all points of discontinuity of f in 
I. In preparation for these results, let us review the limit inferior and the limit superior of a 
function and then introduce the lower envelope and the upper envelope of a function. 


For xo € R and > 0, let U(xo, 5) = (xo — 4, x9 + 6) and Up(xo, 5) = U(x0, 5) \ {xo}, 
that is, U(xo, 6) = {x € R: |x — xo| < 6} and Up(xo, 5) = {x € R: 0 < [x — x| < 5}. 

Let f be an extended real-valued function on a set D € R and let xo € D. The limit 
inferior and limit superior of f as x approaches xo are defined by 


liminf f(x) = lim inf and limsup f(x) = lim © su a, 
XX £@) 5-0 Up (x9,6)ND f peers f 60 aia f 


Note that infyg(x,snp f t+ and supyy(x,synp f 4 as 6 1 0 so that iat f(x) and 


lim sup f (x) always exist in R and lim inf f(x) < lim sup f(x). We have 
x>x9 X>XO x>X9 


lim f(x) exists in R © liminf f(x) = lim sup f (x) 
X—>Xo X>XO x—>Xxo 
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and 
f (xo) €R, 


f is continuous at x9 lim inf f(x) = = limsup f(x) = f (x0). 
xX>XQ 
Definition 7.24. Let f be an extended real-valued function on a set D C R. Let xo € D. 
We define the lower envelope and upper envelope of f at xo by 


= li f d = | : 
feo) = lim valltap f and f*(xo)= a 


(Note that Uo(xo, 5) in the definition of lim. inf f(x) and lim sup f (x) is now replaced by 


xX Xo 


U (xo, 6). Note also that since infu (x9,3)nD f 4 and supy(x9,3)nD f Lasd | 0, fa(%o) and 
S*(xo) always exist in R.) 


Observation 7.25. For an extended real-valued function f on a set D C R and for xo € D, 
we have 


(1) Fx(x0) < lim inf f (x) < limsup f(x) < f*(xo) 
X>XQ 
(2) fe(xo) < f (xo) < f* (x0) 
Be des | f(xo) ER, 
(3) f is continuous at x» € DS 
fu(xo) = f*(x0)- 


Proof. (1) and (2) are immediate from the definitions. Let us prove (3). Suppose f is 
continuous at x9 € D. Then for every ¢ > 0 there exists 7 > 0 such that f(xo) ~e€ < 
f(x) < f(xo) + forx € U(xo, n) ND. Since infyx,synp f t as 6 | 0, we have 
fo) —€ S en NaD fs ed Von an f = f(x). 

Similarly we have f*(xo) < f(xo) + ¢. Thus we have f*(xo) — fx(xo) < 2e€. By the 
arbitrariness of ¢ > 0, we have fx(xo) = f* (xo). 

Conversely if f(xo) € Rand fx(xo) = f*(xo), then we have f,(xo) = f*(xo) = f (x0) 
by (2). Then by (1) we have lim nt Sf) = limsup f(x) = f(xo) and this proves the 


xX Xo 
continuity of f atxo. = 


We show next that whether f is 9Jt, -measurable or not, its lower envelope f, and upper 
envelope f* are always S$p-measurable. Moreover the Lebesgue integrals of f, and f* 
on I with respect to 4, are equal to the lower and upper Darboux sums S(f) and S(f) 
respectively. 


Lemma 7.26. Let f be a bounded real-valued function on I = [a, b]. 
(a) The lower envelope f, and the upper envelope f* of f are bounded real-valued 
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S8p-measurable functions on I. 


(b) f; fed, = S(f) and f, f* du, = S(f). 


Proof. 1. Since f is a bounded real-valued function on 7, f, and f* are bounded real- 
valued functions on 7. Let us prove the Sp-measurability of f* on J. Consider the upper 
Darboux integral S(f) = inf S(f,P) of f on I. For every m €N, there exists Pp € 
such that 


(1) S(f) < S(f. Pm) < S(f) +4 
Then for the sequence of partitions (P, : m € N), we have 
(2) lim, S(f, Pm) = S(f)- 


Let us add partition points to P,, if necessary so that |Pm| < 4 Then lim | |Pm| = 0. 
ma 


Since adding partition points to P,, does not increase S(f, Pm), (1) remains valid and so 


does (2). Let P, be given by Pin = {%m,0, Xm,15-++ »Xm,nim)} and let Ink = (Xm k-11%m,k] 
fork = 1,...,n(m). For each m €N, let us define a function y,, on I by 

n(m) 
(3) Wm = D> sup f Upp: 

k=1 Im k 


Since intervals are S3p-measurable sets, yp, is a simple function on (R, Sp). However 
the expression (3) is not its canonical representation since the intervals J, 4 are not disjoint. 
Rather, (3) is the sum of m(n) simple functions each in its canonical representation sup;,,, f° 
1),,,- Let E be the countable set consisting of all the partition points in (P, : m € N). Let 
us show 


(4) im W(x) = f*(x) forx eI\E. 


Let xo € I \ E. Then for each m € N, there exists a subinterval in the partition P,, which 
contains xo in its interior, that is, there exists k(m) € N, 1 < k(m) < n(m), such that 
xo € T° Kerant Let 6m > 0 be so small that U(xo, 6) C T° mikGA)* Then 


(5) f*(xo) = lim sup f< sup f< sup f < sup f = Ym(x0), 
80 U(x9,8) U(x0,5m) Ege Im,k(m) 


where the last inequality is from the definition of , by (3) and the fact that xo is an interior 
point in a subinterval in the partition and is not a point common to two adjacent subintervals. 
Since supy(x.,synr f + f*(xo) as 8 | 0, for an arbitrary ¢ > 0 there exists 6 > 0 such that 


(6) f*(xo) < sup f < f*(xo) +e. 
U(x, 
Since nim, [Pm] = 0 and since xo € I? has for some k(m) € N for every m € N, there 


exists M - > “0 such that form > M we have 


(7) Im,kan) C U(x0, 8) NT. 
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By (5), (7), and (6), we have form > M 


f* (x0) S Wm(xo) = sup f< sup f < f*(xo) +e. 
Tn.k(n) U(x9,6)NF 


This proves (4). 

Being a countable set, E € Bp and then / \ E € Bp. Since py», is a BpR-measurable 
function on J, it is SBp-measurable on J \ E by (a) of Lemma 4.7. Then (4) implies that 
f* is a Sp-measurable function on J \ E by Theorem 4.22. Since E is a countable set, 
any extended real-valued function on F is SB p-measurable on E. (If g is an extended real- 
valued function on a countable set E in R, then for any a € R the set {x EE: g(x) < a}, 
being a subset of E, is a countable set and is therefore a S$p-measurable set. This shows 
that g is a Sp-measurable function on E.) In particular f* is Bp-measurable on E. The 
Sp-measurability of f* on J \ E and on E implies the Bp-measurability of f* on I by 
(b) of Lemma 4.7. The Sp-measurability of f, on J is proved likewise. 

2. Let us prove f, f* du, = S(f). As we showed above, f* is a bounded real-valued 
Bp-measurable function on J € Br. Thus f , f* du, exists by Definition 7.10. Consider 
the sequence of simple functions (Wm : m € N) on (R, Bp) defined by (3). Then 


n(m) n(m) 
[indie = ye fees Vga dit, = sup f Ens) = SFP) 
kat Im 


which is the upper Darboux sum of f corresponding to the partition P,,. Then by (2) 


(8) sim, | Wn dp, = im MA enr SS): 
On the other hand, since f is bounded on J we have | f(x)| < M forx € I forsome M > 0. 
Then by (3), we have |m(x)| < 2M for x € I andm € N. According to (4), we have 

lim %m = f* on J \ E, that is, a.e. on 7. Thus by Theorem 7.16 (Bounded Convergence 


moo 
Theorem), we have 


(9) im nf vm din, = fl fai, 


With (8) and (9) we have f, f*du, = S(f). The equality f, fedu, = S(f) is proved 
similarly. @ 


Theorem 7.27. Let f be a bounded real-valued function on I = [a, b]. If f is Riemann 
integrable on I, then f is IN, -measurable and Lebesgue integrable on I with respect to 


t,, and moreover fe f(x)dx =f, f du,. 


Proof. If f is Riemann integrable on 7, then the lower and upper Darboux integrals of 
f on I are equal, that is, $(f) = S(f), by Theorem 7.22. Then by Lemma 7.26, we 
have f, fedu, = I, f*du,. Since f, and f* are SBp-measurable on J, they are Mt, - 
measurable on J. Since f, < f* on J, the equality of the Lebesgue integrals of f, and f* 
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implies that f, = f*, (D0, 4,)-a.e. on I by (b) of Lemma 7.14. Then since f, < f < f* 
on J by Observation 7.25, we have f = fy = f*, (D0, , 4,)-a.e. on I. The completeness 
of the measure space (R, Dt, z then implies that f is 99%, -measurable on J according to 
(b) of Observation 4.20. Now that f is 99t, -measurable on J and f = f*, (Mt, , 4, )-a.e.on 
I,we have f, f du, = f, f* du, by Lemma7.11. But f; f*du, = S(f) =f? f(x) dx 
by Lemma 7.26 and Theorem 7.22. Thus f? f(x)dx =f, fdu,. 


Theorem 7.28. Let f be a bounded real-valued function on I = [a, b] and let E be the set 
of all points of discontinuity of f in I. Then 


f is Riemann integrable on I 
fe = f*, (ON, w,)-ae. on I 


2", (E) =9. 


Proof. 1. If f is Riemann integrable on J, then as we saw in the Proof of Theorem 
7.27, fe = f*, (Ot, w,)-ae. on I. Conversely if f, = f*, (ON, w,)-a.e. on J, then 
Sf, fed, = f, f* du, by Lemma 7.11. Then we have S(f) = S(f) by Lemma 7.26. But 
this implies the Riemann integrability of f on J by Theorem 7.22. 

2. By Observation 7.25, f is continuous at xo € J if and only if f.(xo) = f*(xo). Thus 
fx = f*, (ON, w,)-a.e. on J if and only if u,(Z) =0. & 


Example. Let Q be the set of all rational numbers and P be the set of all irrational 
numbers in R. Let f be a bounded real-valued function on [0, 1] defined by f(x) = 0 if 
x € [0,1] Q and f(x) = Lifx € [0,1] P. The set E of all points of discontinuity 
of f in [0,1]. Then E = [0,1] and w,(E) = 1. Thus by Theorem 7.28, f is not 
Riemann integrable on [0, 1]. On the other hand since [0,1] N Q,[0,1]N P € Br, f 
is a simple function on (R, Sp) and its Lebesgue integral with respect to 4, is given by 
fo. f de, =0- (10, 119 Q) + 1-4, ([0, 119 P) = 1. 


Problems 


Prob. 7.1. Let f be an extended real-valued 2{-measurable function on a set D € 2 ina 
measure space (X, 2, 2). For M,, Mz € R, M; < Mz, let the truncation of f at M@, and 
M2 be defined by 
M, if f(x) <M, 
g(x) = 4 fx) if f(x) € (M1, M2], 
My if f(x) > Mp. 
Show that g is 2(-measurable on D. 


Prob. 7.2. Let f be a bounded real-valued 2{-measurable function on a set D € Wina 
measure space (X, 2, 12). 

(a) Show that there exists an increasing sequence of simple functions on D, (g, :n € N), 
such that g, + f uniformly on D. 
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(b) Show that there exists a decreasing sequence of simple functions on D, (Wp, :n € N), 
such that y, | f uniformly on D. 


Prob. 7.3. Let f be a real-valued 2{-measurable function on a set D € 2 in a measure 
space (X, A, jz). Suppose f is not bounded on D. 

(a) Show that it is not possible that for an arbitrary ¢ > 0 there exists a simple function g 
on D such that |g(x) — f(x)| < ¢ forall x € D. 

(b) Show that there may not be any sequence of simple function which converges to f 
uniformly on D. 


Prob. 7.4. Given a measure space (X, 2l, ). Let us call a function g an elementary function 
if it satisfies the following conditions: 

1° Dg) € A, 

2° gis 2-measurable on D(¢), 

3° assumes only countably many real values, that is, S¢(~) is a countable subset of R. 
Let f be a real-valued 2{-measurable function on a set D € Qf. 

(a) Show that there exists an increasing sequence of elementary functions on D, (@, :n € N), 
such that g, + f uniformly on D. 

(b) Show that there exists a decreasing sequence of elementary functions on D, (Wp, :n € N), 
such that ¥, { f uniformly on D. 


Prob. 7.5. Given a measure space (X, 2, jz). Let f be a nonnegative real-valued function 
ona set D € 2{. Let ® be the collection of all nonnegative elementary functions ¢ such 
thatO < y < f on D and let W be the collection of all nonnegative elementary functions ¢ 
such that0 < f < yon D. 


(a) Show that sup fy gdu < inf fy wdu. 
ved yed 
(b) Show that in f is a measurable on D then f, f du = sup fy gdu= eA fp du. 
ged € 
(c) Show that if sup Js gd = 8 fs yw dy then f is 2l-measurable on D, provided 
geD € 
that (X, 2, 44) is a complete measure space. 


Prob. 7.6. Given a measure space (X, 2, jz). Let f be a bounded real-valued 2(-measurable 
function onaset D € 2 with uz(D) < oo. Suppose | f(x)| < Mforx € Dforsome constant 
M > 0. 

(a) Show that if f,, f du = Mu(D), then f = M ae. on D. 

(b) Show that if f < M a.e.on D and if u(D) > 0, then 1 fdu < Mu(Dd). 


Prologue to Prob. 7.7 and Prob. 7.8. Recall that for a bounded real-valued 2{-measurable 
function on a set D € 2 with w(D) < oo in a measure space (X, 2f, 4), the Lebesgue 
integral of f on D is defined by f, f du = supy<, fy pdu = infy>s fy w dy, where y 
and wy are simple functions on D. The integral of f thus defined can be computed as the 
limit of a sequence of integrals of simple functions. 


Prob. 7.7. Let f be a bounded real-valued 2(-measurable function on a set D € 2 with 
p(D) < ov satisfying f(x) € (—M, M] for x € D forsome M > 0. 
For each n € N, let 
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Dn = {x €D: f(x) € (k- 4, kM} fork = —n + 1,---,n 
Define simple functions g, and y, on D by setting 
Pn = Dhan — WE -Adye 


Yn = oh kM 
Rn kant py Dake 
Show that lim, Ip en du = fry f du and tim, Sp Wndu= fy fdu. 


and 


Prob. 7.8. Let f be a bounded real-valued 2{-measurable function on a set D € 2{ with 
LD) < ov satisfying f(x) € (—M, M] forx € D forsome M > 0. 

Let P = (yo,... , yp) be a partition of [—M, M1], that is, -M = yo <--- < yp = M. 

Let Je = [ye~1, ye] fork = 1,... , p and let |P| = maxge,... yp (Uk). 

Let Ey = PeD OVE Oi niieh eR Tek ob 

Let y(P) and w(P) be simple functions on D defined by g(P) = Ee yr-1 - Le, and 
¥(P) = Dee es Ly. 

Let (P,, : n € N) be a sequence of partitions such that im, |P,| = 0. 


Show that Jim, fp Pn) du = fp f du and tim, fp ¥Pr)du = tack du 


Prob. 7.9. Consider a sequence of functions (f, : n € N) defined on [0, 1] by setting 
nX 
n(x) = Tena for x € [0, 1]. 


(a) Show that (f,, : 2 € N) is a uniformly bounded sequence on [0, 1] and evaluate 
rer Jo, Ve nee HE 
(b) Show that (f, : n € N) does not converge uniformly on [0, 1]. (This makes justification 
of dim, So yy Tnr(x) dx = So 1] lim n(x) dx by uniform convergence inapplicable.) 
—> ’ » n> 


Prob. 7.10. Given a measure space (X, 2, 2). Let f,, € N, and f be extended real-valued 
{-measurable functions on a set D € 2 with 4.(D) < oo and assume that f is real-valued 


a.e. on D. Show that fh aud f on Dif and only if 


; ltr — f' i” 
me Tein ee = 


Prob. 7.11. Let (X, 2, 4) be a finite measure space. Let @ be the set of all extended 
real-valued 2{-measurable functions on X where we identify functions that are equal pi-a.e. 
on X. Let 


lf — gl 
me eee ke cE 
p(f.8) eareri or f,ge® 


(a) Show that p is a metric on ®, 
(b) Show that ® is complete with respect to the metric p. 


Prob. 7.12. Given a measure space (X, 2, ~). Let (f, : n © N) be a uniformly bounded 
sequence of real-valued 2{-measurable functions and let f be a bounded real-valued 2{- 
measurable function on D € 2 with z(D) < oo. 

Show that if f, 5 f on D then Jim, tn \fn— fldu = Oand im, Jy jrdue= fpf at. 
This is the Bounded Convergence Theorem under Convergence in Measure. Construct a 
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direct proof without using the subsequence argument as in Corollary 7.17. 


Prob. 7.13. Let Q be the collection of all rational numbers in (0, 00). Let each x € Q 
be expressed as 2 where p and q are positive integers without common factors. Define a 
function f on [0, 1] by setting 


de a = 
roy=| p ifxe[0,1]NQandx= 5, 
0 ifxe[0,1]\Q. 


Show that f is Riemann integrable on [0, 1] and evaluate fo f(x) dx. 


Prob. 7.14. Let f be an extended real-valued function on R. Define two extended real- 
valued functions gy and y on R by letting g(x) = liminf f(y) and w(x) = limsup f(y) 
you 


yor 
for x € R. Show that g and w are Sp-measurable on R. (Note that f itself is not assumed 
to be S$p-measurable on R.) 


Prob. 7.15. Let f be a real-valued function on R. Assume that f is locally bounded 
on R in the sense that for every x € R there exists 7 > O such that f is bounded on 
U(x,n) = (x —n, x +7). Then at every x € R, supy (ys) f — infux,s) f is a nonnegative 
real number for sufficiently small 6 > 0 and decreases as 6 | 0. The nonnegative real- 
valued function w(x) = lim { supy(.s) f — infuy.s) f} for x € R is call the oscillation 


of f atx. 

(a) Show that f is continuous at x € R if and only if w(x) = 0. 

(b) Show that for every ¢ > 0, w~!([e, 00)) = {x € R: w(x) > €} is aclosed set in R. 
(c) Show that w need not be continuous on R. (Consider the function f defined by f(x) =0 
for x € (—oo, 0) and f(x) = 1 for x € [0, 00).) 

(d) Show that the set of all points of continuity of f is a Gs-set and the set of all points of 
discontinuity of f is an F,-set. 
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§8 Integration of Nonnegative Functions 


[I] Lebesgue Integral of Nonnegative Functions 


Definition 8.1. Given a measure space (X, 2, u). Let f be a nonnegative extended 
real-valued -measurable function on a set D € 2. We define the Lebesgue integral of f 
on D with respect to pu by 


| fau= sup J eau 10,001, 
D D 


O<o<f 


where the supremum is on the collection of all nonnegative simple functions g on D such that 
O<o<f. Thus {1p f du exists for every nonnegative extended real-valued measurable 
function and we say that every nonnegative extended real-valued measurable function is 
Lebesgue semi-integrable on D with respect to 2, or simply ju semi-integrable on D. We 
say that the function is Lebesgue integrable with respect to 4, or simply js-integrable, only 
when fr f du €R, that is, fy f du < oo. 


The definition given above for a nonnegative extended real-valued 2{-measurable func- 
tion f is consistent with the definition f,, f du = supy<y fp Y dy in Definition 7.10 for a 
bounded real-valued 2{-measurable function f defined on D € 2 with u(D) < oo. Since 
a simple function assumes only finitely many real values, a simple function is necessar- 
ily a bounded function on its domain of definition. A nonnegative extended real-valued 
function need not be bounded and therefore there may not be any simple function w such 
that y > f. Thus the equality f, f du = supr<y fp 9 dp for a bounded real-valued 2- 
measurable function f does not exist for a nonnegative extended real-valued 2{-measurable 
function f. This fact has the consequence that while the integral of a nonnegative extended 
real-valued function can be approximated by integrals of simple functions from below (see 
Lemma 8.6), it cannot be so approximated from above. 


Lemma 8.2. Given a measure space (X, A, uw). Let f, fi, and fo be nonnegative extended 
real-valued A-measurable functions on a set D € A. 

(a) If fp f du < 0, then f < cae. on D. 

(b) If fp f du =0, then f =0ae. on D. 

(c) If Do is a A-measurable subset of D, then f, p fades In f du. 

(d) If f > Oae. on Dand f,, f du =0, then u(D) = 0. 

(e) If fi < fa on D, then dai fidp < Sp fodn. 

(f) If fi = foae. on D, then fy fidu = fy fodu. 


Proof. 1. To prove (a), suppose f p f du < oo but the statement that f < 00 fora.e. on D 
is false. Then we have 4(E) > 0 where E = {D: f = 00} € &. Foreachn €N, define 
a nonnegative simple function g, on D by g; =n-1z+0-1p\z. Then gy, < fon E and 
Ym < f on D\ E also so that g, < f on D. Since {gp : n € N} is a subcollection of the 
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collection of all nonnegative simple functions g on D such that 0 < g < f, we have 


/ fdy= sup / gdp> sup f gn dp = supnu(E) = 00 
D O<gsf/D neN JD neN 
since (E) > 0. This contradicts the assumption pj dp < o. 

2. We say that f = 0 ae. on Dif there exists a subset E of D such that £ is a null 
set in (X, 2, w) and f = 0on D \ E. Consider the case w(D) = 0. Let f be an arbitrary 
nonnegative extended real-valued 2{-measurable function on D and let E = {D: f 4 0}. 
Then E € 2(and w(E) = Osince E Cc D. Now f =00n D\ E so that f =Oae. on D. 
Thus to prove (b), we need only to consider the case 4(D) > 0. Suppose if pf du = 0 but 
the statement that f = 0 ae. on D is false. Then for the set E = {D: f > 0}, we have 
LE) > 0. Now since f > 0on E, we have E = Unen E, where E, = {D :f> iy The 
sequence (E,, : n € N) is an increasing sequence in 2€ so that fim, E,= Unen E,=E 
By Theorem 1.26, we have im, L(E,) = uw(E) > 0. This implies that there exists 


no € N such that u(E,,) > 0. Let us define a nonnegative simple function go on D by 
go = ale, +0. 1D\E,9° Then 0 < g < f on Dand 


[sau= sup f eau f vodu= —plEm) > 0, 
D O<esf JD D no 
which contradicts the assumption f, f du = 0. 

3. To prove (c), let Do be a 2{-measurable subset of D. Corresponding to each nonneg- 
ative simple function gp on Do such that 0 < go < f on Dp, let us define a nonnegative 
simple function ¢g; on D by 


go(x) forx € Do, 


1%) = 
vit | * for x € D\ Do. 


Then 0 < yg; < f on D and J Do godu = {91 du. Thus we have 


sup | godu = sup [odes sup [ean 
O<yo<f ¥ Do O<sgisf /D 0<e<f JD 


that is, fy, fdu < fp f du. 

4, To prove (d), let Do = {x € D: f(x) = 0} and Dy = {x € D: f(x) > }} for 
k € N. Now p(Do) > O would contradict our assumption that f > 0 a.e. on D. Thus 
(Do) = 0. Now Do U Dx ¢ D so that pe L(Do U Dy) = wC(D). If w(D) > 0, then 

00 

there exists ky € N such that (Do U Dy) > 0. Since w(Do) = 0, we have u(Dg,) > 0. 
Then by (c) we have [,) f du > Jig fdu>= EHD) > 0. This is a contradiction. Thus 
u(D) = 0. 

5. Let us prove (e). For i = 1 and 2, let ®; be the collection of all nonnegative simple 
functions g on D such that 0 < g < fj. Since fi < f2 on D, if a simple function g is such 
that0 < gy < f; on D, thenO < g < fp 0n Dalso. Thus ©; C ©». Then 


{ [vduiveo}c{ f eauive a} 
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so that 


[i fau=s{ f eauie ees} <sup{ f edu: os} =f pau. 
D D D D 


6. If fi = fa ae. on D, then by the same argument as in the Proof of Lemma 
7.11 for bounded real-valued measurable functions on a set with finite measure we have 


Sp fidu= fp frau. a 


Lemma 8.3. Given a measure space (X, UA, 4). Let f be a nonnegative extended real- 
valued 2t-measurable function on a set D € A. Then for every c > 0, we have 


fetdu=ef fan. 


If f is nonnegative real-valued, then for c = 0 we have cf = 0 on D and is cfdu =0 
but c fi f du does not exist when ff du = 00. 


Proof. For c > 0, the equality is proved in the same way as in Lemma 7.12 for bounded 
real-valued measurable functions on a set of finite measure. # 


In Lemma 7.12, we proved the equality {yp{fi + fa}du = fp fidu+ fy fodu for 
two bounded real-valued measurable functions f| and fo on a set D with u(D) < oo. 
By using the fact that fp f du = supy<, fp gdm = inf <y fp W du for a bounded real- 
valued measurable function f. The argument used there is no longer available when fj 
and f2 are nonnegative extended real-valued measurable functions since for an unbounded 
nonnegative function f no simple function y such that f < y% exists. Instead, we derive 
the equality f,{fi + fo}du = fp fidu+ fp fo du in Proposition 8.7 below by applying 
the Monotone Convergence Theorem. 


[Il] Monotone Convergence Theorem 


Proposition 8.4. Given a measure space (X, 2, 4). Let p be a nonnegative simple function 
on X. If we define a set function v on A by setting v(A) = fs gdu for A € BW then visa 
measure on A. 


Proof. Let g = }°"_, ai: 1p, be the canonical representation of y. Since ¢ is defined on X, 
{D; :i = 1,...,m)} isa disjoint collection in 2 with )”" , Dj = X. The restriction of ¢ to 
Ais given by g =)? aj Ip,na. Thus v(A) = fy edu = Doi ai (Di NA) € [0, oo]. 
Since (8) = 0, we have v(@) = Jg¢du = 0 by 1° of Observation 7.5. Thus it remains 
to show that v is countably additive on 2. Let (A, : n € N) be a disjoint sequence in 2. 
Then 


Ure Eales) Eo 


neN 


ai] uD. n An)| = =>) [ San, An |= 
neN i=1 


neN 


LJwin an ) 


neN 


ey gdu =) v(An), 


neN neN 
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where the fifth equality is by the fact that for series of nonnegative extended real numbers 
Den Gms «+++ Donen Opin We have Den {orn t+ + Opn} = Drew Mn too + 
YeneN %p,n- This proves the countable additivity of v on 2f and completes the proof that v 
iS ameasure on 2. Wf 


Theorem 8.5. (Monotone Convergence Theorem) Given a measure space (X, A, 2). Let 

(fn in € N) be an increasing sequence of nonnegative extended real-valued U-measurable 

functions ona set D € Wand let f = lim fy, on D. Then lim Sp fndu = fy f du. 
n-> OO n 


Proof. 1. Since (f, : n € N) is an increasing sequence of nonnegative functions on 
D, lim fy, (x) exists in [0, 00] for every x € D and thus f = lim Jn is a nonnegative 
n> Oo n> 
extended real-valued function on D. f is 2{-measurable on D by Theorem 4.22. Since 
tn < f on D, we have i; fndu < fp f du for every n € N by (e) of Lemma 8.2. Also 
fn < fn+i implies fy frdu < fp fri du and thus Gi faduine N) is an increasing se- 
quence of nonnegative extended real numbers bounded above by f p f 4p and consequently 
im, Sp fndu < s Sf du. 
2. Let us prove the reverse inequality lim_/, pind = f p f du. Let g be an arbitrary 
noo 


nonnegative simple function on D such that 0 < g < f. Witha € (0, 1) arbitrarily fixed, 
we have 0 < ay < < f on D. Let us define a sequence (E, : n € N) of subsets of D by 


(1) En = {x €D: fa(x) > ag(x)} forn EN. 


Since f, and ag are 2&-measurable on D, we have E, € 2 by Theorem 4.16. Now 
fn < fn+i implies E, C En+1 for every n € N so that (E, : n € N) is an increasing 
sequence in 2. Since E, C D for every n € N, we have U,,<y En C D. Let us show that 
actually ),¢;7 En = D. To show this, we show that if x € D then x € E, for somen € N. 
Let x € D. If f(x) = 0, then since 0 < yg < f we have g(x) = Oalso. Since0 < f, < f, 
we have f(x) = 0 for every n € N. Thus f,(x) = 0 = ag(x) for every n € N so that 
x € E, for every n € N. On the other hand, if f(x) > 0 then since 0 < w < f and 
a € (0, 1) we have f(x) > ag(x). Since f,(x) t f(x), there exists N(x) € N such that 
N(x) (x) = ag(x). Thus x € Ey x). This completes the proof that if x € D thenx € En 
for some n € N. Therefore D C Unen En So that D = Unen En. 

Let us define a set function v on 2 by setting v(A) = i yd for A € 2. Then by 
Proposition 8.4, v is a measure on (X, 20). Now 


(2) [ feduz [ fedu > f wpdu =a f gdp=av(Ey), 
D Ey E, En 


where the second inequality is from (1). Since (E,, : n € N) is an increasing sequence, we 
have lim E, = UneN E, = D. Then by Theorem 1.26 (Monotone Convergence), we 
n 


have lim v(E,) = v( lim En) = v(D). Letting n — ov in (2), we have 
n->ow noo 


lim frdu>a lim v(E,) = av(D). 
nc D noo 
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Since this holds for every a € (0, 1), letting « + 1 we have 


jim nf frdp = v(D) = [ van. 
D 


Since this holds for an arbitrary nonnegative simple function g on D such that 0 <  < f, 


we have 
lim | du = sup | gdp = | du. 


This proves the required reverse inequality. # 


Theorem 8.5 is not valid for a decreasing sequence. As a counter example in the measure 
space (R, Mt, 4,), let (fr :n € N) be a decreasing sequence of nonnegative real-valued 
ON, -measurable functions on R defined by f; = 1Jn,00) form € N. Then for every n € N 
we have fp fndu, = 0o so that dim te fndu, = co but jim, fn = 0 on R and thus 


fe img, faa, = 0 


Lemma 8.6. Given a measure space (X, 2A, 2). Let f be a nonnegative extended real- 
valued &-measurable function on X. Then there exists an increasing sequence of nonneg- 
ative simple functions (@, :n € N) on X such that 

1° gn t fon X, 

2° n t f uniformly on an arbitrary subset E of X on which f is bounded, 

3° im, Sp nde = fry f du for every D € XU. 


Moheover if (X, A, 4) is aa-finite measure space then the nonnegative simple function gp 
can be chosen to be p-integrable for every n € N. 


Proof. 1. The range of f is contained in [0, 00]. For every n € N, decompose the interval 
[0, n) inton2” subintervals of equal length # given by J, = [SA, x) fork =1,... ,n2", 
and let J, = [n, oo]. Thus we have a decomposition of [0, 00] into a class of sets 


(1) SiH Mi OH Ujcighe slap 


Let Eng = fo Ge) fork =1,... ,n2", and let F, = f~!(Jn). Consider the collection 
of subsets of X: 


(2) €, = {Eng k =1,... 22", Fa}. 


By the 2{-measurability of f on X, €,, is acollection in 2. The disjointness of the collection 
Jn implies the disjointness of the collection €,. Since the union of the members of 3, is 
equal to [0, co], the union of members of €,, is equal to X. Thus €,, is a decomposition of 
X into disjoint 2{-measurable subsets of X. Let us define a nonnegative simple function g, 
on X by setting 


k-1 
(3) n= >> lz, +n-1,,. 
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Clearly we have 0 < g < f on X for every n € N. 

2. Let us show that (gy, : n € N) is an increasing sequence of functions on X, that is, for 
every x € X, we have @n(x) < $n41(x) for every n € N. Consider the transition from the 
decomposition 3, to the decomposition 3,41 of [0, oo] and the resulting transition from 
the decomposition €, to the decomposition €,41 of X. 

The interval I,4 = eo x) in 3, is decomposed into two intervals In41,2k-1 = 
[e?, uh) and In+1,2k = [2r. sir) i in 3n41. Thus En, = f Cn, x) in €, is decom- 
posed into two sets En+ij2e—1 = fo! CUn41,2e-1) and En41,2 = f~!Un41,2k) in Engi. 

On the other hand, the set J, = [n, 00] in 3, is decomposed into f,4.namttads +++ 
Ing ting artts and Jng1 = [n+ 1, oo], a total of 2"*! + 1 setsin In41. Thus Fy = f~!(Jn) 


in €, is decomposed into Enq nartigie «++ > Engi apport! and Fr4i in Enq. 
Let x € X. Since the union of the members of the disjoint collection €, is te to X, 
either x € E,, forsome k = 1,... ,n2” orx € Fy. If x € Enx, then @(x) = ch . Also, 
2k-2 _ k-1 


ifx € E,,x, then either x € En412¢-1 8o that Qa41(x) = cat = p= Gn(X), Or x € 
2k-1 _ 2k-2 _ k=1 


En+i,2k $0 that @n41(x) = oat > sat = r= n(x). On the other hand, ifx € Fy, then 
¢n(x) =n. Nowifx € Fy, theneitherx € Enel k for some k =n2"tlad oo. (n+1)2"t! 
ket ng 


orx € Fyyy. If x € Ensije, then Gn41(x) = aoae > ae =n = @,(x). If x € Fy4t, then 
Gnti(X) =n+1>n= g(x). 

Thus we have verified that for every x € X, we have n(x) < Gn+1(x) for everyn EN. 

3. Let us show that fim, Gn(x) = f(x) for every x € X. Let x € X. Consider first 
the case f(x) = oo. Then for every n € N, we have f(x) € [n,0o] = J, so that x € 
f7!Cn) = Fy. Then by (3), we have g(x) = n so that fim, Yn(x) = co = f(x). Next 
consider the case f(x) € [0, 00). In this case there exists N € N such that f(x) € [0, ). 
Then for any n > N, we have f(x) € [0,n). Since the intervals [x fon =1,...,n2” 
are disjoint and their union is equal to [0,n), we have f(x) € In, = [454, 4) for some 
k=1,...,n2". Then x € f~'(Ing) = Enz So that gy (x) = 
0 < fx) —-@ (x) < a. Since this holds for every n > N, we kane tim, pen = f(x). 


4. Suppose f is bounded on a subset E of X. Then there exists N € N such that 
f(x) € [0, N) for every x € E. Then for every n > N, we have f(x) ¢ [n, co] = J, so 
thatx ¢ f~!(Jy) = Fy. Since &, is a disjoint collection of sets whose union is equal to X, x 
is contained in Enz. = f~' (Une) forsomek = 1,... ,n2". Then f(x) € Ina = [SH4, ir). 
Now x € En, implies g,(x) = 5! by (3). Thus we have 0 < f(x) — gn(x) < 3 for 
every x € E when n > N. This shows that jim, n(x) = f(x) uniformly on E. 


5. 3° follows from 1° and Theorem 8.5 (Monotone Convergence). 

6. Suppose (X, 2, ~) is a o-finite measure space. Then there exists an increasing 
sequence (A, : n € N) in 2 such that lim An = Unen 4n = X and pp(An) < 00 for 

n 

neéN. If we let wn = gla, forn € N then (y, : n € N) is an increasing sequence 
of -integrable nonnegative simple functions on X. Let us show that yw, t¢ f on X. Let 
x € X. Since (A, : n € N) is an increasing sequence in 2f with jim An = X, there exists 
N &€ N such that x € A, forn > N. Then v(x) = on GLA, (x) = = 9,(x) forn > N. 
Since g,(x) t f(x) we have w(x) t f(x). This shows that y, ¢ fon X. @ 
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Proposition 8.7. Given a measure space (X, A, ). Let D € A. 
(a) if fi,..., fy are nonnegative extended real-valued M-measurable functions defined on 


D, then we have 
[ { > fal d= vf Sn au. 


(b) If (fn : n € N) is a sequence of nonnegative extended real-valued A-measurable 
functions defined on D, then we have 


[(Xmlue= [ian 


Proof. Let f; and f2 be two nonnegative extended real-valued 2{-measurable functions 
defined on D. By Lemma 8.6, there exist two increasing sequences of nonnegative simple 
functions (¢1,, :n € N) and (g2,, :n € N) on X such that gin t fi and g2,n t fo. Then 
for the increasing sequence of nonnegative simple functions (¢1,n + ¢2,, :n € N), we have 
Yin + G2,n t fi + fo. Thus by Theorem 8.5 (Monotone Convergence), we have 


ay jim, f torn + eamldn = f (fi + fabdu. 

Now 

(2) lim n, f (ein + radi = lim {| Yin au + | $2.n du} 
n> 00 n->0oo D D 


= lim pein ae + tim, [ vandu = f fidu+ f fadp 
noo D D D 


noo 


where the first equality is by (f) of Lemma 7.7 and the last equality is by Theorem 8.5. By 
(1) and (2) we have 


3) i (f+ fildu = - fidut [ pelle 


If fi,... , fw are nonnegative extended real-valued 2{-measurable functions defined on 
D, then by iterated application of (3), we have 


(4) [Lda Df oa 


If (f, :n € N) is a sequence of nonnegative extended real-valued 2-measurable functions 
defined on D, then for every N € N, (4) holds. Now the sum of the series )°.<y fn is the 
limit of the sequence of partial sums O35 Ini Ne N). Since f, is nonnegative for 
every n € N, the sequence of partial sums is an increasing sequence. Thus by Theorem 8.5 
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and (4), we have 
a N 
[1X fle ; I, | sim, Ja] zs sim, ff | 2 fe] 
N 
= jim (Df fea] =D f ran}. ' 


neN 
Definition 8.8. Given a measure space (X, A, ). Let f be a nonnegative extended real- 
valued 2-measurable function defined only on D \ N where D, N € A, N C Dand N is 
a null set in (X, A, w). We write f,, f du for fy f du where f is a nonnegative extended 
real-valued A-measurable function defined on D by setting 


f(x) forxe D\N, 
0 forx EN. 
(The fact that J, fdu= Jovn fdpr+fy fdp= Sovn f du will follow from Proposition 


8.11 below. The definition of f p f dp for a function f which is defined only a.e. on D is 
for the convenience of not having to write fp, y f du.) 


f= | 


Corollary 8.9. Given a measure space (X, A, 4). Let f; and fy be nonnegative extended 
real-valued A-measurable functions on a set D € A. If fi < fo on D and if we assume 
that f\ is y-integrable on D, then fo — f\ is defined a.e. on D and moreover we have 


Spl fe — filde = fy fadu— fp fidu. 


Proof. If f| is j-integrable on D, then f; is real-valued ae. on D by (a) of Lemma 
8.2. Thus there exists a null set N in (X, 2, w) such that N C D and f(x) € [0, 00) for 
x € D\N. Then fo — fi is defined on D \ N and fi + {fo — fi} is defined on D \ N and 


fit{f2— fi) = fa. For the integrals f,{ fp — fi}du and fp {fi +{f2 — fi} dy in the 
sense of Definition 8.8 we have 


[nana [titta—sijdu= f fant fie—fran, 

D D D D 

by (f) of Lemma 8.2 and by (a) of Proposition 8.7. Subtracting the real number /, pfidu 
from both sides, we have f, fadu — fy fidu = fpifp— fildu. 


Remark 8.10. Corollary 8.9 may not hold if fj is not jz-integrable. In this case we have 
Sp fidu = coandconsequently f, fod = ooalsosothat fy, fadu—fy fidu = co—00 
which is undefined. 


Proposition 8.11. Given a measure space (X, 2, uw). Let f be a nonnegative extended 
real-valued U-measurable function on a set D € AL. 
(a) If (D1, ... , Dn} is a disjoint collection in A such that Gear Dy, = D, then we have 


[jfae= Df, rae 
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(b) If (Dn sn € N) is a disjoint sequence in XA such that nen Dy = D, then we have 
fra=Df pan. 
D neN Dn 


(c) If (En : n € N) is an increasing sequence in XM such that lim E, = D, then we have 
noo 


[fan = dim, [, fau. 


Proof. 1. Let g be a nonnegative extended real-valued 2{-measurable function on a set 
D € &. Suppose A, B € A, AN B=G, AU B = D, and g = 0 on B. Then we have 


(1) [sau= | eau. 
D A 


This can be proved as follows. According to Lemma 8.6, there exists an increasing sequence 
(Gn : n € N) of nonnegative simple functions such that gy, + g on D. Since 0 < o < g 
on D and since g = 0 on B, we have gy = 0 on B so that fp Qn du = 0 for every n € N. 
Then by Observation 7.6, we have 


[imdu= fondu f odu=f onan. 
D A B A 


Now ¢, t g on D and in particular g, t g on A. Thus by Theorem 8.5, we have 


fred = jim, fondu = tim, f odn =f edu. 


This proves (1). 

2. To prove (a), let f be a nonnegative extended real-valued 2{-measurable function 
on D € 2 and let {Dj,... , Dy} be a disjoint collection in 2 with eae D, = D. For 
n= 1,...,N, let us definition a function on D by setting 

f(x) forx € Dn, 
(2) fo, ) = 
0 forx € D\ Dy. 


Then fp,,--- , fpy are nonnegative extended real-valued 2{-measurable functions on D 
and uk fp, = f on D. Thus by Proposition 8.7 and by (1), we have 


frau=¥f tootn=¥ f rae 


3. Let us prove (c) next. Thus let (E, : n € N) be an increasing sequence in 2 
with lim E, = D. For each n € N, let us define a nonnegative extended real-valued 
n-> OO 
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A-measurable function fr, by (2). Then (fz, : n € N) is an increasing sequence and 
fr, + f on D. Thus by Theorem 8.5 and by (1), we have 


[iran = jim, f fedu = jim, [fa 


4. Finally to prove (b), let (D, : n € N) be a sequence of disjoint members of 2f such 
that Ucn Dn = D. Let En = Upi, Dx forn € N. Then (E, : n € N) is an increasing 
sequence in 2t and lim E, = Unen E, = D. Then by (c) and (a), we have 

A> OO 


| fau= tim, f fdu = lim fdp 
D noo Jp 


er Ufer Dg 


jin. m= df fdu. 


neN* ™? 


Proposition 8.12. Given a measure space (X, 2, w). Let f be a nonnegative extended 
real-valued A-measurable function on X. If we define a set function v on A by setting 
v(E) = Sr f dy for E € &, then v is a measure on (X, 2). 


Proof. Clearly v(Z) € [0, co] for every E € 2( and v(@) = 0. The countable additivity of 
v on 2 follows from (b) of Proposition 8.11. 


Theorem 8.13. (Fatou’s Lemma) Given a measure space (X, AU, 4). Then for every se- 
quence (f, :n € N) of nonnegative extended real-valued A-measurable functions on a set 
D € A, we have 


n->OO n> 


(1) | liminf f, du <limint f Irdp. 
D co JD 


In particular if f = lim fy, exists a.e. on D, then 
noo 
(2) ; fdp< timint f tnd. 
D noo D 


Proof. By definition, liminf f, = lim inf fy. Since (infysn fx :n € N) is an increasing 
noo n—>OO k>n oe 


sequence of nonnegative extended real-valued 21-measurable functions on D, Theorem 8.5 
implies that 


/ limint fad =f lim inf f,du = lim inf f,du 
D foe) Dn?Ok>n n->0O Dk2n 


n> 


=liminf { inf f,du < lim int [ Fndp, 
k>n noo D 


noo D 


where the third equality is from the fact that (fp infyon fy du: n € N) is an increasing 
sequence in R so that its limit exists and the limit is equal to the limit inferior and the last 
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inequality is from the fact that infyon fx < fn. This proves (1). If f = lim f, exists ae. 
n-> CO 
on D, then f = lim inf Jn ae. on D and thus (2) follows from (1) by Definition 8.8. 
ra 


Theorem 8.14. Let (X, 2, 1) be a measure space and let (fy, : n € N) be a sequence 
of nonnegative extended real-valued A-measurable functions on a set D € 2A. Suppose 
dim) Sn = f exists -a.e. on D and moreover fr, < f, u-a.e. on D for alln € N. Then 


[ fau= tim, | fad. 
D noo D 


Proof. By the hypothesis of the theorem there exists a null set N in the measure space 
(X, A, 2) such that N c D, lim fn = f,and f, < f foralln e Non D\N. Then f 
n> 


is a nonnegative extended real-valued 2{-measurable function on D \ N by Theorem 4.22 

and f, f dy exists in [0, co] by Definition 8.8. Now f = lim f, = liminf f, on D\N 
n->Oo noo 

so that by Theorem 8.13 (Fatou’s Lemma) we have 


[sana fe lim int fad < timint frdp 
D 
<limsup fadu sf fdp 


where the last inequality is from the fact that f pind s f p J du for all n € N. Thus we 
have 


Himint fadw =timsup f frdp= [ofan 
D 


and therefore jim, Ip fpdu=fpfdu. w 


[III] Approximation of the Integral by Truncation 
Let us consider first a truncation of the range of an extended real-valued function. 


Definition 8.15. Given a measure space (X,A, uw). Let f be an extended real-valued 
QA -measurable on a set D € A. For a constant M > 0, define a bounded function f™) on 
D by setting 
f(x) if f(x) €[-M, M], 
(Maya) M if f@)>M, 
—M if f(x) <-—-M. 


Let us call f™) the truncation of (the range of) f at level M. 


Observe that f!] = max {—M, min {M, f}} and thus f1 is 2{-measurable on D by 
Theorem 4.22. Note also that for the sequence (f'! : n € N), we have lim, f hl — fonD. 
n 


Indeed if f(x) € R then there exist N € N such that | f(x)| < N and then fl!"(x) = f(x) 
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for every n > N so that lim f(x) = f(x); if f(x) = 00, then f(x) =n for every 
noo 


n é Nsothat lim fc) = lim n = o = f(x) and similarly if f(x) = —oo, then 
noo nO 
fax) = —n for every n € N so that lim f(x) = lim —n = —oo = f(x). In 
noo n->0o0 


particular if f is nonnegative then f™! + f on D. 


Lemma 8.16. Given a measure space (X,2A, w). Let f be a p-integrable nonnegative 
extended real-valued 2(-measurable on a set D € 2A. Then for every € > 0, there exists a 
constant M > 0 such that 


[ire rMau= [sau fi pau <e, 


Proof. For any M > 0, we have 0 < f!1 < f on D so that the integrability of f on D 
implies that of f!™! by (e) of Lemma 8.2. Then fy{f—fU dp = fy fdu—fy f dp 
by Corollary 8.9. 

For n € N, consider f!!, the truncation of f at level n. Then (f!! : n € N) is an 
increasing sequence of nonnegative real-valued &-measurable functions such that f!! + f 
on D. Thus by Theorem 8.5, we have lim Sp Ff du = fp f du. Since f, f du < 0, 
for every ¢ > 0 there exists N € N such that f, fdu—e < fy fl" dy forn > N. Thus 
Sn fau-fpf" du<e. a 


Next let us consider a truncation of the domain of definition of a function. 


Definition 8.17. Let (X, U, 2) be a measure space and let f be an extended real-valued A- 
measurable function on a set D € A. Let E € Wand E C D. Let an extended real-valued 
2-measurable function on D be defined by setting 
f(x) forxeéE, 
fe) = 
0 forxée D\E. 


We call fr the truncation of f at the set E. 


Note that if (EZ, :n € N) is an increasing sequence of 2{-measurable subsets of D such 
that lim. E, = D, then lim. fr, = f on D. This can be shown as follows. If x € D, 
n> n 


then since D = nen E,, there exists N € N such thatx € Ey. Then x € E, for every 

n> N so that fe,(x) = f(x) for every n > N. Hence lim fe,(x) = f(x) for every 
n>Co 

x € D. In particular if f is nonnegative then fz, t f on D. 


Lemma 8.18. Given a measure space (X, 2, w). Let f be a y-integrable nonnegative 
extended real-valued 2-measurable function on a o-finite set D € A. Then for every 
& > 0, there exists a 2-measurable subset E of D with n(E) < 00 such that 


a) [r-ferau=f ran ff feau<s. 
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In particular, when (X, A, 2) = (R, MN, , fiz), there exists a constant M > 0 such that 
(2) fu — fort—m.my} de, = | fan, =f forma du, <€&. 


Proof. 1. For any E c D such that E € &, we have 0 < fg < f on D so that the 
p-integrability of f on D implies that of fg. Then fy {f — fe}du = fy fdu—Jfp, fedu 
by Corollary 8.9. 

Since D is aa-finite set, according to Lemma 1.31, there exists an increasing sequence 
(E, : n € N) in 20 such that jim, E, = D and w(E,) < oo for every n € N. Then 
(fe, :n € N) is an increasing sequence of nonnegative extended real-valued 2{-measurable 
functions on D such that fg, t f on D, we have lim fo fe, du = fy f du by Theorem 

n->0O 
8.5. Since tp fd < oo, for an arbitrary ¢ > 0 there exists N € N such that we have 
Ip fdu— fp fe, du <e forn > N. Let E = Ey and we have the inequality in (1). 

2. When (X, 2,4) = (R, Mt,,u,) and D € M,, we let Ey = DM [=n,n] for 

n €N. Then (E, : n € N) is an increasing sequence in Jt, such that lim E, = D and 
n-> oo 
1, (En) < 00 for every n € N. Then (2) follows by the same argument asin1. 


The next Theorem shows that if f is a nonnegative extended real-valued 2-measurable 
function on a o-finite set D € 2 and if in f du < ov, then f,, f du can be approximated 
by the integral of a bounded nonnegative real-valued 2{-measurable function which vanishes 
outside of a set with finite measure. 


Theorem 8.19. Given a measure space (X, XA, w). Let f be a p-integrable nonnegative 
extended real-valued A-measurable function on ao -finite set D € A. Then for every € > 0, 
there exist a constant M > 0 and a 2-measurable subset E of D with w(E) < 0 such 
that 


a) [tr M0} d= fi ran— f (1%) pau <e. 


In particular, when (X, A, 4) = (R, Mt, 4,), there exists a constant M > 0 such that 
Of [F—Moecscan) aie = fF — fF oe mean dite < 


Proof. 1. For every M > O and E € 2 such that E C D, we have 0 < (sf). < fl“) < 
f on D. Thus the y-integrability of f on D implies that of fz, and (f (M1). Then by 


Corollary 8.9, we have f, {f — (f!™) .} du = fp fdu— fy (fl) - du. 
Let ¢ > 0. The p-integrability of f on D implies according to Lemma 8.16 that there 
exists M > 0 such that 


3) [iran— fi rian <5, 
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The s-integrability of f!™] on D implies according to Lemma 8.18 the existence of a 
Q{-measurable subset E of D with .(E) < 00 such that 


(4) [i reean— f (7) pan <5. 


Adding (3) and (4), we have the inequality in (1). 
2. When (X, 20, 4) = (R, mM, L,), by Lemma 8.16 there exists M; > 0 such that 


(5) / fdu,- / flay, <<, 
D D 2 


and by Lemma 8.17, there exists M2 > 0 such that 


E 
6) fan, Sy Aaa rare du, <5 
Adding (5) and (6), we have 
(7) i: fdu,- i Ce aie een = 


Now f of (Mt)) nat My,Mo] du, increases if either one of M, and Mp2 increases. Thus 
replacing M; and M2 in (7) with M = max {M), M2}, we have 


I, (£0) potato) He S [ (£0) ont anany a: 


Therefore we have 


M M 
[rau fr Von-man di. sf fan, — f(s A) isk wane <6. 


This proves the inequality in (2). 


Theorem 8.20. (Uniform Absolute Continuity of the Integral with Respect to the Mea- 
sure) Given a measure space (X, 2, uw). Let f be a w-integrable nonnegative extended 
real-valued A-measurable on a set D € A. Then for every € > 0, there exists 5 > 0 such 


that 
i. fdpu<e 
E 


for every A-measurable subset E of D with w(E) < 6. 


Proof. By Lemma 8.16, forevery ¢ > Othere exists M > Osuch that f,{f—fM} du < §. 
Let 6 < are Then for every 2l-measurable subset E of D with n(E) < 6, we have 
Se fl du < Mu(E) < §. Thus 


[tau fran = [rans [ir - FM ay <é, 
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and then 
[tans fs an+5 <5+ 
E E 2 2 


Remark 8.21. Theorem 8.20 is not valid if the function f is only ~ semi-integrable, but 
not p-integrable, on D. 


Example. In the measure space (R, 9%, 4), let D = [0, 00) and let f (x) =x forx € D. 
Then f, f du, = © so that f is not 4, -integrable on D. Now let E, = [n, n+ 1) for 


1 L 
n € N. We have Se, fae, = fre" x dx = $[x2prre =1+ sit. Thus if ¢ = 1 for 
instance, then for any 5 > 0 however small, if we take n € N so large that i < 6 then 
(En) =} <dbut fy fdu, =1+55 >. 


Problems 


Prob. 8.1. Given a measure space (X, 2, 4). Let f be a nonnegative extended real-valued 
2{-measurable function on a set D € 2. Let ® be the collection of all nonnegative simple 
functions g on D such that 0 < g < f on D and let © be the collection of all Lebesgue 
integrable nonnegative simple functions ® on D such thatO < 3 < f on D. Recall that 
by our definition of the Lebesgue integral of f, we have fp f du = supyee fp v du. Note 
that since © C ®, we have supyce fp du < supyeg fy 9 du. Show that if (X, 2, 1) is 
a o-finite measure space, then supyco fp, 9 du = Supyee [pn 9 dU. 


Prob. 8.2. Consider the Lebesgue measure space (R, 9Jt, , ,). 
(a) Construct nonnegative real-valued Jt, -measurable functions (f, :n € N) and f on R 
such that (f, : 2 € N) converges to f uniformly on R but lim Sp fndu, # fy f du. 
n> 
(b) Construct nonnegative real-valued 99, -measurable functions (f, :n € N) and f onR 
such that fr | f asn > coon R but lim, Sa ind, F Sa f du,. 
n> 


Prob. 8.3. Given a measure space (X, 2, 4). Let (f, : n € N) and f be extended real- 
valued 2{-measurable functions on a set D € 2( and assume that f is real-valued a.e. on D. 
Suppose there exists a sequence of positive numbers (¢, : n € N) such that 

i dine En < OO, 

2° dn |fn — fl? dp < &, for every n € N for some fixed p € (0, 00). 

Show that the sequence (f;, : n € N) converges to f a.e. on D. (Note that no y-integrability 
of fn, f, |fnl?, and | f|? on D is assumed.) 


Prob. 8.4. Given a measure space (X, 2, 4). Let (f, : n € N) and f be extended real- 
valued 2{-measurable functions on a set D € 2( and assume that f is real-valued a.e. on D. 
Suppose there exists a sequence of positive numbers (¢, : n € N) such that 

1° lim e, = 0, 

2° es lfn — f\? dp < e, for every n € N for some fixed p € (0, 00). 

Show that the sequence (f, : n € N) has a subsequence (fn, : k € N) which converges to 
fae.on D. 
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Prob. 8.5. Given a measure space (X, 2, 2). Let (f, :n € N) and f be extended real- 

valued 2{-measurable functions on a set D € 2 and assume that f is real-valued a.e. on D. 

Suppose lim, fp \fa — f\? du = 0 for some fixed p € (0, 00). Show that the sequence 
n 


(fn: n € N) converges to f on D in measure. 


Prob. 8.6. Let (X, 20, 4) be a measure space and let f be an extended real-valued 2{- 
measurable function on X such that ie |f |? du < oo for some p € (0, 0%). Show that 
Jim Mu{X [fl >a} =o. 

> 00 


Prob. 8.7. Let (X, 2, 4) be a o-finite measure space. Let f be an extended real-valued 
{-measurable function on X. Show that for every p € (0, 00) we have 


fisrau= fo par tu{xsifi> a} apt. 
X 00) 


[0, 


Prob. 8.8. Given a measure space (X, 2l, 4). Let f be a nonnegative extended real-valued 
{-measurable function on a set D € 2 with ~(D) < oo. Suppose f > Oa. on D. 

(a) Show that for every 5 > 0 there exists 7 > 0 such that for every 2{-measurable subset 
E of D with u(E) > 4, we have f, f du > n. 

(b) Show that (a) does not hold without the assumption “(D) < oo. 


Prob. 8.9. Given a measure space (X, 2, jz) with u(X) < oo. Let f be a nonnegative 
extended real-valued 2{-measurable function on X such that f > 0, w-ae. on X. Let 
(E, : n € N) be a sequence in 2{ such that Jim, Je, f du = 0. Prove the following: 

(a) lim (En) = 0. 

(b) fim, LL(E,) = 0 does not hold without the assumption that f > 0, w-a.e. on X. 

(c) im, LL(E,) = 0 does not hold without the assumption that w(X) < oo. 


Prob. 8.10. Given a measure space (X, 2l, w). Let f be a nonnegative extended real-valued 
2-measurable function on a set D € 2 with w(D) < ow. Let D, = {x € D: f(x) > n} 
forn € N. Show that f,, f du < oo if and only if ey U(Dn) < 00. 


Prob. 8.11. Given a measure space (X, 20, w) with u(X) < oo. Let f be a nonnegative 
real-valued 2{-measurable function on X. Show that f in y-integrable on X if and only if 


D> Wu {x eX: f(x) > 2"} < 00. 


neZx 


Prob. 8.12. Given a measure space (X, 2, 1). Let f and g be two nonnegative extended 
real-valued 2{-measurable function on a set D € 2( such that f < g ae. on D. 

(a) Show that if f, fdu = f, gdu < 00, then f = gae. on D. 

(b) Show by constructing a counter example that if the condition {,, gd < 00 in (a) is 
removed then the conclusion is not valid. 


Prob. 8.13. Given a measure space (X, 2l, 4). Let f be a real-valued 2{-measurable 
function on a set D € 2 with z(D) € (0, oo) such that f(x) € [0, 1) for every x € D. 
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(a) Show that fj, fdu < u(D). 
(b) Show by counter example that without the condition 4(D) < oo, the conclusion in (a) 
is not valid. 


Prob. 8.14. (a) Let {€n,; : 1 € N,i € N} be an array of nonnegative extended real numbers, 
that is, Cp,; € [0, co] form € N andi € N. Show that 


lim inf Deni > os lim inf Cais 
ieN ieN 
(b) Show that if (c,,; : n € N) is an increasing sequence for each i € N then 


lim ) ti = > lim Cp,i- 
n->00 n—>00 


ieN ieN 
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[I] Lebesgue Integral of Measurable Functions 


If f is an extended real-valued 2{-measurable function on a set D € 2U in a measure space 
(X, A, uw), then f = ft—f- where f+ and f~ are the positive and negative parts of f, that 
is, ft = max {f,0} and f— = — min{f,0}. Since f* and f~ are nonnegative extended 
real-valued {-measurable functions on D, f, ft du and f, f~ du exist in [0, 00] by 
Definition 8.1, but f, f* du — f, f~ du may not exist in R. 


Definition 9.1. Given a measure space (X,A, uw). Let f be an extended real-valued 
M-measurable function on a set D € A. If fs pi tdu— fi pf dp exists in R, then we say 
that f is Lebesgue semi-integrable on D with respect to [t, or simply 2 semi-integrable on 
D, and define f,, f du = fy f* du— fp f~ du. We say that f is Lebesgue integrable on 
D with respect to «1, or simply js-integrable on D, only when [P fdweR. 


For the class of bounded measurable functions on a set with finite measure and for the 
class of nonnegative extended real-valued measurable functions the Lebesgue integral has 
been defined by Definition 7.10 and by Definition 8.1 respectively. Let us reconcile these 
definitions with Definition 9.1 for the class of extended real-valued measurable functions 
which includes the last two classes of functions as particular cases. To do this, let Io(f), 
I(f), and J(f) be the integrals of f in the sense of Definition 7.10, Definition 8.1, and 
Definition 9.1 respectively. 

If f is anonnegative extended real-valued 2{-measurable function on a set D € 2{, then 
f = f*—f- where ft = fand f~ =0. Then J(f) = 1(f*)—-I(f-) = 1(f)-1) = 
I(f). Thus Definition 8.1 is consistent with Definition 9.1. If f is a bounded real-valued 
{-measurable function on a set D € 2 with ~(D) < oo, then 


Io(f) = lo(f* — f~) = lo f*) ~ lo F~) 
a sup f edu - sup f edn 
esft dD esf- YD 
= sup [vau- sup [ivan 
O<ysft/D O<y<f-JD 


=1(f*)-I(f-) = J(f), 


where the second equality is by Lemma 7.12. This shows that Definition 7.10 is consistent 
with Definition 9.1. 


Observation 9.2. (a) f is jz semi-integrable on D if and only if at least one of f, of tdu 
and {,, f~ du is finite. 

(b) f is u-integrable on D if and only if both f, f+ du and f,, f~ dy are finite. 

(c) If f is u semi-integrable on D, then fp fdu|< Sp |fldp. 
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(d) f is y-integrable on D if and only if | fy f du| < co. 

(e) f is -integrable on D if and only if | f| is. 

(f) If f is z-integrable on D, then | f| < co a.e. on D, that is, f is real-valued a.e. on D. 
(g) If f is -integrable on D, then the set {x € D: f(x) 4 0} is ac-finite set. 


Proof. 1. (a) and (b) are immediate from Definition 9.1. 
2. To prove (c), note that if f,, f du exists then 


[rau=[rran- [rans ff prans f pan 
= fists rans f irian, 


by Proposition 8.7. Similarly 


~ [sana rrans [duff pane fl peau =f iriaw. 


Thus | f, f dul < fy lfldu. 
3. To prove (d), suppose f is jz-integrable on D. Then by (b) we have 


| fi ran|=|forran- ff paul <| f rran|+| f paul <0 


Conversely if | fp f du| < oo, that is, | fp ftdu — fy f~ dul < oo, then we have 
Ip f* du— fp f~ du ER, that is, f is u-integrable on D. 

4. To prove (e), suppose f is y-integrable on D. Then we have {,, ft du < oo and 
Ip f~ du < 00 by (b). This then implies 


fsiau= [ure rian= fp prant f pau < co 


so that | f| is -integrable on D. Conversely suppose | f| is jz-integrable on D, that is, 
Sp lflau < oo. Now since 0 < ft < |f| andO < f~ < |f| on D, we have both 
Ip ft du < fylfldu <ooand fy f~ du < fy |fldu < 00 by (e) of Lemma 8.2. This 
shows that f is jz-integrable on D by (b). 

5. To prove (f), note that if f is u-integrable on D then so is | f| by (e). Then | f| < co 
a.e. on D by (a) of Lemma 8.2. 

6. To prove (g), note that if we define D, = {x eD:{|fx)|= i} for k € N then we 
have {x € D: f(x) £0} = {x © X : |f(x)| > 0} = Upen De. Now for each k € N, 
we have the estimate pH(Dr) < Sp, Ifldu < fo lf|du < oo so that (Dx) < 00. This 
shows that the set {x ¢ D: f(x) #0} is ao-finite set. 


Lemma 9.3. Given a measure space (X, A, “). Let f be an extended real-valued A- 
measurable function on a set D € A. If fy f du exists and f[, f du > O for every 
A-measurable subset E of D, then f > 0a.e. on D. 
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Proof. Suppose the statement that f > 0a.e. on D is false. Then for the set FE = {x € D: 
f(x) < 0}, we have (E) > 0. Now E = U, oy Ex where Ex = {x ED: f(x)< —i} 
fork € N. Thus D yen H(Ex) = &(Ugen Ex) = #(E) > 0 so that there exists kp ¢ N 
such that u(E,,) > 0. Then Fxg fdp< —jM(Eky) < 0, contradicting the assumption 


that f, f du = 0 for every 21-measurable subset E of D. & 


Observation 9.4. Let f and g be two extended real-valued functions on a set D. If f < g 
on D, then ft < g* and f~ > g7 on D. 


Proof. If f < g, then f* = max{f,0} < max {g,0} = gt. Also f < g implies that 
min {f, 0} < min {g, 0} and then f~- = —min{f,0} > —min{g,0}=g7. w 


Lemma 9.5. Given a measure space (X, 2, 4). Let f and g be two extended real-valued 
2(-measurable functions on a set D € 2A. Suppose f < g on D. If one of f and g is 
jt-integrable on D, then the other is at least 4 semi-integrable on D. 


Proof. If f is u-integrable on D, then we have f, f* du < oo and fy f~ du < ©. 
Since f < gon D wehave f~ > g~ on D by Observation 9.4. This implies that we have 
bs g du < ‘ f~ dp < oo. This proves the  semi-integrability of g on D by (a) of 
Observation 9.2. 

On the other hand, if we suppose that g is -integrable on D, then [, gt du < co 
and fy, g~ du < oo. Since f < g on D, we have ft < gt on D by Observation 9.4. 
This implies f[, ft du < fypgtdu < co. Then f, ft du < co implies the yw semi- 
integrability of fon D. 


Lemma 9.6. Given a measure space (X, A, n). Let f and g be two extended real-valued 
2-measurable functions on a set D € A. Suppose f < g on D. 

(a) If f is 4 semi-integrable on D and {,, f du 4 —00, then g is 4 semi-integrable on D. 
(b) If g is 4 semi-integrable on D and is gdu # M, then f is wu semi-integrable on D. 


Proof. 1. Let us prove (a). Now if f is 4 semi-integrable on D and /f, pJ du # —o, then 
since fy fdu = fy ft du — fp f~ du we have f, f~ du < oo. Since f < gon D 
implies f~ > g~ on D by Observation 9.4, we have fg” du < fi, f~ du < oo. Thus g 
is 4 semi-integrable on D by (a) of Observation 9.2. 

2. To prove (b), suppose g is yz semi-integrable on D and f p&du # oo. Then since 
fp gdu = fypgtdu— {yg du, we have f, gt du < oo. Since f < g on D implies 
f* < gt on D by Observation 9.4, we have f,, ft du < fy gt du < oo. This shows that 
f is » semi-integrable on D by (a) of Observation 9.2. 


Lemma 9.7. Given a measure space (X, A, 4). Let f and g be two extended real-valued 
A-measurable functions on a set D € A. If f and g are both a semi-integrable on D and 


if f <gonD, then fy fdu< fygdu. 


Proof. f < gon Dimplies ft < gt and f— > g~ on D by Observation 9.4. Thus we 
have f, ft du < fy gt duand f, f~ du = fy g” du. Subtracting the second inequality 
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from the first side by side we have f, ftdu — fy f-du < fygtdu— fyg du, 
where the two differences exist since f and g are yz semi-integrable on D. Thus we have 
So fdus fogdu. 


Lemma 9.8. Given a measure space (X, 2, w). Let f and g be two extended real-valued 
M-measurable functions on a set D € A. If f = g ae. on D and if f is  semi-integrable 
on D, then so is g and f, f du= fy gdu. 


Proof. If f = g ae. on D then f+ = gt and f~ = g~ ae. on D and therefore we 
have fy ft du = fy gt du and f, f- du = f,g7 du by (f) of Lemma 8.2. Thus if 
Jp ft du— fpf du exists then so does f,, gt du — fp g~ dy and the two differences 
are equal. 


Lemma 9.9. Given a measure space (X, A, 4). Let f be an extended real-valued U- 

measurable function on a set D € 2X. Let Do be an arbitrary U-measurable subset of D. 

(a) If f is uw semi-integrable on D, then f is 4 semi-integrable on Do. In other words, if f 
is not 2 semi-integrable on Do, then f is not  semi-integrable on D. 

(b) If f is u-integrable on D, then f is u-integrable on Do. In other words, if f is not 
p-integrable on Do, then f is not 4-integrable on D. 


Proof. 1. Wehave fp ft du> fp, ft du 2 Oand fy f- du > fp, f~ du = Oby (c) of 
Lemma 8.2. If f is ~ semi-integrable on D, then at least one of f,, ft du and f, f~ duis 
finite so that at least one of f,, f* dy and f p, £ duis finite. Thus f is 1 semi-integrable 
on Do. 

2. If f is 4-integrable on D, then both f,, f+ du and f, f~ dy are finite so that both 
Jp, £* du and JD, f~ dw are finite and then f is y-integrable on Do. & 


Lemma 9.10. Given a measure space (X, 2X, 4). Let f be an extended real-valued X- 
measurable function on a set D € XA. Suppose f is 4 semi-integrable on D. 
(a) If (D1, ... , Dn} is a disjoint collection in X such that es D,, = D, then we have 


N 
[fad Sau 


(b) If {D, : n € N} is a disjoint collection in 2X such that nen D, = D, then we have 


[rama d fl san. 


neN 


(c) If (E, :n € N) is an increasing sequence in A such that jim, E, = D, then we have 


[fau= lim f, fd. 
D noo Yin 
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Proof. 1. The sz semi-integrability of f on D implies its ~ semi-integrability on D, by 
Lemma 9.9. Then (a) and (b) follow from (a) and (b) of Proposition 8.11 respectively. 

2. To prove (b) for instance, note that f,, fdu = f, ft du — fp f~ du and then we 
have fy ft du = Donen ie ft du and th f dh = So nen Sp, J” du according to (b) 


of Proposition 8.11. Thus 
Df tae Lp rae 
neN neN 


fi fau= 
Elio fra} 


neN 


where the second equality is from the fact that if (a, : n € N) and (b, : n € N) are two 
sequences of nonnegative extended real numbers such that at least one of >.< @n and 


Drew On is finite then) cry(Gn — On) = Donen In — Donen On. Thus 


[feu= tee, frau sau 


= jin f, sau= Sf sau 


neN 


3. To prove (c), Let D} = E, and D, = E, \ En-1 forn > 2. Then {D, :n € N} is 
a disjoint collection in 2% with z_, Dk = En forn € Nand U,en Da = Une En = D. 
Thus by (b) and (a) we have 


[iran 


Si. f du = lim Df, fdw 


neN 


im, f fdu= im, f fdu. 
noo Uke1 De noo En 


This proves (c). = 


For the integral of a measurable function defined a.e. on a measurable set, the following 
definition is convenient. 


Definition 9.11. Given a measure space (X, A, 2). Let f be an extended real-valued A- 
measurable function on D\ N where D, N € A, N C D, and N isa null set in (X, 2, ys). 
Suppose f is u semi-integrable on D\ N. We write [,, f du for [py f du where f is an 
extended real-valued X-measurable function on D defined by 


r=| f onD\N, 


O onN. 


(Note that f, fdu = fovy fae + fy fdu = Spy f du +0 by (a) of Lemma 9.10.) 
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Lemma 9.12. Given a measure space (X, A, 4). Let f be an extended real-valued A- 
measurable function on a set D € @. 

(a) If f is 4 semi-integrable on D, then so is —f and [y)(—f) du = — ie f du. 

(b) If f is x semi-integrable on D, then so is cf for everyc # Oand fy cfhdp= ef, fd. 
(c) If f is u-integrable on D, thenOf is defineda.e. on Dand [,0- f du=0- fy f du. 


Proof. (a) follows from the fact that (—f)* = f~ and (—f)~ = f*. (b) follows from 
(a) and Lemma 8.3. (c) follows from the fact that if f is w-integrable on D, then f is 
real-valued a.e. on D. § 


It is usually shown that if f and g are both y-integrable, then so is f + g and moreover 
Sp{f +g}du = fp fdut fed. Here we show that the equality holds even when f 
and g are only 4 semi-integrable as long as the sum f,, f du + fp g du exists in R. 


Observation 9.13. Let a,b € R be such that a + b exists in R. Then max {a + b, 0} < 
max {a, 0} + max {b, 0}. 


Proof. If a < 0 and b < 0 also, then max {a + b,0} = 0 = max {a, 0} + max {d, 0}. If 
only one of a and b is negative, say a < 0 and b > 0, then max {a + b, 0) < max {b, 0} 
max {a, 0} + max {b,0}. If a > 0 and b > O also, then max {a + b,0} = a+b 
max {a, 0} + max {b, 0}. 


Theorem 9.14. Given ameasure space (X, A, 4). Let f and g be two extended real-valued 
2-measurable functions on a set D € A. Suppose f and g are both 2 semi-integrable on 
Dz If fp f du + fp 8 du exists in R, then 

(a) f + g is defined a.e. on D, 

(b) f + g is yu semi-integrable on D, 

(c) Sp{f t+a}du = if fdut frgdu. 

In particular if both f and g are j4-integrable on D then f + g is -integrable on D and 
Spf +g}du = fy fdut fy gdu. 


Proof. 1. Suppose f,, f du + fy g du exists in R. Then either 


() [fan f ean e (00,001 
D D 

or 

(2) | sau. f eau € 1-20.00. 
D D 


Let us consider case (1). Case (2) can be treated likewise. Now if we assume (1), then we 
have 


(3) [raw f gt du € [0, oo], 
D D 
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and 
(4) | fodu, f g du € [0, 00). 
D D 


By (a) of Lemma 8.2, (4) implies that f—, g~ € [0, 00) ae. on D. Then f, g € (—00, cw] 
a.e. on D so that f + g is defined and f + g € (—00, cw] ae. on D. 
2. Let us show that f + g is uw semi-integrable on D. By Observation 9.13, we have 


(f+e)t < ft+er ae. on D, 
(f+g) = (—{f +8})* <(-f)*+(Cg)t = f7~+g7 ae. onD. 


Then recalling Definition 9.11, by (e) of Lemma 8.2, (a) of Proposition 8.7, (3) and (4), we 
have 


(5) [rtoraus f frau | gt du € (0, oo], 
D D D 


and similarly 


(6) [rterdus f pau f g” du € [0, ov). 
D D D 


By (5) and (6), we have 


du= + aes ~d —0Oo, 
(7) [ure , [ree dp [rte 1 € (—00, 00] 


This proves the jz semi-integrability of f + g on D. 
3. To prove that the integral of the sum is equal to the sum of the integrals, note that 


(f+ea)+—-(f+ea) =ft+e=(ft—fj}+iet—e7} ae. onD. 


Since (4) implies that f~ and g~ are finite a.e. on D and (6) implies that (f + g)7 is finite 
a.e. on D, transposition of f~, g~, and (f + g)~ in the last equality is possible a.e. on D 
and thus we have 


(ftet+fote =fttet+(ftea) ae. onD. 
Then recalling Definition 9.11, we have by (a) of Proposition 8.7 


[urtorans f praut ff dy 

D D D 

=| pant f etdus f peer au. 
D D D 


Since f, f~ du, fyg” du, and f{,(f + g)~ du are finite, we may transpose them in the 
last equality. Then we have 


[rtoran- frserdu 
D D 


=/ frau | prdu+ | gran f gdp, 
D D D D 
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that is, (p{f + gldu =f, fdutfygdu. 
4. If both f and g are yx-integrable on D then Bs fdutfp g dy exists in R so that we 
have [yn {f+st}du= fy fdu+t fypgdueRby(c). a 


In Theorem 9.14, the existence of f,, f dut pgeduin Risa sufficient condition for the 
existence of fe pif + a}duin R. This condition however is not a necessary condition. For 
instance, if f is a nonnegative real-valued 2{-measurable function on D with f,, f du = 00 
and g = —f, then f + g =0on D and thus /,{f + g}du =0 but f, fdut+fygdu= 
© — oo which does not exist. 


Corollary 9.15. Given ameasure space (X, A, 4). Let f and g be two extended real-valued 
2-measurable functions on a set D € A. Suppose f and g are both wu semi-integrable on 
Dz If fy f du — fp g du exists in R, then 

(a) f — g is defined a.e. on D, 

(b) f — g is wt semi-integrable on D, 

(c) fp{f — g}du = ‘if fdu — fpgdu. 

In particular if both f and g are -integrable on D then f — g is u-integrable on D and 
Jp f - ghdu =fpnfdu—fpgdu. 


Proof. Since fp g dy exists, fy (—g) du exists and f)(—g) du = — fg dy. Then since 
Sp f du-Jfp g duexists, {, f du+ fy(—g) du exists. Thus by Theorem 9.14, f+(—g) is 
defineda.e. on D, fp{ f +(—g)} du exists and fp{f+(—g)}du = fp f dut fp(—g) du. 
This proves the Corollary. 


Proposition 9.16. Given a measure space (X, A, w). Let f and g be extended real-valued 

2-measurable functions on a set D € A. 

(a) If f and g are 1-integrable on D and f, f du = = gd for every E € 2X such that 
E CD, then f = gae. onD. 

(b) If f and g are 1 semi-integrable on D and f,, f du = fg du for every E € U such 
that E C D, then f = g ae. on D provided that D is a o-finite set. 


Proof. 1. Consider first the case where f and g are two j-integrable real-valued 2{- 
measurable functions on D. If the statement that f = g a.e. on D is false, then at least 
one of the two sets E = {x e D: f(x) < g(x)} and F = {x e D: f(x) > g(x)} 
has a positive measure. Consider the case u(E) > 0. Now since both f and g are real- 
valued on D, we have E = (ony Ex where Ey = [x € D: g(x) — f(x) = t}. Then 
0 < WE) < Ypen M(Ex). Thus there exists ky) € N such that (E%,) > 0 so that 
Sey {8 — S} AH 2 GeH(E~m) > 0. Now fr, tg — fldu = fz, du - Sy, fan by 
Corollary 9.15. Thus we have Se, gdp > S46 fdut+ ipl (Eky) > Sex f du. This isa 
contradiction. Thus w(£) = 0. Similarly 7.(F) = 0. This shows that f = g a.e. on D. 
Now consider the general case that f and g are two y-integrable extended real-valued 
A-measurable functions on D. The y-integrability of f and g implies that f and g are 
real-valued a.e. on D by (f) of Observation 9.2. Thus there exists a null set Do contained 
in D such that f and g are real-valued on D \ Do. Let two functions f and g be defined 
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by setting f= = f on D\ Do and f= 0 on Do, and similarly g = g on D \ Do and g = 0 
on Do. Then f and Z are real-valued on D and fi, fdu = fefdu= fpgdu= fp Bau 
for every E € 2 such that E C D so that by our result above we have f = g ae. on D. 
Then since f = fae. on D and g = ga.e. on D, we have f = g ae. on D. 
2. Suppose D € is ao-finite set and f and g are uw semi-integrable on D. Suppose 

J; fdu = f, du for every E € A such that E C D. The o-finiteness of D implies 
according to Lemma 1.31 that there exists a disjoint sequence (A, : n € N) in 2€ such that 
nen An = D and (An) < 00 for every n € N. Since a countable union of null sets is a 
null set, to show that f = g a.e. on D, it suffices to show that f = g a.e. on Ap, for every 
n € N. Now suppose the statement that f = g a.e. on A, is false for some n € N. Then at 
least one of the two sets E = {A, : f < g} and F = {An : f > g} has a positive measure. 
Suppose 4(E) > 0. Now E£ is the union of three mutually disjoint 2{-measurable sets given 
by 

E = {A,:-00 < f <g < oo}, 

E® = {A, :-00 < f <g=oo}, 

E® ={A,:-o0 = f <g}. 


If u(E) > 0 then at least one of the three sets E™, E®, and E®) has a positive measure. 
Consider first the case 4(E“) > 0. Now EY = U,, en Usen Uven BO), where 


1 
Eve = {Anim sf, f+iseig st}. 


Since 0 < w(E™) < Den Deen Deen n(E, ¢)» there exist mo, ko, £0 € N such that 
1 1 
(Ew io to) > 0. For brevity, let E* = Eo . Then Snelg - fidp = EH(E*) > 0. 
Since —mo < f < g < £9 on E* and w(E*) < (An) < oo, f and g are p- integrable on 
E* and then fr.{g — f}du = firs du — fre f du by Corollary 9.15. This then implies 
Sp 8 du — frye f dp > u(E*) > Oso that fy. gdu > fp. f du which contradicts the 
assumption that f, f du = f,, ¢ du for every E € A such that E Cc D. 
Consider next the case p(E) > 0. Now E® = U,cy E) where 


E? ={A,:-oo < f <2, g = oo}. 


SinceO < w(E) < D yey w(ES”), there exists 2p € Nsuchthat 1 (E ) > 0. Forbrevity 
let us write E* = Ee Then since g = 00 on E* and x(E*) > 0 we have fp. gdp = 00. 


On the other hand, i fdu < lCou(E*) < lou(An) < 00. Thus ie fapF fine gdp, 
contradicting the assumption that f, fdu = f,, g du for every E € 2 such that E c D. 


Finally consider next the case p(E®) > 0. Now E® = Usen EQ where 
E®) = {An :f=-w,g> —m}. 


Then0 < n(E®) < Den H(E .) so that there exists mg € Nsuch that 2(ES?) > 0. For 
brevity let us write E* = EO . Then fi. f du = —ooand f,. gdu > —mopu(E*) > —0o 
since u(E*) < u(A,) < 00. Thus ts fdpF fis gd. This is a contradiction. 
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Thus we have shown that the assumption j4(E) > 0 leads to a contradiction. Similarly 
the assumption u(F) > 0 leads to a contradiction. Therefore f = g a.e. on A, for every 
n é Nandhence f = gae.onD. @ 


Let us observe that (b) of Proposition 9.16 is not valid without the o-finiteness of the set 
D € A. As acounter example, consider a measure space (X, 2, 4) where X is an arbitrary 
nonempty set, 2 = {@, X}, and u(@) = 0 and p(X) = ow. Let f = lon X and g = 2 
on X. Then f, fdu =0= f, gduand fy fd = 00 = fy gdu so that f and g are u 
semi-integrable on X. We have f, fdu = f, gdyu for every E ¢ A. But f(x) ¥ g(x) 
for any x € X. 


{{1] Convergence Theorems 


The Monotone Convergence Theorem (Theorem 8.5) for an increasing sequence of nonneg- 
ative extended real-valued functions is extended next for a monotone sequence of extended 
real-valued functions. 


Theorem 9.17. (Generalized Monotone Convergence Theorem) Let (X, 2, 4) be an 
arbitrary measure space. Let (fn : n € N) be amonotone sequence of extended real-valued 
2-measurable functions on a set D € Wand let f = lim tn 
n 
(a) If (fn : n € N) is an increasing sequence and there exists a s-integrable extended 
real-valued U-measurable function g such that fy = g on D for every n € N, then 
fn 2 €N, and f are wt semi-integrable on D and lim | Sn Indu = fpf dp. 
n 
(b) If (fn tn € N) is a decreasing sequence and there exists a s-integrable extended real- 
valued A-measurable function g such that f, < g on D for everyn €N, then fr,n € N, 
and f are 1 semi-integrable on D and lim Sp ind = fpf du. 
n 


Proof. 1. Assume the hypothesis in (a). Since g < f, and g is -integrable on D, f,, is 
j4-semi-integrable on D by Lemma 9.5. Similarly for f. By the -integrability of g on D, 
there exists a subset E of D which is a null set in (X, 2l, 42) such that g is real-valued on 
D\ E by (f) of Observation 9.2. Then f, — g is defined on D \ E. Now (fn —-g:néN) 
is an increasing sequence of nonnegative extended real-valued 2{-measurable functions on 
D \ E and thus by Theorem 8.5 (Monotone Convergence Theorem), we have 


im [ th-—sidu= i Uf g)du. 
n> 00 J D\ EF D\E 

By the y-integrability of g, we have Jove gdu €R. Thus Jove fad — Jove g du exists 

in R and this implies that Joyel fn —g}du= Jove frdp— Jove g du by Corollary 9.15. 

Similarly we have fp -(f — g}du = foe f du — [pg 8 au. Therefore we have 


lim fadu— f gdu= | fan | gdp 
n> 0O JD\E D\E D\E D\E 


and thus jim, Joye fndu = fog f du. Then we have jim, Sn fndu = fp, fdp by 
Definition 9.11. 
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2. To prove (b), assume the hypothesis in (b). By Lemma 9.5, f,,n € N, and f are u 
semi-integrable on D. Now (—f, : n € N) is an increasing sequence and — f, > —g on D 
for every n € N. Since ~g is j.-integrable, (a) implies lim, Sp(—fr) du = fp(-—f) du 

n— 


and thus jim, Sp frdu=fpnfdu. a 


Remark 9.18. (a) In Theorem 9.17, if some entry in the monotone sequence (f, :n € N), 
say fno for some no € N, is z-integrable, then f,,, can serve as the bounding j-integrable 
function g for the monotone sequence (fn : n > no). Thus lim, tp Indu = fp f du. 

(b) Theorem 9.17 does not hold without the existence of the jz-integrable lower bounding 
function g for an increasing sequence (f, : n € N) or the p-integrable upper bounding 
function g for a decreasing sequence (f, : n € N). For example, in (R, Mt, is let 
Si -1 on R forn € N and let f = OonR. Then (f, : n € N) is an increasing sequence 
and jim, fn = f on R. We have fp fn du, = —00 for every n € N while fy fdu, = 0. 


Fatou’s Lemma (Theorem 8.13) for a sequence of nonnegative extended real-valued mea- 
surable functions is extended to a sequence of extended real-valued measurable functions 
as follows. 


Theorem 9.19. (Generalized Fatou’s Lemma) Given a measure space (X,A, 1). Let 

(fn : n € N) be a sequence of extended real-valued A-measurable functions on a set 

De 2. 

(a) If there exists a 4-integrable extended real-valued A-measurable function g such that 
fn = g on D for everyn EN, then fy, n € N, and lim inf fn are ft semi-integrable on 


D and 


(1) J vimint fa a <timint f Indu. 
D % JD 


n->0O na 


In particular if f = lim, Jn exists a.e. on D, then f is ts semi-integrable on D and 
na 


2) | fdu<limint i ait: 


(b) If there exists a 4-integrable extended real-valued 2-measurable function g such that 
Jn < g on D for everyn EN, then fr, n € N, and limsup f, are  semi-integrable on 
n> Oo 


Dand 
(3) a lim sup f, du > Him sup f fndp. 
D n>oo noo D 


In particular if f = \im_ f, exists a.e. on D, then f is w semi-integrable on D and 
n> oo 8 


(4) / eat | Ras: 
D noo D 
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Proof. 1. To prove (1), assume the hypothesis in (a). Since f, > g on D for every n € N, 
we have lim inf Jn = g On D. Then by Lemma 9.5, f,, n € N, and liminf f, are uw 
n—> n— OO 


semi-integrable on D. Now liminf f, = lim inf f; and ( inf fp:ne N) is an increasing 
noo n> k>n k>n 
sequence of extended real-valued 2{-measurable functions on D satisfying inf Stk >= gon 
>n 


D for every n € N. Thus by (a) of Theorem 9.17 (Generalized Monotone Convergence 
Theorem), we have 


J limint fade fp lim, jof Fedo im, fot fd 


=limint ff jaf edu stimint f fd. 
This proves (1). Now if f = lim f, exists ae. on D, then f = liminf f, ae. on D. 
n—>0o noo 
Then f,, fdu = fp lim inf fn du by Definition 9.11. Substituting this equality in (1), we 
na 

have (2). 

2. To prove (3), assume the hypothesis of (b). Since f, < g on D for every n € N, we 
have limsup f, < g on D. Then f,, € N, and lim sup f, are ys semi-integrable on D by 


noo noo 
Lemma 9.5. For the sequence (— f, : n € N), we have —f, > —g on D for every n € N 


and —g is yz-integrable on D. Applying (1) to the sequence (— f, : n € N), we have 
6) ff imint— fa) du < imint f fo) dn = timint (- [ fyan). 


Now lim inf (—a,) = — lim sup a, for an arbitrary sequence (a, :n € N) in R. Thus 
noo 


[imine fadu=— f lim sup fndu 
D D n>o 


nz 


and 


limint (~ f fadu) = —limsup fF fy dp. 


Eee. n>oo 
Using these two equalities in (5), we obtain (3). If f = Jim, Jn exists a.e. on D, then we 
have f = Hineup fn ae. on D. Then fy fdu = fy lim sup fn dp by Definition 9.11. 
Substituting this $ equality i in (3), we have (4). @ 


The Dominated Convergence Theorem which we prove next contains the Bounded Con- 
vergence Theorem (Theorem 7.16) as a particular case. 


Theorem 9.20. (Lebesgue’s Dominated Convergence Theorem) Given a measure space 
(X, A, uw). Let (f;, : n € N) be a sequence of extended real-valued U-measurable functions 
ona set D € Xl such that | f,| < g on D for everyn € N for some y-integrable nonnegative 
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extended real-valued U-measurable function g on D. If f = lim | fn exists a.e. on D, then 
n 
f is u-integrable on D and furthermore 


(1) lim inde = [ifaw 
noo D 

and 

Q) jim, f itn - fldu =0. 


Proof. 1. Since | f,| < g on D, we have —g < f, < g on D foreveryn € N. Since g 
is -integrable on D, —g is also -integrable on D. Thus by Theorem 9.19 (Generalized 
Fatou’s Lemma), fn, n € N, and f are yx semi-integrable on D and 


(3) / fdu< tim int f fn Aft, 
D n->0O D 

as well as 

(4) / fdu> tim sup [ fad. 
D n—0oO D 


Since lim inf Sb Indu < limsup fy tnd, (3) and (4) imply 
ad n—>0o 


tim int f fady.=limsup frdp = ff raw. 
n—->oo D 


Thus lim. Sp fndu = fy f du € R. This proves (1). 
na 
2. Let us show that f is not only jz semi-integrable but in fact jz-integrable on D, that 
is, fy f du € R. Since —g < fy < g on D, we have —fyngdu< fy frdu < fpgdu 
for every n € N. Thus fp) f dy = im, Sp inde € [-Jp edu, Sp gd] and therefore 
we have f, f due R. 
3. To prove (2), we apply (1) to the sequence (|f, — f| : 2 € N) as follows. Since 
f = lim f, ae. on D, there exists a null set E) in (X, 2, %) contained in D such that 
n->0o 
f= lim. fn on D\ Ej. Since f is -integrable on D, f is real-valued a.e. on D by 
n> 
(f) of Observation 9.2 so that there exists a null set Ez in (X, 2, w) contained in D such 
that f is real-valued on D \ Ez. Let E = E, U Ep, a null set in (X, 2, 2) contained in 
D. Now f is real-valued on D \ E so that f, — f is defined on D \ E forn € N. Since 
—g < fx < g on D forn € N and since lim fn = fon D\ E, we have —g < f < gon 
na 
D\ E. Then | fn — fl < |fal +f] < 2g 0n D\E. Since f = lim f, on D\ E, we have 
noo 
lim | tn — f =00n D\ E and consequently lim | |fn — f| =Oon D\ E. Thus applying 
Lone n> 
(1) to the sequence (| f, — f| : n € N) which is dominated by the yz-integrable function 2g 
and converges to 0 on D \ E, we have im, Jove \fra -f\|du= Joye Ody = 0. Then by 
Definition 9.11, we have lim fylfr»—fldu=0. © 
n->CO 
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Theorem 9.20 still holds if the condition that | f,| < g on D for every n € N is replaced 
by the condition that | f,| < g ae. on D foreach n € N. In this case we redefine /f, to 
be equal to 0 on the null set on which | f,| < g does not hold. The redefined functions fr 
now satisfy | f,| < g on D and we still have jim, mA = fae. on D. Then by Theorem 


9.20, we have iim, Sp fndp = fy fdu. But Sp frau = fy fndu. Thus we have 
im, Sp fndu = fp f du. Similarly Jim, Solin — fidu =0. 


[III] Convergence Theorems under Convergence in Measure 

Let (a, : n € N) be a sequence in R. By definition, lim inf a, is the limit of the increasing 
sequence (infy>, az : € N) in R, and lim supa, is the limit of the decreasing sequence 
(suPy>n aine N) in R. It follows then that if lim inf an < cforsomec € R, then a, <c 


for infinitely many n € N, andif lim supa, > c, then a, > c for infinitely many n € N. 
noo 


Theorem 9.21. (Fatou’s Lemma under Convergence in Measure) Given a measure space 

(X, A, ww). Let (f, : n € N) be a sequence of extended real-valued A-measurable functions 

ona set D € 2 converging in measure to an extended real-valued A-measurable function 

J which is real-valued a.e. on D. 

(a) If fn = g on D for every n € N for some j-integrable extended real-valued 
2-measurable function g on D, then fn, n € N, and f are all tc semi-integrable on 
D and 


(1) [ifaw stimine [ fai. 
D noo D 


(b) If fn < g on D for every n € N for some y-integrable extended real-valued 
&A-measurable function g on D, then fy, n € N, and f are all  semi-integrable on 
D and 


(2) fdp > lim sup fndu. 
D no D 


Proof. Assume the hypothesis in (a). Since f, > g on D, the y-integrability of g on D 
implies the  semi-integrability of f, on D, thatis, {, fr du exists in R, for every n € Nby 
Lemma 9.5. The convergence in measure of (f, : n € N) to f on D implies the existence 
of a subsequence (fy, : k € N) which converges to f a.e. on D by Theorem 6.24. Then 
f 2 ga. on D and this implies the 4 semi-integrability of f on D by Lemma 9.5. Thus 
we have proved the existence of the integrals f, fn du for n € N and fpf de: 

To prove the inequality (1), let an = fp fndu forn €¢ Nanda = f, fdyu. To 
show a < lim inf Qn, let us assume the contrary. Then there exists c € R such that 


a>c> jim inf ay. This implies that a, < c for infinitely many n € N and thus there 
noo 


exists a subsequence (ap, : k € N) such that a, < c for every k <¢ N. The convergence in 
measure of (f, : 2 € N) to f on D implies the convergence in measure of the subsequence 
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(fn, : k € N) to f on D. This then implies the existence of a subsequence ( Fine, :£eN) 

which converges to f a.e. on D by Theorem 6.24. Then by (2) of Theorem 9.19, we have 

Ipfdus lim inf f5 fn, Ap, that is, a < lim inf dn, But a, <c <a foreveryk ¢ N 

and thus lim inf An, SC <4. This is a contradiction. This completes the proof of (a). (b) 
—> 00 


is proved by applying (a) to the sequence (—f,:neN). @ 


Theorem 9.22. (Dominated Convergence Theorem under Convergence in Measure) 
Given a measure space (X, 2, pw). Let (fy: n € N) be a sequence of extended real-valued 
(-measurable functions on a set D € 2X such that | f,| < g on D for every n € N for 
some ,1-integrable extended real-valued U-measurable function g on D. If (fn. n € N) 
converges in measure to an extended real-valued UA-measurable function f which is real- 
valued a.e. on D, then f is u-integrable on D and furthermore fim, i? frdu = 13 fdp 


and jim, Sn lfa— fldu =0. 
Proof. The converges of the sequence (f, : n € N) to f in measure on D implies the 
existence of a subsequence (f;, : 1 € N) which converges to f a.e. on D. This implies 
the z-integrability of f on D by Theorem 9.20. To show jim | : ida 7, pJ dp, we 
27 JD _ 
use the fact that for an arbitrary sequence (a, : n € N) in Rif there exists a € IR such that 
every subsequence (ap, : k € N) has a subsequence (An, : £ € N) such that jim An, = 4 
> 00 
then lim an = a. Thus let a, = Jota di forn € Nanda = Sn f du. Let (ap, :n € N) 
n 
be an arbitrary subsequence of (a, : n € N). The convergence in measure of (f, : n € N) 
to f on D implies the convergence in measure of (f,, : k € N) to f on D and thus there 
exists a subsequence (fn,, : € € N) which converges to f ae. on D by Theorem 6.24. 
Then by Theorem 9.20, we have jim Is fru, du= fp f dy, that is, jim An, = a. 
co > CO 
Thus lim. Qn = a, that is, lim tp fndu = fy f du. By Theorem 9.20, we have also 
n> n> 

lim ts | fn, - fldu = 0. Then lim is |fn — f|du = 0 follows by the same argument 
&-o0o € no 
as above. W 


[IV] Approximation of the Integral by Truncation 


For an extended real-valued function f and M > 0, recall the truncation f!! of f at M 
defined by Definition 8.15. Let us consider an approximation of f by f'™! in terms of the 
integral. 


Lemma 9.23. Given a measure space (X,U, u). Let f be a y-integrable extended real- 
valued A-measurable function ona set D € 2. Then for every € > 0, there exists a constant 


M > 0 such that 
If fau- ff ran) = [ Lf — fUMidp <e. 
D D D 
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Proof. For every M > 0, we have | f!1| < | f| on D. Then the y-integrability of f on D 
implies that of f!™]. Thus by (c) of Corollary 9.15 and (c) of Observation 9.2, we have 


[i sau— ff reap 


For every n € N, we have |f — fl) < |f) + )f™| < 2/f]. Also lim f™ = f on 
noo 
D implies Jim, lf —f fl) — Qon D. Applying Theorem 9.20 (Lebesgue’s Dominated 


fir= ran <|[ Lf — fPAl dy. 
D D 


Convergence Theorem) to the sequence (| f — f!!| : n € N) of functions dominated by the 
j4-integrable function 2| f|, we have 


lim | f= fllau = f lim |f — f"|du =0. 
D prow 


noo 
Thus for every ¢ > 0, there exists M € N such that f, | f — fdu<e. = 
Recall Definition 8.17 for fz where E is a subset of the domain of definition D of the 
function f. 


Lemma 9.24. Given a measure space (X, A, w). Let D € Ube aa-finite set. Let f be 
a j1-integrable extended real-valued A-measurable function on D. Then for every € > 0, 
there exist a UA-measurable subset E of D with u(E) < 00 such that 


[irau- ff feau 


In particular, when (X, A, 4) = (R, M,, ,), there exists a constant M > 0 such that 


(1) 


<f if -feldu <e. 


(2) frau = f foreman du,| < fir- forn-m mld, <. 


Proof. For every E Cc D such that E € 2, we have |fr| < |f| on D. Then the p- 
integrability of f on D implies that of fg. Thus by (c) of Corollary 9.15 and (c) of 
Observation 9.2, we have 


[rau ff teu 


Since D is a o-finite set there exists an increasing sequence (E, : n € N) in 2 such 
that lim E, = D and u(E,) < oo for every n € N by Lemma 1.31. For the sequence 
noo 


ae 
(fe, :n € N), we have lim fe, = f on D. Since f is y-integrable on D, f is real- 
n-> CO 


[u- fe) du 


— du. 
<fiis feldu 


valued a.e. on D. Thus f — fg, is defined a.e. on D. Furthermore lim | \f — fe,| =90 
n—> 


_and|f — fe,| < |fl+\fe,| < 2|f|a-e. on D for every n € N. Thus by Theorem 9.20, 
we have lim if \f — fe,|dp = 0. Then for every ¢ > 0 there exists M € N such that 
noo 


lim ts \f —fe,\du < eforn > M. With E = Ey, we have the inequality in (1). When 
n->0o 
(X, M, w) = (R, MT, w,), we let E, = DN [—n, n]. Then (2) follows from (1). 
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Theorem 9.25. Given a measure space (X, A, 2). Let D € Ube ao-finite set. Let f bea 


p.-integrable extended real-valued UA-measurable on D. Then for every & > O there exist a 
constant M > 0 and a &M-measurable subset E of D with p(E) < 00 such that 


() [frau fe) eau] < fir (FM) lan <e 


In particular, when (X, A, pw) = (R, MT. ue i): there exists a constant M > Q such that 


@) ff rau =f pein dy, < | \F- (pai cir jal aes <6, 


Proof. The Theorem follows from Lemma 9.23 and Lemma 9.24 by the same argument as 
in the Proof of Theorem 8.19 for nonnegative functions. # 


Theorem 9.26. (Uniform Absolute Continuity of the Integral with Respect to the Mea- 
sure) Given a measure space (X,Y, 4). Let f be a p-integrable extended real-valued 
2-measurable function on a set D € A. Then for every € > 0, there exists 5 > 0 such that 


frau 


for every A-measurable subset E of D with u(E) < 64. 


<[ Ifldu <e, 
E 


Proof. The first inequality is by (c) of Observation 9.2. If f is z-integrable on D then | f| 
is -integrable on D by (e) of Observation 9.2. Then by applying Theorem 8.20 to the p- 
integrable nonnegative extended real-valued 2{-measurable function | f| on D we complete 
the proof. 


Observation 9.27. Let (X, 2, 4) be a measure space and let f be an extended real-valued 
21-measurable function on a set D € 2. Let (E£,, : n € N) be an increasing sequence in 2A 
such that tim, En = Unen En = Dz 
(a) Suppose f is 4 semi-integrable on D, that is, f p J du exists in R. Then we have 
Ip fdu= lim. Se. f du by (c) of Lemma 9.10. Thus if f, f dy exists, then it can 
n> n 
be computed as the limit of a sequence of extended real numbers (f, f du :n € N). 
(b) Conversely suppose f is such that f E, J du exists in R for every n € N and the sequence 
of extended real numbers ( ff ai :n € N) has im, Se, f du € R. This does not 
imply the existence of f, p f du in R, not even if lim ff zg, f du € R. See Example 
n- n 
below. 
(c) Now (/, g, |fldu ine N) is an increasing sequence of nonnegative extended real 
numbers so that lim f g, |f| du exists in [0, 00]. In Theorem 9.28 below, we show that 
n n 


if im, Je, |fldu < 00, then f is 4-integrable on D. 


186 CHAPTER 2 The Lebesgue Integral 


Example. In (R, 9, 4,), let D = [0,00) and E, = [0, 7 y_, t) forn € N. Then 

(E, : n € N) is an increasing sequence in 99, with lim E, = nen E, = D. With 
noo 

Eo := @, let Dn = En \ En_; forn € N. Then (D, : n € N) is a sequence of disjoint 

intervals with Uncen Dn = Unen En = D and “,(Dn) = + forn € N. Let f bea 

real-valued function on D defined by setting f(x) = (—1)” for x € D, forn € N. Then 


[i teu=f fd = Df fame - nts, 


k=1 
and thus 


dim, fdu, = lim 2 De nese Wo eR. 


neN 
On the other hand we have 


re | 
or = a = = Be 
(es du,= } HD =stgt+et 00, 


néN ,neven 


and 


: ‘a | 
if du= HDi) = lt at gt = 00. 


néN ,nodd 3 
Therefore f, fdu = fy ft du — fy f~ du does not exist. 


Theorem 9.28. Given a measure space (X, 2A, w). Let f be an extended real-valued 

&M-measurable function on a set D € A. Suppose there exists an increasing sequence 

(En: né€N) inAwith lim En = U,ex En = D such that lim f, |f|du < 00. Then 
noo noo n 


f is u-integrable on D and moreover f, f du = lim) Sr, fdu. 
n> n 


Proof. Let (E,, : n € N) be an increasing sequence in 2 such that lim | E, = Unen En, = 
na 


D. Let us define a nonnegative extended real-valued 2{-measurable function | f}z, on D by 
setting 
|\fl@) forx € En, 


reco = | 0 forx € D\ En. 


Then (|flz, : 2 € N) is an increasing sequence and lim | \fle, = |fl on D. Thus by 
n> 
Theorem 8.5 (Monotone Convergence Theorem), we have 


(1) [iriau= lim | | fle, de. 
D no D 


Now we have 


fittedu= ff ittean+ f ledu=f ifidu+ f odu. 
D Ey D\E, Ey D\En 
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Thus by (1) and (2), we have {, |f|du = lim |f\dp < oo. This proves that | f| is 
y D now E, 


p-integrable on D. Then f is u-integrable on D by (e) of Observation 9.2. Then we have 
[pfde= im. Je, f du by (c) of Lemma 9.10. 


Remark 9.29. Theorem 9.28 offers the possibility of calculating the Lebesgue integral of 
a real-valued function on a finite or infinite interval in R as an improper Riemann integral. 
Let f be a bounded real-valued function defined on a finite closed interval [a,b] C R. 
If f is Riemann integrable on [a, b] then f is 2,-integrable on [a, b] and moreover we 
have the equality t i f(@)dx= Sia. b] f du. (See Theorem 7.27.) Regarding the Riemann 
integrability of a function, it is known that a bounded real-valued function f on [a, b] is 
Riemann integrable on [a, b] if and only if the subset E of [a, b] consisting of all points of 
discontinuity of f has w, (EZ) = 0. (See Theorem 7.28.) 

If a real-valued function f defined on [a, 8) where —oo < a < B < ovis such that f 
is Riemann integrable on [a, c] for every c € [a, B) andif at f 4 f (x) dx exists, then we 

Cc 


call this limit the improper Riemann integral of f on [a, 8) and write Hig f(x) dx for this 
limit, that is, we define [? f(x) dx = lim, Jy f(x) dex. 
ce 


Similarly for f defined on (a, b] where —-c0 < a < b < ~w, Cc € (a,b] we define 
fe f(x)dx = lim f? f(x) dx. 


Let f be a real-valued function on an interval [a, 8B) where —co < a < B < wand 
suppose f is continuous a.e. on [a, 8) and bounded on [a, c] for every c € [a, 8). Then f 
is Riemann integrable on [a, c] and f f(x) dx = Siac) f du, for every c € [a, B). 


Suppose the improper Riemann integral [' i f(x)dx = bie f£ f(x) dx exists. Then 
for every increasing sequence (c, : n € N) in [a, B) such that fim, Cn = B, we have 
the equality fe f@x)dx = im, fof des: TE jim, fo" \fl@) dx < 00, that is, 
jim, Facet |fldu, < oo, then according to Theorem 9.28, f is 4,-integrable on [a, B) 


and 


Cn B 
fdu, = jim f — fdu, = jim f° foyax= fo ferrax. 


{a,B) nO JTa,cal 


Theorem 9.30. If f is a u,-integrable extended real-valued IN, -measurable function on 
R, then for every € > 0 there exists a continuous real-valued function g on IR such that 
te |f —g|du, < &. Moreover g can be so chosen that it vanishes outside of a finite closed 
interval. 


Proof. Let ¢ > 0 be arbitrarily given. By (2) of Theorem 9.25, there exists M > 0 such 
that 


(1) [is = ee) pial > a 
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Now (f'™ Wir my 18 teal-valued 99, measurable function with (4 ae muy! < Mon 
R. Thus by Theorem 6.36, there exist a 9, -measurable subset E of R with uw, (E) < Tew 
and a continuous real-valued function go on R such that 


(M1 7 f 
(2) I(F mon go] < 16M leer 
lgol| <M onR. 


Then 


3) / (M] gala <|/ [M] er: 
( ay gallt \e-man ~ 80 dH, one! )em.my ~ 80 2e, 


+ iM] du, t+ | ld 
tee l(f Veena By, ([-MMINE |80 Ky, 


<-—_2M + M—_ +M——_ =* 
16M 16M 16M 4 


Let us define a continuous real-valued function g on R which is equal to go on [—M, M] 
and vanishes outside of a finite closed interval by setting 


g0(x) for x € [-M, M}, 


(4) g(x) = 0 forx € [- - ar M+ ae 
linear on [- - 5M] and on [mm + <I. 
Then 
(5) ne 
€ 
ee Igldu, = lea a Igldu, ewes el ait S org = a 


Therefore we have 


[ur glde, s fir ~ aan lane a [ (Fae = g\du, 
a (M] [M] 7 

a i l(f \re-man — goldu, + Pe I(f ema g\du, 
Bact (mM) | d 

at at io (Ae) aay ee + ee OU 
€ re, € 

<5 + 4 <&, 

by (1), (3), (4), and (5). 
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[V] Translation and Linear Transformation of the Lebesgue Integral on 
R 


Consider a measure space (X, 2, 2). If the set X is endowed with algebraic structure then 
it is pertinent to consider the effect of an algebraic operation in X on an integra] on X. In 
particular consider the Lebesgue measure space (R, MT, , i a) on R which is a linear space 
over the scalar field of the real number system by addition and multiplication in the real 
number system. For E c Randh é€ R the translate of E by h is defined by 


Eth={xth:xeEF}={yeR:y=x+h forsomex € F}. 


According to Theorem 3.16 (Translation Invariance of (R, 9, 12 _)), the measure space 
(R, DT, we 1) is translation invariant, that is, for every E € 90%, andh e€ R we have 
E+h € OM, and u,(E +h) = u,(E£). Let us consider the effect of a translation on an 
integral on (R, 9, 1,). 


Theorem 9.31. (Translation Invariance of the Lebesgue Integral on R) Let f be an 
extended real-valued IN, -measurable function on a set D € IN,. Leth € Randlet g bea 
function on D —h defined by g(x) = f(x +h) forx € D—h. Then g is IN, -measurable 
on D — h and moreover 


(1) / fe) a, (dx) = i Fa +h) u,(dx), 
D D-h 


in the sense that if one of the two integrals exists then so does the other and the two are 
equal. If f is defined and IN, -measurable on R, then 


(2) [temas =f ro +mncan, 


in the same sense as above. In particular if f is nonnegative extended real-valued IN, - 
measurable, then (1) and (2) always hold. 


Proof. Let T be a translation on R by an element A <€ R, that is, T is a mapping of R 
into R defined by T(x) = x +h forx € R. T maps R one-to-one onto R and its inverse 
mapping is given by 7~!(x) = x — h for x € R,a translation by —A € R. Thus for every 
E € 9%, we have T~'(E) = E —h. Now E —h € 9M, by Theorem 3.16. Thus T is a 
Mt, /2t,-measurable mapping of R into R. 

Let f be an extended real-valued 99t, -measurable function on a set D € DI, . To show 
that g = f oT is a 9N,-measurable function on D—h € M,, it suffices according to 
Lemma 4.4 to show that g~!({—00, c]) € 90, for every c € R. Now 


g | ([-00, e]) = (f oT)! ([-00, c]) = T7!(f“!([-00, e])). 


Since f is 99, -measurable, f—~'([—o0, c]) € M,. Then since T is Mt, /MT, -measurable, 
T—'(f—'({-00, c})) € MT,. This shows the 9%, -measurability of f oT. 
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To prove (1), recall that for every E € St, and h € R, we have pw, (E — h) = p, (E) 
by Theorem 3.16. Consider first the case f = 1g where E € Mt, and E c D. Then 


| foun = | Le(x) w, (dx) 
D D 


=4,(EN D) = u,((END) —h) =p, ((E—A)N(D— A)) 


=f ten ulan = [tele + mu (an 
D-h D-h 


a f(x +h) u, (dx), 
D-h 
where the third equality is by Theorem 3.16 (Translation Invariance of (R, 90, j,)) and 
the fifth equality is from the fact that 1 z_»(-) = 1g¢(- +h). This shows that (1) holds for the 
case f = 1g. Then by the linearity of the integrals with respect to their integrands, (1) holds 
when f isa nonriegative simple function on D. Indeed if f is anonnegative ae function 
on D, say f = 42, cilz, where E; € Mt,, Ej C D, andc; > 0 fori = 1,... ,&, then 
by Theorem 9.14 and Lemma 9.12 we have 


k 
[ toms f Yo cide, () uw, (dx) 
D D i=] 


k k 
=a f Lz, (x) w, (dx) = se], Lg, (x +h) 1, (dx) 
i=t YD i=] -YD-A 


k 
=| Seder +h) n,(dx) = f fe +h) w,(dx). 
D-h iy D-h 


If f is a nonnegative extended real-valued 93t, -measurable function on D, then there exists 
an increasing sequence (yg, : n € N) of nonnegative simple functions on D such that 
gn t f on Dasn — oo by Lemma 8.6. Applying our result above to the nonnegative 
simple function g, we have ts On (x) 2, (dx) = Aes Gn(x +h) uw, (dx) for every n € N. 
Letting n — oo and applying the Monotone Convergence Theorem (Theorem 8.5), we have 
(1) for this case. If f is an extended real-valued 99t, -measurable function on D, then by 
decomposing f = f* — f~ and by applying the result above for nonnegative functions to 
f* and f~ we have 


tn f Oe) uu, (dx) = Snk bag. +h) U, (dx), 
Sp f-@) hx) = fn_, f7@ +) w(x). 


If not both f, ft(x) w,(dx) and fi, f~ (x) u, (dx) are equal to oo, then subtracting the 
second equality from the first equality we have (1). Since R — h = R, (2) is a particular 
case of (1). & 


For E Cc Randa € R the dilation of E by the factor @ is defined by setting 
aE = {ax:x e€ E} ={y €R: y =ax forsomex € E}. 
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According to Theorem 3.18, if E € D0, thenaE € St, and yw, (@E) = |al|p, (EZ). Let us 
consider the effect of a linear mapping of R into R on an integral on (R, MT, 1) when 
the linear mapping is defined by T(x) = ax for x € R with a fixed real number a. 


Theorem 9.32. (Linear Transformation of the Lebesgue Integral in R) Let f be an 
extended real-valued IN, -measurable function on a set D € IN,. Fora € R,a £0, let g 
be a function on iD defined by g(x) = f(ax) forx € Lp, Then g is IN, -measurable on 
1D and moreover 


(1) / F(x) w,(dx) = la J Fax) u,(dx), 
D 7) 


in the sense that the existence of one of the two integrals implies that of the other and the 
equality of the two. If f is defined and SN, -measurable on R, then 


(2) i Posi = (al [ COMM CEy 
R R 

and in particular 

(3) i f@miiy= [ ney 
R R 


in the same sense as above. In particular if f is nonnegative extended real-valued and 
MNT, -measurable, then (1), (2) and (3) always hold. 


Proof. With a € R,a 4 0, a linear transformation T of R into R defined by T(x) = ax for 
x € R maps R one-to-one onto R with inverse mapping given by T~! (x) = 1x forx € R. 
Then for every E € Spt,, we have T(E) = 1E € MM, by Theorem 3.18. This shows 
that T is a Dt, /2It, -measurable mapping of R into R. 

The fact that if f is an extended real-valued 90t, -measurable function on a set D € IN, 
then g = f oT is a 9Jt,-measurable function on the set 1D € 23t, follows from the 
MN, -measurability of f and the 9, /DI, -measurability of T by the same argument as in 
the Proof of Theorem 9.31. 

To prove (1), let us recall that if E € 9%, anda € R,a #0, then w, (+E) = lal, (E) 
by Theorem 3.18. Now if f = 1g where E € Dt, and E c D then 


[ f(%) M, (dx) = [ 1e(x) w, (dx) = 4, (EN D) = lolu, (ALE 9 DI) 
= tai f 1 p(2) 4, (ax) = lal f 1g (ax) uw, (dx) 
ip * iD 
= tai f f (ax) pe, (dx). 
LD 


Starting with this particular case for f we reach the general case by the same argument as 
in the Proof of Theorem 9.31. 
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Theorem 9.33. (Affine Transformation of the Lebesgue Integral in R) Let D be a IN, 
measurable subset of IR. Then fora € R, a 4 0, and B € R, the set iD ~ e is a 
MN, -measurable subset of R. Let f be an extended real-valued IN, -measurable function 
defined on D. Let g be a function on iD- B defined by g(x) = f(ax+ 8) forx € iD — é. 
Then g is I, -measurable on iD - B and moreover 


(1) / F(x) 2, (dx) = lel | fox+ Duncan, 
D 1p_& 


in the sense that the existence of one of the two integrals implies that of the other and the 
equality of the two. If f is defined and IN, -measurable on R, then 


(2) [ fO mad Hal if fexiP naan: 


in the same sense as above. In particular if f is nonnegative extended real-valued and 
Mt, -measurable, then (1) and (2) always hold. 


Proof. With a € R such that a 4 0, a mapping 7;(x) = ax for x € R is a one-to-one 
mapping of R onto R and Tj is 99, /2t, -measurable by Theorem 3.18. With 6 € R,a 
mapping 72(x) = x +8 forx € Risa one-to-one mapping of R onto R and 7) is It, /Mt, - 
measurable by Theorem 3.16. Let T = Tz 0 Tj, that is, T(x) = (72 0 T})(x) = a@x + B for 
x € R, is a one-to-one mapping of R onto R and T is 99, /D0, -measurable by Theorem 
1.40 (Chain Rule). 

Let D € 9N,. Since T is a Mt, /Mt,-measurable mapping, we have T~!(D) € Mt,. 
But T~!(D) = (T2 0 T))~\(D) = T, |(T; \(D)) = T, 1(D — 8) = 1D — £. This shows 
that iD - E is a 29, -measurable subset of R. 

Let f be an extended real-valued 90, -measurable function on D. Let g be an extended 
real-valued function on 1D - f defined by setting g = f oT on +D = E. We have 
g(x) = (f oT)(x) = f(ax + B) forx € 1D - E. Let us show the 9), -measurability of 
gon 1D - g For every c € R, we have 


g '([-00, c]) = (f oT)! ({[-00, el) = T7'(f 7! ([-00, e])). 


Now since f is Jt, -measurable, we have f—'({—00, c]) € M%,. Then since T is Mt, /I, - 
measurable, we have T~!( f—!([—00, c])) € 9%t,. Thus g is a 92, -measurable function. 
To prove (1), note that 


/ F(x) w,(dx) = [al i Flax) w,(dx) 
D 1p 
xi i , Fla(x + 2)) a, (dx) 
are 


= tai f gl CE TPL: 


where the first equality is by (1) of Theorem 9.32 and the second equality is by (1) of 
Theorem 9.31. This proves (1). Then since iR - B = R, we have (2). § 
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[VI] Integration by Image Measure 


Theorem 9.34. Given a measure space (X, A, 4) and a measurable space (Y, 8B). Let ® 
be a A/%B-measurable mapping of X into Y and let v be the image measure of u on B 
by the mapping ®, that is, v = wo ®7!. If f is an extended real-valued &-measurable 
function on a set D € B, then f o ® is A-measurable on the set P~'!(D) € A and 


(1) ‘) (f 0 )(x) w(dx) = | f(y) v(dy), 
-1(D) D 


in the sense that the existence of one of the two integrals implies that of the other and the 
equality of the two. In particular, if f is nonnegative then (1) holds. 


Proof. Let f be an extended real-valued 8-measurable function on a set D € 38. The 
MA /B-measurability of @ implies that @=!(D) € 2. To show the A-measurability of 
fo® on ©7|(D), it suffices according to Lemma 4.4 to show that for every a € R, 
(f 0 &)~"([-00, a}) € 2. Now (f 0 6)! ([—co, a]) = &-!(f-!([-00, a])). The B- 
measurability of f implies that f—! ([-00, a) € % and then the 2(/98-measurability of 
implies that 6~'( f—1([—00, e])) € 2. 

To prove (1), consider first the case D = Y so that @-! (D) = X. Thus we are to prove 


(2) I (f 0 &)(x) w(dx) = [ f(y) vidy). 


To prove (2), let us start with the case f = lg with E € %8. In this case we have 
on the one hand fy (f o ®)(x) u(dx) = fy 1e(®(x)) u(dx) = fy lo-1¢ey (x) w(x) = 
(@7!(E)) = v(E) and on the other hand fy f(y) v(dy) = fy 1z(y) v(dy) = v(E) so 
that (2) holds. If f is a nonnegative simple function on Y, then (2) holds by our result above 
and by the linearity of the integrals with respect to their integrands. If f is a nonnegative 
extended real-valued 8-measurable function on Y, then by Lemma 8.6 there exists an 
increasing sequence of nonnegative simple functions (yg, : n € N) such that gy, t f on 
Y asn — oo. By our result above, we have {y(n 0 &)(x) u(dx) = fy n(y) v(dy) for 
every n € N. Letting n > ov, we have (2) holding for our f by Theorem 8.5 (Monotone 
Convergence Theorem). Finally let f be an arbitrary extended real-valued 8-measurable 
function on Y. Decomposing f = f+ — f~ and applying our result above to each of the 
two nonnegative extended real-valued S$-measurable functions f+ and f~, we have 


G3) rs (ft 0 &)(x) pdx) = | Ft(y) ody), 


(4) ip (f> 0 ©)(x) (dx) = [ f°) vy). 


Now suppose fy f dv exists, that is, fy ft dv — fy f~ dv exists in R. Then by (3) and 
(4), fy ft ody — fy f~ o @ dy exists in R so that Jy f° ® dy exists and moreover 
we have fy(f o &)(x) u(dx) = fy f(y) v(dy). Conversely if fy (f 0 &)(x) (dx) exists 
then by (3) and (4), f, f(y) v(dy) exists and fy (f 0 ®)(x) (dx) = ty £) vay). This 
proves (2). 
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Now let f be an extended real-valued 988-measurable function on a set D € BS. Let the 
domain of definition of f be extended to Y by setting f = 0 on D°. Then f is an extended 
real-valued 93-measurable function on Y and so is the product 1p f. Thus by (2), we have 


(5) i (pf 0 )(x) w(dx) = i (Ap f)(y) v(dy). 


On the right side of (5) we have fy 1p f dv = f,, f dv and on the left side of (5) we have 


[aoreau= [avo soedu 
=) ley(feodu= | (fo®)dp. 
XxX @-l(D) 


This proves (1). # 


Problems 


Prob. 9.1. Let (X, 2l, 4) be a measure space and let f and g be extended real-valued 
2-measurable and j.-integrable functions on X. Show that iff, yd =J, ¢ eau for every 
E € 2 then f = g ae.on X. 


Prob. 9.2. Let (X, 2l, 14) be a o-finite measure space and let f and g be extended real- 
valued 2{-measurable functions on X. Show that if f, fdu = f, gdu for every E € 
then f = g ae. on X. 

(Note that with the o-finiteness of (X, 2, u), the y-integrability of f and g is no longer 
assumed.) 


Prob. 9.3. In Prob. 9.2, instead of the o-finiteness of the measure space (X, 2, jz) let us 
assume the weaker condition that for every E € 2{ with w(E) > 0 there exists Ey € 2 
such that Eo C E and (Eo) € (0, 0). 

(a) Show that if f, fdu = f, gdu for every E ¢ Athen f = gae. on X. 

(b) Find a measure space (X, 24, ~) for which the conclusion of (a) is not valid. 


Prob. 9.4. Let (X, 2l, 4) be a measure space. Show that if there exists an extended real- 
valued valued 2{-measurable function f on X such that f > 0 p-ae. on X and f is p- 
integrable on X, then (X, 2, 2) is a o-finite measure space. (In other words, if (X, 2, 2) 
is not o-finite, then there does not exist an extended real-valued 2{-measurable function f 
on X such that f > 0 y-a.e. on X and f is u-integrable on X.) 


Prob. 9.5. Given a measure space (X, 2l, 4). Let f be an extended real-valued 2l- 

measurable and jz-integrable function on X. Let (E, : n € N) be a sequence in 2L such that 
lim (En) = 0. Show that lim f, fdu=0. 

n->0o noo n 


Prob. 9.6. Given a measure space (X, 2,4). Let f be an extended real-valued 2{- 
measurable and j.-integrable function on X. Let E, = {x € X : |f(x)| =n} forn € N. 
Show that lim, L(E,) = 9. 

nz 
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Prob. 9.7. Given a measure space (X, 2, jz) and an extended real-valued 2{-measurable 
function f on X. Suppose that for some increasing sequence (A, : n € N) in 2 with 
Unen An = X, we have im, San [fldp < oo. 

(a) Show that f is z-integrable on X. 

(b) Show that for every increasing sequence (B, : n € N) in 2 with nen B, = X, we 
have im. Sg, fae = fy fdp. 


Prob. 9.8. Given a measure space (X, 2(, 4) and an extended real-valued 2l-measurable 

function f on X. The existence of an increasing sequence (A, : n € N) in 2 with 

nen An = X such that lim f, f dy exists does not imply the existence of fy f du 
noo n 


even when the limit is finite. Show this by constructing an example. 


Prob. 9.9. Construct a real-valued continuous and jz, -integrable function f on [0, co) for 
which lim f(x) does not exist. 
xX 0O 


Prob. 9.10. Let f be an extended real-valued 9), -measurable and yz, integrable function 
on the interval [0, 00). Show that if f is uniformly continuous on [a, 00) for some a > 0 
then lim f(x) =0. 

x 


Prob. 9.11. Construct extended real-valued 90t, -measurable and j2, -integrable functions 
(fn: n € N) and f ona set D € Mt, such that 

ie tn =f ae. on D, 

fim, Sp indy, = Jo fdp,, 
but for some E C D, E € 1, we have 

jim, Se indy, ca Si fdu,. 


Prob. 9.12. Let (X, 2, 7) be a measure space and let (f, :n € N), f and g be extended 
real-valued 2{-measurable and y-integrable functions on a set D € 21. Suppose that 
1° lim fp = fae. on D, 
noo 
2° lim, fy ind = fry au, 
3° either f, > gon D foralln e Nor f, < gon D foralln EN. 
Show that for every E C D such that E € 2l we have Jim, tpindp= f, du. 


(Note that as a particular case of condition 3°, we have the condition that either f, > 0 on 
D foralln € Nor f, < 0on D foralln € N.) 


Prob. 9.13. Given a measure space (X, 2, 4). Let (f, : n € N) be an increasing sequence 
of extended real-valued 2{-measurable functions on a set D € 2 and let f = lim, Sn. 
n> 


Suppose 

1° fp lfildu < oo, 

2° supnen Sp Sn db < 00. 

Show that im, Sp fndu = fp f duand fy |fldu <0. 


Prob. 9.14. Given a measure space (X, 2, 4). Show that for an arbitrary extended real- 
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valued 21-measurable function on f on a set D € QM, there exists a sequence of simple 
functions (g, : n € N) on D such that 
1° |gn| < | f| on D foreveryn € Nand lim yg, = f on D, 

noo 


2 im, fp Gndu = fp f du, provided that f is 4 semi-integrable on D. 


Prob. 9.15. Given a measure space (X, 2, 4). Let f,,n € N, and f be extended real-valued 
2{-measurable functions on a set D € 2{ such that lim f, = f a.e.on D. Suppose there 
noo 
exists a nonnegative extended real-valued 2{-measurable function g on D such that 
1° |f,| < g on D foreveryn EN, 
2° fy g? du < oo for fixed p € [1, ov). 
Show that lim fy lf,— flPdu =0. 
n> 00 


Prob. 9.16. Assume the hypothesis in Theorem 9.20 (Lebesgue Dominated Convergence 
Theorem ). Then g+ f, => Oand g— f, > 0on D foreveryn € N so that (g+ f, :n € N) 
and (g — f, : n € N) are two sequences of nonnegative extended real-valued 21-measurable 
functions on D and tim {g + fn} =e +f and im {8 — fa} = g— fae.on D. Apply 
Fatou’s Lemma for nonnegative functions (Theorem 8.13) to construct an alternate proof to 
Theorem 9,20. 


Prologue to Prob. 9.17. Prob. 9.17 is a very useful extension of Theorem 9.20 (Lebesgue 
Dominated Convergence Theorem). It can be proved by the same kind of argument as in 
Prob. 9.16. For examples of application of this extension we have Prob. 9.18, Prob. 9.19, 
Prob. 9.20, and Prob. 9.21 below. 


Prob. 9.17. (An Extension of the Dominated Convergence Theorem) Prove the following: 
Given a measure space (X, 2, w). Let (f, : n EN), (gn: n EN), f, and g be extended 
real-valued 2(-measurable functions on a set D € 2&{. Suppose 
1° jim, fn = f and im, 8n = gae.on D, 
2° (gn: n € N) and g are all -integrable on D and lim So andy = je gdp, 
n—> 

3° | fx] < g, on D foreveryn EN. 
Then f is -integrable on Dand lim fp fradu=fp f du. 

noo 
(Hint: Apply Fatou’s Lemma (Theorem 8.13) to the two sequences of nonnegative functions 
(8n + fn in € N) and (gn — fn: n € N).) 


Prob. 9.18. Given a measure space (X, 2, w). Let (f, : n € N) and f be extended real- 
valued 2t-measurable functions on a set D € 2{. Suppose 
1° lim f, = fae. on D, 
n->co 
2° fa, n EN, and f are all y-integrable on D. 
(a) Show that if im, Sp lfrldu = Sn \fldu, then fim Sp fndu = fp f du. 
(b) Show that the converse of (a) is false by constructing a counter example. 


Prob. 9.19. Given a measure space (X, 2f, 4). Let (f, : n € N) and f be extended real- 
valued 2{-measurable functions on a set D € 2{. Suppose 
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1° im, fn = f ae.on D, 

2° (fyin €N) and f are all w-integrable on D. 

eo im Sp lfaldu = fp lfldu. 

(a) Show that for every 2{-measurable subset E of D, we have Jim, f glinlde = if elfldu 


and lim Se fndu= fy f dp. 
(b) Show by constructing a counter example that if condition 3° is replaced by the condition 
that lim fp fadu = fp f du, then (a) does not hold. 

no 


Prob. 9.20. Let us replace condition 3° in Prob. 9.19 with 

4° lim fp indu = fp f du. 

5° there exists a p-integrable extended real-valued 2{-measurable function g on D such 
that f, > g (or fn < g)on DforneN. 

Show that for every 2(-measurable subset E of D, we have Jim, f einde= f pt du. 


Prob. 9.21. Given a measure space (X, 2, w). Let (f, : n € N) and f be extended real- 
valued 2(-measurable functions on a set D € 2. Assume that (f, : n € N) and f are all 
#-integrable on D. 
(a) Show that if im, Sn\fn— fldu = 0, then 
1° (fy, :n € N) converges to f on D in measure, 
2° lim fol faldu = fy lfldu. 
(b) Show that if 
3° lim fy, = f ae. on D, 
n> Oo 
4° lim fy fldu = fylfldu, 
then lim fp \fna— fldu =0. 
noo 


(c) Show by constructing a counter example that if f is only yz semi-integrable on D, then 
(b) does not hold. 


Prob. 9.22. (Dominated Convergence and Convergence in Measure) Given a measure space 
(X, 2, 2). Let( fn : in € N) and f be extended real-valued 2{-measurable functions on a set 
D € and assume that f is real-valued a.e. on D. According to Theorem 6.22 (Lebesgue), 
if (fn :n € N) converges to f a.e. on D and if 4(D) < 00, then (f, : n € N) converges to 
f on D in measure. 

Let us remove the condition 44(D) < oo and instead assume that | f,| < g on D for every 
n € N with a p-integrable extended real-valued 2{-measurable function g on D. Show that 
(fn: n € N) converges to f on D in measure. 


Prob. 9.23. Given a measure space (X, 2, j2). 

(a) Show that there exists a yz-integrable extended real-valued 2{-measurable function f on 
X such that p{x € X : f(x) = 0} = Oif and only if (X, 2, 4) is a o-finite measure space. 
(b) If f is a jz-integrable extended real-valued 2{-measurable function on X, then the set 
{x ¢ X.: f(x) ¥ 0} is a o-finite set, that is, the union of countably many members of 2, 
each with a finite measure. 
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Prob. 9.24. Given a measure space (X, 2, w). Let (f, :n € N) be a sequence of extended 
real-valued 2{-measurable functions on a set D € 2{. Show that if 

1° Drew Jp lfalde < 00, 

then 

2° the series >* ey fn converges absolutely a.e. on D, 


3° fp (nen fr} dp rane en bb Sn du. 


Prob. 9.25. With O < a < b, let (f, : n € N) be a sequence of functions defined by setting 
f(x) = ae" — be~"* for x € [0, 00). 

(a) Show that S0,00) fn dp, = 0 for every n € N. 

(b) Compute So, oo |fnl du, for every n € N. 

(c) Show that >) cy Jio,00) |frldu, =o. 


(d) Compute Oey fn- 
(e) Show that fig 4.) {Sonen fn} dm, does not exist. 


Prob. 9.26. If f and g are two z-integrable extended real-valued 2{-measurable functions 
on set D € Min a measure space (X, 2, 44), then the product fg may not be y-integrable, 
and in fact it may not even be jz semi-integrable, on D. To show this, construct the following 
examples. 

(a) Construct a z-integrable function f such that f? is yz semi-integrable but not p- 
integrable. 

(b) Construct two j-integrable functions f and g such that fg is not 4 semi-integrable. 


Prob. 9.27. Let f and g be two z-integrable extended real-valued 2{-measurable functions 
on set D € 2{ in a measure space (X, 2, 4). Show that if f is bounded on D, then fg is 
j4-integrable on D. 


Prob. 9.28. (H. Lebesgue) Given a measure space (X, 2, w). Suppose f is an extended 
real-valued 2{-measurable function on a set D € 2 such that f p fg du exists in R for every 
4-integrable extended real-valued 2{-measurable function g on D. Show that f is bounded 
a.e. on D, that is, there exists a constant M > 0 such that u{x € D: | f(x)| => M} =0. 


Prob. 9.29. (First Mean Value Theorem of the Lebesgue Integral) Given a measure 
space (X, 2f, 4). Let f and g be two extended real-valued 2{-measurable functions on a 
set D € 2. Suppose f is bounded on D and g is y-integrable on D. 

(a) Show that fg and f|g| are u-integrable on D. 

(b) Show if m = infyep f(x) and M = sup,ep f(x) and ts \g|dy > 0, then there exists 
c € [m, M] such that f,, flg|du =c fy |gl du. 


Prob. 9.30. Let f be an extended real-valued 90%, -measurable function on [0, 00) such that 
1° f is 4,-integrable on every finite subinterval of [0, 00), 
2° lim f(x) =ceéR. 

x—> 


. 1 = 
Show that dim 3 Soo.a) fap, =e: 


Prob. 9.31. Let f be a 2,-integrable nonnegative extended real-valued 9Jt, -measurable 
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function on R. Show that if the function g(x) = )°,cn f(« +n) forx € R is wz, -integrable 
on R then f = 0, w,-ae. on R. 


Prob. 9.32. Let f be an extended real-valued 99t, -measurable function on R. For x € R 
andr > Olet B-(x) = {y ER: ly—-x| <r}. 
With r > 0 fixed, define a function g on R by setting 

a(x) = J3,¢x) f(y) w, (dy) forx eR. 
(a) Suppose f is locally 2, -integrable on R, that is, f is 4, -integrable on every bounded 
Ot, -measurable set in R. Show that g is a real-valued continuous function on R. 
(b) Show that if f is 4, -integrable on R then g is uniformly continuous on R. 


Prob. 9.33. Let f be a .,-integrable extended real-valued 9), -measurable function on R 
in the measure space (R, DJ, , 4). Show that 


lim fa lf +h) — flu, (dx) = 0. 
(Note that we may not have kim f(x +h) = f(x) as f may not be continuous at any 
xeéeR.) 


Prob. 9.34. Let f be a jy, -integrable extended real-valued 99, -measurable function on R 
in the measure space (R, 20,, 4). Show that 


jlim, Jig LF +A) — fH (dx) = 2 fy lf Io (dx) 
and similarly for h + —oo, 


Prologue to Prob. 9.35. Given a measure space (X, 2{, 2). Let f be a complex valued 
function on aset D € 2. Let Rf and 3/f be the real and imaginary parts of f respectively. 
We say that f is 2{-measurable, . semi-integrable, or jz-integrable on D if both Rf and 
Sf are 2{-measurable, 4 semi-integrable, or -integrable on D. If f is ~ semi-integrable 
on D, that is, both Rf and Sf are yz semi-integrable on D, then we define Ts fdp= 
Ip Rf duti fy Sf du. 


Prob. 9.35. Let f be a w, integrable extended real-valued 9)t, -measurable function on R. 

(a) Show that for every y € R, the complex valued function e’*” f(x) for x € R is D,- 

measurable and jz, -integrable on R. 

(b) The Fourier transform of f is a complex valued function Fi on R defined by setting 
fO) = fype™ f()u, (dx) fory ER. 

Show that f is bounded on R and in fact supyep If(y)| < a lf (@)|m, (dx). 

(c) Show that f defined in (b) is continuous on R. 


Prob. 9.36. (Riemann-Lebesgue Theorem) Let f and f be as in Prob. 9.35. Show that 
lim f(y) =Oand lim f(y) =0. 

yoo yoo 

(Hint: Show first that by the translation invariance of the Lebesgue integral in (R, 0%,, 4), 


Fy) = ~ fal” fu, dx) = — fg! f(x — F) ui (ax). 
Then use this expression in 2 f.) 
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Prob. 9.37. Let f be an extended real-valued function on R. Let « € R,a 4 O and let g 
be an extended real-valued function on R defined by g(x) = f(ax) forx € R. 

(a) Show that g is 0t, -measurable on R if and only if f is. 

(b) Assume that f is 9)t, -measurable on R. Show that 


Se f(ax)u, (dx) = 7b fg fu, (dx) 
in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Prob. 9.38. (a) Given a measure space (X, 2f, w). Let f be a y-integrable extended real- 

valued 2{-measurable function on a set D € 2&. Let (D, : n € N) be a sequence of 

2-measurable subsets of D such that lim u(D,) = 0. (Note that (D, : n € N) is not 
n—-> Oo 


assumed to be a decreasing sequence.) Show that lim_/f, p, fdu=0. 
noo n 
(b) Show by constructing a counter example that the conclusion in (a) does not hold if f is 
only jz semi-integrable on D. 
Prob. 9.39. Find a real-valued continuous function f on R such that lim | ae f (x) dx 
a> 


converges but fp f diz, does not exist. 
Prob. 9.40, Evaluate S0,00) xe (dx). 


Prob. 9.41. Let f(x) = e~*’ for x € [0, 00). 
(a) Show that f is -integrable on [0, 00). 
(b) Evaluate tio, be e™ sinnx (dx). 


Prob. 9.42. From the improper Riemann integral +_ face exp { — \dx = 1 fort > 0, 
we have Taz Jn exp { = x}, (dx) = 1 fort > 0. 
(a) Show that for t > 0 and y € R we have 
—y)2 
aa exp | — SS} aw, (ax) = 1. 


(b) Let f be a bounded real valued Jt, -measurable function on R. Show that if f is 
continuous at some y € R, then 


lim J fg exp { ~ G9") F(x) w,(dx) = f(y). 


Prob. 9.43. Show that the function f for x € (0, 00) defined by 
f ) = php log — e™*) 


is Lebesgue integrable on (0, 00). 


Prob. 9.44. Let f be a real valued function on R defined by 
ell, 
7G= ar forx € (0, 1) 

0 forx eR-(0,1). 


Let (7, : n € N) be an arbitrary enumeration of the rational numbers in R and set for x € R 


8%) = Ven 2 "FO — mm) 
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(a) Show that g is Lebesgue integrable on R and thus g < oo ae. onR. 

(b) Show that g is discontinuous at every x € R and unbounded on every interval and that 
it remains so after any redefinition on a null set. 

(c) Show that g? < oo ae. on R but g* is not Lebesgue integrable on any interval. 


Prob. 9.45. Let D € Sit, and f be an extended real valued function on D x [a, b] such 
that f(-, t) is a $0, -measurable function on D for every t € [a, b]. Suppose 

1° La f(x,t) = f(x, to) for every x € D for some fo € [a, ]. 

2° there exists an extended positive valued Lebesgue integrable function g on D such that 
| f (x, 1)| < g(x) for (x,t) € D x [a, d]. 

Show that f(-, ) is Lebesgue integrable on D for every t € [a, b] and moreover we have 
lim fp FO. 1) H, (dx) = fp Ff to) H, (dx). 

(This is the Dominated Convergence Theorem for the continuous approach t — fo.) 


Prob. 9.46. Let D € S0t, and f be a real valued function on D x [a, b] such that f(., t) is 
a It, -measurable function on D for every t € [a,b] and f(x, -) is a continuous on [a, b] 
for every x € D. Suppose that there exists an extended positive valued Lebesgue integrable 
function g on D such that | f(x, t)| < g(x) for (x, t) € Dx [a, b]. Show that the function F 
on [a, b] defined by F(t) = J f (x, t) 4, (dx) for t € [a, b] is real valued and continuous 
on [a, b]. 
Prob. 9.47. Let a,,, > O0forn,k € N. Fora, B € R, write a A 6 for min{a, B}. 
(a) Show that 

lim, Deen (nk AL) =0 
if and only if jim Qn,k = 0 for every k € N. 

na 
(b) Show that 

a 1 Gn 
ge Dken 2 Than a 


if and only if jim, Qn,k = 0 for every k EN. 
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§10 Signed Measures 


[I] Signed Measure Spaces 


Definition 10.1. Given a measurable space (X, A). A set function X on A is called 

a signed measure on & if it satisfies the following conditions: 

1° ACE) € (—00, 00] for every E € Mor r(E) € [—0, 00) for every E € A, 

2° 4B) =90, 

3° countable additivity: for every disjoint sequence (En : n € N) in W Yiyen ACEn) 
exists in R and Sey (En) =i (Unen En): 

If is a signed measure on X, the triple (X, UA, r) is called a signed measure space. 


Thus a measure yz on a measurable space (X, 2l) is a signed measure satisfying the 
condition that (E) € [0, co] for every E € 2. For emphasis, a measure and a measure 
space will often be called a positive measure and a positive measure space respectively. 


Remark 10.2. If A is a set function defined on 2l satisfying conditions 1° and 2° of Definition 
10.1 and if (En : n € N) is a disjoint sequence in 2, the sum }>,, -yy A(En) may not exist in 
R. Condition 3° requires that the sum )>,,<1y A(En) exists in R and is equal to A( U,en En): 


Now if (£1,... , Ew) is a finite sequence in 20, then since at most one of the two infinite 
values oo and —oo is assumed by A, the sum ae A(E;) always existin R. If (F),..., En) 
is a disjoint finite sequence, then (£1,... , Env, @,@,...) is a disjoint infinite sequence and 


since 4(%) = 0, condition 3° in Definition 10.1 implies: 
4° finite additivity: for every disjoint finite sequence (F£},... , Ev) in A, Dae A(Ex) 
exists in R and )-f_, ACEx) = A( Uy Ex). 


Let (X, 2, 4) be a measure space and let f be a nonnegative extended real-valued 2{- 
measurable function on X. If we define a set function v on 2 by setting v(E) = fp, f du for 
E € (then v is a measure on (X, 20) according to Proposition 8.12. We show next that if 
we remove the nonnegativity condition on f and instead assume that f is 2 semi-integrable 
on X then v as defined above is a signed measure on (X, 2f). 


Proposition 10.3. Let (X, &, 4) be ameasure space. Let f be a uu semi-integrable extended 
real-valued X-measurable function on X. Let us define a set function X on A by setting 
ME) = f, f du for E € A. Then d is a signed measure on A. 


Proof. Note that the 4. semi-integrability of f on X implies the 4 semi-integrability of f 
onevery E € A by Lemma 9.9 so that A(E) = f,, f du exists forevery E € 2. Now since 
f is w semi-integrable on X, at least one of fy f* du and fy f~ dy is finite. Suppose 
ty f~ du < 00. Then for every E € MwehaveO < f, f- du < fy f- du < oo. Thus 
ME) = fe ftdu- tr f- dp € (—o0, oo]. Similarly we have A(E) € [—00, 00) for 
every E € 2 when fy f* du < oo. Thus condition 1° of Definition 10.1 is satisfied. Since 
A) = Ib f du = 0, condition 2° is satisfied. Let (EZ, : n € N) be a disjoint sequence in 
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A and let E = Uc En. Then by (b) of Lemma 9.10, we have 


mEy=fpau=fo sda df fdu =) MEn). 


neN neN 


This shows that condition 3° is satisfied. Therefore A is a signed measure on 2. 


The converse of Proposition 10.3, that is, the possibility of representing a signed mea- 
sure 4. on a measurable space (X, 20) as integral of an extended real-valued 2l-measurable 
function f on X with respect to a measure yz on (X, 2) will be proved in Proposition 10.24. 


Comparison of two measures yz and v on a measurable space (X, 20) leads to consider- 
ation of a set function 4 — v on 2l. We show next that jz — v is a signed measure on (X, 2l) 
provided that at least one of the two measures y and v is a finite measure so that w — v can 
be defined. 


Proposition 10.4. Let (X, 20) be a measurable space and let jz and v be two measures on 
Xt at least one of which is finite. Then the set function i on X defined byh = w— visa 
signed measure on AL. 


Proof. Let us show that A satisfies conditions 1°, 2°, and 3° of Definition 10.1. Suppose v is 
a finite measure on 2(. Then for every E € 2 we have A(E) = w(E) — v(E) € (—o, oo]. 
Secondly we have A(@) = (4) — v(@) = 0. Finally if (Z, : n € N) is a disjoint sequence 
in 2( and if we let E = Unen E,, then by the countable additivity of 4 and v we have 
ME) = WE) — VE) = Den H(En) — pew (En). Now D yey ¥(En) = v(E) < 00 
implies that 


(1) >> HEn) — D> vEn) = S> {e(En) — v(En)} = 0 MEn). 
neN neN neN neN 


Indeed if we have nen LL(E,) < 00 also then we have two convergent series of real 
numbers >> cy H(En) and >) en ¥(En) and this fact implies (1). If on the other hand we 
have )Vcy (En) = 00, then 


n 


Yo {En = vEn)} = lim YY {u(En) — v(En)} = lim { Y> w(En) — ven} 
k=1 k=] 


neN k=1 
n n 
= lim) (En) — lim 2 v(En) =) a(En) — Yo v(En) 
k=1 k=1 neN neN 


so that (1) holds. Then by (1), we have 
DU MEn) =D) e(En) — 1 (En) = e(E) ~ v(E) = CE). 
neN neN neN 


This proves the countable additivity of 4 on 2 and completes the proof that A is a signed 
measure on (X, 2() for the case that v is a finite measure on (X, 2). Similarly for the case 
that yz is a finite measure on (X, 20). 
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The converse of Proposition 10.4, that is, the possibility of representing a signed measure 
A on a measurable space (A, 20) as the difference of two measures y and v on (A, 2) will 
be proved by the Jordan decomposition theorem (Theorem 10.21) below. 


Unlike a positive measure space (X, 2(, 2), a signed measure space (X, 2, 4) does not 
have the monotonicity property, that is, E, F ¢ 2 and E c F do not imply A(E) < A(F). 
For instance, if £), Ez € &, Ey N Ey = B, A(E;) > 0, and A(E2) < 0, and if we let 
E = EU Eo, then E; C E but A(E) = A(F)) + A(E2) < A(E}). 


Example. Let us consider the measure space ([0, 27], Nt, N[0, 277], 1) where we define 
MN, O[0, 27] := {AN [O, 27] : A € Mt, }, ao-algebra of subsets of [0, 27]. If we define a 
set function A on 99, M0, 277] by setting A(E) = tr sin x 4, (dx) for E € Mt, N[0, 27], 
then A is a signed measure on ([0, 27r], 99t,  [0, 277]) by Proposition 10.3. Now 


((0, 71) = f 


wu 
sinx (dx) = i sinx dx = 2, 
[0,77] 0 


3a 


a([0, 3n]) = ose sinx dx = 1, 


A([0, 27}) - | 


2n 
sin x 4, (dx) = sinx dx = 0. 
[0,27] 0 


Thus we have A([0, x]) > A([0, 32]) > A([0, 277]), while [0, x] c [0, 3]  [0, 27]. 


In the absence of the monotonicity property in a signed measure space (X, 2, A), we 
have the following partial monotonicity property. 


Lemma 10.5. Given a signed measure space (X, A, 4). Let E\, Ey € Wand E; C Ep. 
(a) IfA(E2) € R, then \(E\) € R. 

(b) If .(E|) = 00, then \(E2) = ov. 

(c) If ACE|) = —00, then (Ez) = —00. 


Proof. 1. Let Eg = Ez \ £1. By the finite additivity of A, we have A(E9) +A(E}) = AC(E2). 
If A(E2) € R, then A(Eo), A(E1) € R. 

2. If A(E,) = ov, then A(E2) ¢ R for otherwise we would have (£1) € R by (a). Thus 
A(E2) € {—00, co}. Since A( £1) = 00 and since A cannot assume both the infinite values 
oo and —oo, we have A(E2) = oo. This proves (b). Similarly for (c). 


Consider a sequence of objects (A, : n € N). Let g be a one-to-one mapping of N onto 
N. Let us call the sequence (B, : n € N) where B, = Ag-\(n) for n € N a renumbering of 
the sequence (A, : n € N) corresponding to . 


Let (X, A, A) be a signed measure space. Let (E, : n € N) be a disjoint sequence in 2 
and let (F, : n € N) be an arbitrary renumbering of the sequence (EZ, : n € N). We have 
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Unen En = Unen Fn- By the countable additivity of 4 on 21, we have 


(1) y A(En) =4( U En) =( Ur) =) Fr). 
neN neN 


neN neN 


Suppose ra Unen En) € R. Then by Lemma 10.5, we have A(E,,) € R and A(F,) € R for 
everyn € N. Let (u,:n € N) = (A(E,) : n € N) and (y, :n € N) = ACR,) nn € N). 
Then (1) tells us that the sequence of real numbers (u, : n € N) is such that for an arbitrary 
renumbering (uv, : n € N) of (u, : n € N) we have >, cn Un = Donen Un € R. Not every 
sequence of real numbers has this property. 


If (a, : n € N) is a sequence of nonnegative real numbers and if (b, : n € N) is an 
arbitrary renumbering of (a, : n € N), then for an arbitrary n; € N there exists nz € N such 
that )°7), ax < S072, be and similarly for an arbitrary n; € N there exists nz € N such 
that Soy) be < D272 ae. From this it follows that cy @2 = Donen bn- For an arbitrary 
sequence (u, :n € N) of real numbers, we have the following : 


Lemma 10.6. Let (u, : n € N) be a sequence of real numbers. 

(a) For every renumbering (vpn :n € N) of (un: n € N) the series nen Un converges if 
and only if the series Y yey Un converges absolutely, that is, Yonex Un| < 0. 

(b) If nen lun| < 00, then Doc Un = Yopcn Un for every renumbering (vn : n € N) 
Of (un in € N). 


Proof. 1. Suppose >, lun| < 00. Let (v, : n € N) be an arbitrary renumbering of 
(un: n € N). Then (|v,| : 2 € N) is a renumbering of the sequence of nonnegative real 
numbers (|u| : 7 € N) so that > ony lun| < 00 implies )> cy |Un| < 00. Since absolute 
convergence of a series implies convergence, the series )_,<y Un converges. 

2. Suppose for every renumbering (v, : n € N) of (ut, : 2 € N), the series S°, cy Un 
converges. To show °c |un| < 00, let us assume the contrary, that is, )> cy |dn| = 00. 
Let (a; : i € N) and (b; : j € N) be respectively the subsequence consisting of all the 
nonnegative entries and the subsequence consisting of all the negative entries in (u, : n € N) 
andlet A = )°;-y a and B = Dien b;. Then A+|B| = Yo en |én| = 00 and thus at least 
one of A and | B| is equal to oo. Suppose A = oo. In this case let us consider a renumbering 
(Un in € N) of (u, : n € N) given by 


Qs oe 5 Akyy D1, Ay 41s ++ 5 ky, D2, Akg 41, +++ 5 Oky,b3,..., 


where ki, kz, k3,... are so chosen that the partial sum of )° <7 Un from a; through ax, is 
greater than n for every n € N. This is possible since A = oo and b; is finite for every 
Jj €N. Thus the sequence of the partial sums of )°,,<1y Un is unbounded and hence )°,, -1y Un 
does not converge. This is a contradiction. Similarly if |B| = 00, that is, B = —oo, we 
consider a renumbering (v, : n € N) of (un : n € N) given by 


bi... Bk, G1, by 41s + bby, 2, Digi, +» Ok, Bs --- 


where kj, kz, k3,... are so chosen that the partial sum of Donen Un from by through by, is 
less than —n foreveryn € N. This is possible since B = —oo and q; is finite for every i € N. 
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Thus the sequence of the partial sums of }°,,<7y Un is unbounded and hence )~,,-1y Un does 
not converge and we have a contradiction. This shows that }°,, <1 |u| < co and completes 
the proof of (a). 

3. To prove (b), suppose }° ,cjy |4n| < 00. Inthiscase A+|B| = Yo ,cpy |un| < co so that 
A < oo and |B| < oo. Let us show that )°, oy Un = A+B. Forn EN, let Sp = )p_y ue, 
An = 7-1 ai, and By = Phe) b;. We have dim. An = A € [0, 00) and im, By = Be 
(—oo, 0]. Thus for an arbitrary ¢ > 0, there exists M € N such that |A, — A] < 5 and 
|B, — B| < 5 forn > M. Let N € N beso large that {ai,... ,am} U (b1,...,bm} C 
{uj,..., un}. Then forn > N, we have {uy,... , un} = {a1,... ,ap}U{by,... , bg} with 
some p,q => M. Thus for n > N we have 


[Sn — (A + B)| = |(Ap + Bg) — (A+ B)| 
<|Ap — Al +|Byg — Bl 
& & ie 
< 3 + 3 =€. 
This shows that fim. Sn = A+ Band hence >, oy un = A+ B. 
Let (vp : n € N) be an arbitrary renumbering of (u, : n € N). Let A’ be the sum 
of the nonnegative entries and B’ be the sum of the negative entries in (uv, : n € N). 
Now )-nen [unl < 00 implies that ° cy |un| < co. Thus by our result above, we have 
eneN Un = A’ + B’. But A’ = A and B’ = B. Thus > ,cy Un = A+ B= Do cy Un. This 
proves (b). @ 


Proposition 10.7. Let (X, 2, ) be a signed measure space. Let (Ey :n € N) be a disjoint 


sequence in 2. Then 
a( U En) ER )IA(E,)| < 00. 
neN neN 
In other words, the series )° <x (En) converges if and only if it converges absolutely. 


Proof. 1. By the countable additivity of A, we have ) ney A(En) = A( nen En) € R. 


Thus we have 
a( U Fn) eRe Me) ER. 
neN neN 

2. If Sonen |ACEn)| < 00, that is, the series 7-17 A(En) converges absolutely, then it 
converges so that )> cy A(En) € R. Thus we have A (LU en En) € R. 

3. Conversely suppose 4 (Unen En) € R. Let (F, : n € N) bean arbitrary renumbering 
of the sequence (E, : n € N). Then (F, : n € N) is a disjoint sequence in 2( with 
nen Fy, = nen En so that Venen MFn) = A (Onen Fn) =i (Unen En) eR by the 
countable additivity of A. This shows that for an arbitrary renumbering (A(F,) : n € N) of 
the sequence (A(E,,) : n € N) the series nen X(F,) converges. Then by (a) of Lemma 
10.6, we have > ey |A(En)| < 00. I 


Example. Let (X, 2l,4) be a signed measure space and let (E, : n € N) be a disjoint 
sequence in 21. According to Proposition 10.7, the series }°,-,y 4(En) converges if and 
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only if it converges absolutely. For a sequence of real numbers (u, : n € N) the absolute 
convergence of the series }7,,-3y un implies the convergence of the series but the converse 
does not hold. For instance the series Ynen(-D"4 converges but it does not converge 
absolutely. This implies that there does not exist a signed measure space (X, 21, 4) such 
that for a disjoint sequence (E,, : n € N) in 2( we have A(E,) = (-1)"4 forneN, 


Let (X, 2(, w) be a measure space and let (E, : n € N) be a monotone sequence in 
&. According to Theorem 1.26, if (E, : n € N) is an increasing sequence then we have 
lim (En) = u( lim E,) and if (E, : n € N) is a decreasing sequence and p4(£)) < 00 
noo no 
then we have lim p(E,) = u( lim En). We show next that similar convergence theorem 
n-> oo n—0oo 


holds in a signed measure space (X, 2{, A). 


Theorem 10.8. Let (X, 2, 4) be a signed measure space. 
(a) If (En in € N) is an increasing sequence in A, then lim (En) = a( lim | E,). 
noo n> 
(b) if (En : n € N) is a decreasing sequence in X, and if X(E\) € R, then we have 
lim A(En) = A( lim E,). 
noo n—->0oO 


Proof. 1. If (Ey : n € N) is an increasing sequence in 2f, then fim, E,= nen E,. Now 
if ACEn,) = 00 for some no € N, then since Eng C Em C ney En for every m > no, we 
have A(Em) = 00 for every m > no as well as 4 (Unen En) = 00 by (b) of Lemma 10.5. 
Thus lim A(E,) = 00 = A{ lim E,). Similarly if A(En)) = —0o for some no € N, we 
n> 0O noo 
have by means of (c) of Lemma 10.5 the equality lim, ME,) = —00 = A( lim En). 
Now consider the case A(E,) € R for every n € N. Let Fj = E; and Fy, = Ey \ En-1 
forn > 2. Then (F, : n € N) is a disjoint sequence in 2 with Unen Fn = Unen En. By 
the countable additivity of A, we have ) ney ACFn) = A (Upen Fn) = A (Unen En). Since 
En-1 U Fy = Ey and Ey; F, = @ forn > 2, we have by the finite additivity of 4, 
MEn-1) + AG) = ACE,) and thus ACF,) = ACE,) — ACEn_1). Then we have 


(LU En) =a( LU Ar) = 20D + AG) = ED + YO (AEn) — End} 


neN neN n>=2 n>2 
n 
= (Ei) + lim » {A(Ex) — MEx-1)} = (Ei) + Jim {A(En) — 4(E1)} 
> 
= lim A(E,). 
n->0O 
2. Let (En : n € N) be a decreasing sequence in 2 with A(E1) € R. In this case, we 
have A(En) € R for every n € R by (a) of Lemma 10.5. Now lim E, = Onen En and 
noo 


E\\ (\ Ex =210(() En) =F10(U es) 
neN neN neN 


= (Jin Ef) = U1 \ En) = lim (£1 \ En), 
neN neN ae 
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since (EZ, \ E, : n € N) is an increasing sequence. Thus we have 


A(E1\ (| En) 


neN 


A( lim (E1 \ En)) = lim A(E1 \ En) 


slim, {A(E1) — AEn)} = AE) — lim AE), 


where the second equality is by (a) and the third equality is by the finite additivity of A 
and the fact that A(E,) € IR. On the other hand, by the finite additivity of 2. we have 
4(E1\ nen En) = (£1) — 2 (nen En). Therefore we have 


ME1) — lim X(En) = ME1) ~ M( ) En). 
neN 


Subtracting 4(£1) € R, we have 


t,o =2( (59) = (i). 
neN 


[II] Decomposition of Signed Measures 


Definition 10.9. Given a signed measure space (X, A, i). 

(a) E € is called a positive set for 0 if (Eo) = 0 for every Eo € Lk such that Eo C E. 
(b) E € QW is called a negative set for d if (Eo) < 0 for every Eo € A such that Eo C E. 
(ce) E € Q is called a null set for X if (Eo) = 0 for every Eo € A such that Eo C E. 
(Note that the definition of a null set in a signed measure space (X, 2(, A) is consistent with 
Definition 1.32 for a null set in a positive measure space (X, 2, z).) 


Observation 10.10. As immediate consequences of Definition 10.9, we have the following: 

(a) Every 2l-measurable subset of a positive set for A is itself a positive set for A. Similarly 
every 2l-measurable subset of a negative set for A is itself a negative set for A, and every 
-measurable subset of a null set for A is itself a null set for A. 

(b) A set is a null set for 4 if and only if it is both a positive set and a negative set for A. 

(c) If Z| is a positive set for A and £2 is a negative set for A, then £1 M E2 is a null set for 
i. (This is a consequence of (a) and (b).) 


Example. Consider the example of a signed measure space (X, 2(, A) in Proposition 10.3 
defined by A(E) = f ze J dp for E € MW where f is a pz semi-integrable extended real-valued 
{-measurable function f on X and p is a positive measure on (X, 20). If FE € Wand f > 0 
p-a.e. on E, then E is a positive set for A, and if f < 0 y-ae. on E, then E is a negative 
set for A. If f = 0 w-ae. on E, then E is a null set for A. 

Consider for instance the measure space ( [0, 2], Dt, N[0, 27], w i) and a signed measure 
A on ([0, 27], 9, N[0, 27]) defined by A(E) = f;, sinx w, (dx) for E € Mt, M (0, 27]. 
The set [0, 2] is a positive set for A and the set [z, 277] is a negative set for i. 
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Lemma 10.11. Given a signed measure space (X, A, i). 

(a) If (A, : n € N) is a sequence of positive sets for i, then (cy An is @ positive set for i. 
(b) If (B, : n € N) is a sequence of negative sets for r, then Unen B,, is a negative set for i. 
(c) If (E, :n € N) is a sequence of null sets for i, then nen E,, is a null set for x. 


Proof. Let (A, : n € N) be a sequence of positive sets for A. To show that ),, <j An is a 
positive set for A, we show that forevery E € 2& such that E C nen An we have A(E) > 0. 
Let A, = A; and A), = A, ye ae Ax forn > 2. Then (Aj, : n € N) isa disjoint sequence in 
Aand Ucn A, = Unen An- Then E = ENU, en An = ENU yen An = nen (EO 4))- 
By the countable additivity of 4, we have A(E) = Do ey A(E Aj). Since Aj, is a Q- 
measurable subset of a positive set An, it is a positive set. Then its 2{-measurable subset 
EQ Ay, is a positive set and in particular A(E M Aj,) > 0 for every n € N. Thus A(E) > 0. 
This shows that L),,<x An is a positive set. Similarly for a sequence of negative sets and a 
sequence of null sets. # 


Let (X, 2, A) be an arbitrary signed measure space. There exists at least one positive 
set for A. Indeed the empty set @ is a null set for 2 and hence both a positive set and a 
negative set for A. If (An : 2 € N) is a sequence of positive sets for A, then LJ, cy An is a 
positive set for A by Lemma 10.11. Does a greatest positive set for A exist? The collection 
{Ay : y € I} of all positive sets for 4 may be an uncountable collection and ),,.p Ay may 
not be in 2 with A( U,er Ay) undefined. So, rather than pursuing the idea of a greatest 
positive set let us define a maximal positive set. 


Definition 10.12. Let (X, 2, A) be a signed measure space. 

(a) Let us call a positive set A for } a maximal positive set if for every positive set A’ ford 
the set A’ \ Ais anull set for i. 

(b) Let us call a negative set B for } a maximal negative set if for every negative set B’ for 
A the set B’ \ B is a null set for i. 

(We show in Corollary 10.15 below that for an arbitrary signed measure space a maximal 

positive set and a maximal negative set always exist.) 


Definition 10.13. Given a signed measure space (X, A, A). A pair {A, B} of A-measurable 
sets such that AN B= %, AUB = X, Aisa positive set and B is a negative set for d is 
called a Hahn decomposition of (X, LA, d). 


Theorem 10.14. (Hahn Decomposition of Signed Measure Spaces) For an arbitrary 
signed measure space (X, A, 4), a Hahn decomposition exists and is unique up to null sets 
of i, that is, there exist a positive set A and a negative set B for such that AN B = @ and 
AU B = X, and moreover if A’ and B’ are another such pair, then AAA’ and BAB’ are 
null sets for d. 


Proof. 1. Since A is a signed measure on (X, 20), we have either A(E) € [—00, 00) for 
every E € 2, or A(E) € (—o0, 00] for every E € 2{. Let us consider the former case. In 
this case, if EF € 2( and A(E) # —oo then A(E) E R. 

For every C € QQ there exists C’ € 2{ such that C’ C C and A(C’) > A(C). (The 
choice C’ := C will do.) Let us show that if C € 2{ and A(C) ¢€ R then for every ¢ > 0 
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there exists C’ € 2( such that C’ C C with A(C’) > A(C) and moreover A(E) > —e for 
every E € 2 such that E Cc C’. Suppose for some € > 0 no such subset C’ of C exists. 
Then there exists Ey € 2 such that Ej C C and A(E;) < —e. By the finite additivity 
of A we have A(E1) + A(C \ £1) = ACC). Since A(C) € R and since E and C \ E; 
are 2{-measurable subsets of C, we have A(E1),A(C \ E,) € R by Lemma 10.5. Thus 
A(C \ Ei) = MC) — ACE) > A(C) since —A(E1) = &€ > 0. Now since C \ Ey € 2, 
C\ E; c C andX(C \ £1) = ACC), by the assumed non existence of the set C’ there exists 
Ey € 2 such that Ep C C \ E; and A(E2) < —e. Thus continuing, we have a disjoint 
sequence (Ey : n € N) of 2{-measurable subsets of C with A(E,) < —e for every n € N. 
Let E = Ucn En. By the countable additivity of A, we have A(E) = en A(En) = — 
But the fact that E C C and A(C) € R implies that A(E) € R by Lemma 10.5. This is 
a contradiction. This proves the existence of a 2{-measurable subset C’ of C such that 
A(C’) = A(C) and A(E) > —e for every U-measurable subset E of C’. 

2. Let us show that if C € 2 and A(C) € R, then there exists a positive set A C C with 
(A) = A(C). Let us define inductively a decreasing sequence (C,, : n € N) in 2 with 
A(C,) € R forn € N as follows. Let C} = C. Suppose we have selected Ci,... , Cn—1- 
By our result in 1 there exists C, C Cy-1 such that C, € 2€ with A(C,) > A(Cn-1) 
and A(E) > -1 for every 2{-measurable subset E of C,. With the decreasing sequence 
of sets (C, : n € N) in 2 thus selected, let A = (47 Cn. Since (Cr, : n € N) isa 
decreasing sequence and since 4(C;) = A(C) € R, we have (A) = fim, A(C,) by (b) of 
Theorem 10.8. Since (A(C,) : n € N) is an increasing sequence of real numbers and since 
A(C1) = A(C), we have fim, A(Cn) = A(C). Therefore 4(A) > A(C). To show that A is 


a positive set, let E be an 1 arbitrary Q{-measurable subset of A. aren EcA= hen Ch 
so that E C Cy, for every n € N. This implies that A(E) > —+ ; for every n € N and thus 
A(E) > 0. This shows that A is a positive set. 

3. Let a = sup {A(E) : E € 2}. Since 4(@) = 0, we have a € [0, co]. Then we can 
select (C, : n € N) in 2( such that A(C,) € R for every n € N and A(C,) t a. Then by 
our result in 2, for every n € N there exists a positive set A, for 4 such that A, C C, and 
MAn) = A(Cy). Let A = Une A, € 2. By the definition of a we have A(A) < a. Let 
us show that actually A(A) = a. Let PF, = Ure Ax forn € N. Then F, is a positive 
set for A by (a) of Lemma 10.11. Now (F, : n € N) is an increasing sequence in 2( with 
nen Fn = Unen An = A 80 that A(A) = ACI lim Fp = vim. (Fy) by (a) of Theorem 
10.8. On the other hand F, = (Fy, \ An) U An mand the finite additivity of 4 on 2 implies 
ACFy) = ACFn \ An) + (An). Since Fy, \ An is a 2{-measurable subset of the positive set 
F,, fora, Fy \ An is a positive set for A by (a) of Observation 10.10. Thus AC Fn \ An) = 0. 
This implies A(F;,) => A(An). Thus we have 


(A) = im, A(F,) = lim sup A(A,,) > lim sup A(C,,) = im, A(Ch) =a. 
no now 
Therefore we have (A) = a. (Since A(E) € [—0o0, 00) for every E € 2, we have 
a = X(A) < 00.) 
Now let B = A°. We have AN B = @ and AU B = X. To show that {A, B} is 
a Hahn decomposition for (X, 2l, A), it remains to show that B is a negative set for A 
Let E € & and E c B. If A(E) > O, then by the finite additivity of 4 on 2 we have 
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MAU E) = A(A) + A(E) > A(A) = @, contradicting the definition of a. Thus A(E) < 0. 
This shows that B is a negative set for A. Thus we have proved the existence of a Hahn 
decomposition for a signed measure space (X, 2(, 4) in which A(Z) € [~oo, 00) for every 
E € 2. 

4. Consider a signed measure space (X, 2,4) in which A(E) € (—od, 00] for every 
E € &. Then —A is a signed measure on (X, 2l) such that —A(E) € [—0d, oo) for every 
E € &X. Thus by our result above there exists a Hahn decomposition {A, B} for the signed 
measure space (X, 2(, -A). Then {B, A} is a Hahn decomposition for (X, 2f, 4). 

5. Let us prove the uniqueness of a Hahn decomposition. Suppose {A, B} and {A’, B’} 
are two Hahn decompositions of a signed measure space (X, 2, 4). Since A is a positive set 
for A, its 2{-measurable subset A \ A’ is a positive set for A by (a) of Observation 10.10. On 
the other hand A \ A’ = AN (A’)* = AN B’ which is a A-measurable subset of a negative 
set B’ for A and hence a negative set for 4 by (a) of Observation 10.10. Thus A \ A’ is both 
a positive set and a negative set for A and hence a null set for A by (b) of Observation 10.10. 
Similarly A’ \ A is a null set for A. Then AAA’ = (A \ A’) U(A’ \ A) isa null set for A by 
Lemma 10.11. Similarly BAB isa null set ford. 


Corollary 10.15. In an arbitrary signed measure space (X, A,X), a maximal positive set 
and a maximal negative set for always exist. Indeed if {A, B} is a Hahn decomposition 
for (X, &U, A), then A is a maximal positive set and B is a maximal negative set for i. 


Proof. Let {A, B} be a Hahn decomposition for (X, 2, 4). Let A’ be an arbitrary positive 
set for 4. Then A’ \ A, being a 2f-measurable subset of a positive set A’, is a positive set 
for A by (a) of Observation 10.10. On the other hand, A’ \ A = A’ AS = A’ 1 B being a 
2(-measurable subset of a negative set B is a negative set for A by (a) of Observation 10.10. 
Thus A’ \ A is both a positive set and a negative set for A and is therefore a null set for 4 by 
(b) of Observation 10.10. This shows that A is a maximal positive set for 2. Similarly B is 
a maximal negative set ford. 


Definition 10.16. Two signed measures 4, and d2 on a measurable space (X, QW) are said 
to be mutually singular and we write h, L A2 if there exist two 2-measurable sets C, and 
C2 such that Cy N C2 = B, C; UC2 = X, Cy is a null set for d42 and C2 is a null set for A. 


Definition 10.17. Given a signed measure space (X, A, 2). If there exist two positive 
measures jt and v, at least one of which is finite, on the measurable space (X, 2) such that 
pL vandid = pu — \¥, then {p, v} is called a Jordan decomposition of h. 

(Note that the requirement that at least one of the two positive measures yu and v is finite is 
to ensure that jz — v is defined.) 


A Hahn decomposition and a Jordan decomposition of a signed measure space are 
related. The existence of one implies that of the other as the next proposition shows. 


Proposition 10.18. Let (X, 2, A) be a signed measure space. 
(a) If {A, B} is a Hahn decomposition of (X, A, 4) and if we define two set functions uw and 


212 CHAPTER 2 The Lebesgue Integral 


v on 2 by w(E) = ACEN A) and v(E) = —A(ENB) for E € &, then {p, v} isa Jordan 
decomposition for i. 

(b) If {, v} is a Jordan decomposition of 4 and C; and C2 are two A-measurable subsets 
of X such that C) N C2 = %, Cy U C2 = X, C\ is a null set for v and C2 is a null set for 
Bt, then {C, C2} is a Hahn decomposition of (X, 2, A). 


Proof. 1. Let us prove (a). Every 2{-measurable subset of the positive set A for A is a 
positive set for A and every 2{-measurable subset of the negative set B for A is a negative 
set for A by Observation 10.10. From this it follows that jz and v are positive measures 
on (X, 2). Since A cannot assume both oo and —oo, we have either A(A) € [0, 00) or 
A(B) € (—00, 0]. Thus at least one of yz and v is a finite positive measure. Also by the finite 
additivity of 4, we have A(E) = A(E 1 A) +A(EN B) = “(E) — v(E) for every E € & 
so that A = yz — v. To show that yz L v, we show that A is a null set for v and B is a null 
set for xz. Now v(A) = —A(AN B) = —A(B) = 0 so that A is a null set for the positive 
measure v. Similarly u(B) = 4(B NM A) = (@) = 0 so that B is a null set for the positive 
measure 44. This shows that 1 v. Therefore {w, v} is a Jordan decomposition for A. 

2. Let us prove (b). We show that C; is a positive set for A and C? is a negative set for A. 
Now since {j, v} is a Jordan decomposition for (X, 2, 4), we have A(E) = u(E) — v(E) 
for every E € 2{. To show that C is a positive set for A, let E € Mand E C Cj. Since C| 
is a null set for the positive measure v, its subset F is a null set for v. Thus v(E) = 0 and 
consequently A4(E) = w(E) > 0. This shows that C; is a positive set for . To show that C2 
is a negative set for A, let E € 2 and E C C2. Since C) is a null set for the positive measure 
HL, its subset E is a null set for z. Thus w(£) = 0 and consequently A(E) = —v(E) < 0. 
This shows that C2 is a negative set for’. # 


Observation 10.19. Given a signed measure space (X, 2, A). Let C, C’ € 2f be such that 
CAC’ is a null set for A. Then for every E € 21, we have A(E NC) =A(ENC'). 


Proof. Since C = (CNC) U(C\ C’), we have ENC = {EN(CNC)}U{EN(C\C')} 
and thus (EMC) = AEN (CNC’))+AEN(C\ C’)). Since CAC’ is a null set 
for A, its subset C \ C’ is a null set for A and then so is its subset EM (C \ C’). Thus 
MEN(C\C’)) =O and hence (ENC) = A(EN(CNC’)). Interchanging the roles of C 
and C’, we have A(E NC’) = ME n(c’n C)). Thus we have MENC)=A(ENC’). 


Lemma 10.20. Let (X, 2, 4) be a signed measure space. Let {A, B} and {A’, B'} be two 
Hahn decompositions of (X, 2, 4). Then ENA) = ACEN A’) and (ENB) = A(ENB’) 
for every E € 2. 


Proof. By the uniqueness of the Hahn decomposition (Theorem 10.14), AAA’ and BAB’ 
are null sets for A. Then the Lemma follows from Observation 10.19. 


Theorem 10.21. (Jordan Decomposition of Signed Measures) Given a signed measure 
space (X, 2, 4). A Jordan decomposition for (X, U, d) exists and is unique, that is, there 
exists a unique pair {u,v} of positive measures on (X, 2), at least one of which is finite, 
such that u L v and d = 4 — v. Moreover with an arbitrary Hahn decomposition {A, B} 
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of (X, A, A), if we define two set functions yu and v on A by setting 
L(E)=A(ENA) and v(E)=—-A(ENB) forE € A, 
then {, v} is a Jordan decomposition for (X, A, i). 


Proof. 1. By Theorem 10.14, a Hahn decomposition {A, B} of (X, 2, A) exists. According 
to (a) of Proposition 10.18, if we define two set functions yz and v on 2 by w(E) = A(ENA) 
and v(E) = —A(EN B) for E € A, then {w, v} is a Jordan decomposition for A. Therefore 
a Jordan decomposition for (X, 2, 2) exists. 

2. To prove the uniqueness of the Jordan decomposition, let {2, v} be the Jordan decom- 
position for (X, 2, A) defined in 1 and let {j2’, v’} be a Jordan decomposition for (X, 2, A). 
Then there exist A’, B’ € 24 such that A’ N B’ = @, A’ U B’ = X, A’ is a null set for v’ and 
B’ is a null set for yx’. By (b) of Proposition 10.18, {A’, B’} is a Hahn decomposition for 
(X, A, A). Then by Lemma 10.20, we have (ENA) = A(ENA’) andA(ENB) = A(ENB’) 
for every E € 2&{. Then for an arbitrary E € 2, we have 


M(E) =’ EN A) =MENA’) 
=W(ENA)—v(ENA’) sinceA = p’ — v’ 
= p'(EQN A’) since A’ and EO A’ are null sets for v’ 
=Ww(ENA)+py(ENB’) since B’ and EM B’ are null sets for ps’ 
= p'(E) by the finite additivity of p’. 


Thus = pw’ on 2. Similarly v = v’ on 2. This proves the uniqueness of the Jordan 
decomposition as well as the expressions (1) for # and v. 


Definition 10.22. Given a signed measure space (X, 2,4). Let x and v be the unique 
positive measures on A, at least one of which is finite, such that pL vandh = pp —v. Let 
us call 4 and v the positive and negative parts of i and write X* for 4 and d~ for v. The 
total variation of d is a positive measure |X| on 2 defined by 


(1) JAP(E) =At(E)+A7(£) for E € W. 


The positive and negative parts, Xt and i4-, are also called the positive and negative 
variations of X. For every E € A, we have 


(2) JA] (CE) =AT(E) +A-(E) > [AT (E) — 0 (ED = AC(EDL- 


The next proposition explains the terminology ‘total variation’ for JA. 


Proposition 10.23. Given a signed measure space (X, A,r). For E € A, let 
ag = sup | hy MEDI: {E1..-., En} C%, disjoint, Uf, Ee = Eyn e N}. 


Then JA|(E) = ae. 
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Proof. Let E € &. Then for any finite disjoint collection {E;,... , Ey} in 2€ such that 
Upe1 Ex = E, we have 
n n n 
Yoo) = 0 At Ed = 2 (Ed < Y- {At (Ed + lA (Ed 
k=1 k=1 k=1 
An n 
= 0 (Ed +47(Ed} = DALEd =) AL). 


k=1 k=! 


Thus we have ag <] A (E). 

To prove the reverse inequality, let {A, B} be an arbitrary Hahn decomposition of 
(X, 201). Let EF) = ENA and Ez = ENB. Then {F, Ep} is a disjoint collection 
in 2 such that FE; U E2 = E so that by the definition of ag we have 


ae > |ACE1)| + |ACE2)| = [ACE 9 A)| + [ACE 2 B)I. 


If we define (EZ) = A(E NA) and v(E) = —A(EN B) for E € A, then {z, v} is a Jordan 
decomposition for (X, 2f, 4) by (a) of Proposition 10.18. By the uniqueness of the Jordan 
decomposition (Theorem 10.21), we have At (E) = A(E M A) and A~(E) = —A(EN B). 
Now since A is a positive set for A, its subset EA is a positive set for A by (a) of Observation 
10.10 so that |A(E MN A)| = A(ENM A) = A*(E). Similarly since B is a negative set for 4 so 
is its subset EM B so that A(E NM B) < 0. Then |A(EN B)| = —A(EN B) = A7(E). Thus 
we have ag > AT(E) +47 (E) =| A[(£). Therefore we have JAJ(E) =r. & 


The next proposition is the converse of Proposition 10.3. It shows that an arbitrary 
signed measure can be represented as an integral. 


Proposition 10.24. Let (X,2l,A) be a signed measure space. Let {A, B} be a Hahn 
decomposition of (X, A, A) and let |A| be the total variation of 4. Then we have 


ME) = f {la— to} ala forE € QU. 


Proof. Let {A, B} be a Hahn decomposition of (X, 24, 4). By Theorem 10.21, the positive 
variation 4+ and the negative variation A~ of the signed measure A are given by 


(1) AT(F)=AMANF) and A-(F) =—-A(BNF) for F € A. 
Then for every E € 2, we have 
[fs-to} ad =f taveatal - f tone dbl =1 1A B) 121896) 
E x x 
=AT(ANE) +A (ANE) —A*(BNE)—-1’ (BNE) 
= MAN E)—-ABNANE)—-'MANBNE)+XBOE) 


=MANE)+2ABN E) = XE), 
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where the third equality is by JAJ = 47 +A7, the fourth equality is by (1), the fifth equality 
is by AN B = G, and the sixth equality isby AUB=X. 


The next proposition relates the positive variation, the negative variation, and the total 
variation of a signed measure obtained by integrating a function to the positive part, the 
negative part, and the absolute value of the function. 


Proposition 10.25. Let f be a w semi-integrable extended real-valued 2-measurable 
function on a measure space (X, A, w). Let us define a signed measure d and three positive 
measures [11, [42, and 13 on A by setting 


ME) = / f du, 
E 
wie) = f ft dy, 
E 
wit) = / frdp, 
E 
we) = | \fldu, 
E 


for E € Qt. Then 1, "2, and [23 are respectively the positive variation, the negative 
variation, and the total variation of i. 


Proof. Note that A(E) = f, fdu = f, ft du— fp f- du = ui(E) — u2(E) for every 
E € Aso that A = wu, — wo. If we let A = {X : f > O} and B = {X : f < 0}, then 
A,B eA ANB=G%, AUB = X, 11(B) = 0, and p2(A) = 0 so that py L po. This 
shows that {t1, 442} is a Jordan decomposition of A and jz; and j22 are the positive variation 
and the negative variation of A. Then for every E € 2f, we have 


we) =f itldu= fo pra ff du = mi(e) + uae) =] AME). 
E E E 
This shows that {3 ts the total variation of 7. @ 


Observation 10.26. Given a signed measure space (X, 2, A). 
(a) A set FE € lis a null set for A if and only if E is a null set for JAI. 
(b) Ifa set E € Mis a null set for A, then £ is a null set for both At andA~. 


Proof. 1. Let us prove (a). According to Theorem 10.21, with an arbitrary Hahn decom- 
position {A, B} of (X, 2, 4), the positive and negative parts of A, At and A~, are given 
by 

(1) AT(E) =A(EN A) and A-(E) =—-A(ENB) for E € A. 


Then we have 


(2) JA|(E) =at(E) +47(E) = MEN A) — MEN B) for E € A. 
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If £ is a null set for 4, then so are its subsets EM A and EN B by (a) of Observation 10.10 
so that [4 |(Z) = 0 by (2) and this shows that E is a null set for the positive measure JA]. 
Conversely if E is a null set for |A], then for every 21-measurable subset Eo of E we have 
|A(Eo)| <] A] (Eo) = 0 so that A( Eo) = 0. This shows that E is a null set for A. 

2. Suppose a set E € Mis a null set for A. Then E is a null set for [A] by (a) so that 
JA] (E) = 0. Now since A*, A~, and JA| are all positive measures and JA] = At + a, 
]4|(£) = 0 implies both A+(E) = 0 and A~(E£) = 0. This shows that E is a null set for 
both At andA7. 


Proposition 10.27. Let A, and A2 be two signed measures on a measurable space (X, 2). 
Then we have 

(a) Ay L Ao Sp Ar] a2 oA Lp Ae] SP Ar] Lae Sp ar] LY 2], 

(b) JArf LA2 Af LaAgandAy LAr. 


Proof. 1. The equivalence A; 1 42 +] Ai] -L Az is an immediate consequence of the 
fact that a 2{-measurable set E is a null set of A, if and only if E is a null set for JA, |. 
Similarly for A; L Az <> Ay LI] Ag]. Applying this to the pair ]A;| and A2, we have 
far] Ae So] Ar] LY] Ag. 

2. Suppose |i] L Az. Then there exist Ci, C2 € 2 such that C} NC2 = 8, C} UC2 = 
X, C, is a null set for Az, and C2 is a null set for JA, ]. This implies that C2 is a null set for 
both Af and AT. This shows that Af L Az and Ay L Az. 

Conversely suppose Af L Az and Ay -L Az. Then there exist Cj’, CY € 2 such that 
ci ncy =@, ct UC} = X, CH isa null set for Az and Cy is a null set for Ay, and there 
exist C],Cy € M&such thatC; NC; =%,C; UC; =X, C_ isa null set for Az and Cy 
is a null set for Ay. Consider CY 1 Cy. Since Af (C{) = 0 and Af is a positive measure, 
we have Af (C{ M Cy) = 0. Similarly we have A; (Cf M Cy) = 0. Therefore we have 
Pai k(cy NC) = at (cy Acy) +a7 (CP NC) = 0. This shows that Cf] NC isa null 
set for the positive measure ]41]. Consider the set 


X\ (ch Nez) = (CAG) = (Ch UG) = ch uc. 


Since Cj and C7 are null sets for Az, so is Cj’ UC] . Therefore we have shown that CH ACT 
is a null set for the positive measure [A | and its complement X \ (CY M Cy) isa null set 
for Az. Thus JAy] L Az. 


Theorem 10.28. (a) Let X be a signed measure on a measurable space (X, 2). Then for 
every c € R, cd is a signed measure on (X, 2) and moreover we have |ch| = |cl|AI. 

(b) Let A, and Az be signed measures on a measurable space (X, 2). Suppose , + 42 
is defined on (X, 2). (This is the case if 4,(E),42(E) € (—00, 00] for every E € QW, or 
A1(E), A2(E) € [—00, 00) for every E € 2X.) Then dA; + dA2 is a signed measure on (X, A) 
and moreover we have |A1 +42] <] Ar] +] A2l- 


Proof. 1. It is easily verified that cA and A; + A2 satisfy conditions 1°, 2°, and 3° in 
Definition 10.1. Thus cA and A; + Az are signed measures on (X, 2f). 
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2. For every signed measure A on (X, 21), we have by Proposition 10.23 
n n 
(1) JA(E) = sup { aco! :{E1,...,En} CM, disjoint ,|_] Ee = E,n€ N}. 
k=l k=1 


It follows from (1) that [cA] = |c|[A] for every c € R. 
3. Let Aj and Az be signed measures on (X, 2£) such that Ay + Aq is defined on (X, 2). 
Then by (1) we have 


(2) 
[a1 + A2|(Z) 


n n 
=sup | So ai(Ee) + 2(Ee |: (Et... En} CA, disjoint, J Ee = En € Nn] 


k=1 k=} 
n n n 

< sup { Yo A(E| + So Wo(El: (Ei... En} CM, disjoint , _) Ey = E,n N}. 
k=1 k=1 k=1 


Since )7y_; |A1(Ex)| <] Arp and S°y_, |A2(Ex)| <] Az], we have 
(3) Jar +A2] <p aif +] Ao]. o 


[III] Integration on a Signed Measure Space 


Definition 10.29. Let (X, 2{, 4) be a signed measure space. 

(a) We say that (X, A, A) is a complete signed measure space if every subset of a null set 
for d is A-measurable. 

(b) We say that (X, 2, A) is a finite signed measure space if \(X) € R. 

(c) We say that (X, U, ) is a o-finite signed measure space if there exists a sequence 
(Ey in € N) in 2 such that U,en En = X and X(E,) € R for everyn EN. 


Regarding (b), note that if A(X) € R, then A(E) € R for every E € 2l by Lemma 10.5. 
Thus A is a finite signed measure if and only if A(E) € R for every E € 2, or equivalently, 
if and only if |A(E)| < co forevery E € 2. 

Regarding (c), note that if we let F) = E, and F, = E, \ (yey Ex for n > 2, then 
(F, : n € N) is a disjoint sequence in M, Ucn Fn = Unen En = X, and since F, is a 
subset of E, we have A(F,) € R by Lemma 10.5 for every n € N. 

If we let G, = Ue1 F, forn € N, then (G, : n € N) is an increasing sequence in 2 
with nen Gn = Unen Fn = X and (Gp) = )h_) AFR) € R for every n € N. 


Observation 10.30. Given a signed measure space (X, 2, 4). 

(a) (X, A, A) is a complete signed measure space if and only if (X, 2, | AJ) is complete. 

(b) (X, 2, ) is a finite signed measure space if and only if (X, 2, | Af) is finite. 

(c) (X, A, A) is a o-finite signed measure space if and only if (X, 2, ] A) is o-finite. 

(d) If w and v are two o-finite measures on (X, 20), one of which is finite, then the signed 
measure 1 = ys — v is o-finite. 
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Proof. (a), (b), and (c) are immediate consequences of Definition 10.29. Let us prove 

(d). Now if yu and v are two o-finite measures on (X, 2), then there exist two increasing 

sequences (EF, : n € N) and (F, : n € N) in 2 such that lim | E,= Unen Ey, =X; 
n 


L(En) < 00 foreveryn € N, Jim, Fr = Unen Fn = X, and v(F,) < 00 foreveryn € N. 


If we let Gn = E, M Fn forn € N, then (G, : n € N) is an increasing sequence in 2l. Let 
us show that lim Gn = X. Letx € X. Thenx € E,, for some ny € Nandx € Fy, 
n 


for some nz € N. Let no = max{nj,n2}. Then x € En, and x € Fy, so that x € Gyo. 
This shows that every x € X is in G, for some n € N. Thus X C U,, <n Gn and therefore 
fim, Gn = Unen Gn = X. Now (Gr) < u(En) < 00 and v(Gy) < v(F,) < 00. Then 
(Gn) = (Gn) — v(Gn) € R for every n € N. This shows that 4 is a o-finite signed 
measure on (X,20). @ 


If 2 and v are two positive measures on a measurable space (X, 2f), then the set function 
p+ v on 2 is a positive measure on 2. Let f be an extended real-valued 2{-measurable 
function on X. If all the three integrals fy f du, fy fdv,and fy f d(u + v) exist and the 
sum fy fdut fy f dv also exist, does the equality fy fdut+ fy fdv = fy fd(uty)? 
Of particular interest is a signed measure space (X, 2l, 4) for which we have JA] = AT-+A7. 
Does the equality fy f dat + fy fdr” = fy f dJA| hold? 


Proposition 10.31. Let 4, v, and + v be three positive measures on a measurable space 
(X, W. Let f be extended real-valued U-measurable function on X. Then we have 


[tant f sav=f faut 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. It is easily verified that the equality holds if f = 1g where E € 2{. By the linearity 
of the integrals, it follows that the equality holds when f is a nonnegative simple function. 
If f is a nonnegative extended real-valued 2{-measurable function on X, then there exists 
an increasing sequence (@, : n € N) of nonnegative simple function such that g, + f on X 
according to Lemma 8.6. Applying the Monotone Convergence Theorem (Theorem 8.5), 
we have the equality for our f. If f is an extended real-valued function, then f = ft — f7 
and we apply the result above for nonnegative functions to ft and f~. & 


Definition 10.32. Given a signed measure space (X, A, A). Let A+ and A be the positive 
and negative parts of d. Let f be an extended real-valued -measurable function on X. 


We define 
[tars [rar fo rar, 


if the two integrals [, f d4* and fy f dd” and their difference fy f dd* — fy f dd all 
exists in R. If f y f dd exists in R, we say that f is i semi-integrable on X. If f x f dd exists 
in R, we say that f is A-integrable on X. 
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Proposition 10.33. Given a signed measure space (X, 2, ). Let f be an extended real- 
valued X-measurable function on X. If f is 4 semi-integrable on X, then we have 


| fra sf isiav. 


Proof. By Definition 10.32 we have 


|f ral=|forar-f rarls|f rants] fi rar 
< fi iriant+ f ipianm = f rial 


where the last equality is by Proposition 10.31 and the fact that A +A7 =] AJ. 


Proposition 10.34. Let 4 and v be two positive measures, at least one of which is finite, 
on a measurable space (X, 2). Let X be a signed measure on (X, A) defined by setting 
A= pu-—v. Let f be an extended real-valued X-measurable function on X. Then we have 


[rare [rau fi fav, 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. Recalling the definition of fy f dd by Definition 10.32, we are to show 


a) [tar fi rar=f fan-f fav, 


in the sense that the existence of one side implies that of the other and the equality of the 
two. Now since At —A7 = 2 = pt — v, we have 


(2) At (E) — 27 (BE) = (E) = w(E) — v(E) for every E € 2. 


Let g = ea aj1g, be a simple function on (X, 2f) in its canonical expression with a; € R 
and E; € Mfori =1,...,k. Then we have 


k k 
3 dit — il dk” = jAt (Ej) — iA (Ej 
(3) i f° ye (E;) ya (E;) 


k k 
=) ai{a*(E;) — 27 (Ei)} = Dai {u(Ed) -— v(E)} 


i=1 i=1 


k 
= ee ant) — Sante = f eau~ [ode 
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Let f be a nonnegative extended real-valued 2{-measurable function on X. According to 
Lemma 8.6, there exists an increasing sequence of simple functions on (X, 20), (@, :n € N), 
such that gy, ¢ f on X. Applying (3) to g,, we have 


(4) [mart f oar- = fondu fi onde. 
xX xX xX xX 


Letting n — oo in (4) and applying the Monotone Convergence Theorem (Theorem 8.5), 
we have (1) for a nonnegative extended real-valued 2{-measurable function f on X in the 
sense that the existence of one side implies that of the other and the equality of the two. 

If f is an extended real-valued 2{-measurable function on X, let f = f*—f~. Applying 
the result above to the two nonnegative extended real-valued 2{-measurable functions f* 
and f~, we have 


(5) frat f race fl ran- fra. 
(6) [rar—fran=f rane f pay 


in the sense that the existence of one side implies that of the other and the equality of the 
two. Subtracting (6) from (5) and assuming we do not encounter oo — oo or —00 + 00, we 
have (1). #f 


Theorem 10.35. Let 4. be a signed measure on a measurable space (X, 20). Let c € Rand 
consider the signed measure ch on (X, 20). Let f be an extended real-valued A-measurable 


function on X. Then we have 
I fater) = | f dh, 
Xx x 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. Let us write (cA)* and (cA) for the positive and negative parts of the signed measure 
cA on (X, 20. By Definition 10.32, we have 


(1) | fd(cr) = 7 fad(cayt - | fad(cr). 
x x x 
We have also 
(2) ch =c{at—A} = cat —cr-, 
1. Consider the case c > 0. Now cc > 0 implies that cit and cA~ are measures on 


(X, 2M). Since 4+ and 47 are the positive and negative parts of the signed measure 4A, 
we have A+ L AW on (X, 2) and this implies that cAt L cd7~ on (X, 20). Then by the 
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uniqueness of Jordan decomposition of a signed measure (Theorem 10.21), the equality (2) 
implies that (cA)+ = ca* and (cA)~ = cA. Substituting these in (1), we have 


(3) [ racn=f raar)- f rater) 


=e fi ranr— ff rar] 
=e far. 


This proves the theorem for the case c > 0. 

2. Consider the case c = —1. Now —A = —{At —A7} = A7~ — A*. Since A~ and 
A+ are measures on (X, 28) and A~ L At on (X, QW), uniqueness of Jordan decomposition 
implies that (~A)*+ = A~ and (—A)~ = At. Substituting these in (1) for c = —1, we have 


(4) [tacn=frac-f raxt=-{f pat—f par}=- fi ra. 


This proves the theorem for the case c = —1. 
3. Consider the case c < 0. Now if c < 0, then c = —|c|. Thus we have 


(5) J saon= f ra(-ter)=- f fatten) 


=-tlf far=cf rar, 


where the second equality is by (4) and the third equality is by (3). This proves the theorem 
forthe casec <0. Bf 


Theorem 10.36. Let 1 and A2 be two signed measures, at least one of which is finite, on a 
measurable space (X, 20). LetA = h1+A2. Let f be an extended real-valued A-measurable 
function on X. Then we have 


[ram forane f fara, 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. Let 4) = Af — Ay and Az = Af — AZ be the Jordan decompositions of A; and Ap. 
We have then 


(1) ASA tag = [aT +azp— fay +az}. 


Recall that for every signed measure, either its positive part or its negative part is finite 
and for a finite signed measure both the positive part and the negative part are finite. Then 
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since at least one of Aj and Az is a finite signed measure, at least three of the four positive 
measures Aj’, A7, At, and Aj are finite. Thus the expression (1) is defined. Now 


(2) [ram fraps sany— fo rapz rag) 
=f raps [rag [oraz f sag 
= frat fo race f rag—f sang 


=f tans f fara 


where the first equality is by (1) and Proposition 10.34, the second equality is by Proposition 
10.31, and the last equality is by Definition 10.32. 


Problems 


Prob. 10.1. Let (X, 21, ~) be a measure space and let f be an extended real-valued 2{- 
measurable function on X. Suppose fy f dy exists. 
(a) Show that f,, f du exists for every E € 2. 
(b) Show that 
Sy fadmeR => f,fduweR forevery E € A, 
Iyfdu=oo => f, fdu# —oo forevery FE € A, 
Iyfdu=-x0 => fr fdu#oco forevery E € A. 


Prob. 10.2. Let (X, 2{, 4) be a signed measure space. Let f be an extended real-valued 
(-measurable function on a set A € 2. Let Ag € 2 and Ag C A. 

(a) Show that if f, f dd exists in R, then so does Say £4. 

(b) Show that if f, f dA exists in R, then so does S40 f dh. 


Prob. 10.3. Given a measure space (X, 2, uw). Let f be a uw semi-integrable extended 
real-valued 21-measurable function on X. Define a signed measure i on (X, Ql) by setting 
ME) = fx f du for E € LA. 

(a) Find a Hahn decomposition of (X, 2, A) in terms of f. 

(b) Find the positive and negative variations At and A~ of A in terms of f. 

(c) Find the total variation JA] of 4 in terms of f. 


Prob. 10.4. Consider the measure space (X, 2, 2) = ([0, 277], Dt, N[0, 277], u,). Define 
a signed measure 4 on ([0, 277], 99t, N [0, 27]) by setting A(E) = de sinx 1, (dx) for 
E € 9M, N[0, 27]. LetC = [47 3]. Lete > Obe arbitrarily given. Finda 9t, N[0, 27 ]- 
measurable subset C’ of C such that A(C’) > A(C) andA(E) > —e forevery Dt, N[0, 27 J- 
measurable subset FE of C’. 


Prob. 10.5. Given a signed measure space (X, 2, A). 
(a) Show that if E € 2l and A(E) > 0, then there exists a subset Eo of E which is a positive 
set for A with A( Eo) > ACE). 
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(a) Show that if E € 2¢and A(E) < 0, then there exists a subset Eo of E which is a negative 
set for A with A(Eo) < A(E). 


Prob. 10.6. Let (X, 2l, i) be a signed measure space. Prove the following statements: 
(a) If A is a maximal positive set for A, then A is a maximal negative set for A. 

(b) If B is a maximal negative set for , then B‘ is a maximal positive set for A. 

(c) A is a maximal positive set for A if and only if A° is a maximal negative set for A. 

(d) B is a maximal negative set for A if and only if B° is a maximal positive set for A. 


Prob. 10.7. Let jz and v be two positive measures on a measurable space (X, 2). Suppose 
pt L v. Show that if p is a positive measure on (X, 20) and if p is nontrivial in the sense 
that p(X) > 0, then (4 + p) L (v + p) does not hold. 


Prob. 10.8. Let (X, 21, 4) be asigned measure space. Show that for the positive and negative 
variations A+ and A7 of A, we have 
A*(E) = sup {A(Eo) : Eo C E, Ep € Wh}, 
A~(E) = — inf {A(Eo0) : Eo C E, Eo € QW. 
Prob. 10.9. Given a signed measure space (X, 2(,4). For E € 2, let 
ag = sup { )-y-1 |ACEx) + {E1,--. , En} CM, disjoint ,Jg_, Ex = E,n € N}, 
and 
Be = sup { Den |ACEn)| : {En in € N} C A, disjoint , U,,cy En = E}. 
Show thatagz = Br. 


Prob. 10.10. Let y: and v be two positive measures on a measurable space (X, 2(). Suppose 
for every € > 0, there exists E € 2 such that z(E) < ¢ and v(E‘) < e. Show that uw 1 v. 
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§11 Absolute Continuity of a Measure 


[I] The Radon-Nikodym Derivative 


Let (X, &, 4) be a measure space. Let f be a yx semi-integrable extended real-valued 
2{-measurable function on X. The set function 4 on 2{ defined by A(E) = ce pf dp for 
E € is a signed measure on (X, 2) as we showed in Proposition 10.3. In particular if 
f is nonnegative then A is a positive measure on (X, 20) by Proposition 8.12. Conversely 
if X is a signed measure on (X, 21), does there exist an extended real-valued 2{-measurable 
function f on X such that A(E) = Te f dw for every E € 2? If such a function exists, 
then A(Z) = 0 forevery E € 2( with w(E) = 0. Inthe Radon-Nikodym Theorem we show 
that when yw and A are o-finite then this necessary condition is also a sufficient condition 
for the existence of such a function f. 


Definition 11.1. (Radon-Nikodym Derivative) Let u be a positive measure and i be a 
signed measure on a measurable space (X,2). If there exists an extended real-valued 
-measurable function f on X such that (E) = Je f dy for every E € QB, then f is 
called a Radon-Nikodym derivative of i with respect to 4 and we write gh for it. 


Let us note that if a Radon-Nikodym derivative f of 4 with respect to y exists, then 
fy fdu = d(X) € R and thus f is necessarily jz semi-integrable but it need not be 
p-integrable on X. 


Proposition 11.2. (a) Let f be a Radon-Nikodym derivative of a signed measure i with 
respect to a positive measure jt on a measurable space (X, A). If g is an extended real- 
valued A-measurable function on X such that f = g, p-a.e. on X, then g too is a 
Radon-Nikodym derivative of . with respect to jw. 

(b) (Uniqueness of the Radon-Nikodym Derivative) Let i be ao -finite positive measure 
and i be a signed measure on a measurable space (X, 2). If two extended real-valued 
MA-measurable functions f and g are Radon-Nikodym derivatives of i with respect to p, 
then f = g, p-a.e. on X. 


Proof. 1. To prove (a), note that if g is an extended real-valued 2{-measurable function on 
X such that f = g, -a.e. on X then forevery E € A wehave f, gdu = fp, f du = d(E) 
by Lemma 9.8. This shows that g is a Radon-Nikodym derivative of 4 with respect to wu. 

2. Let us prove (b). Now if two extended real-valued 2{-measurable functions f and g 
are Radon-Nikodym derivatives of A with respect to y, then f and g are jz semi-integrable 
on X and f, fdu = ME) = fy gdp for every E € 2. Since y is o-finite, this implies 
that f = g, u-a.e. on X by Proposition 9.16. & 


Let yz be a positive measure and A be a signed measure on a measurable space (X, 2). 
Consider the set ® of all extended real-valued 2{-measurable functions on X. The relation 
that f = g, w-ae. on X for f, g € @ is an equivalence relation. Consider the collection 
of all equivalence classes with respect to this equivalence relation. If f € ® is a Radon- 
Nikodym derivative of 4. with respect to yz, then every member in the equivalence class to 
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which f belongs is a Radon-Nikodym derivative of A with respect to 4 as we showed in (a) 
of Proposition 11.2. This equivalence class is also called a Radon-Nikodym derivative of 
i with respect to 4. In this terminology each member of the equivalence class is called a 
version, or a representative, of the Radon-Nikodym derivative. When we speak of a Radon- 
Nikodym derivative, whether a function or an equivalence class of functions is meant should 
be clear from the context. 


Remark 11.3. The uniqueness of the Radon-Nikodym derivative of 4 with respect to yz in 
(b) of Proposition 11.2 does not hold without the o-finiteness of yw. 


Example. For an arbitrary nonempty set X, let 2 = {@, X}. Let yw be a positive measure on 
(X, 2) defined by setting w~(M) = 0 and 4(X) = oo. The measure pz is not o-finite. Now 
(@) = 0 = f, 1 dp and A(X) = u(X) = fy 1du. This shows that the function fj = 1 
on X is a Radon-Nikodym derivative of 4 with respect to w. Next let c € R,c > 0, and let 
fc = con X. Then we have 4(@) = 0 = fy cd and A(X) = u(X) = co = fy cdu. This 
shows that the function f; = c on X is a Radon-Nikodym derivative of with respect to pw. 
Consider the two Radon-Nikodym derivatives f; and f, of A with respect to uw. Ifc 4 1 
then fi # f- on X and in particular we do not have f; = fc, w-a.e. on X. 


(II] Absolute Continuity of a Signed Measure Relative to a Positive Mea- 
sure 


Definition 11.4. (Absolute Continuity) Let 4 be a positive measure and d be a signed 
measure on a measurable space (X, 20). We say that i is absolutely continuous with respect 
toyandwriter « pwiffor every E € UW with u(E) = 0 we have (£) = 0, or equivalently, 
every null set for the positive measure 2 is a null set for the signed measure d. (Note that 
since a positive measure has the monotonicity property, u(E) = 0 for some E &€ Ql implies 
(Eo) = 0 for every Eo € 20 such that Eo C E.) 


Definition 11.5. (Lebesgue Decomposition) Let ju: be a positive measure and i be a signed 
measure on a measurable space (X, 2). If there exist two signed measures Xq and ds on 
(X, 2) such that ha K pw, ds 1 pw and di = Ag +Asz, then we call {ra, As} a Lebesgue 
decomposition of i with respect to 1. We call 4g and i, the absolutely continuous part and 
the singular part of X. with respect to \. 


Remark 11.6. If {Az, 4;} is a Lebesgue decomposition of 4 with respect to yz, then we have 
Aa -L As also. Thus a Lebesgue decomposition of A is a pair of signed measures {Aq, As} 
such that A = Ag +As, Aq LAs, Aa Kp, anda; 1 p. 


Proof. Since A, 1 ju, there exist C}, C2 € 2 such that C} N C2 = @, C} UC2 = X, Cy is 
a null set for w, and C2 is a null set for As. Since Ag < pz, every null set for yw is a null set 
for A, and in particular C) is a null set for Ag. Therefore we have Ag | As. & 
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Observation 11.7. Let jz and v be two positive measures on a measurable space (X, 2f). 
In general there does not exist a positive number c > 0 such that cu < v on 2, not even 
when is a finite positive measure. 


Example 1. Let A and B be two non-empty subset of a set X such that AM B = @ and 
AUB =X. Then 2 = {@, A, B, X} is a o-algebra of subsets of X. Let us define two set 
functions yz and v on 2 by setting 


HO) =0, wWA)=1, w(B)=0, wx) =1; 
v@)=0, v(AV=0, V(B=1, pwox)=l. 


Then yw and v are two finite positive measures on (X, 20) and moreover pz L v on (X, 2). 
Now no matter how small c > 0 may be, we have cu(A) = c > 0 = v(A). Thus there 
does not exist c > 0 such that cu < v on 2f. Similarly there does not exist c > 0 such that 
cv < pon QW. 


Example 2. Consider the measure space (X, 2, 2) = ([0, 1], Mt, N[O, 1], w,). Let f be 
a function on [0, 1] defined by 


|xsin+| forx € (0, 1, 


(x)= 

: 0 for x = 0. 

Let us define a set function v on 2 by setting v(E) = f,, f du, for E € €. Then v isa 

positive measure on (X, 20) by Proposition 8.12. Now since lim f(x) = 0, forevery c > 0 
x 


there exists a € (0, 1] such that f(x) < 5 for x € [0, a]. Then we have 


v([0, a}) = [, fae < SH, ((0, al) < cH, ([0, a]). 


This shows that there does not exist c > 0 such that cu, < v on 2. 


For a measurable space (X, 20) and foraset E € 2, we writeANE = {ANE : A € 2}, 
that is, the collection of al] 2{-measurable subsets of EF. 


Lemma 11.8. Let ju be a finite positive measure and v be a positive measure on a measurable 
space (X, 20). Suppose pe and v are not mutually singular. Then there exists c > 0 and 
E € Xt with w(E) > 0 such that cu < v on AN E, (that is, cu(Eo9) < v(Eo) for every 
Eo € 2 such that Eo C E, in other words, E is a positive set for the signed measure 
v—cy). 


Proof. For every n € N, iu is a finite positive measure on (X, 20) and thus v — tu is 
a signed measure on (X, 21) by Proposition 10.4. Let {A,, B,} be a Hahn decomposition 
for the signed measure space (X, 2, v — +u) for each n € N. Let A = Uyen An and 
B = (en Bn. Note that AS = (Unen An)° = Onen Bn = B. Thus AN B = @ and 
AUB = X. Since B C B, for every n € N and since B, is a negative set for v — su, Bisa 
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negative set for v -ty foreveryn € N. Then (v—4n)(B) < 0, thatis,O < v(B) < 1 p(B) 
for every n € N. Thus v(B) = 0. Now if (A) = 0, then »  v. On the other hand, if 
p(A) > 0, then since w(A) < cy M(An) there exists no € N such that 4(An,) > 0. 
Now {Any, Buy} being a Hahn decomposition of (x Av — xt), the set Aj, is a positive 
set for v — ty. Let us select E = A,, andc = a Then p(E) > 0,c > Oand E = Ay, 
is a positive set for the signed measure v — cu = v — ap. a 


Let us note that if A, and A2 are two signed measures on a measurable space (X, 2f) 
and if 4,(E) + A2(E) exists in R for every E € QM, then A; + Az is defined and is a signed 
measure on (X, 20). This is the case when one of A; and dz does not assume the value oo 
or when one of A; and Az does not assume the value —oo. 


Lemma 11.9. (a) Let 41 and i2 be signed measures and pt be a positive measure on a 
measurable space (X, QW). [fA K pw, A2 K ps, and hy +2 is defined, then {A, +2} &K p. 
(b) Let 44, A2, and i be signed measures on a measurable space (X, MW). Ifky 4,42 LA, 
and i, + Az is defined, then {A, +42} Ld. 


Proof. (a) is immediate. Let us prove (b). If A; L A, then there exist A1, By € 20 such that 
A, 1 By = @, Ay U By = X, A) is anull set for A and By is a null set for A). Similarly if 
Ag LA, then there exist A2, Bz € 24 such that A2 M Bz = @, Az U Bo = X, Ao is anull set 
for A and Bo is a null set for Az. Consider Ay U Az and (Ay U A2)° = APN AS = BLN Ba. 
Since A; and Az are null sets for A, Ay U A2 is a null set for A by Lemma 10.11. Since 
B, is a null set for Aj, so is its 2{-measurable subset B} N Bz. Similarly By M Bp is a null 
set for A2. Let E be an arbitrary 2(-measurable subset of By N Bz. Then A1(£) = 0 and 
A2(E) = 0 so that {Ay + A2}(E) = A, (E) + A2(E) = 0. Thus By M Bo is a null set for 
Ay + A2. Therefore A; U A? is a null set for A and its complement B) M Bo is a null set for 
A, +A2. This shows that {A; +A2} LA. 


Theorem 11.10. (Existence of Lebesgue Decomposition)(Lebesgue-Radon-Nikodym) 
Let be a o-finite positive measure and X be a o-finite signed measure on a measurable 
space (X, 20). Then there exist two signed measures 4g and i, on (X, QW) such that rg K p, 
As -L po, Xk = ra + As and dg is defined by dq(E) = Si f du for E € 2 where f is an 
extended real-valued A-measurable function on X. 


Proof. 1. Consider the case that both yw and 2 are finite positive measures. Let ® be a 
collection of nonnegative extended real-valued 2{-measurable functions g on X defined by 


d= {e:y20onxand f pdu = XE) for every E € 2}. 
E 


Since the identically vanishing function on X is such a function, ® 4 @. Let us observe 
that if 1, g2 € D, then max {¢1, g2} € ®. Indeed if we let A = {x € X : g(x) > ¥(x)}, 
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then for every E € 2( we have 


[ maxtor eran = [ max (91. ga}du +f max (91, 92} du 
E ENA E\A 


=1 od f gadu 
ENA E\A 


< AMEN A) +A(E \ A) = ACE). 


This shows that max {¢1, 2} € ®. It follows by induction that for every finite collection 


{G1,-.- + Qn} C P, we have max {¢1,... , Qn} € ®. Let 
a= sup [ gd. 
ge JX 


Let us show that there exists f € ® such that 


[ fanaa. 


Note that since Sy edu < A(X) for every g € ®, we have 0 < a < A(X) < oo. By the 
definition of a there exists a sequence (y, : n € N) in ® such that lim | if, x Pndu = a. Let 
n 


f = sup,ey Yn. To show f € , let Wx = max {91,... , Qn} forn € N. Then (yp, : n € N) 
is an increasing sequence in ©. Now since %m > Y» for every n € N, we have sup,cy Wn > 
SUP, cn Gn = f. On the other hand, ¥, = max {¢),... Gn} < SUP;en Gn = f for every 
n &€ N s0 that sup,ey Wn < f. Thus f = sup,cy Wn. Then since (Ww, : n € N) is an 
increasing sequence, we have wy, t f on X. Then by the Monotone Convergence Theorem 


(Theorem 8.5) and by the fact that fw, du <A(E) for every E € 2, we have 
a) [tau = jim, f vndy < 0B). 
E NTO SE 


This shows that f € ®. To show that T x f du = a, note that from the fact that Wy, > gy on 
X, we have fy fdu = lim fywndu> lim fy g,du =a. On the other hand, since 
n> n->oco 
f €@wehave fy fdu <a. Thus fy fdu =a. 
With our function f define a set function Ag on 2 by 


(2) \al(E) =| fan for E € 2. 
E 


Since f > 0 on X, Aq is a positive measure on A. Since Ag(X) = fy fdu = a < 00, 
Aq is a finite measure. For every E € 2 with w(E) = 0, we have te f du = 0 and thus 
Aa & pw. By (1) and (2), Ag(E) < ACE) for every E € Cand thus A > Ag on 2. Since both 
A and A, are finite measures, if we let A; = 4 — Ag then A; is defined and is a finite positive 
measure on 2f. Let us show that A; 1 uw. Suppose not. Then by Lemma 11.8, there exist a 
set Ep € 2 with (Eo) > 0 and aconstant c > 0 such that As > cy on 20M Eo. Consider 
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the nonnegative extended real-valued 2{-measurable function f + clg, on X. Let us show 
that this function is a member of ®. Now for every E © 2{, we have 


[ir+enian= | fdpu+ cule Eo) < Aa(E) +As(E 2 Eo) 
E E 


S Aal(E) +As(E) = (E). 


This shows that f+clz, € ®. Now Sy{ftele) du =a+cp(Eo) > a since u(Ep) > 0. 
This contradicts the definition of a. Thus we have A; 1 py. 

2. Next consider the case that both y and A are o-finite positive measures on (X, 2). 
Now the o-finiteness of yz implies that there exists a disjoint sequence (F,, : m € N) in 2 
such that men Fim = X with (Fn) < 00 for every m € N and similarly the o-finiteness 
of A implies that there exists a disjoint sequence (G, : n € N) in 2f such that nen Gn=Xx 
with (Gy) < © foreveryn € N. Then {Fin Gn :m € N,n € N} is a disjoint collection 
in A, men Uren Fm 1 Gn = X with w(Fin O Gn) < 00 and AUFin 1 Gn) < 00 for 
every m € Nandn €N. Let (X, : n € N) be a renumbering of the countable collection 
{Fim Gn :m € N,n &€ N}. Then (X, : n € N) is a disjoint sequence in 2, Unen Xn = X 
with (Xn) < 00 and A(X,) < oo foreveryn EN. 

Let pty and i, be the restrictions of ~ and A to the measurable space (X,, 209 X,) for 
néN. Then py and A, are finite positive measures on the measurable space (Xp, 209 Xn). 
Thus by our result in 1 we have 


(3) An = Ana tAnsi Ana K Uni Ans Lun on (Xn, WA Xn), 


(4) Rate) / fadun forE €ANX, 
E 


where f, is a nonnegative extended real-valued 2 M X,,-measurable function on Xp. 
Let us define two set functions i, and A; on 2l by setting 


(5) da(E) = D> Ana(ENXn) for E € X, 
neN 

(6) As(E) = Yo dns(ENXn) for E € Q. 
neN 


It follows immediately that 4, and A; are two positive measures on (X, 20). To show the 
countable additivity of A, on 2 for instance, let (Ex : k € N) be a disjoint sequence in Ql. 
Then we have 


(U Ex) = dma ExOXn) = >) Ana (Ee Xn) 


neN néeN keN 
= D7 > Ana(Ek Xn) = Do Aa(Ex). 
keN neN keN 


It remains to show that for the two positive measures Ag and A; on (X, 20) defined 
respectively by (5) and (6) we have 


(7) N=dAatas; Aa KM; As Lp on (X, 20). 
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Now for every E € 20 we have 


ME) = SOME NX,) = So n(E N Xp) 


neN neN 

= )> ana(EO Xn) + Ans(ENXn)} 
neN 

= )oAna(EN Xn) + D> Ans(EO Xn) 
neN neN 

= AalE) + As(E) 


where the third equality is by (3) and the last equality is by (5) and (6). This shows that we 
have 4 = Ag + As on (X, W). 

Let us show that Ag < wu on (X, 2). Let E be a null set in (X, A, w). Then p(Z) =0 
and this implies un(E 9 Xn) = u(EN Xn) = 0 for every n € N. Since Ang &K Mn on 
(Xn, Xn 1 QW) by (3), we have Anag(E M Xn) = 0 for every n € N. Then by (5) we have 
Aa(E) = nen Ana(E MN X,) = 0. Thus E is a null set in (X, 2,4,). This shows that 
Aa K pe on (X, AW). 

Let us show that A, L yz on (X, 2). By (3) we have Ans L uy on (Xn, AN X,) for 
every n € N. Thus there exist A,, B, € 249 X, such that A, 1 By, = GO, An U Bn = Xy, 
B, is a null set for Ay,s, and A, is a null set for fn. Let A = Une An and B = Une Bn. 
Then A, B € 2. Since (X, : n € N) is a disjoint sequence and A, and B, are disjoint 
subsets of X, for every n € N, {An, By, : n € N} is a disjoint collection. Then we have 


Anb=(U4)o( Um) =U (4(Ua))=Ue-6 


neN neN neN neN 
auB=(Ua)u(U Bn) = J(4nU Br) = LJ xn =X. 
neN neN neN neN 


Now 1(A) = open HAN Xn) = Donen Un(An) = 0 since Ay is a null set for up. Also 
by (6) we have As(B) = )° ex Ans (BO Xn) = Donen Ans (Bn) = 0 since By is a null set 
for Ans. This shows that A; L yz on (X, 2). This completes the proof of (7). 

Let us show that for the positive measure 4, on (X, 20) defined by (5) there exists a 
nonnegative extended real-valued 2{-measurable function f on X such that 


(8) Aq(E) =f fdp forE € @ 
E 


With the nonnegative extended real-valued 2(M X,-measurable function f, on X, defined 
in (4) for n € N, let us define a function f on X = Ucn Xn by setting 


f(x) = falx) forx € Xn. 


Then f is a nonnegative extended real-valued 2{-measurable function on X. Moreover for 
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every E € 2( we have 


[tan 


i 


fdu= fd 


es [ ay, Pan = >) Ana (E) 


neN neN 


= AalE) 


where the fourth equality is by (4) and the last equality is by (5). This proves (8). 

3. Finally consider the case that y is a o-finite positive measure and d is a o-finite 
signed measure. Let A = 4+ — A7 be the Jordan decomposition of 2. Here 4+ and A 
are two positive measures at least one of which is a finite measure. The other is at least 
o-finite since the o-finiteness of 4 implies that of [A] according to Observation 10.30 and 
this implies the o-finiteness of both A* and A7~. 

Let us consider the case that At is finite and ~ is o-finite. By (7) we have 


(9) Ats=attatiat«cmwaritu 
(10) ASN PAS AS eae k,l 
and by (8) we have 

(11) we) = ff du forE eA 
(12) AZ (E) = | fran for E € & 


where f; and f2 are nonnegative extended real-valued 2{-measurable functions on X. Now 
by (9) and (10) we have 
ASAP -A7 = {ad tat} — {ay tay} = {ay —az}st [af —-az}. 


a 


Note that finiteness of A+ implies that of A and A+ so that the differences At — AZ and 
at — A; are defined. Let us define 


(13) ha = AT —AZ; Ay = AT Al. 
Then A = Ag+As. AlsoAt « wanday < wimply Ag = AT —AZ « pu by (a) of Lemma 
11.9 anda? L wanday L uw imply As =A — AZ L yw by (b) of Lemma 11.9. 

Let f = fi — fo. Now since At is a finite signed measure and At = AP + At, At 
is a finite signed measure. Then by (11) we have ty fidp = at (X) € R so that f; is 


real-valued jz-a.e. on X. Thus f = fi — fo is defined y-a.e. on X and is an extended 
real-valued 2{-measurable function. Then for every E € 2( we have 


[tau= [ti man f fan f pau 
= AE (E) — Ag (BE) = da(E) 
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where the third equality is by (11) and (12) and the last equality is by (13). This completes 
the proof that A = Ag +As, Aa K pw, As L wand dAg(E) = f, f du for E € A where f 
is an extended real-valued 2{-measurable function on X for the case that At is a finite and 
i” is a o-finite positive measure. The case that A* is a o-finite and A7 is a finite positive 
measure is treated similarly. 


Observation 11.11. Let jz be a positive measure and A be a signed measure on a measurable 
space (X, 2f). 

(a) AK woedat <C panda” <p. 

(b) JA, Kuoat <panda- Ku. 

(ce) PP) KnporAKuy. 


Proof. 1. Suppose 4 < ys. Let us show that A* « pw anda~ < yw. Let {A, B} be an 
arbitrary Hahn decomposition of (X, 2,4). By Theorem 10.21, A+(E) = (EM A) and 
A~(E) = —A(E 9 B) forevery E € 2. If E € Mand w(E) = 0, then by the monotonicity 
of the positive measure 4, we have w(E M A) = Oand uw(E NM B) = 0. Sincea < y, this 
implies that A(E 9 A) = 0 and A(E 1M B) = 0. Then At+(E) = 0 and A7(E) = 0. This 
shows that A+ « wandA~ < p. 

Conversely suppose At < yz and A~ < yw. Then for every E € 2 with u(E) = 0, we 
have A+(E) = 0 and A~(E) = 0 and hence |A(E)| <] AJ(Z) = At+(E) + A7(E) = 0, 
implying A(Z) = 0. This shows thata < p. 

2. (b) is immediate from the fact that JA] = A+ + 7 and the fact that 47, A7, and |A| 
are all positive measures. (c) is a combination of (a) and (b). # 


Observation 11.12. Let yz be a positive measure and A be a signed measure on a measurable 
space (X, 20). IfA 1 panda < p, thendA = 0. 


Proof. Since A 1 y if and only if [A] L yu by Proposition 10.27 and since 1 « y if and 
only if JA] < yw by Observation 11.11, it suffices to show that if JA] 1 and JA] <u 
then A = 0. 

Now since JA] 1 y, there exist C1, C2 € X such that C] 1 Cz = 9,C; UC2 = X, 
(C1) = 0, and JA](C2) = 0. Then JA] < yp implies that JA](C1) = 0. Thus we have 
JAPCX) =] AYCC1) +] A] (C2) = 0. Then for every E € A, we have JA] (£) = 0 by the 
monotonicity of the positive measure JA]. Since |A(E)| <] A] (EZ) for every E € Ql, the 
fact that [A](Z) = 0 for every E € 2 implies that A(Z) = 0 for every E € Al, that is, 
A=0. @ 


Theorem 11.13. (Uniqueness of the Lebesgue Decomposition) Let 2 be a positive mea- 
sure and ). be a oa -finite signed measure on a measurable space (X, 2). If a Lebesgue 
decomposition of X with respect to pt exists, then it is unique. 


Proof. Suppose a Lebesgue decomposition of A with respect to yz exists, that is, there exist 
two signed measures Ag and A; on 2 such that Ag < w, As 1 we andA = Ag +As. Let 
, and A. be another such pair of signed measures on 2. Let us show that Ag = X/, and 
As = AY. 
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1. Consider first the case that A is a finite signed measure. In this case Ag, As, Aj; 
and A/ are all finite signed measures on 2 so that Ag — A, and A, — Af, are defined. From 
Aa tas =A=A, +A, we have Ag — A, = Al — As. Since Ag K wanda), « ps we have 
ha ~ hy & pw by (a) of Lemma 11.9. Since A, L pw anda 1 uu we have A, — As L pw by 
(b) of Lemma 11.9. If we let v = Ag — A, =A, — As, then v « wandv 1 wsothatv =0 
by Observation 11.12. Thus Ag = Aj, and As = Af. 

2. Consider the case that A is a o-finite signed measure. In this case there exists a 
disjoint sequence (E, : n € N) in 2l such that Unen E, = X and X(E,) € R for every 
n & R. For every n € N, consider the finite signed measure space (Ey, 209 E,,, An) where 
An is the restriction of 4 to AO En. Let Anas Ans» Angr and Ans be the restrictions of Aq, 
As, AL, and At to 2M E,, and let yz, be the restriction of p to WN Ey. Fromag < pe and 
As L pu, it follows immediately that Ang &K fn andAy,s L uy, for every n € N. Similarly 
from 4, X wand A, 1 pw, we have A), , K fn and dy, , 1 fn for every n € N. Thus by 1 
we have Ana = Ang aNdAns =A, foreveryn ¢ N. ThenaAg =A) andAs =A\. 


Theorem 11.14. (Radon-Nikodym Theorem) Let pz be a o-finite positive measure and} 
be aa-finite signed measure on a measurable space (X, 2). If « , then the Radon- 
Nikodym derivative of 4 with respect to t exists, that is, there exists an extended real-valued 
A-measurable function f on X such that (E) = fy f du for every E € A. 


Proof. According to Theorem 11.10, there exist two signed measures A, and A; on (X, 2) 
such that A = Ag +As, Aq pw, As L pw and moreover Ag(E) = te f du for E € 2 where 
f is an extended real-valued 2{-measurable function on X. Now suppose A < p. If we 
write A = A + 0, then since A < yw and O L yp, {A, 0} is a Lebesgue decomposition of 4 
with respect to w. Then the uniqueness of the Lebesgue decomposition by Theorem 11.13 
implies that we have A = Aq. Therefore A(E) = Ag(E) = Sr fduforeveryEe UM. wg 


We showed above that if ~ is a o-finite positive measure, A is a o-finite signed measure 
and A < mw on a measurable space (X, 2), then the Radon-Nikodym derivative oh exists. 
We show next that 7 exists without the assumption that A is o-finite. For this we require 
a decomposition of the measurable space (X, 2{) as follows. 


Lemma 11.15. Let 4 and v be two positive measures on a measurable space (X, 2). If 
U(X) < 00, v(X) = 00, andv < 4, then there exists a disjoint sequence (X,:n € Z4) 
in A with Unezs Xn = X such that 

1° v(X,) < wforn EN, 

2° forevery A € AN Xo, we have either 4(A) = v(A) = Oor w(A) > Oandv(A) = 00. 


Proof. 1. Let 


(1) € = {E €A:v(E) < oo}, 
(2) oa = sup #(E) < u(X) < oo. 
Ec€ 


Then there exists a sequence (E, : n € N) in € such that lim w(E,) = a. Since 
nO 
€ is closed under finite unions, we can select an increasing sequence (E, : n € N) in 
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€ such that tim, B(E,) = a. LetG = lim En = Unen En € U. Then we have 
> n> 

u(G) = jim, L(E,) = a. With the increasing sequence (E, :n € N) C E€ C A, let 

X = Ey and X, = E, \ (E, U--+U E,-1) forn > 2. Then (X, : n € N) is a disjoint 

sequence in € C 2 with Ucn Xn = Unen En = G and v(X,) < v(En) < 00 forn EN. 


2. Let - Z 
Xo=6°=(U Fr) =(U x) 
neN neN 
Let us show that Xp satisfies condition 2°. Let A € 21M Xo. Now either v(A) = 00 or 
v(A) < 00. If v(A) = oo, then since v < w we cannot have 4.(A) = 0 so that (A) > 0. 
Suppose v(A) < oo. Then A € € by (1). Since E, € € and € is closed under finite 
unions, we have E, U A € € and then p.(E, U A) < a@ by (2) for every n € N. Now since 
G= hm, E,, for the increasing sequence (E, :n € N), wehave GUA = fim (En UA). 
This implies then that 


(3) U(GUA)= lim | LCE, U A) <a. 
Since A C Xo = G*, we have ANG = @. Thus we have 
(4) H(GU A) = W(G) + WA) =a + pA). 


By (3) and (4), we have aw + (A) < @ and hence (A) = 0. Then since v < yz, we have 
v(A) = 0. This shows that if v(A) < oo then w(A) = v(A) = 0. & 


Theorem 11.16. (Radon-Nikodym Theorem) Let jz be a a -finite positive measure and 
be a signed measure on a measurable space (X, 2A). IfX « p, then the Radon-Nikodym 
derivative of i with respect to p, ce exists. 


Proof. Let yz be a o-finite positive measure and A be a signed measure on a measurable 
space (X, 2) such that A « yp. If d is a finite signed measure then oe exists by Theorem 


11.14. Thus it remains to prove the existence of gh when A is an infinite signed measure. 


Below we prove the existence of Mm first for the case that y is a finite positive measure and 
A is an infinite signed measure and then for the case that yu is a o-finite positive measure 
and A is an infinite signed measure. 

1. Consider the case that yu is a finite positive measure and d is an infinite signed measure 
on (X, 20). Since A is an infinite signed measure on (X, 2{), either there exists FE’ € 20 such 
that A(E) = o0 or there exists E € 2 such that A(E) = —oo. In the former case we have 
A(X) = oo and in the latter case we have 4(X) = —0o by Lemma 10.5. Let us start with 
the case A(X) = oo. By Theorem 10.21 (Jordan decomposition), there exist two positive 
measures v and v’ on (X, 20), at least one of which is finite, such that A = v — v’. Since 
A(X) = 00, v’ is a finite positive measure and v(X) = oo. Nowa < implies v < pz and 
v’ < yu by (a) of Observation 11.11. Applying Lemma 11.15 to the finite positive measure 
and the infinite positive measure v, we have a decomposition of X into a disjoint sequence 
(X, in € Z+) in A with Ynez, Xn = X such that 
1° v(X,) < oo forn EN, 
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2° forevery A € 2M Xo, we have either ~(A) = v(A) = Oor (A) > O and v(A) = oo. 
For each n € N, on the measurable space (Xn, 24M X;,) we have 4(Xn) < 00, v(Xn) < 00 
and v < yt. Then by Theorem 11.14, the Radon-Nikodym derivative of v with respect to 4 
exists, that is, there exists a nonnegative extended real-valued 21M X,,-measurable function 
fn on Xy, such that 


ve) = | Indu forEEANX,. 
E 
Let fo = © on Xo. Then by 2° we have 
v(E) =i fodu forE€ AN Xo. 
E 


Let us define a nonnegative extended real-valued 2{-measurable function g on X by setting 
g(x) = fr(x) forx € X,,n € Jy. 


Then for any E € 2 we have 


v(E) 


Dd “ENR = Do i frdp 


neZy neZLy 


Hl gdu= i gd. 
Unew 4 (EOXn) E 


This shows that g is the Radon-Nikodym derivative of v with respect to p. 

Since v’ is a finite measure and v’ < 4, the Radon-Nikodym derivative of v’ with respect 
to w exists by Theorem 11.14, that is, there exists a nonnegative extended real-valued 2{- 
measurable function h on X such that 


ve) = | nau for E € Q. 
E 


Note that since v’(X) < oo, A is finite z-a.e. on X. Then g — h is defined pu-a.e. on X. 
Now for every E € 2, we have 


ME) = v(E)—v'(E)= f gan f ndu= f[te— maw. 
E E E 


Thus g —h is the Radon-Nikodym derivative of with respect to jz. This proves the existence 
of oe for the case that yz is a finite positive measure and A is an infinite signed measure with 
A(X) = Ww. 

If A is an infinite signed measure with A(X) = —oo, then —A is an infinite signed 
measure with (—A)(X) = oo. Thus by our result above, the Radon-Nikodym derivative 
of —A with respect to yz exists, that is, there exists an extended real-valued 2{-measurable 
function g on X such that (—A)(£) = 1 gdy for E € 2. Then for every E € 2M we have 
Se -gdp=— a gd = —(-A)(E) = A(E). Thus ~—g is the Radon-Nikodym derivative 
of A with respect to p. 

2. Now let w be a o-finite positive measure and 4 be an infinite signed measure on 
(X, 20). Now o-finiteness of 4 implies that there exists a disjoint sequence (Y, : 2 € N) in 
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MA such that cn Yn = X and u(¥,) < 00 forn € N. Foreachn €N, jis a finite positive 
measure and A is a signed measure on the measurable space (Y,, 2 Y,) anda < yw. If 
i is a finite signed measure on (Y,, 21 Y,) then the Radon-Nikodym derivative of 4. with 
respect to yz exists by Theorem 11.14 and if A is an infinite signed measure on (¥,, 249 Yn) 
then the Radon-Nikodym derivative of A with respect to z exists as we showed in 1 above. 
Denote the Radon-Nikodym derivative of 4 with respect to on (¥,, 209 Y,) by fy. Let 
us define an extended real-valued {-measurable function f on X by setting 


Ff) = fr(x) forx € Y, forn EN. 


Then for any E € 2 we have 


ME) = DO MEN Yn) = at _fudu 
neN 


neN 


=i fau= [ fdw. 
Unen ZN¥n) E 


This shows that f is the Radon-Nikodym derivative of 2 with respect to uw. 


Remark 11.17. Let . be a positive measure and A be a signed measure on a measurable space 
(X, 20 such that A < y. Without the assumption that py is o-finite the Radon-Nikodym 
derivative 5- dh 7, May not exist. See the following example. 


Example. Consider a measurable space (X, 20) where 2 = {@, X}. The only extended real- 
valued 2{-measurable functions on X are the constant functions on X, that is, f(x) = y 
for x € X where y € R. Let yw and A be two measures on (X, 2) defined by setting: 
L(@) = 0, u(X) = 00, A(B) = 0, and A(X) = 1. The measure yz is not o-finite. The 
only null set in (X, 2, ~) is @ and we have 1(9) = 0. ThusA < pw. Now if f is an 
extended real-valued 2-measurable function on X then f = y for some y € R. Then 
fy fdu= fyydu = yu(X) =y-oo #1 = A(X). Thus f is not a Radon-Nikodym 
derivative of A with respect to 4. This shows that no extended real-valued 2f- Eee eae 
function on X can be a Radon-Nikodym derivative of A with respect to jz and therefore 24 54 
does not exist. 


[111] Properties of the Radon-Nikodym Derivative 


Let w be a positive measure and A be a signed measure on a measurable space (X, 2). 
According to Definition 11.1, a Radon-Nikodym derivative of A with respect to J, if it exists, 
is an extended real-valued 2-measurable function 4 st on X such that A(E) = f, E a dy for 
every E € QM. Let us list first the more immediate properties of a Radon-Nikodym deivative. 


Observation 11.18. Let 4 be a POStve measure and d be a signed measure on (X, 2f). 
(a) If a < p and if yw is o-finite, then 4 ai eae 


(b) If 24 an * exists and if yz is o-finite, then $4 * is unique up to null sets of py. 
(c) If ao exists, thena < yp. 
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Proof. (a) is by Theorem 11.16. (b) is by Proposition 11.2. Let us prove (c). Now if ge 


exists, then we have A(E) = fi, A dy for every E € 2. Then for every E € 2( such that 
L(E) = 0 we have A(E) = 0. This shows that) < uv. Bf 


Observation 11.19. Let 1 be a positive measure and 2 be : signed measure on a measurable 
ee (X, 20). Suppose the Radon-Nikodym derivative $+ * of A with respect to yz exists. 


(a) 4 7 1S pt semi-integrable on X. 

(b) If. i is a positive measure, then 4 ae : p-ae. on X. 

(c) If A is a finite signed measure, then 2 A is a8 integrable on X. 

(d) If A is ao-finite signed measure, then # 4 is real-valued jz-a.e. on X. 

(e) If 4 is a o-finite signed measure, then 3- rn has a version which is real-valued on X. 


Proof. 1. By Definition 11.1 we have ty ge du = X(X) ER. Thus + is ps semi-integrable 
on X. 


2. Suppose A is a positive measure. Then we have f, gh du = d(E) = 0 for every 
E € A. Thus by Lemma 9.3, we have 4 st > 0, u-a.e. on X. 


3. Suppose A is a finite signed measure. Then Iy4 xa Bdu= = \(X) € R. This shows that 
$* is u-integrable on X. 

4. Suppose A is a o-finite signed measure. This implies that there exists a disjoint 
sequence (E, :n € N) in 2l such Nee UneN E, = X and X(E,) € Rforn =, ae Then 
Se gh dp = X(E,) € R, that is, oe is -integrable on E,. This implies that 4 x is real- 
valued p-a.e. on E,, by (f) of Observation oe 2. Since this holds for every n € N and since 
a countable union of null sets is a null set, & is real-valued y-a.e. on X. @f 


5. If is a o-finite measure, ten a a iS sais pi-a.e. on X by (d). Let Eo be the 


null set in (X, 2f, 42) on which $4 % assumes the values oo and —oo. Let us define a function 
on X by setting 


ie g(x) forx € X \ Eo, 
0 


for x € Ep. 


Then g is a real-valued 2{-measurable function on X and we = g, p-a.e. on X so that g is 
a Radon-Nikodym derivative of A with respect to yz by (a) of Proposition 11.2. & 


Thus in the theorems to follow we assume the o-finiteness of jz to ensure the unidueres? 
of 5 dh. a UP to null sets in (X, 2l, 2) and we assume the o-finiteness of A to ensure that 4 ori * is 
a ‘valued pi-a.e. on X and has a real-valued version on X. 


Lemma 11.20. Let be ao-finite positive measure and i be ac -finite signed measure ona 
measurable space (X, 2) and Ge X= At —)d7 be the Jordan decomposition of h. Suppose 
the Radon-Nikodym derivative * of A with respect to js exists. 


(a) The Radon-Nikodym pee of 4* and d— with respect to p, Ge ~ and 4 Te — exist. 
'P 
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Furthermore, with an arbitrary Hahn decomposition {A, B} of (X, U, 0), we have 


dit di 
1c 1,- Tr p-a.e. on X, 
(1) dag dd 
da —1,- di (H-a.e. on x. 
(b) For the positive and negative parts [34] and [#4] of the function gh, we have 


dat diqt 

= [4] p-a.e. on X, 
@) Bsc 

an [S] p-a.e. on X. 


Proof. 1. With an arbitrary Hahn decomposition {A, B} of (X, 2l, A), the positive part AT 
and the negative part A~ of A are given, according to Theorem 10.21, by 


M*(E) =A(EN A) and A7(E) =—A(ENMB) forevery E € A. 


4% exists, then since A is a o-finite signed measure 4X is real-valued u-a.e. on X 


Now if Th > dp 
by (d) of Observation 11.19. Thus 1, - oe and 1p, - gh are defined jz-a.e. on X. Therefore 


for every E € 2, we have " 
dr Xr 
AT(E) = MENA) =) —dyr= / 14-—dyu 
E Kb 
and similarly 


dr di 
A-(E) = —MENB) --f alle Pe - | ipcooaw: 
E du 
This shows that 1, - a and —1z- oe are Radon-Nikodym derivatives of 4+ and A~ with 
dd 


respect to yz. Since yz is ao-finite positive measure, ac is unique up to null sets in (X, 2l, w) 
by (b) of Proposition 11.2. Thus (1) holds. 

2. Let A’ = {x eX: (A)@) > O} and B’ = {xeXx: (4) (x) < 0} so that 
(3) 


[]* =1,- oh p-a.e. on X, 
anj- 


[ 


Now A’, B’ € &, A’ B’ = @, and A’ U B’ = X. Let us show that {A’, B’} is a Hahn 
decomposition of (X, 2, A). For this, we show that A’ is a positive set and B’ is a negative 
set for 4. Now for every 2{-measurable subset E of A’, we have A(E) = f E rm dup >od 
since oA >0OonE Cc A’. Thus A’ is a positive set for A. Likewise B’ is a negative set for 
i. Thus {A’, B’} is a Hahn decomposition of (X, 2, 4). Then by (a) and (3), we have 


~ =F 


] =-1p- 9 pi-a.e. on X. 


Qy 
_~ 


dat di dxyt 

“dh = ly = dp = Fal p-a.e. on X, 
d)d— = a dir}— . 

"dus — 1p: dit — ew u-ae. On XxX. 
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Theorem 11.21. Let x be ao-finite positive measure and i be aa-finite signed measure on 
a measurable space (X, 2). Suppose the Radon-Nikodym derivative gh of . with respect 
to p exists. Then for every extended real-valued A-measurable function f on X, we have 


[ram fr Zan, 


in the sense that the existence of one side implies that of the other and the equality. 


Proof. 1. Consider first the case that 4 is a o-finite positive measure. Let f = 1g where 
E € &. Since A is o-finite, gh is real-valued p-a.e. on X by (d) of Observation 11.19. 


Thus 1; - gh is defined z-a.e. on X. Then we have 


dh 
[fara frear=rey= f Fay 
x x Edu 


di di 
= te an = [ -—dy. 
I du x f du 
If f is a nonnegative simple function, then by the result above and by the linearity of the 
integral, we have fy fda = fy f - 4 du. If f is a nonnegative extended real-valued 21- 
measurable function on X, then according to Lemma 8.6, there exists an increasing sequence 


of nonnegative simple functions (g, : n € N) such that g, + f on X. By our result above, 
we have for every n € N 


dh 
(1) [ondn= [on Fa 
x x du 


Now since A is a positive measure, we have st > 0, p-ae. on X by (b) of Observation 


11.19. Then g, t f on X implies that ¢, - ria + f- oe, pi-a.e. on X. Thus by the Monotone 
Convergence Theorem (Theorem 8.5), we have 


(2) li a d | if an d 
im -—dh= -—— du. 
noo Jy Yn du K a du KB 
Also by the Monotone Convergence Theorem, we have 
(3) lim Gn dr = I fdn. 
now xX xX 


Letting n — 00 in (1), wehave fy fda = fy f- ie dy by (2) and (3). 

If f is an extended real-valued 2{-measurable function on X, let us write f = ft— f>. 
We have fy ft da = fy ft - f du and fy fda = fy f-- ody by our result above 
for nonnegative functions. Thus if one of the two differences xf tdn— f. x f7 da and 
left: oe du — fy f7- a dy exists in R, then so does the other and the two are equal, 


that is, fy fdr = fy f- & dy. 
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2. Consider the case that A is a o-finite signed measure. Let } = At — A7 be the 
Jordan decomposition of A. Then At and A~ are o-finite positive measures. The existence 
of Ge implies that [4]" and [Ay are the Radon-Nikodym derivatives of A+ and A~ with 
respect to 4 according to Lemma 11.20. Since A* and A~ are positive measures, by our 
result in 1, we have for every extended real-valued 2{-measurable function f on X 


[rats fir Sau= fr [2Yoan 


in the sense that the existence of one side implies that of the other and the equality of the 


two, and similarly 
an dd y- 
di = = -|—| dp. 
fs v= fr [Z] a 


If one of the differences f, ee - = oe and fy f [A] du - fy f [Alan 
exists in R, then so does the other and moreover the two differences are equal, that is, 
Ix fdh= fy fo Gidu. 


Theorem 11.22. (a) Let be a o-finite positive measure and i be a signed measure on 
a measurable space (X, 2. If gh exists, then for every c € R,c # 0, an) exists and 
furthermore 

=c-— p-ae.onx. 


1 
(1) An qi 
(b) Let pw be ao-finite positive measure and let 41 and Az be two o-finite ete measures 
on a measurable space (X, X) such that dy + Az is defined. If F gu and ga exist, then so 


does a and furthermore 
d(x Xr Xr dp 
(2) d(Ai + 42) = Bhi hd, f-ae. On X. 
du duo du 


i 


d(ca) dir 


Proof. 1. To prove (a), note that i exists then forc € R,c #0, and E € 2{ we have 


d 


Thus c - oh is a Radon-Nikodym derivative of cA with respect to 4. The o-finiteness of uw 
implies the uniqueness of a Radon-Nikodym derivative with respect to 2 up to null sets in 


(X, 2, 2) by (b) of Proposition 11.2. Thus een) =Cc: a, p-a.e. on X, 

2. To prove (b), note first that if oh and Ga exist then the o-finiteness of A, and A2 
implies that oh and a are real-valued yi-a.e. on X according to (d) of Observation 11.19 
and thus a + F 2s is ana p-a.e. on X. Now for every E € 2, we have 


di dix dx dx 
(2a) au | 9 du fF? du = d(E) +998) 
E E du 


[eGanaef S — dp =cX(E) = (ca) (E). 
E 


dup dp g du 


= (A1 + A2)(E). 
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Thus a + ga j is a Radon-Nikodym derivative of A, +A2 with respect to w. The o-finiteness 
of pu implies the uniqueness of a Radon-Nikodym derivative with respect to 4 up to null 
sets in (X, 2, 4) by (b) of Proposition 11.2. Thus dOytha) = oh. + oa, p-ae.onX, ff 
Theorem 11.23. (Chain Rule for Radon-Nikodym Derivatives ) Let 41 and 12 be two o- 
finite positive measures and d be ao-finite signed measure on a measurable space (X, 2). 
If aia 2 and i exist, then 2% - exists and 


dr dX dp2 
— = — -—_ p-ae. on X. 
dp, dur dpi 


Proof. Since j/2 is o-finite, gia has a real-valued version on X by (d) of Proposition 11.19. 


Similarly since A is o-finite, ft has a real-valued version on X. Thus the product 77 Le ga 


is defined on x Let E € 2. Applying Theorem 11.21 to the real-valued 2- meauieele 
function 1g - i , we have 


da d dh dyn da 
[Maya odin = f te San 


du2 dpi “dpr dus dun 
a ie =— dun = ME). 
This shows that 44 rr - $2 is a Radon-Nikodym derivative of A with respect to 41. The 
o-finiteness 2 ae implies the uniqueness of 7~ i ; by (b) of Proposition 11.2. Thus we have 


dh — dh 
du; dua” i 


»y-ae. on X. Wf 
Definition 11.24. Let 41 and [22 be two positive measures on a measurable space (X, 2). 
We say that 11 and j22 are equivalent and write 41 ~ 2 if wy) K w2and wr <K< p1. 


If 41 ~ pw, then a set E € Mis a null set for yz; if and only if it is a null set for pz2. 
Thus ‘j21-a.e. on X’ and ‘j2-a.e. on X’ are equivalent, that is, a statement is valid 44;-a.e. 
on X if and only if it is valid w2-a.e. on X. 


Observation 11.25. If 41 and 42 are two o-finite positive measures on a measurable space 
(X, 20) and if uw) ~ f2, then get and a exist by Theorem 11.13. Moreover gel is 


unique up to null sets in (X, 20, 42) and 5 di is unique up to null sets in (X, 2f, 441) by (b) 
of Proposition 11.2. Furthermore ote is ot valued j22-a.e. on X and gt j is real-valued 


f41-a.e. on X by (d) of ee 11.19 so that ge ot is defined ne -a.e. on X and 


41-a.e, on X. We show next that 44 an 9 = = 1, po-a.e. on X and p1-a.e. on X. 


Corollary 11.26. Let 1; and 2 be two o -finite POSE measures on a measurable space 
(X, 2). ip 92 and oe both exist, then 2, ~ [2 and 442 = 1, py-ae. on X and 


qi : tie 
pi2-a.e. on x! 
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Proof. The existence of gi implies that z2 < py; and the existence of a implies that 
1 < po. Thus ji ~ p42. In particular a statement is valid p41-a.e. on X if and only if it is 
valid j12-a.e. on X. Apply Theorem 11.23 with A := jz1. Then the existence of gia and 444 


duu2 
dy _ dus, dun ayy 


impli dua dy E diy | dun 
implies dur = dug’ duy H-ae. on X. But in 1, w1-a.e. on X. Thus 1, 


dp2° dp, 
fi-ae. on X. & 


According to the Jordan decomposition theorem (Theorem 10.21), every signed measure 
A on a measurable space (X, 20) can be decomposed as A = At — A~ where At and A 
are two mutually singular positive measures on (X, 20). The total variation measure of 2 
is defined by JA = At +A7~. Now let jx; and p22 be two o-finite positive measures on 
(X, Ql) at least one of which is finite. Then v := pj — p42 is a o-finite signed measure on 
(X, 2). For the total variation measure |v] of v we have the following estimate. 


Theorem 11.27. Let p11 and 2 be two o-finite measures on a measurable space (X, A) 
one of which is finite. Let v = 41 — (42. Then for the total variation |v of the o-finite 
signed measure v on (X, 2X), we have |v] < “1 + p2, that is, |v|(E) < wi(E) + “2(E) 
for every E € 2X. 


Proof. Since at least one of jz; and 2 is a finite measure on (X, 20), v = WW) — p42 is defined 
and is a signed measure on (X, 20) by Proposition 10.4. The o-finiteness of v follows from 
that of jz) and x2 by Observation 10.30. Let A = wi + 2, a o-finite measure on (X, 2). 
Then for every E € 2( such that A(E) = 0, we have w1(£) = 0 and 2(E) = 0 and then 
v(E) = 0 also. Thus wi « A, w2 K A and v < A on (X, BW). By Theorem 11.14, the 
Radon-Nikodym derivatives tt dye and a exist. By (d) of Observation 11.19, ae om 
and oe are all real-valued A-a.e. on X. Now for every E € 24, we have 


d d d d 
VE) = wi(E)- we) = f Bran f Bare f {-ehan 
E E 


This shows that {44 - a2 \ is a Radon-Nikodym derivative of v with respect to 2. Thus 
by the uniqueness of Radon-Nikodym derivative ((b) of Proposition 11.2), we have 


dv dp, dy2 
1 a Ai slid Spl NS PRT 6 A>, 
() a. oe a ee 


Let A = {x © X: 2(x) > O} and B = {x € X: (x) < O}. Then A, B € A, ANB =O 
and AUB = X. Let us define two measures v; and v2 on (X, 20) by setting forevery E € 2 


d 
(2) n(B)= [ta Ean 


and 


(3) va(E) = f te: - 2) an. 
E 
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Let us show that the pair {v1, v2} is a Jordan decomposition of the signed measure v. Now 
for every E € 21, we have 


E) = [1 ant ft aan 
v1( v2 = eo Da Pad rt 


= v(ENA)+ (ENB) = v(E). 


This shows that v = vy — v2. Let us show v 1 v2 on (X, 21). Now 


dv dv 
B)= —dk d= a= 
v1(B) fu an =| a ies 


so that B is a null set for the measure v;. Similarly A is a null set for the measure v2. Thus 
v, L v2 by Definition 10.16. This proves that {v1, v2} is a Jordan decomposition of v. 

The total variation |v] of v is given by |v] = vj + v2. Thus for every E € 2{, we have 
|v | (CE) = (4) + v2(E). Recalling (2) and (3), we have 


(4) be) = f ts A oan f 19 { - ala= [IF | da. 


By (1) we have lal = [24 - - < aa + te by the nonnegativity of ea and 4 aha 
Substituting this in (4), we hav 


lv vice) s f [t+ 2} aa = we) + wale), 


This completes the proof. & 


Problems 


Prob. 11.1. Consider the Lebesgue measure space (R, 3t,, u,). Let v be the counting 
measure on 2, , that is, v is defined by setting v(E) to be equal to the number of elements 
in E € Mt, if E is a finite set and v(E) = oo if E is an infinite set. 

(a) Show that uw, < v but ah does not exist. 

(b) Show that v does not have a Lebesgue decomposition with respect to 2, . 


Prob. 11.2. Let 4 and v be two positive measures on a measurable space (X, Ql). 

(a) Show that if for every ¢ > 0 there exists 6 > 0 such that v(Z) < ¢ forevery FE € 2 
with w(Z) <6,thenv < wp. 

(b) Show that if v is a finite positive measure, then the converse of (a) holds. 

(c) Show that (a) is still valid if v is replaced by a signed measure A, and that (b) is still valid 
if v is replaced by a finite signed measure i. 


Prob. 11.3. Let yz and v be two positive measures on a measurable space (X, 20). Suppose 
dv/dyp exists so thatv < pL. 
(a) Show that if oe > 0, w-a.e. on X, then wu < v and thus p ~ v. 
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(b) Show that if a > 0, u-ae. on X and if uw and v are o-finite, then oe exists and 


-1 
oe = (#) p- and v-a.e. on X. 


Prob. 11.4. Let (X, 2, 4) be a measure space. Assume that there exists a (0, 00)-valued 
2-measurable function f on X satisfying the condition that u{x € X : f(x) <n} < 00 
for everyn € N. 

(a) Show that the existence of such a function f implies that yz is a o-finite measure. 

(b) Define a positive measure v on 2 by setting v(E) = des f dp for E € 2. Show that v 
is a o-finite measure. 

(c) Show that dp exists and oe = 1/f, p- and v-ae. on X. 


Prob. 11.5. Let (X, 2, 4) be a measure space. Let f and g be extended real-valued 2- 
measurable functions on X such that fy f dd and fy g dd exist. Define two signed measures 
wand v on (X, 2M) by w(E) = f, f da and v(E) = f,, gda for E € 2 so that oe =f 
and fe = g,aA-ae.on X anduw <Aandv <i. 

Let Dt, and 9%, be the collections of the null sets with respect to yz and v respectively. 
Let Np = {x © X: f(x) =O} and N, = {x € X: g(x) = 0}. 

(a) Find a necessary and sufficient condition on f for yz to be o-finite. 

(b) Find a necessary and sufficient condition for E € 2( to be in St, in terms of Nr. 

(c) Find a necessary and sufficient condition for v < yz in terms of N¢ and Ng. 

(d) Let 4 and yw be o-finite measures and v be a o-finite signed measure. Assume that 
v <p. Find ge in terms of f and g. 

(e) Find a necessary and sufficient condition for 4 ~ v in terms of Nr and Ng. 

(f) Find a necessary and sufficient condition for | v in terms of Nr and Nz. 

(g) Assume that y and v are o-finite signed measures so that the Lebesgue decomposition 
Vv = vg + Vs exists where vg < yz and v, L yw. Find vg and vs. 


Prob. 11.6. Given a measurable space (X, 20). For A € 2, let us write 2( A for the 
o-algebra of subsets of A consisting of subsets of A of the type EM A where E ¢€ 2. 

Let yz and v be o-finite positive measures on (X, 20). Show that there exist A, B € 2l 
such that AN B = @, AUB = X,u~von(A, 2A) and yw Lv on (B, AN B). 
(Hint: Note that if we define A = x + v, thenyp <A andv < A also.) 


Prob. 11.7. (A variant of the Lebesgue Decomposition Theorem) Let y and v be o-finite 
positive measures on a measurable space (X, 2). Show that there exists a nonnegative 
extended real-valued 2{-measurable function g on X and a set Ag € 2f with (Ap) = 0 
such that v(E) = fredu + v(E'N Ao) for every E € 2X. 
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Differentiation and Integration 


§12 Monotone Functions and Functions of Bounded Vari- 
ation 


({I] The Derivative 


To define the right-derivative and the left-derivative of an extended real-valued function 
defined on an interval in R let us review the definition of the right limit and the left limit of 
a function. 


Let f be an extended real-valued function on (a, 5). 
1. If there exists a € IR such that for every ¢ > 0 there exists 6 > O such that | f(x) —a| < 
for x € (a,a +4) then we say that a is the right limit of f as x | a, that is, as x tends toa 
from the right, and write a f(x)=a. 
xX la 
If for every M > 0 there exists 5 > 0 such that f(x) > M for x € (a,a + 4) then we say 
that oo is the right hand limit of f as x | a and write im f(x) = 00. 
Xla 


If for every M > 0 there exists 6 > 0 such that f(x) < —M forx & (a,a +6) then we say 
that —oo is the right hand limit of f as x | @ and write 0h f(x) = -—o. 
XYa 


2. If limxya f(x) exists in R, then for every sequence (x, : m € N) in (a,b) such that 
lim x, =awehave lim f(x,) = lim f(x). 
noo noo xla 
Conversely if for every sequence (x, : n € N) in (a,b) such that lim x, = a the limit 
n-> OO 
lim fn) exists in R then the limit is the same for all such sequences (x, : n € N) in 
nr 


(a, b) and moreover lim f(x) exists and lim f(x) = lim f(x»). 
xfa xla n->00 


3. The left limit of f as x + b, that is, as x tends to b from the left, is defined likewise. 
Thus for instance pets f(x) = B € Rif for every « > O there exists 6 > O such that 
x 


| f(x) — B| < ¢ forx € (b—54,b). 
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4. Let f be an extended real-valued function on [a, b]. Let x € [a, b) and f(x) € R. We 
define the right-derivative of f at x as follows. Let 5 > 0 be so small thatx +4 < b. Define 
a function g on (0, 5) by setting 


h)— 
gyal a® 


The right-derivative of f at x is defined by 
(Dr f)(x) = hi g(h), 


for h € (0,5). 


provided the limit exists in R. 


Definition 12.1. Let f be an extended real-valued function on [a, b]. 
(a) Ifx € [a, b), f(x) € R, and 


f(x +h) — f@) 


(Dr f(x) += lim 


exists in R, then we call (Dy f)(x) the right-derivative of f at x and say that f is right 
semi-differentiable at x. We say that f is right-differentiable at x only if (D; f)(x) € R. 
(b) Ifx € (a, bl, f(x) ER, and 


f(x th) — f@) 
h 


exists in R, then we call (De f)(x) the left-derivative of f at x and say that f is left 
semi-differentiable at x. We say that f is left-differentiable at x only if (De f)(x) € R. 

(c) Ifx € (a,b), f(x) € R, and both (De f)(x) and (D, f)(x) exist in R and are equal, 
we let (Df)(x), or as an alternate notation f'(x), be the common value. Thus 


fe +h)— f@) 
ae eee 


(Def) (x) = re 


f(x) = (DF) = jim 


We call f'(x) the derivative of f at x and say that f is semi-differentiable at x. We say 
that f is differentiable at x only when f'(x) € R. 

(d) Let us agree to say that f' exists on [a, b] if D; f exists on [a, b), De f exists on (a, b], 
and D; f = D,f on (a, b). 


If a real-valued function f on (a, b) is differentiable at some x € (a,b), then f is 
continuous at x. The converse is false. In fact there exists a continuous function on R 
which is not differentiable at any x € R. To show such an example, let us prove a necessary 
condition for differentiability. 


Proposition 12.2. Let f be a real-valued function on (a, b). Suppose f is differentiable 
at some x € (a,b). Then for any two sequences (a, .n € N) and (by, : n © N) such that 
an t x and by, | x asn — ow, we have 


fbn) = fan) _ 
— a, aa 


lim 
bn n 


noo 


iO): 
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Proof. For n € N, let A, = (bn — x)/(bn — Qn). Then we have A, © [0,1] and 1 — A, = 
(x — an)/(bn — an). Now 


(1) Sf! (0) = An fC) + = An) FC) 


and 


fbn) = Fan) _ fbn) — FO) i f@) ~— fan) 


bn — Gn bn — Gn bn — Gn 


f (bn) — F) +d 12 ~ F@n)_ 


bn — xX X— Ay 


(2) 


=dn 


Subtracting (1) from (2), we have 
fbn) — fan) 


aa f' (x) = hn An + (1 — An) Ba, 
bn — Gn 


where 


ZLODEI® 2565 a pe FOLIO) hss 
by — xX xX — an 


By the differentiability of f at x, we have Jim, An = 0 and lim By, = 0. Then since 
> n—> 


An 


(An : n € N) and (1 — A, : n € N) are bounded sequences of real numbers, we have 
lim AnAn = 0 and Jim, (1 — Ay) Bn = 0. Therefore we have 
n > 


lim 
n—>0Oo 


{fee = S (Gn) 


bn — Gn 


—f wo} = 0. 
This completes the proof. 


Example. (A Continuous Nowhere Differentiable Function on R) Let g be a real-valued 
function on R defined by setting g(x) = |x| forx € [—1, 1] and then setting g(x +2) = g(x) 
for x € R. Define a sequence (gy, : n € N) of functions on R by setting gy, (x) = 9(4"x) 
forx € Randn EN. Let 


f(x) = (3)"en(x) forx eR. 


neZ 4 
Then f is continuous at every x € R and not differentiable at any x € R. 


Proof. The function ¢ is continuous and periodic with period 2 and |g| < 1 on R. The 
series of functions in the definition of f converges uniformly on R by the Weierstrass Test in 
Calculus and thus f is a continuous function on R. Let us show that f is not differentiable 
at an arbitrary x € R. Fora fixed m € Z+, there exists k € Z such that 


k<4"x <k+1. 


am =4-"k and by =4-"(k +1). 
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Consider 4” a, and 4"b, forn € Z,. Forn > m, we have 4"by, — 4am, = 4747" which 
is an even integer so that |p(4"bm) — g(4"am)| = 0 by the fact that g is periodic with 
period 2. Next if n = m, then 4”a,, and 4"b,, are integers and 4"b,, — 4am = 1 so that 
le(4"bm) — 9(4"am)| = 1. Finally ifn < m, then 4"a,, and 4"b», are not integers and 
furthermore no integers lie between them so that by the definition of g and by the fact that 
4" Dm — 4" am = 4", we have |y(4"bm) — 9(4"am)| = 4"~™. Summarizing these results, 
we have 

0 forn > m, 


bm _> am)| = 4"b _ 4” m)| = 
Ion(bm) — Yn(am)] = |p(4"bm) — 9(4" aml te see 


Thus we have 


ee Lem) =| > G gy eS eal _ DG ae @n(Am) 


— Am 


=a; — am 


Applying the inequality ||| — |6|| < la — B| for a, B € R, we have 


[eee = Ltn) » ( )” [eae ene)" = > G ‘ eee : ste 
- m-1 i ml 
= &- EQ =-E 
= 3" cist > si 
2 2: 


Thus we have lim | fm) — f(an)\/l\bm — Qm| = 00. Since am + x and bm | x as 
ma 
m — oO, this implies that f is not differentiable at x by Proposition 12.2. 


If f is a differentiable function on [a, b], then the real-valued function f’ need not be 
continuous on [a, b]. (For example, the function f(x) = x* sin 1/x for x € [—1, 1} \ {0} 
and. f(0) = 0 is differentiable on [—1, 1] but f’ is discontinuous at x = 0.) Nevertheless 
f’, like a continuous function, has the intermediate value property. 


Theorem 12.3. (Intermediate Value Theorem for Derivatives) Let f be a real-valued 
function on [a, b]. If f is differentiable on [a, b] and if f'(x1) 4 f’ (x2) for some x1, x2 € 
[a, b), x1 < x2, then for every c € R between f'(x1) and f' (x2) there exists xo € (xi, x2) 
such that f’(xo) = c. 


Proof. Let us assume f’(x1) < f’(x2). Let g(x) = f(x) — cx for x € [a,b]. Then 
g is a real-valued continuous function on [a, b] and in particular on [x, x2] so that it 
assumes a minimum on [x1, x2] at some point in [x, x2], that is, there exists x9 € [x1, x2] 
such that g(xo) < g(x) for x € [x1, x2]. Let us show that actually xo € (x1,x2). Now 
g(x) = f’(x) — cso that g’(x1) < 0 < g9’(x2). Since 

g(xi +h) — g(x) 


<0, 
h 


g'(x1) = (Dg) (x1) = ae 
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there exists 5 > 0 such that g(x; +h) — g(x1) < Oforh € (0,5). Thus there exists 
— € (x1, x2) such that g(€) — g(x1) < 0, that is, g(&) < g(x1). Thus xo # x1. Similarly 
- - —h 
g (x2 +h) — 82) _ ae g(x2) — g(x2 — fh) 3 
h ho h 
so that there exists 6 > 0 such that g(x2) — g(x2 —h) > Oforh € (0, 5). Then there exists 
E € (x1, x2) such that g(x2) — g(&) > 0, that is, g(x2) > g(&). This shows that xo # x2. 
Therefore xo € (x1, x2). Then since g is differentiable at xo and since g assumes a minimum 
at xo, we have g’(xp) = 0. Then f’(xo) =c. 


g'(x2) = (Deg) (x2) = lim 0 


Example. If we define a real-valued function f on [—1, 1] by setting f(x) = 0 for 
x € [~1,0) and f(x) = 1 for x e€ [0,1], then f does not have the intermediate value 
property so that by Theorem 12.3, f is not the derivative of any function on [—I, 1]. 


Regarding the measurability of the derivatives of a measurable function, we have the 
following 


Proposition 12.4. Let f be a real-valued IN, -measurable function on [a,b]. Let E be 
a IN, -measurable subset of [a,b]. If D, f exists on E, then D, f is a IN,-measurable 
function on E. The same holds for De f and f'. 


Proof. Let us extend the definition of f to R by setting f = 0 on R \ (a, b]. Let us define 
a sequence of real-valued function on R by setting gn(x) = n{f (x +4) — f(x)} for 
x € R. The 92, -measurability of f on R implies that of g, by Theorem 9.31 (Translation 
Invariance). Let D, = {R : fim, 8n exists in R}. By Theorem 4.23, De € St, and 


im, Sn is ,-measurable on De. Now if (D,; f)(x) exists for some x € [a, b), then 


1) _ 
fa+h-f®_ | f&+i)-f@) 


h noo i 
n 


(Dy f) (x) = a = lim gn(x). 
Thus if D, f exists on a 23t, -measurable subset E of [a, b), then E C D, and moreover 
Df = lim. 8n on E so that D, f is t,-measurable on FE. 

n> 


We shall show in §13 that if f is an absolutely continuous function on [a, b] then f’ 
exists a.e. on [a, b] and Sia.) f' du, = f(b) — f(a). We shall show also that if f is a real- 
valued function on [a, b] and f’ exists and is finite everywhere on [a, b] and is i, -integrable 
on [a, 6], then Jiao) f' du, = f(b)- f@. 


To define the Dini derivates let us review the definition of the right limit inferior, the right 
limit superior, the left limit inferior, and the left limit superior of an extended real-valued 
function defined on an interval in R. Let f be an extended real-valued function on (a, b). 


1. The right limit inferior and the right limit superior of f as x | a are defined by 


liminf f(x) = lim_ inf 
ne 
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and 
lim sup f(x) =lim sup f(x). 
xJla 510 (a,a+é) 
Let us note that ; inf Ff (x) increases as 6 | 0so that ae inf iF (x) exists in R. Similarly 
a,a+6) 
sup f(x) decreases as 5 | 0 so that lim sup f(x) ie in R. Thus liminf f(x) 
(a,a+68) 810 (¢,a+8) xa 


and liminf f(x) always exist. Moreover lim f(x) exists if and only if liminf f(x) = 
xla xla xla 


lim inf f(x) and when this is the case we have lim f(x) = liminf f(x) = liminf f(x). 
xa xla xla xla 


2. There exists a decreasing sequence (x, : n € N) in (a,b) such that x, | a and 
lim | fn) = lin inf f(x). Similarly there exists a decreasing sequence (x, : n € N) in 
n-> XYa 


(a, b) such that x, | aand lim f(x,) = limsup f(x). 
n—>0oo xa 


( Let us prove the first of the two statements for instance. Let y = Hire in f(x) eR, that 
xXYa 


is, y = lim inf f(x). Since inf f(x) increases as 6 | 0, for an arbitrary sequence 
540 (a,a-+5) (a,a+5) 


(6, : k € N) of positive numbers such that 5, | 0 we have 


lim inf ofa i at is cs 


k->00 (a,a+5,) 


Select x, € (a,a + dx) such ey ce f@)s < f(x) <| ee sf + i Then since 


lim inf f(x) = y and tina, oi mo +e i =y ae. we tee jim, f(x) = y. 


k-+ 00 (a,a+d,) (a,a+ 
Now xz € (a,a + dg) and | "0 so i Xz > a and a Xk =a. Then we can select 
—> 00 


a subsequence (xz, : 2 € N) of (x, : k € N) such that x, | a. Let (x, : n € N) be the 
sequence (xz, :n € N). Then (x, : n € N) is a decreasing sequence in (a, b) such that 
%n + aand lim. F@n) = lim fO%,) = rau f@n) =Y-) 

n> n> 00 


3. The left limit inferior and the left limit superior of f as x + b are defined by 
lim inf Bgie as 
br ao) 310 (b-5,b) Fe) 


and 


lim sup f(x) = lim sup f(x). 
xtb 9 (~8,b) 


4. Let f be an extended real-valued function on [a, b]. Let x € [a, b) and f(x) € R. 
We define the lower-right Dini derivate of f at x as follows. Let 5 > 0 be so small that 
x +6 <b. Define a function g on (0, 5) by setting 


fe +h) — f@) 


h for h € (0, 8). 


g(h) = 


The lower-right Dini derivate of f at x is defined by (D, f)(x) = mana g(h). 
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Definition 12.5. Let f be an extended real-valued function on [a, b). 
(a) Ifx € [a, b) and f (x) € R, we define 


POTD AIO oe 


(D+ f)(x) = Pant - R 
(D* f)\(@) = lima LEAP ~SO oF 
hYo h 


(b) Ifx € (a, b] and f(x) € R, we define 


pero ie eR. 
fer na fe cK 


(D_ f)(x) = pee 


(D~ f)(x) = lim sup 
ht0 


We call (Ds f)(x), (D* f)(x), (D-f)(x), and (D~ f)(x) respectively the lower-right, 
upper-right, lower-left, and upper-left Dini derivates of f at x. 


Note that the four Dini derivates always exist in R and (D_ f(x) < (D7 f)(x) and 
(D+ f)(x) < (Dt f)(x). = 
f is right semi-differentiable at x if and only if (D4 f)(x) = (D* f)(x) ER. 
f is right-differentiable at x if and only if (D+ f)(x) = (D* f)(x) € R. 
f is left semi-differentiable at x if and only if (D_ f)(x) = (D7 f)(x) € R. 
f is left-differentiable at x if and only if (D_ f)(x) = (D7 f)(x) ER. 
f is semi-differentiable at x if and only if the four Dini derivates of f at x are all equal. 
f is differentiable at x if and only if the four Dini derivates of f at x are all finite and equal. 


[II] Differentiability of Monotone Functions 


A real-valued function f on an interval / in R is called an increasing (or non-decreasing) 
function if f(x1) < f(%2) for every pair x1;,x2 € I such that x; < x2, and a decreasing 
(or non-increasing) function if f(x1) > f (x2). If f isa decreasing function, then — f is an 
increasing function and thus we need not treat decreasing functions separately. A function 
is called a monotone function if it is either an increasing function or a decreasing function. 

Let f be a real-valued increasing function on an open interval 7 in R. Let a be an 
arbitrary point in J. Since f(x) t asx ¢ a and since f(x) < f(a) for x € J such that 
x <a, f(a—) := limyta f(x) exists in R. Similarly f(a+) := limyjq f (x) exists in R. 
Also f(a) € [f(a—), f(a+)]. Thus a real-valued increasing function f on open interval 
I is continuous at a € J if and only if f(a—) = f (a+) and discontinuous at a if and only 
if f(a—) < f(a+t). If f is discontinuous at a, we call n(a) :-= f(a+) — f(a—) > 0, the 
jump of f at a. 


Theorem 12.6. Let f be a real-valued increasing function on an open interval I inR. Then 
f has at most countably many points of discontinuity in I. 
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Proof. Let a; and az be two points of discontinuity of f in J and assume a, < a2. Consider 
the two open intervals J(a1) = (f(ai—), f(ai+)) and J (a2) = (f(a2—), f (a2+)). To 
show that J(a1) and J (a2) are disjoint, let us take an arbitrary point x9 € (a;, a2). From 
the fact that f is increasing on J, we have f(ai+) < f(xo) < f(a2—). Thus the two open 
intervals J (a,) and J (az) are disjoint. 

Let A be the set of all points of discontinuity of f in J and consider the collection of 
the open intervals {J(a) : a € A} where J(a) = (f(a—), f(at)). From J(a) select 
arbitrarily a rational number rz. Since {J(a) : a € A} is acollection of pairwise disjoint 
sets, {rq : a € A} is acollection of distinct rational numbers. Since there are only countably 
many rational numbers, A is at most a countable set. & 


If f is areal-valued increasing function on an open interval J in R, then f is continuous 
except possibly at countably many points in J. Since continuity of f at x € J implies 
F(x) = f(xt+), we have f(x) = f(x+) except at countably many x € J. Thus if we 
define a real-valued function g on J by setting g(x) = f(x+) forx € I, then g = f except 
at countably many points in J. Since f is an increasing function, we have f(x;+) < f(x2+) 
for any x1, x2 € J such that x; < x2. Thus g is an increasing function on J. Furthermore g 
is right-continuous on J. (This can be shown as follows. Let a € J be arbitrarily chosen. By 
the definition of f(a+), forevery ¢ > 0 there exists 5 > 0 such that f(x) — f(at+) < « for 
x € (a,a+6). Then f(x+) — f(a+) < ¢, thatis, g(x) — g(a) < ©, forx € (a,a+4). This 
proves the right-continuity of g at a.) Our function g is thus a real-valued right-continuous 
increasing function on J obtained by redefining f at countably many points at most. Let us 
call g the right-continuous modification of f. 


According to Theorem 12.6, if f is a real-valued increasing function on an open interval 
I in R, then the set of the points of discontinuity of f is a countable subset of J. This 
countable subset of J may have limit points in J. In fact it may even be a dense subset of J. 
We construct some examples below. 


Example 1. Let E = {&, : n € N} be a countable dense subset of R (for instance the set 
of all rational numbers) and let (a, : n € N) be a sequence of positive numbers such that 
a:= Ven @n < 00. Let us define a function f on R by setting 


f@)= > om forxeR. 


{neN: &, <x} 


Then the function f has the following properties: 

1° f is a real-valued right-continuous increasing function on R. 

2° E is the set of points of discontinuity of f and the jump of f at &, is equal to a, for 
everyn EN. 

3° O<f<aonR. 


Proof. It is immediate from the definition that f is a nonnegative real valued increasing 
function on R which is bounded above by aw. Let us show that f is right-continuous at every 
xo € R by showing that for every ¢ > 0 there exists 6 > 0 such that f(x) — f(xo) < € for 
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x € (xo, x0 + 5). Let ¢ > 0 be arbitrarily given. Now since nen On < 00, there exists 
N € Nsuch that 0, Qn < €. Let > 0 beso small that the interval (xo, x9 +4) does not 
contain any point in the finite collection {&,... , &v}. Then f(x) — f (x0) < ops On <€ 
for every x € (xo, Xo + 8). This proves the right-continuity of f at xo. 

Let us show that for every no € N, f is discontinuous at &,, with jump at &,,. given by 
f (Eng) is Fn —) = Ang. Let N(Eng) = {n eN: En < Eng} and let B = LeneN (Emp) On. 
Then by the definition of f, we have 


(1) FEm= Yo on= So ant en = B+ ang. 


{n€N: £n<éng } n€N (Eng ) 


For every x < én) we have f(x) < nen (Eng) Oo" = f and thus 
(2) fEn—) = lim f(x) < B. 
Xt Eng 


For an arbitrary e > 0, since nen (Eng) & = B < ©, there exists a finite subcollection No 
of N(én)) such that nein a, > B —&. Since Np is a finite collection, there exists x < En, 
such that x > &, forn € No. Then f(x) > Dens a, > B—e. This shows that f (En)—) = 
limy +6, f(x) = B—e. Then by the arbitrariness of e > 0 we have f (En,—) > 8. Therefore 
F (Eno —) = B by (2). Substituting this in (1), we have f (En) — f (Enp—) = Ong: 

To show the continuity of f at every xo € R \ E, let N(xo) = {n € N: & < xo} and 
B= VneN (ap) %n- Then f(x0) = Vnen(y) en = B. By the same argument as above, we 
have f(xo—) = f and thus f(xo) = f(xo—), proving the continuity of f atxo. & 


Example 2. In Example 1, let us assume that EM Z = @. For x € R, let [x] be the greatest 
integer not exceeding x. Let f be the function in Example 1 and let g be defined by 


g(x) = f(x)+[x] forx eR. 


Then the function g has the following properties: 

1° g isa real-valued right-continuous increasing function on R. 

2° EUZis the set of the points of discontinuity of g. The jump of g at &, is equal to a, 
for every n € N and the jump of g at an integer is equal to 1. 

3° lim g(x) = —ooand lim g(x) =o. 
A> —0O X70 


Example 3. Consider a finite open interval (a, b) in R. The real-valued function g defined 
on (a, b) by g(x) = 5 (x — a) — F for x € (a,b) is a homeomorphism of (a, b) onto 
(—}, 5). The function y(y) = tan y for y € (—3, $) is a homeomorphism of (—%, 3) 
onto R and thus the function } = y o g is a homeomorphism of (a, b) onto R. With the 
function g in Example 2, let h = g od. Then h is a real-valued right-continuous increasing 
function on (a, b) with limyy_ h(x) = —oo and lim, +, h(x) = oo, and the set of points of 
discontinuity is a dense subset of (a, b). 


We show next that a real-valued increasing function f is differentiable a.e. on [a, b]. 
For this we require the Vitali Covering Theorem. 
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Definition 12.7. Let E be a subset of R. A collection G of finite closed intervals is called 
a Vitali cover of E if for every x € E and e > 0 there exists I € % such that x € I and 
£1) < e. (Singletons are not admissible as finite closed intervals.) 


The collection of all finite closed intervals in R is a Vitali cover for any subset of R. For 
an arbitrary subset E of R, the collection {{x — 4,x + 4]: @N,x € E} is an example 
of Vitali cover of E. So is the collection {[x,x +4]: €N,x € E}. 


Observation 12.8. Let 23 be a Vitali cover of a subset E of R. For an arbitrary open set O 
such that O D E, let Wo be the subcollection of 8 consisting of all members of 237 which 
are contained in O. Then Xo is a Vitali cover of E. 


Proof. To show that 239 is a Vitali cover of E, we show that for every x € E ande > 0 
there exists J € Wo such thatx € J and (1) < «. Nowifx € E,thensince E C O andO 
is an open set there exists 6 > O such that (x —5,x +6) C O. Since Mis a Vitali cover of E, 
there exists J € 33 such that x € J and £(/) < min {36, e}. Then I Cc (x —8,x +6) CO 
so that J € Mo. Also £(/) < e. This shows that Wo is a Vitali coverof E. w 


Theorem 12.9, (Vitali Covering Theorem) Let %G be a Vitali cover of an arbitrary subset 
E of R. Then there exists a countable disjoint subcollection {I, :n € N} of © such that 


(1) ut(E\ Uh) =0. 


neN 
If wi (E) < 00, then the disjoint collection {I, : n € N} can be so chosen that 
(2) >> en) < 00, 

neN 
and for every € > 0 there exists N € N such that 
N 

(3) wr(E \U In) ae 

n=1 


Proof. 1. Let us assume first that u*(E) < oo. By Lemma 3.21, there exists an open set 
O D E such that w*(E) < u,(O) < H*(E) +1 < 00. Let Bo be the subcollection of 
3B consisting of those members of 23 which are contained in O. By Observation 12.8, Wo 
is a Vitali cover of E. Let I; € So be arbitrarily chosen. If Wi(E \ 11) = 0, then the 
collection {J;} satisfies conditions (1), (2), and (3). If W(E \ 11) > 0, then we select a 
disjoint subcollection {J,, : n € N} of 28% inductively as follows. Suppose for some n € N 
we have selected a disjoint subcollection {1j,... , In} of Wo. If Le (E \Ue1 Ik) = 0, then 
the collection {J,,... , Jn} satisfies conditions (1), (2), and (3). If u* (E \ Uger Jk) > 9, 
then we select J,41 € %Jo as follows. 
For brevity let 


n 
(4) Fy =|(Jk& and On =O\ Fr. 
k=1 
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Then F,, is a closed set in R and O, = O/ F¢ is an open set in R and moreover we have 


(5) Fx On, =@ and F,U0, =O. 
Let 
(6) Go, = {1 € Wo: 1 Cc On}. 


Since Wo is a Vitali cover of EF, it is certainly a Vitali cover of the subset E \ F, of E. 
Since E \ F, C O \ Fy = On, the collection 30, defined by (6) is a Vitali cover of E \ Fy 
by Lemma 12.8. In particular, Bo, # 0. Let 


(7) d, = sup {€(1) : I € Bo,}. 


Since Wo, ~ @ and €(J) > 0 for every J € Wo,, we have d, > 0. On the other 
hand, for every J € Mo, we have I C On, C O so that £(7) < u,(O) < oo and then 
dn < 4,(O) < oo. Let us select J,41 € Wo, such that 


(8) £Un41) > 3dn- 

Since In41 C On, we have Ing, 1 Fy = @. Thus {11,... , In, In41} is a disjoint collection 
in Wo. If u* (Ug } I.) = 0, then conditions (1), (2), and (3) are satisfied by our collection 
{I1,-.- Ins In¢1} and we are done. If u*( Ha Ix) > 0, then we repeat the selection 


process above to select Jn+2 € Mo,,,. If this selection process does not terminate in finitely 
many steps then we have a disjoint collection {Z, : n € N} in Wo satisfying condition (8). 
By the disjointness of the collection {/7, : n € N} we have 


Yen) = So a Un) = He (UJ in) < 1,(0) < 00 


neN neN neN 


so that condition (2) is satisfied. Let us show that the collection {J,, : n € N} satisfies (1). 
Let F = Unen In. If Hi (E \ F) = 0, then we have (1). Suppose Hi(E \ F) > 0. For 

eachn €N, let J;, be aclosed interval with the same midpoint as J, but with £(J,) = 5€(In). 

Then yo ncw £(Jn) = 5 Den £Un) < 00 and this implies ah bere £(Jn) = 0. Thus 


() Jim, 1, (U Jn) Slim, > €Jn) = 0. 
n2p n=p 
If we show that 
(10) E\Fc UJ Jn forevery p € N, 
n>p 


then w*(E\ F) < Bl ise Jn) for every p € N and then by (9) we have 


Hi(E\ F) < jim u,(U Jn) =0 


nzp 
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and condition (1) is satisfied. Thus to prove (1) it suffices to prove (10). 
Let p € N be arbitrarily fixed. Now since HI(E \ F) > 0, we have E\ F # @. Let 
x € E \ F be arbitrarily chosen. We show that there exists /* € Yo such that 


(11) xeéI*C Jg forsomeg > p. 


Then we have x € Up Jn so thatE \ F Cc se Jn, proving (10). Let us prove the 
existence of such 1* € 37g. Nowsincex ¢ E\F,wehavex ¢ F, sothatx € O\ Fy, = Op 
for every n € N. Then x € (),,cj On and in particular x € Op. Now since Wo is a Vitali 
cover of £, it is a Vitali cover of the subset {x} of E. Now since O, is an open set and 
{x} C Op, Bo, = {1 € Bo: 1 C Op} isa Vitali cover of {x} by Observation 12.8. Thus 
there exists J* € So, such that x € I* C Op. 

It remains to show that J* C J, for some q > p. For this let us note first that since 
x € On = O\ Fy, and F, D I, we have x ¢ I, foreveryn € N. Then since x € I*, we have 
I* £ I, for every n € N. Let us show that there exists N € N such that /*7 Fy 4 9. Now 
by (2) we have nen £Un) < 00 so that fim, £(,) = 0. This implies that fim dy, =0 
by (8) so that for sufficiently large N € N we have dy < £(J*). Then by (7) we have 
I* ¢ Bo, and hence I* ¢ Oy by (6) so that 1*N Fy # @. 

Let q = min {n € N: 1* F, ¥ B}. Now since I* C Op we have 1* M Fp, = 9. Since 
(F, : n € N) is an increasing sequence, this implies g > p. By the definition of g, we 
have I* 1M Fy 4 @ but 1* 9 Fy_, = @. This implies /* N J, # O and I* C Og-1. The 
last inclusion and (6), (7) and (8) imply €(J*) < dg-1 < 2€(Jg). Now since I*N I, # 9 
and since the closed interval J, has the same midpoint as J, and £(Jq) = 5€(Iq), we have 
I* C Jq. Then since q > p we have I* C |), Jn. Since x € 1*, we have x € Un>p Jn- 
By the arbitrariness of x ¢ E \ F, we have E\ F C eis Jn. This proves (oy and 
completes the proof that our disjoint collection {7,, : n € N} satisfies condition (1). 

Let us prove (3). Since )° 1 £Un) < 00, for every ¢ > 0 there exists N € N such that 
new et &Un) < €. Now we have Fy = F \ Uns vai dn = FO (Unewi An)° so that 
F§ = FU (Ons a1 dn). Thus we have 


ENF =(ENF)U(EN U In) C(E\F)U( U In). 


n>N+1 n>N+1 


Since WE \ F) = 0 by (1), we have 


BEN FS) SeE\F)+ut( Uo n)s 0 en) <e. 
n>N+1 n>N+1 


This proves (3) for our disjoint collection {Z, :n € N} in Wo. 

2. Let E be an arbitrary subset of R. Let E, = EM (n,n +1) forn ¢€ Z, the collection 
of all integers. Since 23 is a Vitali cover of E, % is a Vitali cover of E, foreveryn € Z. Let 
Wnn+1) be the subcollection of 23 consisting of those members of 23 which are contained 
in the open interval (n,n + 1). According to Observation 12.8, I (nn41) is a Vitali cover of 
E,,. Since HT (En) < 00, by our result in 1 there exists a countable disjoint subcollection 


{Ink k € N} of Ginny1 such that w* (En \ per Ine) = 0. Now (Inn 2k € Nin € Z} 
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is accountable disjoint subcollection of 33 such that 


Ue \UU me =U (GNU U bt) CU (AU ine): 


neéeZ neZ keN neZ neZ keN neZ keN 
and 
# (Ue \UU nt) s Det (En\ U in) = 0. 
neZ neZ keN neZ keN 


Now E ¢ { Unez En} U Z so that 


E\OU mec {U S\UU me} vz. 


néN keN neN néN keN 
Then we have 
uX(E\ JU int) s #8 U Ba\ UU na) + 2 @) = 0. 
néeN keN néeN neN kEeN 
This proves (1). # 


Theorem 12.10. (H. Lebesgue) Let f be a real-valued increasing function on [a, b}. Then 
the derivative f' exists and is nonnegative on (a, b) \ E where E is anull set in (R, I%,,, 4,) 
contained in (a,b). Furthermore f' is S3%,-measurable and 1, -integrable on (a, b) \ E 
with Si a,b) f 4H, < f(b) — f(a). Inparticular f' is real-valued, that is f is differentiable, 
Mt, , 4,)-a.e. on [a, b). 


Proof. 1. Since f is an increasing function, if f’(x) exists at some x € (a,b) then 
f'(x) = 0. To show that f’ exists a.e. on (a, b), we show that the four Dini derivates are 
equal a.e. on (a, b). Since D_ f < D7 f and Di f < D* f, it suffices to show that 


D-f <Dif <D*tf<D_f ae. on(a,b). 


Since the second inequality holds on (a, b), it remains to show 


(1) Df < Dif ae. on (a,b) 
and 
(2) Dt f <D_f ae. on(a,b). 


Since each of the two inequalities asserts that the limit superior from one direction is dom- 
inated by the limit inferior from the other direction, they can be proved exactly in the same 
way. Thus let us prove (2) for instance. To prove (2) we let 


E = {x € (a,b): (D* f)(x) > (D-f)(x)} 


and show that ut (E) = 0. Now since f is an increasing function the four Dini derivates 
are all nonnegative. Let Q be the collection of all rational numbers. For u, v € Q such that 
0<u <viet 


(3) Eu,v = {x € (a,b) : (D-f)(x) <u<v<(D*f)(x)}. 
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Then E = Ce ee Eu,v- By the countable subadditivity of 4*, we have 


wMEV< >> wk (Euy)- 


u,vEeQ,0<u<u 


Thus to show that ut (E) = 0, it suffice to show that yet (Ey,v) = 0 for every pair u,v € Q 
such thatO < u < v. Lety = HY (Ey v)- Since Ey,» C (a, b), we have y € [0, 00). We 
outline the two steps in showing y = 0. 

Step 1. Using the fact that (D_ f)(x) < u for every x € E,y, we show that for an 
arbitrary ¢ > O the set EF,» can be approximated by a finite collection of disjoint bounded 
and closed intervals {I}, ... , Zp} such that aaa £(UIm) < u(y +) by means of the Vitali 
Covering Theorem. 

Step 2. By the fact that (Dt f)(x) > v for every x € Ey», we show that some 
subset of E,,., can be approximated by a finite collection of disjoint bounded and closed 
intervals {J1,... , Jg} each of which is contained in one in the collection {1},... , Zp} such 
that v(y — 2e) < ey £(Jn) by means of the Vitali Covering Theorem. Then we have 
u(y — 2e) < 94, &(Jn) < P| £Um) < u(y +). By the arbitrariness of ¢ > 0, we 
have vy < uy. This implies y = 0 since u < v. 

Since oe (Eu,v) < (a, b)) < 00, by Lemma 3.21 for every ¢ > 0 there exists an 
open set O D E such that 


(4) K,(O) <wi(Euv) +e =y +e. 


For each x € Ey», we have (D_ f)(x) < u. Now 


SO +M— FR) fe -B- f@) 
(D_f)(x) = oe —— tea ea eg 
Sint OS pe OE. 
kLO k h{O h 


Recall that for an extended real-valued function ¢ on an open interval containing 0, we have 


liminf g(h) =lim inf (Ah). 
rh g(h) phen 


Now infye(o,s) p(k) t as 6 | 0. This implies that there exists a sequence of positive numbers 
(Am : m € N) such that 
hm | 0 and g(hm) ¢ a g(h). 


Since (D_f)(x) = liminfayo{ f(x) — f(x — h)}/h, there exists a sequence of positive 

numbers (hy, : m € N) such that 

eo | him + 0, [x —hym,x] C O formeN, 
{f@) — f(® —him)}/him t (D-f)(x) <u 

so that 


(6) f@)—f@—hem) <uhym formeN. 
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Now & = {[x — hym, x]: m €N,x € E,y} is a Vitali cover of E,,,. Thus by Theorem 
12.9 (Vitali Covering Theorem), there exists a finite disjoint collection of members of 3 


which we denote by J; = [x; — 41, x1], ... , Ip = [xp —hp, Xp] where x1,... ,xXp € Eu, 
X1 <+++ <Xpandhy,... ,hp > O such that 
Pp 
(7) HS(Eun\ LJ In) <e. 
m=1 
Let I), be the interior of I, form = 1,..., p and let 
Pp 

(8) EB. 

m=t 


For an extended real-valued function y on an open interval containing 0, we have 


lim sup ¥(k) = lim sup y(k). 
kLO 510 4€(0,8) 
Since supzee,s) ¥(k) 4 as 5 | 0 there exists a sequence of positive numbers (ky : n € N) 
such that 
kn | Oand w(k,) J lim sup (x). 
k40 


Now for every y € | Span C Ey,v, we have (Dt f)(y) > v by the definition of E,,y by (3). 
Since (D* f)(y) = lim sup, pol f(y +h) — f(y)}/h, there exists a sequence of positive 
numbers (ky, : 1 € N) such that 


= | kyn +9, Ly, y+kyn] CLS forn € Nforsomem =1,...,p, 
{FO + kyn) — FO) }/kyn 4 (D* AQ) > v 

so that 

(10) f(y +kyn) — f(y) > vkyn forn EN. 


Then the collection 28 = {[y, y + ky,n]:n € N,y € EX ,} isa Vitali cover of E* ,, so that 
by Theorem 12.9, there exists a finite disjoint collection of members of 2% which we denote 
by Jt = [y1, v1 + Ai], .-- Sq = [Yq Yq + Kg] where y1,--. 9g € EX, YE < +++ < Yq 
and kj,... , kg > Osuch that 


(11) ut (Ey \ U In) <e. 
n=1 


For our J, = [Xm — hm, Xm] and Jn = [yns Yn + kn], let Af Um) = f (Xm) — f &m — hm) 
and Af (Jn) = fn + kn) — fn). Since {J}, ... , Jq} is a disjoint collection and each J, 
is contained in some J, and since f is an increasing function, we have 


q P 
(12) Do AFC) s YO AF Un): 


n=!) m=1 
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From (10) we have Af(Jn) > vé(J,) forn = 1,...,q and similarly from (6) we have 
Af Um) < ulm) form = 1,... , p. Thus by (12) and (4), we have 


q q PB Pp 
(13) v >> en) < D> AF Cn) < So AF Um) <u Slim) 
n=1 n=] m=1 m=] 
Pp 
= u pe, ( LJ in) <up,(O) <uly +6). 
m=1 
Now if we let N be the set of the endpoints of 1),... , Ip, then 


Euiy = 


by 
= 
= 
_ 
Cr 
= 
NS 
Cc 
o—™ 
ty 
= 
c 
=) 
Cs 
= 
—— 


3 
i 
s 
iL 


3 
UR 
3 
W 


Gc 
ty 

* 
Cc 
= 


a) 
o—™~ o—~ o—~ 
ty try 
= i~3 
i+ 4 
-_ _ 
CriCer 
=" 
—” 
Cc 
o—~ 
= 
ct 
2D 
Cr 
x6 
~~” 
c 
= 


1) 
q q 
In) U (Ei. \U Jn) U (U In) UN, 


where the second equality is by (8). Thus by the subadditivity of 4.* and by (7) and (11), 


s 
a 


al 
“= 

= 

ee 
> 


3 
ue 


q q 
VY =U (Eur) <e+e +) ln) +0 = 26 +S &(Iy)- 


n=1 n=t 


Thus y — 2e < )-4_, £(Jn), and then by (13) we have 


q 
v(y — 28) < v > &In) <u(y +6). 


n=1 


By the arbitrariness of ¢ > 0, we have vy < uy. Since v > u, we have y = 0. 

2. Thus we have shown that there exists a null set & in (R, IN, , 1) contained in (a, 5) 
such that f’ exists on (a, b) \ E. Since (a, b)\ E € 9N,, f’ is IN, -measurable on (a, b)\ E 
by Proposition 12.4. 

Let us extend the domain of definition of f from [a, b] to R by setting f(x) = f(a) 
for x € (—o0o,a) and f(x) = f(b) for x € (6,00). Then f is a real-valued increasing 
function on R so that it is Sz-measurable and hence I, -measurable on R. If we define a 
sequence (g, : n € N) of nonnegative real-valued functions on R by 


forx ER, 


Gt: 
peyote ee) ‘) . 


n 
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then g, is 90%, -measurable on R by Theorem 9.31 (Translation Invariance). At any point 
x € [a, b] at which f’(x) exists, we have 


feth)-f@) _ | 


, ae A 
f2)= re, h n->0o i ~ ee 8n(X). 


Thus by Fatou’s Lemma (Theorem 8.13), we have 


(14) / fi du, <timint [ gndi,. 
(a,b)\\E nO J(a,b)\E 


Now since {a} U E U {b} is a null set in (R, MN, , L,), we have by Definition 9.11 


f(e+)-f@ 
/ ee i ides | tee as 
(a,b)\\E [a,b] [a,b] a 


= nf Frcsposy forme 7 [forma 


= n{ Te S() Lt, (dx) — fess ff) (dx) 


<n{ fo)~— fa} =f) - f@), 
n n 


where the third equality is by Theorem 9.31, the fourth equality is by (a) of Lemma 9.10, 
and the inequality is by the fact that f is bounded above by f(b) and bounded below by 
f(a) on R. Using this estimate in (14), we have Sea.b\E f'du, < f(b) — f(@. Then 
by Definition 9.11 we have fia yf’ dit. = faye f’ de. < f(b) — f(a) < ov. Finally 
by (f) of Observation 9.2, f’ is real-valued, that is, f is differentiable, (DN, , 4, )-a.e. on 
[a,b]. @ 


Remark 12.11. The equality Sia.b f' du, = f(b) — f(a) does not hold in general. 

(a) For example the Cantor-Lebesgue function t is a real-valued continuous increasing 
function on [0, 1] with f(0) = 0 and f(1) = 1; t is constant on each of a collection of 
disjoint open intervals whose union G has 4, (G) = 1. Thus the derivative t’ exists and is 
equal to 0 on G. Then So. t’du, =0 #4 t(1) — 70). 

(b) For a simpler example, let f be a real-valued increasing function on [0, 1] defined by 
setting f = 0 on [0, 3) and f = 1 on [4, 1]. The derivative f’ exists and is equal to 0 on 
(0, 1) except at x = 4. Thus So. £44, =0 # fl) — FO). 

(c) In §13 we show that whether f is an increasing function or not, if f’ exists and is finite 
everywhere on [a, b] and if f’ is ~,-integrable on [a, b] then the equality Sia. b] f'dp, = 
f(b) — f(@ holds. We show also that if f is absolutely continuous on [a, b] then the 
equality holds. 


[111] Functions of Bounded Variation 


Definition 12.12. Let [a,b] C R witha < b. A partition of [a, b| is a finite ordered set 
P= {a =xX9<-:-< xX, = b}. Let §8, 4 be the collection of all partitions of [a,b]. For a 
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real-valued function f on [a, b], we define the variation of f on [a, b] corresponding to a 
partition P = {a = x0 Sti Sy = b} by 


VP(F,P) = SIF — FeR-1)1 € [0, 00). 


k=1 


We define the total variation of f on [a, b] by 


V2(f) = sup VP(f,P) € [0, oo]. 


EBay 


We say that f is a function of bounded variation on [a, b], or simply a BV function on [a, b], 
if VE(f) < 00. We write BV (a, b}) for the collection of all BV functions on [a, b]. 


If P,P’ € $B, , and P c P’ then we say that P’ is a refinement of P. If P,P’ € YB, 5, 
then PUP’ € $8, , and moreover P U P” is a refinement of both P and P’. 


Observation 12.13. (a) If P, P’ « $B, and if P cP, then V2(f,P) < VE(f, P’). 

(b) If f € BV([a, b]), then f is abounded function on [a, b] and in fact forevery x € [a, b] 
we have f(x) € [ f(a) — V2(f), f(a) + V2(F)]. 

(c) If f € BV([a, b]), then —f € BV([a, b]) and V2(— f) = V2(f). 

(d) If f is a real-valued monotone function on [a, b], then f € BV ([a, b]) and in this case 
we have V?(f) =| f(b) — f(a)l. 


Proof. 1. Let P, ?’ € B,,, and P c P’. Let n be the number of partition points in P and let 
m be that of P’. We have n < m. Ifn = m then P = P’ and V?( f, P) = V2(P’). Consider 
the case n < m. Then m =n + p where p EN. Let &,...&) be the p partition points in 
?” that are not in P. Let Po = P. Let P; be the partition of [a, b] obtained by adding &) to 
Po. Let P2 be the partition of [a, b] obtained by adding &2 to P; and so on so that P, = P’ 
is the partition of [a, b] obtained by adding , to P,_1. Thus we have a chain of partitions 
of [a,b], P = Po C Pi C --- C Pp_-1 C Pp = FP, each having one more partition 
point than its predecessor. Let P = Pp = {a =X) SX, < XQ <-: S XQ = b}. Then 
&1 € (Xk—1; Xk) for some ko < n. Now we have V2(f, Po) = Dy If (xe) — frx-1)1 
and V?( f, P1) is obtained by replacing the summand | f (xk) — f (xx)—1)| in V2(f, Po) with 
|F(E) — f ko-1)1 +f Oko) — f E1)| which is greater than or equal to | f (xk9) — f (ky—1) 
by the triangle inequality in R. Thus we have V?(f,Po) < V2(f,P1). By the same 
argument we have VE Cf, Pi)< VE(f, P2), VP (Ff, P2) < VES, P 3) casas VEO Pees 
V2(f, Pp). Thus we have V2(f,P) < V2(f, P’). 

2. To prove (b), suppose f ¢ BV([a,]). For an arbitrary x € [a, b], consider the 
partition P = {a <x< b} of [a, b]. Then we have 


If) — f@Il <If@) - F@I+1F® -— FOI = VZ(F,P) < V2(f) < 00. 


From this we have f(a) — V?(f) < f(x) < f(a) + V2(f) for every x € [a, b]. 
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3. To prove (c), suppose f € BV([a, b}) and let P = {a = X90 < +++ <X_ = b} bean 
arbitrary partition of [a, b]. Then 


V2(- £9) =o |-Aew — (-Nex-0| 
k=1 


= olf) — fon = VE(69), 


k=1 


and then 


Vila) sap: Ve E2) ome Vali) Ve (2): 
Ras Bab 


4. To prove (d), let f be a real-valued monotone function on [a, b]. Then for an arbitrary 
partition P = {a = xo < -++ < x, = db} of [a,d], the differences f (xx) — f (xk—1) for 
k=1,...,n are all nonnegative if f is an increasing function and all nonpositive if f is a 
decreasing function. Therefore we have 


ve(f) =o ifew - fea-vi =| Gn - fer-i] =F - fol, 
k=1 k=1 


and then 


Pf) = sup VE(f,P) =f (>) — f(a). m 


PePay 


Lemma 12.14. Let fi, fp € BV ([a, b]) and ci, co € R. Then ci fi + c2f2 € BV([a, b)) 
and VP (ci fi + c2f2) < lel V2(fi) + lealV2 (fa). 


Proof. For an arbitrary partition P = {a = xo < --- < x, =b} of [a, b], we have 


Vi (cif + c2f2,P) = >> \(er fi + 02 fa) (xe) — (cr fi + €2 fo) (xe-1)| 


k=\ 


Slerl D5 LfiGe) — fi@e-vI + le2l ¥> fare) - fae) 
k=1 k=} 
=lcilV2 (fi, P) + lealV2 (fo, P) < lear (fi) + lealV2 (fr). 


Thus we have 


Ve(afitefe)= sup Ve(cifitcrfe,?) < lelVe(A) + le2lVe(f). 


eBab 


Lemma 12.15. (a) If f € BV ([a, b]), then for every closed subinterval [ao, bo] of [a, b], 
we have f € BV ([ao, bo]) and Ve (fy VACA): 

(b) Let c € (a,b). If f € BV([a,c}) and f € BV([c,b}), then f € BV([a,b]) and 
moreover Ve(f) =VE(f) + Ve(f). 


264 Chapter 3 Differentiation and Integration 


Proof. 1. To prove (a), let P = {ap = xo < --- < Xn = bo} be an arbitrary partition of 
[ao, bo]. Consider the partition P’ = {a < ap = x9 < +++ < Xn = bo < 5} of [a, b]. Then 


ViO(f,P) = D1 rw) — f%-0) 


k=1 


<I fo) — F@I+ DO IF Ge) — Fe-DI+ IF — f Gn)! 


k=l 
=Vi(E,9) < Vif) <0. 


Thus we have vin(f) = sup VP°( Ff, P)-< Ve(f) < 00 so that f € BV([ap, bo). 
PEBay.bg 
2. To prove (b), let c € (a, b) and suppose f € BV(fa,c]) and f € BV([c, b]). Let P 
be an arbitrary partition of [a, b] and let P’ be the refinement of P by adding c as a partition 
point to P. By (a) of Observation 12.13, we have 


(1) Va(f?) < Va(f.). 

Let P; and P2 be the restrictions of P’ to [a, c] and [c, b] respectively. Then we have 
0) VOL.) = VE(L91) + VE(F.P2) < Vel) + VECN). 

By (1) and (2), we have 

@) VCP) = sup VECI.9) = VE(s) + V2(A) <00 


This shows that f € BV([a, b)). 

To show V2(f) = VE(f) + V2(f), itremains to show that V?(f) > Vé(f)+V2(f). 
Let Py and P2 be arbitrary partitions of [a,c] and [c, b] respectively. Then Py U P2 is a 
partition of [a, b] and V2(f, P1 UP2) = VE(f, Pi) + V2(f, P2). Thus we have 


VE(f) = sup V2(H.9) = VE(K91 UPa) = VE(F9i) + VEU P) 
€Bap 


Since this holds for arbitrary partitions P; and P2 of [a, c] and [c, b] respectively, we have 
(4) Va(f) = Va(f) + Ve(f). 
This completes the proof. # 

Let f € BV({a, b]). Then for any x € [a, b] we have f € BV ([a, x]) by (a) of Lemma 
12.15 so that Vx(f) < oo. Thus Vz(f) is a nonnegative real-valued function of x € [a, b]. 


Definition 12.16. Let f €¢ BV([a,b]). The total variation function vs of f on [a,b] is 
defined by v s(x) = V(f) forx € [a,b]. 
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Observation 12.17. Let f ¢ BV (Ia, b)). The total variation function vy of f is anonnega- 
tive real-valued increasing function on [a, b] with vs (a) = 0. Indeed fora < x’ < x” <b, 
we have 


() vp(x") — vg (x') = Ver (f) = 0. 


Proof. If f ¢ BV ([a, b]), then for any x € [a, b] we have f € BV([a, x]) with Vi(f) < 
V(f) by (a) of Lemma 12.15. Thus v is a nonnegative real-valued function on [a, b]. To 
show that v¢ is an increasing function on [a, b], leta < x’ < x” < b. By (b) of Lemma 
12.15 we have V3 (f) + V2'(f) = Vi" (f), that is, ve (x’) + Ve (f) = v(x”) so that 
ve(x”) — vee) = ve, (f) >0. 


Theorem 12.18. (Jordan Decomposition of Functions of Bounded Variation) Let f 
be a real-valued function on [a,b]. Then f € BV ([a, b)) if and only if there exist two 
real-valued increasing functions g; and g2 on (a, b| such that f = g) — g2 on [a, b). 


Proof. 1. Suppose there exist two real-valued increasing functions g; and g2 on [a, b] such 
that f = g1 — g2 on[a, b]. Then gi, g2 € BV({a, b]) by (d) of Observation 12.13 and thus 
f € BV({[a, b]) by Lemma 12.14. 

2. Conversely suppose f € BV ({a, b)). Consider the total variation function vy of f 
on [a, b]. Let g} = vg and gz = v¢ — f. Then f = gi — go. Now g, is a real-valued 
increasing function on [a, b] by Observation 12.17. It remains to show that go is a real- 
valued increasing function on [a,b]. Thus let a < x’ < x” < band let P = {x’,x”},a 
partition of [x’, x”’]. Then we have 


g2(x") — ga(x’) = {vg (x”) — v¢(x’)} — {F@”) — f&’)} 
>V3" (fF) —1f") — f@') = VE" (f) — V2"(F,P) = 0 


by (1) of Observation 12.17. This shows that go is an increasing function on [a, b]. # 


Definition 12.19. Let f € BV (la, b}). The expression f = g, — g2 where g, and g2 are 
two real-valued increasing functions on [a, b] is called a Jordan decomposition of f. 


Remark 12.20. A Jordan decomposition of f € BV ([a, b)) is not unique. In fact if 
f = 81—g218a Jordan decomposition, then with an arbitrary real-valued increasing function 
honf[a, b], f = {gi +h}—{g2+h} is another Jordan decomposition. In the Proof of Theorem 
12.18, we showed that vy — f is an increasing function on [a, b]. Actually vy + f is also 
an increasing function on [a, b]. This can be shown as follows. Note that f € BV (la, b)) 
implies that —f € BV ([a, b)). This implies that v-r — (—/f) is an increasing function. 
But v_¢ = vy by (c) of Observation 12.13. Thus vy + f is an increasing function on [a, b]. 
Then we have yet another Jordan decomposition f = du f+if}—- ${v fa Fy}. 


Theorem 12.21. Let f € BV ([a, b)). Then we have: 
(a) f is BR-measurable on [a, b}. 
(b) f” exists (Nt, u,)-a.e. on [a, b] and is IN, -measurable and ,-integrable on [a, b}. 
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Proof. By Theorem 12.18, f = g1 — g2 where gi and go are real-valued and increasing 
on [a, b]. Then g; and go are Sp-measurable on [a, b] and so is f. By Theorem 12.10 
(Lebesgue), ca and 8 exist (T,, 4,)-a.e. on [a,b] and are Mt, -measurable and p,- 
integrable on [a, b]. Then so does f’ = gj — g5. & 


Theorem 12.22. Let f € BV ([a, b}) where a < b. Then the total variation function v f 
of f is continuous at xo € [a, b] if and only if f is continuous at xo. (Continuity at a is 
understood to be right-continuity at a and continuity at b is understood to be left-continuity 
at b.) 


Proof. 1. Suppose f is continuous at x9 € [a,b]. Let us show that if x9 < b, then vy is 
right-continuous at x9. Let ¢ > 0 be arbitrarily given. Then there exists a partition P of 
[xo, b] such that 


(1) VE (f,P) > VE(f) -«. 


Let P = {xo < x1 < x2 <-++ < Xn =}. Since f is continuous at xo, there exists 6 > 0 
such that | f(E) — f(xo)| < ¢ for € € [xo, x9 + 5). Let us take 6 so small that x9 +6 < x1. 
With an arbitrarily chosen & € (x0, xo + 4), let P’ be the refinement of P by adding & as a 
partition point for [xo, b], that is, P’ = {xo < & < x1 < x2 < +++ < Xn = b}. Then by (a) 
of Observation 12.13 we have 


(2) Veli 2) 2 Veh?) 
We have also 
3) VCP) SIF) — Fol + [fo — FO14+ OIF GW — fOx-DI 


k=2 


<e+( fa) — f@l+ Do UfGw — fev <e + VP(f). 


k=2 
By (1), (2), and (3), we have 
(4) Ve(f) <VE(AP) tes Ve(AP) +e < Ve(f) +26. 
By Definition 12.16, (b) of Lemma 12.15, and (4), we have 
vp (&) — vp (xo) = Va (f) — Va(f) = Van(S) 
=VP(f) — VP(f) < 2e for& € (x0, x0 + 8). 


This proves that if f is continuous at xo and xo < b, then vy is right-continuous at x9. We 
show similarly that if f is continuous at x9 and x9 > a, then vy is left-continuous at xo. 
Thus if f is continuous at xo € [a, b], then vf is continuous at xo. 

2. Conversely suppose vy is continuous at x9 € [a,b]. Let us show that if xo < b, 
then f is right-continuous at x9. Let ¢ > 0 be arbitrarily given. The continuity of v¢ at xo 
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implies that there exists 5 > OQ such that |u¢(x) — v¢(xo)| < © for x € [xo, xo + 8). Now 
for any x € (xo, xo + 4), with the partition P = {xo < x} of [xo, x] we have 


If (x) — fo)| = VE(F.P) < VR (f) = vs (x) - ve (a0) <8. 


This shows that f is right-continuous at x9. We show similarly that if vy is continuous 
at xq € [a, b] and if xq > a then f is left-continuous at xo. Thus if vf is continuous at 
xo € [a, b], then f is continuous at xo. 


Corollary 12.23. Let f € BV ([a, b)). If f is continuous on [a, b}, then in a Jordan 
decomposition f = g1 — g2 of f, the real-valued increasing functions g1 and gz can be 
chosen to be continuous functions on [a, b]. 


Proof. Consider the Jordan decomposition f = g1—g2 of f where g] = v¢ andg2 = vs —f 
as in the Proof of Theorem 12.18. If f is continuous on [a, b], then vy is continuous on 
{a, b) by Theorem 12.22. Then gi = vy and go = vy — f are continuous functions on 
[a, 5]. @ 


Problems 


Prob. 12.1. Let f, g ¢ BV ([a, 5]). 

(a) Show that cf € BV (a, bl) and V2 (cf) = |clV2(f) for every c € R. 
(b) Show that f + g € BV([a, b]) and V3(f + g) < V2(f) + V2(g). 
(b) Construct an example for which V?(f + g) # V2(f) + V2(g). 


Prob. 12.2. Let f € BV ([a, b)). Show that if f > c on [a, b] for some constant c > 0, 
then 1/f € BV({a, b}). 


Prob. 12.3. Let f, g € BV([a, b]). Show that fg ¢ BV([a, b]) and 
Vv? (fg) bs SUP[a,b] \f | 3 V2(g) + SUP[ a,b] lel . ve(f). 


Prob. 12.4. Let f be a real-valued function on [a, b] satisfying a Lipschitz condition, 
that is, there exists a constant M > 0 such that | f(x’) — f(x”)| < M|x’ — x”| for every 
x’, x" € [a,b]. Show that f € BV([a, b]) and V?(f) < M(b — a). 


Prob. 12.5. Let f be a real-valued function on [a, b]. Suppose f is continuous on [a, 5] 
and is differentiable on (a,b) with |f’| < M for some constant M > 0. Show that 
f € BV([a, b}) and V2(f) < M(b—a). 


Prob. 12.6. According to Prob. 12.5, continuity of f on [a, b] andexistence and boundedness 
of the derivative f’ on (a, b) imply that f is a BV function. These conditions are sufficient 
but not necessary for f to be a BV function. To show this find a real-valued function f on 
[a, b] satisfying the following conditions: 

1° f is continuous on [a, 5]. 

2° (f’ exists on (a, b). 

3° _f’ is not bounded on (a, 5). 

4° f € BV([a,6)). 
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Prob. 12.7. Let f be a polygonal function on [0, 1] defined as follows. Let a, = i for 
n € Nand let by = $(@n + Gn41) forn € N. Let f be defined by setting 

f (0) =0, 

flan) =1 forneN, 

f(in) =0 forneN, 
f is linear on [a,41, by] and on [by, an] forn € N. 
Show that f ¢ BV{(0, 1). Show also that f is continuous at every x € (0, 1] and is 
discontinuous at x = 0. 


Prob. 12.8. Let f be a real-valued function on [0, 2] defined by 
1 2 
_ f sine forx € (0, =], 
reo={ 5 * forx =0. — 
Show that f ¢ BV([0, 2]). 


Prob. 12.9. Let f(x) = sinx for x € [0, 27]. 
(a) Find the total variation function vy of f on [0, 27]. 
(b) Find a Jordan decomposition of f. 


Prob. 12.10. Let f be a real-valued function on [a, b] such that f € BV({a, x]) for every 
x € [a, b) and consider the total variation function v¢(x) = V(f) for x € [a, b). 
(a) Show that f € BV ({a, b)) if and only if vy is bounded on [a, b), or equivalently, 
lim v(x) <oo = f € BV([a,b)) 
x> 
lim vs(x) =00 = f ¢ BV([a,b)). 
I> 
(b) Show that if lim v¢(x) < 00 and if f is continuous at b, then lim v¢(x) = ve (f). 
x > x—> 


(c) Show by constructing a counter example that the equality in (b) does not hold without 
the continuity of f at b. 


Prob. 12.11. For each p € (0, 00), let fp be a real-valued continuous function on [0 2] 


ed 
defined by 


xPsin+ forx € (0,2 


Oa) 5 ‘eh 


forx = 0. 
(a) Show that f € BV([0, 2]) if p € (1, 00). 
(b) Show that f ¢ BV([0, 2]) if p € (0, 1). 


Prob. 12.12. Let f € BV([a, b]) and g € BV([c, d]). Assume that f ([a, 6]) € [c, d] so 
that g o f is defined on [a, b]. Is g o f a BV function on [a, b]? 


Prob. 12.13. Let f be a real-valued continuous and BV function on [0, 1]. Show that 
n 
: i i—1\|2 
aes If Ge) — FZ) = 0. 
I= 


Prob. 12.14. Let (f; : i € N) and f be real-valued functions on an interval [a, b] such that 
lim fi(x) = f(x) forx € [a, b]. Show that VeCf) < liminf ve (fi). 
i-0o i>oo 


Prob. 12.15. Let (f; : i € N) and f be real-valued functions on an interval [a, b] such 
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that lim fi(x) = f(x) for x € [a,b]. Show that if f; € BV([a, b]) for every i € N then 
iI—>0o 
f € BV([a, b)). 


Prob. 12.16. Let f be real-valued and differentiable everywhere on (a, b). Show that the 
derivative f’ is a Borel measurable function on (a, b). 
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§13 Absolutely Continuous Functions 


[I] Absolute Continuity 


Definition 13.1. We say that a collection of closed intervals in R is non-overlapping if their 
interiors are disjoint. A real-valued function f on a finite closed interval [a, b] is said to 
be absolutely continuous on {a, b) if for every € > 0 there exists 8 > 0 such that for any 
finite collection of non-overlapping closed intervals {[ak. by]: k =1,... ,n} contained in 
[a, b] with Sp, (be — ag) < 8, we have Yh_) |f (be) — f(ax)| < e. 


Note that unlike continuity, absolute continuity is not a pointwise property of a function; 
rather it is a property of a function on a finite closed interval. 


Theorem 13.2. Let f be an absolutely continuous real-valued function on [a, b]. Then 
(a) f is uniformly continuous on [a, b]. 
(b) f is a function of bounded variation on [a, b]). 


Proof. 1. To show the uniform continuity of f on [a,b], let ¢ > 0 be arbitrarily given 
and let 5 > O be as in Definition 13.1. Thus if x’,x” € [a,b] and |x’ — x”| < 64, then 
|f x’) — f(x’”)| < ©. This proves the uniform continuity of f on [a, 5). 

2. To show that f is a BV function on [a, b], let ¢ > 0 be arbitrarily given and let 6 > 0 
be as in Definition 13.1. Let NV € N be so large that Hb —a) < dand let Po be the partition 
of [a, b] into N closed subintervals /1,... , Jy with equal length Hd — a). 

Let P be an arbitrary partition of [a,b]. Consider the partition P U Po of [a,b]. It 
partitions each J; into finitely many closed subintervals Jx,1,... , Zk,n(k) With n(k) € N for 
K=1,...,N. Leth j= [ax,j, bx,j] for j =1,...,n(k) andk =1,...,N. Then 


N_ nk) 
V2(f.P) < VE(F,PU Po) = >> Sd) | F(be,7) — fae,s))- 
k=l j=l 
Now since 5G; — aj) = Hb —a) < 5, we have We | f (bx,5) - f(ax,5)| <é, 
Thus V?(f,P) < Ne and then V?(f) = suppeq,, V?(f,P) < Ne < 00. This shows that 
f isa BV function on [a,b]. @ : 


The converse of Theorem 13.2 is false, that is, acontinuous function of bounded variation 
on [a, b] may not be absolutely continuous on [a,b]. We shall show that the Cantor- 
Lebesgue function is such a function. 


Corollary 13.3. If f is an absolutely continuous real-valued function on [a, b], then f is 
%3p-measurable on [a, b]; the derivative f' exists (IN,, u,)-a.e. on [a, b] and is MN, - 
measurable and 2, -integrable on [a, b]. 


Proof. An absolutely continuous real-valued function on [a, b] is a function of bounded 
variation on [a, b] by Theorem 13.2. Thus the Corollary follows from Theorem 12.21. 
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We show in Theorem 13.17 that actually Sia.) f' dp, = f(b) — f(a) for an absolutely 
continuous function f on [a, b]. 


The derivative of a function can be used to estimate the range of the function in terms of 
its domain of definition. As a simple example, let f be a real-valued continuous function on 
a finite closed interval J = [a, b] with derivative f’ such that | f’| < M on (a, b) for some 
constant M > 0. Since J is a compact set in R and f is continuous, f(J) is a compact set 
in R and thus f(7) € Br. Since f is bounded on /, inf; f and sup, f are finite. By the 
continuity of f on J, there exist x1, x2 € 7 such that f(x1) = inf; f and f(x2) = sup, f. 
By the Mean Value Theorem, we have f (x2) — f(x1) < M\|x1 — x2| < Mu,(J). Now 
fC) c (fa), f@2)]. Thus w,(f()) < f@2) — fe) < Mu, (), which estimates 
the Lebesgue measure of the set f(J) in terms of the Lebesgue measure of J. The next 
Theorem gives such an estimate for f(E) where f is a continuous function on [a, b] and 
E is an arbitrary 99t, -measurable subset of [a, b] on which f’ exists and is bounded. 


Lemma 13.4. Let f be a real-valued function defined on a finite closed interval I = [a, b]. 
Let E be an arbitrary subset of I such that f'(x) exists and | f'(x)| < M for some constant 
M > 0 for every x € E. Then u*(f(E)) < Mut (E). 


Proof. Let x € E. Then f’(x) exists and | f’(x)| < M, that is, 


FQ)= F@)) 
y-x 


I@ol=| lim M. 


Thus for every x € E there exists 6 > 0 such that 

lf) — f@)| < Mly —x| fory € @—6,x +48) [a, dD). 
For every n € N, let 
(1) En = {x € E: | f(y) — f(x)| < Mly —x| fory € (x —+,x—1)}. 


Then every x € E is contained in E, with sufficiently large n € N so that E C U,en En. 

On the other hand E, C E for every n € N and (E, : n € N) is an increasing sequence of 

subsets of E. Thus we have E = Ucn En = lim E,. By Lemma 3.21 and Remark 2.16 
n->0o 


the Lebesgue outer measure * on R is a regular outer measure. Then by Theorem 2.11, 
E, + E implies 


(2) BCE) = lim pi (En). 
n—-0Oo 
We have also f(E) = F(Unex En) = Unen f (En). Since (E, : n € N) is an increasing 


sequence, (f (En) : n € N) is an increasing sequence. Thus 7 f(En) = lim f (En). 
no 
Therefore f(E) = fim, J (En). Then f(E,) t f(E) implies by Theorem 2.11 that 


(3) ur (f(E)) = lim wi (f(En)). 
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For each n € N, let us estimate ut ( f (En)) by (En). Let e > 0 be arbitrarily given and 
let Un,z : & € N) be a sequence of open intervals such that 


(4) LUInk) <1/n fork EN, 
(3) En C U Inks 
keN 
(6) SY" Unk) S ut (En) + €- 
keN 


Then we have 
(7) En = En (UJ Inx) = En 9 Ina) 
keN keN 
and 
(8) fEn) = f((JEn ngd) = fEnO Int): 
keN keN 
If x1,x2 € Ex MN In,x then | f (x1) — f(x2)| < M|x1 — x2] < M€Cn,x) by (4 and (1). Thus 
Ff CEn 0 Ing) is contained in an interval of length equal to M£(J,,,) and hence 
(9) wt (fF (En Ing)) < MeUnx)- 
By (8), (9), and (6) we have 
(10) Hi (FEW) = wt (LU fn Ing) = HEF En Int) 
keN keN 


< D5 Mek) < M{ ut (En) +}. 
keN 


Then by (3), (10), and (2) we have 
wi (f(E)) = lim wi (f(En)) < M{ lim pt (En) +} = M{ur(E) +e}. 
Since this holds for an arbitrary € > 0, we have p* (f(E)) < Mur (-). Ff 


Theorem 13.5. Let f be a real-valued function on [a,b]. Let E be a IN, -measurable 
subset of [a,b]. Suppose the derivative f’ of f exists at every x € E. Then we have 


u*(f(E)) < Sel fly. 


Proof. The existence of f’ on E € St, implies that f’ is 90t,-measurable on E by 
Proposition 12.4. Consider first the case that f’ is bounded on E. Let M € N be such that 
\f'| < M on E. For everyn EN, let 


Enk = {xe E:|f'(x)le (52, &)} fork =1,...,2"M. 
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Then {Enx : k € N} is a disjoint collection in 92%, by the 9,-measurability of f’ on 
E and U2! En, = E. Now f(E) = f(Up! Ene) = Ug! f (En) so that we 
have u*(f(E)) < pp u*(f(Enx)). Now |f’| < # on Ep, implies that we have 
ux (f(Enk)) < $2, (Enz) by Lemma 13.4. Thus we have 


2°M k 2"M k-1 2°M l 
u*(f(E)) < > sabe (Ene) = » aH Ent) + py sin (Ent): 


Since | f’| > K-1 on E,.x, we have \f'\du, = kl y (En,x). Then we have 
2 > Enk L 2 L 
2"M 


2"°M 
* / i = f a 
u*(f(E)) < 2B ie ida + = sible (Eng) = i Lf ld, + she (2). 


Since this holds for every n € N, we have wt (f(E)) < te [f’|\du,. This proves the 
Theorem for the particular case that f’ is bounded on E. 

For the general case, let E, = {x € E : |f’(x)| € [n — 1,n)} forn e€ N. Then 
{E, :n € N} isa disjoint collection in 9%, and E = U,,-4 En. By our result above, we have 
ut(f(En) < fe, \f/ldu, for every n € N. Now f(E) = f(Unen En) = Unen f (En): 
Then by the countable subadditivity of u* we have 


ut (FE) < at(f(En) <0 ip i'ldu, = i Pld. 


neN neN 
This completes the proof. 


[II] Banach-Zarecki Criterion for Absolute Continuity 


Definition 13.6. Let f be a real-valued function on [a, b]. We say that f satisfies Lusin’s 
Condition (N) on [a, b] if for every subset E of [a, b] which is a null set in (R, 99t,, 4,), 
the set f (E) is also a null set in (R, Dt,, 4). 


Lemma 13.7. [fa real-valued function f is absolutely continuous on [a, b], then for every 
€ > 0 there exists 6 > 0 such that for every countable collection {[an, byl ine N} of 
non-overlapping closed intervals contained in [a, b] such that nen (bn —an) < 4, we have 


Dene |f (Gn) — f(an)| < € and SEN {SUP fay, 4] f —inffa,,b4) fi <é. 


Proof. Let ¢ > 0. By the absolute continuity of f on [a,b], there exists 5 > 0 such 
that for any finite collection of non-overlapping closed intervals {[ax, by]: k =1,..., n} 
contained in [a, b] with }°7_, (bg — ax) < 5, we have 71 |f (bx) — f (ax)| < §. Take 
an arbitrary countable collection {[an, byline N} of non-overlapping closed intervals 
contained in [a, b] such that nen (by — Gn) < 5. Then for every N € N, the collection 
{lax, bh] :k = 1,... , N}isa finite collection of non-overlapping closed intervals contained 
in [a, b] with yi — ax) < & so that ee |f (ox) — f(ax)| < 5. Since this holds for 


every N € N, we have nen | f (bn) — f (an)| = a Dies Lf (be) — fal < § <e. 
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If f is absolutely continuous on [a, b], then f is continuous on [a, b], that is, f is 
continuous at every x € [a,b]. (Actually the absolute continuity of f on [a, b] implies 
its uniform continuity on [a, b] as we show in Theorem 13.2.) Now the continuity of f 
on [an, bn] implies that there exist ap, B, € [an, bn] such that f(a) = inf[a,,5,) f and 
Ft (Bn) = SUPIa,,b,] J- Since [a A Bn, On V Bn] C (an, bn], we have a countable collection 
of non-overlapping closed intervals {lon A Bn, On V Bal in € N} contained in [a, b] with 
nen (On V Bn — On A Bn) < Yonex (bn — Gn) < 5. Then our result above implies that 
Donen |f (nm V Bn) — fn A Bn)| < €, that is, Deny {SUPfa,,0,) f — inffa.og f} <e. m 


Theorem 13.8. (Banach-Zarecki) Let f be a real-valued function on [a, b]. Then f is 
absolutely continuous on [a, b] if and only if it satisfies the following three conditions: 

1° f is continuous on [a, b). 

2° fis of bounded variation on [a, b). 

3° f satisfies Condition (N) on [a, b]. 


Proof. 1. Suppose f is absolutely continuous on [a,b]. Then by Theorem 13.2, f is 
continuous and of bounded variation on [a, b]. It remains to show that f satisfies Condition 
(N) on [a, b]. Since be ({f(@), f(b)}) = 0, it suffices to show that for every subset E of 
(a, b) with 1*(E) = 0, we have *(f(E)) = 0. 

Now let E C (a,b) with pi(E) = 0. Let e > 0 be arbitrarily given. According 
to Lemma 13.7, the absolute continuity of f on [a,b] implies that there exists 6 > 0 
such that for every countable collection {J, : n € N} of non-overlapping closed intervals 
contained in [a, b] with 7 ,ey €Un) < 6 we have Yn {sup,, f — inf), f} < €. Now 
by Lemma 3.21, there exists an open set O containing E and contained in (a, b) such 
that u,(O) < BY(E) +6=565. LettO= Unen (4n, bn) where {(@n, b,) : n € N} is 
a disjoint collection of open intervals. If we let J, = [an,b,], then {J, : n € N} is 
a countable collection of non-overlapping closed intervals contained in [a, b] such that 
Den Un) = Dnen (bn — an) = (0) < 6. Then Srey { SUP jap, 651 f — inflay. onl S} < 
€. Since E C O = Unen (Gn, bn), we have f(E) C Unen f((Qn,bn)). This implies 
that w*(f(E)) < Donen HS (F((Gnsbn))). But f (an, bn)) C [inf fay, bn) fi SUPfay,b,) 4] 
so that u*(f((dn,bn))) < SUpta,,b,) £ — inf[anb,1f for every n ¢ N. Thus we have 
u*(F(E)) < Loner { SUP{a,,6,) £ — iMffa,.b.1 f} < €. By the arbitrariness of « > 0, we 
have ut (f(E)) = 0. This shows that f satisfies Condition (N) on [a, 5]. 

2. Conversely suppose f satisfies conditions 1°, 2°, and 3°. Let us show that f is 
absolutely continuous on [a, b]. Now since f is a function of bounded variation on [a, 5], 
its derivative f’ exists a.e. on [a,b], is 99t,-measurable, and jy, -integrable on [a, b] by 
Theorem 12.21. By Theorem 9.26 (Absolute Uniform Continuity of the Integral), the 2, - 
integrability of f’ implies that for an arbitrary ¢ > 0 there exists 6 > 0 such that 


(1) / lf'ldu, <e forevery F c [a,b], F € 2%,, with w,(F) < 6. 
F 
Let J, = [ax, by], where k = 1,... ,n, be non-overlapping closed intervals contained in 


(a, b] with rns (be — ax) < 6. Since f’ exists a.e. on (a, b], the subset of (a, b] on which 
f’ exists is a 9t, -measurable set. If we let Dk = {x ele: f'(x) exists} then Dy € 20, 
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and Ex := i, \ Dy € Mt, fork = 1,...,n. Since f’ exists a.c. on [a, b], Ex is a null 
set in (R, 90, , ~,) and thus by Condition (N) we have pt (f (Ex) =Ofork =1,...,n. 
Since f is a continuous function, the Intermediate Value Theorem implies that f(/x) is an 
interval. Since J; is a compact set in R, the continuity of f implies that f(J;,) is a compact 
set in R. Thus f (J) is a finite closed interval. Therefore f(J,) = [ min;, f, max), f}- 
Then 


(2) If (Ox) — flax) < mu : fio mn f =u,(fUd). 

Since Ik = Dy U Ex, we have f (Ik) = f (Dx) U f (Ex). Then by Theorem 13.5, we have 
@) u,(fU)) < ut (f(Do) + wt (FED) < [ Aldi 

Now Dy C i, fork =1,...,n and{k:k =1,...,n} is acollection of non-overlapping 


finite closed intervals. This implies that the inter section of any two members of the collection 
{Dy :k =1,... ,n} is either @ or a singleton. Then by (2) and (3) we have 


(4) Dien - fas df ifiau =f eau: 
k=l k=l? Ok Uba1 Pe 
Now 
(5) (LJ De) = D0 (Dd) = D> eld) = Ye — a) < 8. 
k=1 k=1 k=1 k=1 


Then applying (1) to the last integral in (4), we have }-p_1 | f (bx) — f(ax)| < €. This 
proves the absolute continuity of f on {a, 5]. @ 


Example. The Cantor-Lebesgue function t is continuous and increasing on [0, 1] and is 
thus a continuous BV function on [0, 1]. However it is not absolutely continuous on [0, 1] 
since it does not satisfy Condition (N) on [a, b]. Recall that t maps [0, 1] onto [0, 1] and it 
maps the open set G contained in [0, 1) with 4, (G) = 1 in the construction of the Cantor 
ternary set T in [VI] of §4 onto a countable subset F = {3; a a mn Ae a ne ...} of 
(0, 1]. Thus for the Cantor ternary set T = [0, 1] \ G, which is a null set in (R, 9It,, »,), 
we have t(T) = (0, I] \ F which is not a null set in (R, 9, w,). 


Let E be a 99, -measurable subset of [a, b]. For a real-valued continuous function f 
on [a, b], the set f(E) need not be 29t, -measurable. (See Proposition 4.38.) We show next 
that if f satisfies Condition (N) in addition, then f (£) is 99t, -measurable. 


Proposition 13.9. Let f be a real-valued continuous function on [a,b]. If f satisfies 
Condition (N) on [a, b], then for every E € It,, E C [a,b], we have f(E) € ,. In 
particular if f is a real-valued absolutely continuous function on [a, b], then for every 
E € 90t,, E C [a,b], we have f(E) € N,. 
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Proof. Let E C [a, b] and E € 99,. By Theorem 3.22, there exists an F,-set F C E such 
that u, (E\ F) = 0. Since F is an F,-set contained in [a, b], we have F = Unen C,, where 
(C, :n € N) is a sequence of closed sets contained in [a, b]. Thus C,, is a compact set and 
the continuity of f implies that f(C,) is a compact set so that f(C,) € St, forn € N. 
Now E = FU(E\F) = (Upen Cn) U(E \ F) so that f(E) = Vr f(Cna))U f(E\ F). 
Since 2, (E \ F) = 0, Condition (N) on f implies pt (f(E \ F)) = 0. Since (R, 90, w,) 
is a complete measure space, this implies that f(E \ F) € 9,. Thus f(E) is a countable 
union of members of 99t, and is therefore a member of 9t,. 


(1IY] Singular Functions 


Definition 13.10. A real-valued function f on [a, b] is said to be singular on [a, b] if its 
derivative f’ exists and f’ = 0, (Nt, w,)-a.e. on [a, b]. 


Example. The Cantor-Lebesgue function t on [0, 1] is constant on each of the disjoint 
countable collection of open intervals which constitute an open set G C [0, 1] which has 
14,(G) = 1. Thus the derivative t’ exists and t’ = 0 on G. This shows that r is a singular 
function on [0, 1]. 


Proposition 13.11. If f is a real-valued function which is both absolutely continuous and 
singular on [a, b], then f is constant on [a, b}. 


Proof. 1. Let us show that if f is both absolutely continuous and singular on [a, b], then 
u*(f (fa, b])) = 0. 

The singularity of f on [a,b] implies that there exists a null set E in (R, Mt, 7) 
contained in [a, b] such that f’ exists and f’ = 0 on D = [a,b] \ E. Then [a,b] = DUE 
and f([a,b]) = f(D) U f(E) so that u*(f([a,b])) < u*(f(D)) + u*(f(E)). Since 
D € MM, and f’ = 0 on D, we have w*(f(D)) < fp lf’|du, = 0 by Theorem 13.5 
so that ut (f(D)) = 0. On the other hand, since f is absolutely continuous on [a, d], it 
satisfies Condition (N) on [a, b] by Theorem 13.8. Then 4, (E) = Oimplies u*(f(E)) = 0. 
Therefore *(f([a, b])) = 0. 

2. Now since f is continuous on [a, 5], if it were not constant on [a, b] then f ([a, 5]) 
would contain an open interval by the Intermediate Value Theorem for continuous functions, 
and then we would have u*(f({a,b])) > 0,acontradiction. 


[IV] Indefinite Integrals 


Definition 13.12. Let f be a y, -integrable extended real-valued IN, -measurable function 
on [a,b]. By an indefinite integral of f on [a,b] we mean a real-valued function F on 
{a, b] defined by F(x) = Sia.x] f du, +c for x € [a,b] where c is an arbitrarily selected 
real number. 


For an arbitrary indefinite integral F of f as defined above, F(a) = Sia) fdp,+e=c. 
Also if F; and F> are two arbitrary indefinite integrals of f, then F; — F2 is a constant 
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Lemma 13.13. Let f be a yu, -integrable extended real-valued IN, -measurable function 
on [a, b]. If some, and hence every, indefinite integral of f is a constant function on [a, b], 
then f =O ae. on [a, b]. 


Proof. 1. Let us show first that if an indefinite integral of f is constant on [a, b], then 
So f du, = 0 for every open set O C (a, b) and then is f du, = 0 for every closed set 
C C (a, b). Let F be an indefinite integral of f on[a, 6). Then F(x) = Sia.x| fdu, te for 
x € [a, b] wherec € R. If F is aconstant function on [a, b], then for any a < x! < x” <b, 
we have 


() [tae f tama f pdu- fl tau, 
(x! x") (x',x"] (a,x’] {a,x’] 
= {F(x”) —c}—{F(x’)-—c} =0. 


Let O be an open set in R contained in (a, b). Then O is the union of countably many 
disjoint open intervals (x;,, x/’),n € N, contained in (a, b). By (b) of Lemma 9.10 and (1), 


0 hen netn) (xf,x/) 


neN 


Let C be a closed set in R contained in (a, b). Then O := (a,b) \ C = (a,b) NCS is an 
open set in R contained in (a, b) so that by (2) we have 


3 du, = du, du, = du, =0. 
(3) [tan [tant f fan [fae 


2. To show that f = 0 ae. on (a, b), let us note that {(a, b) : f 4 0} is the union of 
two disjoint 99, -measurable sets {(a, b) : f > 0} and {(a, b) : f < 0}. This implies then 


b,{(a,b): f £0} =u, {(a,b): f > 0} + u,{(a,b): f < O}. 


Suppose the statement f = 0 ae. on (a, b) is false. Then p,} (a,b): f ¢ 0} > 0 and 
thus at least one of 4, {(a,b) : f > 0} and u,{(a,b): f < Al is positive. Consider the 
case ,{(a,b) : f > 0} > 0, thatis, y := 4,(E) > 0 where E = {(a,b): f > O}. Let 
Ey = {(a,b): f= i} fork € N. Then (Ex : k € N) is an increasing sequence in 90, 
with je Ex = Uren Ex = E and thus p, (Ex) t 4, (E). Then there exists kg € N such 


that 2, (Ex) = Fy. Since Ex, € Mt,, by Theorem 3.22 there exists a closed set C in R 
such that C C Ex, and p, (Ex, \ C) < iY: Then we have 


1 1 1 
My (C) = bw, (Ex) — by (Ey \C) > ea a 0. 
Since C C Exo, we have f > k on C. Then f. fdu, = ot > 0, contradicting (3). 


Similarly we get a contradiction if we assume yz, {(a,b) : f < 0} > 0. This shows that 
f =Oae. on (a,b). Hence f =Oae. on[a,b]. & 
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Lemma 13.14. Let f be a 1, -integrable extended real-valued IN, -measurable function 
on [a, b] and let F be an indefinite integral of f on [a,b]. If f is continuous at xq € [{a, b], 
then F is differentiable at xo and F’(xo) = f (xo). 


Proof. By definition F(x) = Sia.x} fd, +c forx € [a,b] where c € R. Suppose f is 
continuous at x9 € [a, b]. With h > 0, we have 


1 1 
7 {Fo +h) — F(xo)} — f (xo) = Al fap, = fae | — f (xo) 
a,x 


[a,xo+h] 


1 
=; / fau,—> f tI (xo) du, 
(x0, x0 +h] (x0,x0 +h] 


== -~ di,, 
; | eee Flx0)) du, 


and therefore 


1 1 
Q) | (FGo+m)—Food}-fo0|s7f IF -Seolduy, 

h A J (x0,x9+h] 
Now the continuity of f at xo implies that for every ¢ > 0 there exists 5 > 0 such that 
| f(x) — f(xo)| < € for x € (xo — 6, x9 + 8) N[a, b]. Let h > 0 be so small thath < 4. 
Then i eee lf —f@o)|du, < peh = e. Substituting this in (1) and letting h | 0 we 
have 

fae |t{ F (xo +h) — F(xo)} — f (xo)| <6. 
h 


By the arbitrariness of ¢ > 0, we have 


lim sup |; Fo +h) — F(x0)} — f (x0)| =0. 


This implies that the limit inferior is also equal to 0 and then 
lim |z{F (xo +h) — F(x0)} — f(x0)| = 0, 


and thus 
lim {3{F (x0 +h) — F(ao)} ~ (20) =0, 


that is, the right-derivative of f at xo exists and (D,; F)(xo) = f(xo) € R. Similarly the left- 
derivative of f at xq exists and (D; F)(xo) = f (xo) € R. This shows that F is differentiable 
at xo and F’(xo) = f(xo). I 


Theorem 13.15. (Lebesgue Differentiation Theorem for the Indefinite Integral) Let F 
be an indefinite integral of a ,,-integrable extended real-valued IN, -measurable function 
f on [a, b]. Then F is absolutely continuous on {a, b] and the derivative F' exists a.e. on 
[a, b] and is IN,-measurable and 1, -integrable on [a, b]. Furthermore F ‘= f ae. on 
{a, 5]. 
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Proof. Since the difference between any two indefinite integrals of f is a constant function, 
it suffices to prove the Theorem for the particular indefinite integral Fo of f defined by 


(1) Fo(x) = fdu, forx € [a,b] 
[a,x] 
with the arbitrary constant c in Definition 13.12 being equal to 0. We have Fo(a) = 0. 

1. To prove the absolute continuity of Fo on [a,b], let ¢ > 0 be arbitrarily given. 
By Theorem 9.26, there exists 6 > 0 such that fe |fldu, < € whenever E Cc [a, d], 
E € Sot,, and uw, (£) < 4. Let {[ax, by]: k = 1,... ,n} be an arbitrary finite collection of 
non-overlapping closed intervals contained in [a, b] with )7;_, (bg — ag) < 5. Then 


a |Fo(bx) — Fo(ax)| = >| fdp,— fae 
k=l 


kal 2 (4,b%) [a,ax 


n 
<> | Irian, = [ Ifldu, <e, 
kai Y x, be] Ufa (@e,be] 


since 12, (pay (ax, bel) = Sp (bk — ax) < 5. This proves the absolute continuity of 
Fo on [a, b]. Then by Corollary 13.3, Fo exists a.e. on [a, b] and is 99t, -measurable and 
4, -integrable on [a, b]. 

2. Let us prove Fo = f ae. on [a, b]. Now since Fo and f are yw, -integrable on {a, b], 
so is Fy — f. If we show 


(2) / (Fi, — f)du, =0 forx € [a,b], 
[a,x] 


then every indefinite integral of Fy — f is a constant function on [a, b], and this implies 
according to Lemma 13.13 that Fo — f =Oae. on [a, b], that is, F) = f ae. on [a, b} 
and we are done. Thus it suffices to prove (2). Note that (2) is equivalent to the equality 
Sia.x) Fodp, = Siar) f du, for x € [a, b], that is, 


(3) i Fodu, = Fo(x) forx € [a, db]. 
[a,x] 


Thus it remains to prove (3). 

3. Let us consider first the case that f is a bounded real-valued 9Jt, -measurable function 
on [a,b], say |f| < M on [a,b] for some M > 0. Let us extended the domain of 
definition of f from [a, b] to [a,b + 1] by setting f(x) = 0 for x € (6,04 1]. Then 
the domain of definition of Fo is extended from [a, b] to [a, b + 1] and Fo(x) = Fo(b) for 
x € (b,b +1). Then Fo is continuous and hence 99t, -measurable on [a, b + 1]. Thus for 
everyn EN, Fo (x + 1) is a ), -measurable function of x € [a, b] according to Theorem 
9.31 (Translation Invariance). Let us define a sequence (G, : n € N) of real-valued 90T, - 
measurable functions on [a, b] by setting 


(4) Gr(x) = 


Fo(x ++) -— F 
Sea Poa N22 for x € [a, b]. 


n 
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Since Fo exists a.e. on [a,b], we have lim G, = Fj ae. on [a,b]. Now 
n>oo 


Gal=nlFole+)-Feeol=n| fo fdu,- fo Sau, 
[a.xt+7] ] 


[a,x 


1 
<nf |fldu, <nM-—=M forx € [a,b]andneN. 
(x.xt 4] n 


Thus (G, : 2 € N) is a bounded sequence of real-valued 99, -measurable functions on 
(a, b]. Then by the Bounded Convergence Theorem (Theorem 7.16), we have 


(5) / Fodu, = lim Grdu, = limn {Fo(t + +) — Fow)}u, (dt) 
[a,x] 


n>oo [a,x] n> 0O [a,x] 


= im, nf f Fou, (a) — | Fatty, ar} 
(ati xt+4] [a,x] 


noo 


lim n{ f Fou (at) — f 
n>0o (xx+4] 


[a,a+;) 


Fo(tyu,(d)}, 


where the third equality is by Theorem 9.31. Now Fp is a real-valued continuous function 
on [a, b + 1] and is thus jz, -integrable on [a, b + 1]. Then according to Lemma 13.14, its 
indefinite integral defined by ®o(x) = f Ae Fo dy, forx € [a, b+ 1] is differentiable with 
(x) = Fo(x) for x € [a, b + 1]. This implies 


jim n{®o(x + 7) — Po(x)} = Fo(x) forx « [a,b]. 


But from the definition of gj we have 


a(x + 4) — doe) = f oan f Foau, =f oes 
a,x+7 a,x XX 


Thus we have 
lim n Fodu, = Fo(x) forx é [a,b]. 


noo (wrth) 


Applying this to the two integrals in the last member of (5), we have 
/ Fo du, = Fo(x) — Fo(a) = Fo(x) for x € [a, 6]. 
[a,x] 


This proves (3) for the case that f is a bounded real-valued 99t, -measurable function on 
[a, bd]. 

4. Next consider the case that f is a ,-integrable nonnegative extended real-valued 
Spt, -measurable function on [a, b]. In this case, the indefinite integral Fo of f is a real- 
valued increasing function on [a, b] so that by Theorem 12.10 (Lebesgue), the derivative Fj 
exists a.e. on [a, b] and is It, -measurable and j, -integrable on [a, b], and furthermore 


(6) i Fodu, < Fo(x) — Fo(a) -|/ fdp, forx € [a,b]. 
{a,x} [a,x] 
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If we show that Fy > f ae. on [a,b], then we have Sa.x1 Fodu, = Stax) f du, for 
x € [a, b] and this and (6) imply Sia.x) Fodp, = Sia.x1 fd, = Fo(x) for x ¢€ [a, 5], 
which is (3). 

To show that Fj > f ae. on [a,b], consider the truncation of f at level n, that is, 
f f(x) = min { f(x), n} for x € [a,b] andn € N. Consider the indefinite integral F,, of 
f'! on [a, b] defined by F, (x) = hes fil du, for x € [a,b]. Since f'™ is a bounded 
real-valued 99, -measurable function on [a, b], we have F’ =f fh} ae. on (a, b] by our 
result in 3. Consider the indefinite integral G, of the nonnegative extended real-valued 
9t, measurable function f — f!! on [a, b] defined by Gn(x) = fia (f - f'} du, for 
x € [a, b]. The nonnegativity of f — f' implies that G,, is a real-valued increasing function 
on [a, b] and thus by Theorem 12.10 (Lebesgue) the derivative Gj, exists and G’, > 0 ae. 
on [a, b]. Now for x € [a, b] we have 


Fo = fo fae, =f {f-f™} du, +/ fd, = Gn(x) + Fr(x) 
{a,x] 


[a,x [a,x] 


and therefore 
Fo(x) = Gi, (x) + Fi(x) = G(x) + f™ (x) = fx) forae. x € [a, d]. 


Then since f™ + f on [a, b], we have Fy > f ae. on [a,b]. 

5. Finally let f be an arbitrary y,-integrable extended real-valued 9t, -measurable 
function on [a,b]. We let f = f+ — f~ and apply the result in 4 to f+ and f~. Then Fy 
exists a.e. on [a, b] and is Vt, -measurable and jz, -integrable on [a, b] and Fy = f ae. on 
[a,b]. @ 


Lemma 13.16. Let f be an absolutely continuous real-valued function on [a, b]. If f’ =0 
a.e. on [a, b] then f is constant on [{a, b]. 


Proof. To show that f is constant on [a, b] we show that for every c € (a, b] we have 
f(c) = f(a). Now since f’ = 0 ae. on [a, b], we have f’ = 0 ae. on (a,c). Thus there 
exists a null set F in (R, mM, , L,) contained in (a,c) such that f’ =0o0n E = (a,c) \ F. 
We have E € D0, with u,(E) = u,((a,c)) =c—a < 0. 

Let € > Oandn > Obe arbitrarily given. Let 6 > 0 be a positive number corresponding 
to our € > 0 in Definition 13.1 for the absolute continuity of f on [a, c]. Now at every 
x € E we have f’(x) = 0 so that there exists A, > 0 such that 


(1) |f(« +h) — f(x)| < nh foreveryh € (0, hy). 
Then the collection of closed intervals 3 = {{x, x +hl]:he(O,hy),x € E} is a Vitali 


cover of E. Since uw, (E) < oo, by the Vitali Covering Theorem (Theorem 12.5) there exists 
a finite disjoint subcollection {J :k = 1,... , N} of & such that 


(2) LL, (E \ U Ik) ig: 
k=1 
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Let Ik = [xx, ye] with xg € E C (a,c) fork =1,...,N and let {ke :k =1,...,N} be 
so numbered that 


(3) yoS=a<xp< yl < x2 < y2<-+- <xXN < YN <C=XN4I. 


Since E C (a,c) and p,(E) = , (a, c)), (2) implies 


N 
(4) u.(@.0\(Jk) <6. 
k=1 


Now 
N 


(a,c) \ J fe = (v0, ¥1) U (yn, x2) U (y2, 83) Us U on, x): 
k=1 


Thus by (4) we have Gy — yx) < 6. Then by the absolute continuity of f on [a, c] 
we have 


N 
(5) >> | fGen) - FOw”| <e. 
k=0 


On the other hand, (1) and the disjointness of the collection {J, :k = 1,... , N} imply 


N N 
(6) 2 |fOw — f@—| <1 YOO% — x0) < nlc - a). 
k=1 k=1 


Therefore by (5) and (6) we have 
N N 
If — F@l=| > {Fou ~ Fow} + Vo {row - Fe0)}| 
k=0 k=1 


= 


N 
k=0 


N 
I{ Fez) — FOO} + D5 {On — Fw}| 
k=] 
<e+n(c—a). 
Since this holds for every ¢ > 0 and 7 > 0, we have | f(c) — f(a)| = 0, that is, we have 
f)= f(a). i 


Theorem 13.17. Let f be an absolutely continuous real-valued function on [a, b]. Then 


f'du, = f(x)-— f@ forx € {a,b}. 
{a,x] 
Thus an absolutely continuous function is an indefinite integral of its derivative. 


Proof. f’ exists a.e. on [a, b] and is 93t, -measurable and 1, -integrable on [a, b] according 
to Corollary 13.3. Consider the indefinite integral of f’ defined by g(x) = Stax fi dp, 
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for x € [a,b]. By Theorem 13.15, g is absolute continuous on [a, b] and the derivative 
gy’ exists and gy’ = f’ ae. on [a,b]. Since g and f are absolute continuous on [a, 5], 
 ~ f is absolute continuous on [a, b]. Moreover (y — f)’ = g' — f’ = 0 ae. on [a, B]. 
Thus by Lemma 13.16, g — f is constant on [a, b]. Therefore there exists c € R such that 
g(x) — f(x) =c for every x € [a, b]. Then Stax f' dp, — f(x) =c for every x € [a, dD]. 
With x =a, wehavec = fi, fd, — f(a) = ~ f(a). Thus Stax fd, = f(x) — fla) 
foreveryx € [a,b]. 


As a characterization of an absolutely continuous function we have the following: 


Theorem 13.18. A real-valued function f on [a, b] is absolutely continuous on {a, b] if and 
only if it satisfies the following conditions: 
1° f" exists a.e. on [a, b). 
2° f’ is Nt, -measurable and , -integrable on {a, b). 
Trax Sal, = F (8) — f(@) for every x € [a,b]. 


Proof. If f is absolutely continuous on [a, b], then 1° and 2° hold by Corollary 13.3 and 
3° holds by Theorem 13.17. 

Conversely if 1°, 2°, and 3° hold, then f is an indefinite integral of a 1, -integrable 
extended real-valued 9)t, -measurable function on [a, b], namely f’, and is thus absolutely 
continuous on [a,b] by Theorem 13.15. 


The following theorem is contained in Theorem 13.15 and Theorem 13.17. We state it 
here because of its simplicity. 


Theorem 13.19. A real-valued function f on {a, b] is absolute continuous on [a, b] if and 
only if it is an indefinite integral of a 1, -integrable extended real-valued IN, -measurable 
function on [a, b]. 


Proof. If f is absolutely continuous on [a, b] then f is an indefinite integral of its deriva- 
tive by Theorem 13.17. Conversely if f is an indefinite integral of a 2, -integrable Dt, - 
measurable extended real-valued function on [a, b] then f is absolutely continuous on [a, b] 
by Theorem 13.15. 


Lebesgue’s decomposition of a real-valued increasing function f on [a, b] as a sum of 
an absolutely continuous function and a singular function can be derived from the existence 
and the integrability of f’ (Theorem 12.10) and Theorem 13.15 as follows. 


Theorem 13.20. (Lebesgue Decomposition of Increasing Functions) (a) For every real- 
valued increasing function f on [a,b], there exist an absolutely continuous increasing 
function g and a singular increasing function h on [a, b] such that f = g +h on [a, D}. 
Moreover the decomposition is unique up to constants. 

(b) If f is a function of bounded variation on {a, b], then there exist an absolutely continuous 
function g and a singular function of bounded variation h on [a, b] such that f = g+hon 
[a, b]. The decomposition is unique up to constants. 
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Proof. 1. If f is a real-valued increasing function on [a, b], then by Theorem 12.10 the 
derivative f’ exists and is nonnegative a.e. on [a, b] and furthermore f’ is 90, -measurable 
and j2, -integrable on [a, b]. Then an indefinite integral of the z, -integrable nonnegative 
function f’ defined by g(x) = Jiao) f'du, for x € [a,b] is a real-valued increasing 
function on [a,b]. By Theorem 13.15, g is absolute continuous on [a, b] and 2’ = f’ 
ae. on [a,b]. If we define a real-valued function A on [a,b] by setting h = f — g, 
then h’ = f’ — g’ = Oae. on [a,b] so that h is a singular function on [a, b]. Let us 
show that A is an increasing function on [a,b]. Let x1,x2 € [a,b] and x, < x2. By 
Theorem 12.10, we have Dreicsay f' du, < f(x2) — f(x). Now f’ = g’ +h’ = g' ae. 
on [a,b]. Thus fry, xo) f dei = Ste 8 Ie = 8 (22) — g(21) by Theorem 13.17 since 
g is absolutely continuous on [a, b]. Therefore we have g(x2) — g(x1) < f(x2) — f(x), 
that is, (f — g)(x1) < Cf — g)(x2), in other words, h(x1) < h(x2). This shows that h is an 
increasing function on [a, b]. Thus f = g +A is a decomposition we seek. 

To prove the uniqueness of the decomposition up to constants, suppose that we have 
f =gi1thi = g2+h2 where gi and g2 are absolutely continuous increasing functions and 
h, and hz are singular increasing functions on [a, b]. Then fo := g1 — g2 = h2 —h;. Now 
81 — g2 is an absolutely continuous function and h2 — hy is a singular function on [a, 5]. 
Thus fo being both absolutely continuous and singular is constant on [a, b] by Proposition 
13.11. Therefore g, — g2 and hz — hy are constant on [a, 5]. 

2. If f is a function of bounded variation on [a, b], then f = fi — f2 where fy and 
f2 are real-valued increasing functions on [a, b] by Theorem 12.18. Then (b) follows by 
applying (a) to fj and f2. = 


If f is an extended real-valued 90%, -measurable and jz, -integrable function on [a, b] 
then its indefinite integral F on [a, b] is an absolutely continuous function on [a, b] and 
in particular it is a function of bounded variation on [a, b]. We show next that the total 
variation of F on [a, b] is equal to the integral of | f| on [a, 5]. 


Theorem 13.21. Let f be an extended real-valued IN, -measurable and 1, -integrable 
function on [a, b] and let F be an indefinite integral of f on [a, b] defined by 


ray= | f(t) wu, (dt) +e forx € [a,b] 
[a,x] 
where c € R. Then V? (F if the total variation of F on [a, b], is given by 


Vi(F) = i folutao. 


Proof. Let 98, , be the collection of all partitions of the interval [a, b]. Take an arbitrary 
partition P = {a HxX9 << X= b}. Then for the variation of F on[a, b] corresponding 
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to P we have 


VF) =o Fevl= dof fan, 
k=1 kai 7b 


XK-1Xk] 
n 


< Ifldu =) ifldu,. 
a ee t Sfa,0) ‘i 


k=1 


Thus we have 


vi(F) = sup Ve(F,9) < f ifldm. 
PEPy» [a,b] 
It remains to prove the reverse inequality. 
Let E) = {t € (a,b): f(t) = 0} and Ez = {t € (a,b): f(t) < 0}. Then we have 
E), Ez € M,, EN Ez = @, E, U E2 = (a,b), and 


a) I ifldu, = [ fan,-f fdy,, 
[a,b] Ej E 


Since f is j2,-integrable on (a, b), by Theorem 9.26 (Uniform Absolute Continuity of 
Integral with Respect to Measure) for every ¢ > 0 there exists 6 > 0 such that for every 
E C (a,b), E € MN, with w,(E) < 5 we have 


@) | [ fp, 


Since FE; € MN,, according to Theorem 3.22 there exists a closed set C; such that Cj C E; 
and pw, (E; \ C;) < 6 fori = 1, 2. Thus by (2) we have 


[tana f tans f tau<f fants 
Ey Cy E\\Cy Cy 


fo tau= fi tans f ee ee 
E2 C2 E2\C2 C2 


By (1) and (3) we have 


4) J iflduc< fo tau, =f fu, +26 
[a,b] CQ C2 


Since C; Cc E; and E; N E2 = @ we have Cj MN C2 = Y. Then there exists an open set 
O; such that O; D E; and O; MN Oz = Y. We may assume without loss of generality that 
O; C (a,b). (If O; Z (a, b), take O; N (a, b).) Note that while O; C (a, b) we may not 
have O; C E;. Since C; € 29t,, by Theorem 3.22 there exists an open set G; such that 
G; D C; and w,(G; \ C;) < 6 fori = 1,2. Let V; = O; NG; fori = 1,2. Then V; is an 
open set and V; C O; C (a,b). Since O01 N O2 = @, we have V} N V2 = G. Since C; C Oj; 
and C; C G; also, we have C; C V;. We have also uz, (Vi \ Ci) < “,(G; \ Ci) < 6. Thus 


sf irian, <e. 
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by (2) we have 


/ fay,=f[ fau,+ f fan, <f fdu, +e 
C1 vy VAC; v1 


[ fam = ff ran.+ f fan, > { fdu,—e, 
C2 V2 V2\C2 V2 
By (4) and (5) we have 


(6) i ifldu, < f fan, — f fdu,+4e. 
[4,5] vy V2 


Since Vj is an open set in R, we have Vj = Uken (x, by) where ((ak, bp) tk €E N) is 
a disjoint sequence of open intervals in R. Thus we have wz, (Vi) = open Me, ((ak, by)). 
Then since , (Vi) < oo there exists m € N such that 


H(t \ U@e bed) = 1.0) = Yo, (Cae bed) < 6. 
k=1 k=1 


Then by (2) we have 
(7) J fan, = [ fan, + | fap, 
Vi Uzi1 (ak,bx) ViNU Ey aks be) 
m 
< ay fdu,+e 
k=1 (ax,bx) 


=)" {F (bx) — F(ax)} +6. 


k=1 


Similarly since V2 is an open set in R, we have V2 = Veen (ce, de) where ((ce, a) :fe N) 
is a disjoint sequence of open intervals in R. Thus there exists n € N such that 


1, (V2\ Jes ded) = a, (V2) — YH ((ces ae) < 8. 


é=1 é=1 


Then by (2) we have 


(8) , fain i dite + / fap, 
V2 i (ce.de) Vo\L_) (ce.de) 


n 
>yf | fan-s 
fa] Y (ede) 


=) {F(b:) — F(a} -«. 
e=l 
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Substituting (7) and (8) in (6) we have 


n 


I fide < < )_{F(bx) — F(ax)} — )> {F (be) — F(az)} + 6¢ 
a, k=1 


é=1 


m 

<>0|F@d) - Fa@)|+ 3 |F (be) — F(ae)| + 66. 

k=1 e=1 
Since ((ax, bg) : k € N) is a disjoint sequence with U, <n (az, be) = Vis Upen (ce, de) is 
a disjoint sequence with Uren (ce, de) = V2 and since Vj N V2 = G, we have (ax, by) N 
(ce, de) = @ for any k, £ € N. Let Po be the partition of [a, b] with ag, bg kK = 1,...,m 
and ce,de:&=1,... ,n as the partition points. Then 


VE(F, Po) = > |F(bx) — F(ax)| + > |F (be) - F(ae)|- 


k=1 é=1 
Thus 
i; Ifldu, < V°(F, Po) + 6e < V2(F) + 6¢. 
[a,b] 


Since this holds for an arbitrary ¢ > 0, we have fi, ,,|fldu, < V2(F). This completes 
the proof that V?(F) = Jiao |fldu,. 


Theorem 13.22. Let f be a real-valued absolutely continuous function on [a, b]. Then 


veln)= | yf Ole. 


Proof. If f is a real-valued absolutely continuous function on [a, b], then by Corollary 13.3 
the derivative f’ exists (90, , w,)-a.e. on [a, b] and is Mt, -measurable and jz, -integrable 
on [a, b] and moreover by Theorem 13.17 we have 


f@)= f'@) w, (dt) + f(a) forx € [a,b]. 


[a,x] 


Then by Theorem 13.21, we have Ve(f) = Sia.) lf’@lu_ (at). © 


[V] Calculation of the Lebesgue Integral by Means of the Derivative 
[V.1] The Fundamental Theorem of Calculus 


Let us consider the problem of recapturing a function by integrating its derivative. Ac- 
cording to the Fundamental Theorem of Calculus, if a real-valued function f is differ- 
entiable everywhere on [a, b] and its derivative f’ is Riemann integrable on [a, b], then 
fe f'(x) dx = f(b) — f(a). According to Theorem 7.28, f’ is Riemann integrable on 
(a, b] if and only if f’ is bounded and continuous a.e. on [a, b]. In this way, the Funda- 
mental Theorem of Calculus relies on the continuity of f’. In contrast to this, if f is an 
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absolutely continuous function on [a, b], then according to Theorem 13.17, f’ exists a.e. 
and is yz, -integrable on [a, b] with Sia} f' du, = f(b) — f@. In the next two theorems 
we show that if, instead of assuming the absolutely continuity of f, we assume that f is 
differentiable everywhere on [a, b] and f’ is bounded on [a, b] (as in Theorem 13.23 be- 
low), or if f is continuous on [a, b], f’ exists a.e. on [a, b], f’ is w,-integrable on [a, 5], 
and the upper-right Dini derivate Dt f > —oo on [a, b) (as in Theorem 13.26 below), then 
Jia.b} f' dp, = f(b) — f@. 


Theorem 13.23. (a) If a real-valued function f is differentiable everywhere on [a, b] and 
f’ is a bounded function on [a, b], then f is absolutely continuous on [a,b] and thus 
Sa.b] f' du, = f(b) — f@). 

(b) If a real-valued function f on [a, b] satisfies the Lipschitz condition on [a, b], that is, 
there exists a constant M > 0 such that | f(x’) — f(x”)| < M|x’ — x" | for every x’, x" € 
{a, b], then f is absolutely continuous on [a, b] so that Sia.) f' dp, = f(b) — f(a). 


Proof. 1. The existence of f’ on[a, b] € Dt, implies that f’ is 99, -measurable on [a, b] by 
Proposition 12.4. Suppose | f’| < M on [a, b] for some constant M > 0. Then by the Mean 
Value Theorem we have | f (x”)— f (x’)| = | f’(E)(x"—x’)| < M(x"—x’) whereé € (x’, x”) 
for any x’, x” © [a,b] such that x’ < x”. Given ¢ > 0, let 5 € (0, 4). Then for any finite 
collection of non-overlapping closed intervals {la byl: k =1,... ,nh contained in [a, b] 
with )“y_1 (bg — ag) < 5, we have S“_, | f (be) — f(ax)| < M op) (be — ax) < MS <e. 
This shows that f is absolutely continuous on [a, b]. Then Sia.b} f' du, = f(b) — f(a) by 
Theorem 13.17. 

2. Suppose a real-valued function f satisfies the Lipschitz condition with coefficient 
M > 0on [a,b]. For an arbitrary ¢ > 0, let 6 € (0, &). Then for any finite collection 
{[ax, by) :k =1,... yn} of non-overlapping closed intervals contained in [a, b] such that 
dha (bk — ak) < 5, we have S%_) | f (be) — flax)! < M Yu (be — ax) < Mb < e. 
This shows that f is absolutely continuous on [a,b]. Then by Theorem 13.17, we have 


Sa.b f'du, = f(b)-f@. a 


Regarding the next lemma, let us note that while a real-valued increasing function on 
[a, b] has at most countably many points of discontinuity, at a point of continuity of f we 
may have f’ = oo. For example, if f(x) = ./x forx € [0,1] and f(x) = — x] for 
x €[—1, 0), then f is continuous at x = 0 and f’(0) = oo. 


Lemma 13.24. Let E C [a, b] be a null set in (R, 9,, w,,). Then for every « > 0, there 
exists an absolutely continuous increasing function f on [a,b] such that f(b) — f(a) <¢€ 
and f’ = oonE. 


Proof. Given ¢ > 0. Let (€, : n € N) be a decreasing sequence of positive numbers such 
that cn En = €. Since u,(E) = 0, for every n € N there exists an open set On, D E 
such that jt, (On) < &, by Lemma 3.21. Let V, = (‘ex O; forn € N. Then (V, :n € N) 
is a decreasing sequence of open sets with ,(Vn) < €n forn € Nand E C (\ney Vn. Let 
V =(Qhen Va. Then u,(V) < 4,(Vn) < én for every n € N so that p,(V) = 0. 
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Let gn = > y_) 1v, forn € N. Then (gn : n € N) is an increasing sequence of nonnega- 
tive real-valued 99, -measurable and jz, -integrable functions on R. Let g = lim | gn. Then 
n> 
gis anonnegative extended real-valued 99t, -measurable function on R. The jz, -integrability 
of g on R follows from Theorem 8.5 (Monotone Convergence Theorem). Indeed we have 


n 
(1) [san = lim, snd = jim, [Stn di, 
n n 
= lim So (Ve) < lim > ee =€ 
k=1 k=1 


Consider the indefinite integrals of the jz, -integrable functions g,,n € N, and g defined by 
Sn(x) = / gndu, forx € [a,b] forn € N, 
{a,x} 
f= f gdu, forx € [a, 5]. 
[a,x] 


Then fn, 2 € N, and f are all real-valued increasing functions on [@, b] and furthermore 
absolutely continuous with f/ = g,,n € N, and f’ = g ae. on [a, b] by Theorem 13.15. 
In particular by Theorem 13.17 and by (1) we have 


fie) ~ fea) = f f'du, = { sdu, =f edu, sé. 
[a,b] [a,b] R 


It remains to show that f’ = co on E. Since E C V M [a,b], let us show that f’ = oo 
on Vf [a, b]. If we show that for every x € V | [a, bd], the right-lower Dini derivate 
(D4 f)(x) = o and the left-lower Dini derivate (D_ f)(x) = oo, then the right-derivative 
(D, f(x) = 00 and the left-derivative (D, f)(x) = 00 and thus f’(x) = oo. 

Now (Dx f)(x) = liminfyyoh7!{f (x +h) — f(x)}. Letx € VO [a,b]. Fork > 0 
and an arbitrary n € N, 


fth)—f@) 1 1 frlx +h) — fulx) 
2 Mp2 ny 
h A Jtex+h] A Six,x+h] h 
Since the function ly, is continuous at x € Vy and since V, C Vx fork = 1,...,%, 


the function g, = }-;_, ly, is continuous at x € V,. Thus by Lemma 13.14, we have 
f(x) = 8n(x) =n forx € V,M [a,b]. This implies that there exists 6 > 0 such that 
A "{ fae +h) — fal} = n—1forh € (0, 4) forx € V,A[a, b]. Thus (D4 f)(x) =>n—-1 
for x € V, M [a, b} and in particular for x € VM [a, b]. Since this holds for an arbitrary 
n € N, we have (D f)(x) = o forx € VN [a, db). 

The fact that (D_ f)(x) = co for x € VM [a, b] can be shown by the same argument 
observing that 
-f@+M—-FR) _ 1 fE-M~S@) 


Bee ally h ho —h 
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and with h > 0 we have 


f@-h)—f@) _— f)—fa@—h) 
—h 7 h 


7 
=>: §ap, 2 ~— nap 
h Six-h,x] Weer vo 


_ fn®) — fan — A) 
Se 


The rest of the argument is the same as above. # 


If f is a real-valued continuous function on [a, b] and if f’ exists and is nonnegative 
on (a, b) then f is an increasing function on [a, b]. This is an immediate consequence of 
the Mean Value Theorem. Now if f is a real-valued function on [a, b] then its four Dini 
derivates always exist whether f’ exists or not. We show next that if the upper-right Dini 
derivate D* f is nonnegative on [a, b) then f is an increasing function on [a, b]. 


Lemma 13.25. Let f be a real-valued continuous function on [a, b). 

(a) If the upper-right Dini derivate D* f > 0 everywhere on [a, b), then f is an increasing 
function on [a, 5). 

(b) If D* f > 0 ae. on |a,b) and D* f > —00 everywhere on [a,b), then f is an 
increasing function on [a, b]. 


Proof. 1. To prove (a), let us assume that D* f > 0 everywhere on [a, b). To show that f 
is an increasing function on [a, b], leta, B € [a,b] anda < B. To show that f(a) < f(A), 
assume the contrary. Then f(8) — f(a) < 0 so that there exists ¢ > 0 such that 


(1) f(B) — f(a) < —e(B — @). 
Let g be a real-valued continuous function on [@, 6] defined by 
(2) g(x) = f(x) — fla) +e@—a) forx é [a, B]. 


By (2) and (1), we have g(B) < 0. Now (x — at)! g(x) = (x - a)" { f(x) — f(a)}+e 
for x € (@, B] so that lim sup, ),.( — a)! g(x) = (Dt f)(a) +e > e. This implies that 
there exists x9 € (a, B] such that g(xo) = 5€(X0 —a) > 0. Then by the Intermediate 
Value Theorem applied to the continuous function g, there exists x; € (xo, B) such that 
g(x1) = 0. Let & = max {x € (xo, B) : g(x) = 0}. By the continuity of g, we have 
g(&) = O and g(x) < 0 forx e€ (€, A]. This implies that (D*g)(é) < 0. But (2) 
implies that (D+ g)(é) = (Dt f)(€) +. Thus (Dt f)(é) < —e < 0. This contradicts 
the assumption that Dt f > 0 on [a, b]. Therefore f(@) < f(f) and f is an increasing 
function on [a, 5]. 

2. To prove (b), assume that D* f > Oa.e. on [a, b) and D* f > —oo everywhere on 
[a, b). Leta, B € [a,b], a < B, and E = {[a, 8]: D* f < 0}. Then by our assumption, 
,(E) = 0 and D* f > 0 on [a, 8) \ E. Let e > 0. By Lemma 13.24, there exists 
an absolutely continuous increasing function g on [a@, B] such that g(8) — g(a) < € and 
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g’ =ooonE. Leth = f +g on [a, B]. Then A is a real-valued continuous function on 
{a, B]. To apply (a) to A on [a, B], let us show that Dth > 0 everywhere on [a, 8). Now 
for two arbitrary real-valued functions g; and g2 on a set D, we have supp{y1 + ¢2} = 
SUP p ¢1 + inf p y2. Thus we have 


h(x +t) -—h(x) 


(3) (Dth)(x) = lim sup 
tlo t 
i [Rennes eee 
=lim sup }———————__. +. > 
510 Qeres t t 


> (D* f)(x) + (D+g) (2). 


Since Dt f > —oo everywhere on [a, b) and since g’ = oo and hence D;.g = coon E, (3) 

implies that D*h = oo on E. On the other hand since g is an increasing function on [a, 6], 

we have t~!{g(x +t) — g(x)} > 0 fort > 0 so that by the second equality in (3) we have 
h th-h 

(Dth)(x) > lim sup “eee 


0<t<é 


= (D* f(x) >0 


forx € [a, B)\E. Therefore Dth > Oeverywhere on [a, 8). Thus by (a), # is an increasing 
function on [a, 8]. Then 


0 < h(B) — h(a) = { f(B) — f(@)} + [g(B) — g(@)} < f(B) -— f@) +e. 


Thus f(B) — f(w) => —e. By the arbitrariness of e > 0, we have f(B) = f(a). Since this 
holds for every a, B € [a, b] such that a < B, f is an increasing function on [a,b]. 


Theorem 13.26. Let f be a real-valued continuous function on {a, b] such that f’ exists a.e. 
on [a, b] and f’ is w,-integrable on {a, b]. If the upper-right Dini derivate D* f > —co 
on [a, b), then we have Sia.x) f' du, = f(x) — f(@ for every x € [a,b]. In particular, f 
is absolutely continuous on [a, b]. 


Proof. The jz, -integrability of f’ on (a, b] implies that f’ is real-valued a.e. on [a, b]. Then 
there exists a null set E in (R, mM, L,) contained in [a, b] such that f’ is a real-valued 
29, -measurable function on [a, b] \ E by Proposition 12.4. Let us write f’ = 0 on E. 
(This is just a matter of convenience in notation. Then f’ need not be the derivative of f at 
x € E.) Let us define two sequences of real-valued 9)t, -measurable functions (g, : n € N) 
and (h, : n € N) on [a, b] by 


8n(x) = min{f'(x),n} for x € [a,b], 
- n(x) = max{f’(x),—n} forx € [a, 5]. 
Then we have 
Bi Sf, [snl <If'l, lim gn = f" on [a, 6], 


(2) 7 7 * Ua 
hn f', Wal SI f'|, lim hy = f" on [a, b}. 
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The jz, -integrability of f’ on [a, b] implies the 2, -integrability of g, and hy on [a, b]. Now 
f’ is w,-integrable on [a, b] and hence j-integrable on [a, x] for every x € [a,b]. Then 
by Theorem 9.20 (Dominated Convergence Theorem) we have 

lim i end, = f' du, forx € [a,b], 

mosiaxg Ifax) 
(3) 
lim hy dit, = f'du, forx € [a,b]. 

{a,x} 


nw {a,x} 


Let G, and H,, be indefinite integrals of g, and hy, respectively defined by 


Gr(x) = / &ndu, forx é€ [a, b}, 

(4) a 

Ay(x) =i hndp, forx e€ [a,b]. 
[a,x] 


Let us show that for every n € N, the two real-valued continuous functions f — Gy, and 
H,,— f on[a, b] are increasing functions by showing that they satisfy the hypothesis in (b) of 
Lemma 13.25, that is, D+(f — Gn) > Oa. on[a, b) and D+(f — Gn) > —oo everywhere 
on [a, b), and similarly for D*(H, — f). Now for any two real-valued functions ¢) and ¢2 
on a set D, we have supp{y1 — ¢2} > supp 1 — SUPp 2. Thus for every x € [a,b) we 
have 


(5) D*(f — Gn)(x) = (D* f)(x) — (D*Gy)(x). 
By (4) and (1) we have 
(6) DG sey asi 0 = 
Fan) t 
= limsup= [ nd, 
tlo t [x,x+1] 
1 
<-nt=n. 
t 


By (5) and (6) and by the fact that D+ f > —oo on [a, b), we have Dt (f — Gn) (x) > —00 
for every x € [a, b). By Theorem 13.15, G/, exists and G), = g, a.e. on [a, b] and hence 
D*Gn = gn a.e. on [a, b). Thus by (5) and (1), we have D*+(f — Gn) = f’ — gn = On 
[a, b) \ E. This verifies that f — G, satisfies the hypothesis of (b) of Lemma 13.25 and 
therefore f — G, is an increasing function on [a, b]. Then for every x € [a, b], we have 


(f — Gn)(x) = (f — Gn)(a), that is, f(x) — f(@) = fia. 8n de, Letting n > oo and 
recalling (3), we have 


(7) fx)-f@e= i f'du, forx € [a,b]. 
[a,x] 


Similarly for every x € [a, b) we have 


(8) D* (Hn — f)(x) > (D* Hn) (x) — (D* f)(@) 
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and by (1) we have 
H, t) — H, 
(9) (D* H,)(x) = lim sup pS Bak Daa 362) 
110 t 
; 1 
= tim sup > | hyn du, 
10 F J x,x44] 
1 
> 7m =n. 


From (8) and (9) and the fact that D* f > —oo on [a, b), we have D* (Hy, — f)(x) > —00 
for all x € [a, b) and Dt(H, — f) => hyn — f’ = 00n [a, b) \ E and thus by (b) of Lemma 
13.25, H,, — f is an increasing function on [a, b]. From this we derive by the same argument 
as above that 


(10) fa-f@< f f'du, forx € {a,b}. 
[a,x] 


With (7) and (10), we have f(x) — f(a) = Stax f' du, for x € [a, b]. Now that f is an 
indefinite integral of the jz, -integrable function f’, f is absolutely continuous on [a, b] by 
Theorem 13.15. 


Corollary 13.27. Let f be a real-valued continuous and increasing function on [a, b]. If 
D* f > —o0 on (a, b), then f is absolutely continuous on [a, b}. 


Proof. If f is a real-valued increasing function on [a, b], then by Theorem 12.10, f’ exists 
ae. on [a,b] andO < Sab f'du, < f(b) — f(@ < oso that f’ is w,-integrable on 
(a, b). If we assume that D* f > —oo on [a, b), then the conditions in Theorem 13.26 are 
all satisfied and thus f is absolutely continuous on [a,b]. 


Let g be a real-valued continuous function on [a, b]. If f is also a real-valued continuous 
function on [a, b] and if f = g ae. on [a,b], then f = g on [a,b]. (Indeed the set 
E = {[a,b] : f # g} is a null set in (R, 90, w,) and thus E° is a dense subset of R by 
Observation 3.6. Then for every x € [a, b], there exists asequence (x, :n € N)in[a, bINES 
such that lim x, = x. By the continuity of f and g, we have lim, f (xn) = f(x) and 

noo n> 
lim, &(X%n) = g(x). Since x, € [a,b] N E°, we have f(xn) = g(xn) for every n € N. 
n- 
Then f(x) = g(x).) 


Let g be a real-valued continuous function on [a, b]. Let # be a real-valued function on 
[a, b] such thath = ga.e. on [a, b]. We show in the next Corollary that if h is the derivative 
of some differentiable continuous function on [a, b], then h = g on [a, b]. 


Corollary 13.28. Let h and g be two real-valued function h on [a, b]. Suppose 
1° h=gae. on[a, bl, 

2° h= f’ for some differentiable continuous function f on [a, b], 

3° g is continuous on [a, b}. 

Then h = g on [a, b). 
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Proof. Condition 3° implies that g is 1, -integrable on [a, b]. Then by 1°, / is 2, -integrable 
on [a, b]. By 2°, the continuous function f is differentiable on [a, b] and its derivative h is 
4, integrable on [a, b]. Since f’ = h we have D* f = f’ = h > —oo on [a, b). Thus f 
satisfies all the conditions in Theorem 13.26 so that by Theorem 13.26 and 1° we have 


fwo-f@= hdp, = gdp, forevery x € [a, bd]. 
[a,x] [a,x] 

This shows that f is an indefinite integral of g. Then 3° implies that f’ = g on [a, b] by 

Lemma 13.14. Therefore h = g on [a,b] by 2°. @ 


Example. Let h be a real-valued function on [—1, 1] defined by A(x) = 1 for x = 0 and 
h(x) = 0 forx € [—1, 1] \ {0}, and let g = 0 on [—1, 1]. We have h = g ae. on [—1, 1]. If 
h were the derivative of some real-valued continuous function on [—1, 1], then by Corollary 
13.28, h would be equal to g on [—1, 1] contradicting the fact that h(0) 4 g(0). Therefore 
h is not the derivative of any function on [—1, 1]. 


[V.2] Integration by Parts 


If two real-valued functions f and g are differentiable on [a, b] and the derivatives f’ and 
g’ are Riemann integrable on [a, b], then fg’ and f’g are Riemann integrable on [a, b] and 
J? fodg'(a)dx +f? fa)g(x) dx = f(x)g(x) — f(@g(a). This is the Integration by 
Parts Formula for the Riemann integral. A corresponding formula for the Lebesgue integral 
may be stated as follows. 


Theorem 13.29. Let f and g be two real-valued absolutely continuous functions on [a, b]. 
Then fg! and f'g are 1, -integrable on {a, b] and for every x € a, b] we have 


fe’ du, + | fd = f (x)g(x) — f(a)g(a). 


[a,x] 
Proof. The absolute continuity of f and g implies that of fg. Thus by Theorem 13.17, the 


derivatives f’, g’ and ( fg)’ exist a.e. on [a, b] and are 9Jt, -measurable and jz, -integrable 
on [a, b], and 


(a) | (F9)' dn, = F800) ~ gta) 


forx € [a, b]. Now (fg)’ = fe’ + f’g wherever both f’ and g’ exist, that is, a.e. on [a, b]. 
Then for every x € [a, b] we have 


(2) [, cse'an. = | j fal + fiahdu,. 


Since g’ is 4, -integrable on [a, b] and since f is absolutely continuous on [a, b] and is 
hence bounded on [a, 5], fg’ is z,-integrable on [a, b]. Similarly for f’g. Thus for every 
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x € [a, b] we have by Proposition 9.14 


3) [ tet serdu =f peas | sedu,, 
{a,x] [a,x] [a,x] 
With (1), (2), and (3), we are done. # 


Corollary 13.30. Let f and g be two real-valued absolutely continuous functions on [a, b] 
and let F and G be arbitrary indefinite integrals of f and g on [a, b] respectively. Then 
Fg and fG are 1, -integrable on [a, b] and for every x € [a, b] we have 


[ Fs dj, +f fGdn, = F(x)G(x) — F(a)G(a). 


Proof. If f and g are absolutely continuous functions on [a,b], then f and g are p,- 
integrable on [a, b]. If F and G are arbitrary indefinite integrals of f and g respectively on 
[a, b], then F and G are absolutely continuous on [a, b] and furthermore F’ = f andG’ = g 
a.e. on [a, b] by Theorem 13.15. Applying Theorem 13.29 to the absolutely continuous 
functions F and G, we have the Corollary. 


[V.3] Change of Variables 


A standard Change of Variable Theorem for the Riemann integral states that if f is a real- 
valued continuous function on [a, 8] and if g is a real-valued increasing function with 
continuous derivative g’ on [a, b] and g(a) = a and g(b) = B, then we have the equality 
rh fQ)dy = Gy © g)(x)g’(x) dx. Note that the continuity of g’ on [a, b] implies that 
g is absolutely continuous on [a, b]. In Theorem 13.32 below, we prove a corresponding 
Change of Variable Theorem for the Lebesgue integral which does not require the continuity 
of g’. 


Lemma 13.31. Let g be an absolutely continuous increasing function on [a, b] which is not 
constant on [a, b] and let g(a, b}) = [a, B]. Let D= {[a, b]: 2’ > O}. 


(a) IfG C [a, B] is a Gs-set, then u,(G) = Se-1@) g'du,. 
(b) If E Cc [a, B], E € MN, w,(E) =0, then g'(E)ND € M,, w,(g7 (LE) ND) =0. 


(c) IfE C (a, Bl and E € M,, theng 7 (E)ND € M,, 1,-1.8’ is MN, -measurable on 
L Lr *g h(E) L 
[a, b] and p,(E) = Sia.) 1,-1(g)8' de,. 


(Let us note that since [a, b] is a compact set and g is a continuous mapping, g(la, b}) 
is a compact set. The continuity of g also implies that g([a, b}) is an interval by the 
Intermediate Value Theorem. Thus g([a, b]) is a finite closed interval which we denote 
by [a, B]. Since g is an increasing function, we have g(a) = a and g(b) = B. The fact 
that g is an increasing function implies also that the derivative g’ exists and g’ > 0 ae. on 
[a, b], g’ is IN, -measurable and y., -integrable on [a, b] by Theorem 12.10. The absolute 
continuity of g implies that Jia.) g’ du, = g(b) — g(a) = B — @ by Theorem 13.17. The 
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MN, -measurability of g implies that g~!(E) ¢ Mt, for E € Br, but for E € Mt, we may 
not have g! (E) € It, and 1 e-1(E) May not be a Dt, -measurable function. Part (c) of the 
Lemma asserts that 1,-1()g’ is a 99t, -measurable function.) 


Proof. 1. To prove (a), as a particular case of a Gs-set consider first an open interval 
contained in [a, 8], say (a0, Bo) C [a, B]. Since gis acontinuous mapping, g~! ((ao, Bo)) is 
an open set contained in [a, b]. The monotonicity of g implies that the open set g~! ((ao, Bo)) 
is an open interval, rather than a union of two or more disjoint open intervals. The continuity 
of g implies that g~'({a}) is a closed set contained in [a, b] and similarly g~!({fo}) is a 
closed set contained in [a, b]. Let a9 = max g~'({ao}) and bp = min g~'({fo}). By the 
continuity of g we have g(ao) = ao and g(bo) = fo and thus g!((ao, Bo)) = (ao, bo). 
Now 


(1) t,,((a0, Bo)) = Bo — a = g(bo) — g(a0) = i Pe gdp, 
40,00 


=i) du, = | g dy, 
(ao,bo) g-1((a0,6o)) 


where the third equality is by Theorem 13.17. 
Next, let O be an open set contained in [a, 8]. Then O = Unen (Qn, Bn) where 
((@n, Bn) :n € N) is a disjoint sequence of open intervals contained in [a, 6]. Then 


(2) 4,(0) = YH, (en, Bn)) = / ae = 14 
» uf X 87" ((@nsBn)) | ee ms 


neN 


/ U 
= gi du, = il gdp 
a (Upen (ns Bn)) : g—'(O) 7 


where the second equality is by (1) and the third equality is by the disjointness of the 
sequence (g~!((am, Bn)) : 2 € N) implied by the disjointness of ((@n, By) : 1 € N). 

If G is a Gs-set, then G = (),,-37 On where (On : n € N) is a sequence of open sets. If 
G C [a, B], then O, may not be contained in [a, B] but we can assume O, C (a —-1, B+ 1) 
by taking the intersection of O, with (a — 1, B + 1) if necessary. To be able to apply (2) 
to the open sets On C (a ~ 1, B + 1), we extend g to an absolutely continuous increasing 
function g; on [a — 1,b + 1] with gi([a — 1,5 + 1]) = [w — 1, 8 + 1]. Let g1 be defined 
by setting gi = g on [a, b], g1(x) =x +a -—aforx € [a—1,a], andgi(x) =x+f8-—b 
forx € [b,b+ 1]. The function g; thus defined is absolutely continuous and increasing on 
[a—1, b+1] with g;(a—1) = a—1, 9)(64+1) = B+1, and g1({[a—1, b+1)) = [a—1, B+1]. 
Now let Vn = (p=: Ox forn € N. Then (V, : n € N) is a decreasing sequence of open sets 
contained in (a — 1, 8 + 1) with (),<¢n Vn = G. Since U((@ —1,B+ 1)) < 00, we have 
fh, (G) = jim, 14, (Vn). Applying (2) to our absolutely continuous increasing function 91 


on [a — 1,b + 1], we have w, (Vn) = Seta) 8 du, forn € N. Now since (V, :n € N) 
is a decreasing sequence, so is (gy '(V,) : n € N). Thus we have 


slim, ayn) = (-) 87m) = 87'( (Ya) = 811 @. 
neN neN 
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This implies lim 1,-1,,,,\(x) = 1,-1,.\(x) for x € [a — 1,b+ 1]. Now since we have 
nooo §1 (Vn) 8) (G) 

0< Ley, 81 < gi and gj is w,-integrable on [a — 1, b+ 1], we can apply the Dominated 

Convergence Theorem (Theorem 9.20) to have 


@) #,(G) = lim y,(Vn) = lim sidu, 
nw 


n—>0o 7 )(Vn) 


. - _ 
bee [a~1,b+1] Leriyy81 de = 


i: du, =f g'du,. 
8) (G) g7\(G) 
This proves (a). 


2. Let E C [a, 8], E € Dt,, and w,(E£) = 0. By Theorem 3.22, there exists a Gs-set 
G > E with 1, (G \ E) = 0. Intersecting with (a — 1, 8 + 1) if necessary, we may take 
Gc (a—1,f8 +1). Now u,(G \ E) = Oimplies w,(G) = pw, (E) + 4, (G \ E) = 0. 
Then by (a), we have fo-1(g) 81d, = M@,(G) = 0. Let Di = {[a—1,b +1]: 84 > O}. 
Since gi > 0, we have Je@no, gy du, < Lee g du, so that Seen, gi, du, = 0. 
Since gi > 0 on g;'(G) NM Dj, this implies n,(g7'(G) N Di) = 0. NwE CG 
implies g~!(E) ND Cc g) (G) A D,. Therefore g~'(E) A D is a subset of a null set 
1 (G) M Dy in the complete measure space (R, 90, 4). Then go! (E)ND € Dt, with 
1, (g'(E) N D) = 0. This proves (b). 

3. Let E C [a, 8] and E € 9t,. As in 2 above, there exists a Gs-set G such that 
EcGC (—1,8+1) with yw, (G \ E) =0. Then 


(4) 4, (E) = u,(G) =| 81 dey = 81 du, 
87 '(G) 8, (GND 

where the second equality is from (3) and the last equality follows from the definition of the 
set Dj. SinceeG\ E Cla —1,6+1],G\ E € 9, and w,(G \ E) = 0, applying (b) to 
the absolutely continuous increasing function g; on [a — 1, b + 1] and the null set G \ E, 
we have 2, (G \E)ND, € Dt, and M(91) (G \E)n D1) = 0. Since E = G\(G\ E), 
we have g) (E) a 1, \(G) \ 2, (G \ £) and thus 
(5) 8, (E)N Di = [g7 (G) Di] \ [ey (G \ E) N Dy]. 
Since G € Br, we have 8, (G) € Mt, by the Mt, -measurability of g. Thus by (5), we 
have g; '(E)N Di € M,. Since “(87 \(G \ E) M D1) = 0, we have 

H,(gy'(E) 9 D1) = 2, (87 '(G)N Di). 


Since g) (E) ADC g, '(G) M Dj and gi > 0, the equality of the measures of the two 
sets implies Je-\unp, gy du, = Seno, g; du,. Using this in (4), we have 


bi, (E) =| ‘ gy du, =) gi du, 
8 (END; 2g (E)ND 


=f 1-1) 1pg" du, =f IeacEg du. O 
[a,b] [a,b] 


1,-1(g)81 4 
fa—1o+1) 81 © ; 


298 Chapter 3 Differentiation and Integration 


Theorem 13.32. Let f be an extended real-valued IN, -measurable function on {a, B). If 
g is an absolutely continuous increasing function on [a, b] with g(a) = a and g(b) = B, 
then 


(1) / Ff) my, (dy) = / (f 0 g)(x)g"(x) u,(dx) 
[o, 6} {a,5] 


in the sense that the existence of one of the two integrals implies that of the other and the 
equality of the two. 


Proof. Consider the case f = 1g where E is a IN, -measurable subset of [a, 8]. Then by 
(c) of Lemma 13.31, we have 


fdp, = ledu, = 4,(E) -| L-yg’ de, 
[o,B] [o,f] [a,b] 


Z | 4 Me (@C)e" 4, (dx) 


=| it O28) mide). 


This shows that (1) holds for this particular case. Then (1) holds when f is a nonnegative 
simple function on [@, 8] by ourresult above and by the linearity of the integrals with respect 
to the integrands. If f is a nonnegative extended real-valued Vt, -measurable function on 
[a, BJ, then by Lemma 8.6, there exists an increasing sequence of nonnegative simple 
functions (g, : n € N) such that gy, + f on [@, B]. Since g is absolutely continuous and 
increasing on [a, b], g’ exists and g’ > Oa. on [a, b]. Define g’ = 0 on the exceptional 
null set so that g’ > 0 on [a, b]. Then we have (yg, 02)’ t (fog)g’ on[a, 8]. By Theorem 
8.5 (Monotone Convergence Theorem), we have fim, Siew gin du, = Siw, Al fd, and 


lim, Sia pyPn og)e’ du, = Sia 6] (fog)g’du,. Since gy, is a nonnegative simple function, 
n> , ’ 

we have Jive. 8} Gnd, = Jia,o\(Gn 88’ Ah, for every n € N. Thus we have Jic.p) fdu, = 
Sa of og)g'du,. This shows that (1) holds when /f is a nonnegative extended real-valued 
9)T, -measurable function on [a, 8]. When f is an extended real-valued 99, -measurable 


function on [@, 8], we decompose f as f = f* — f~ and apply the result above to f* 
and f-. @ 


[VI] Length of Rectifiable Curves 


Definition 13.33. Let f\,..., fm be real-valued functions on [a, b]. Consider a mapping 
x of [a, b] into R™ defined by x(t) = (fi(t),.-- , fm(t)) € R™ fort € [a, b]. We call the 
subset C = {x(@) :t e€[a, b]} of R™ a curve in R™ defined by the functions f\,... , fin. 


Definition 13.34. Let C be a curve in R™ defined by m real-valued functions f\,..., fm 
on [a,b]. Let P = {a =<: <= b} be a partition of {a, b] and let $B, 4 be the 
collection of all partitions of [a, b]. Consider the points x (to), ... ,x(tn) € C and the line 
segments x(to), x(t1),--- »X(tn—1),X(tn) in R™. Let 


(1) P(P) = x(t), x(t) U--- UX(p-1), X(fn). 
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We call P(P) the polygonal line inscribed to the curve C by the partition P of [a, b]. The 
length of the polygonal line P(P), written £(P(P)), is given by 


(2) e(P(P)) = De («(e—1), xh ey Site) — fie »/?. 


k=1 i=l 
We define the length of the curve C by setting 
(3) &(C) = sup &(P(P)). 
PePas 


We say that the curve C is rectifiable if (C) < oo. 


Observation 13.35. For a1,... , am € R, we have 


m m 
Yi lai? < >Slail. 
i=l i=l 


Proof. For each i = 1,... ,m, we have |a;|? < 7% |aj|?. Thus |a;| < [rar aj? 


fori = 1,...,m so that max;=1,.. mail < oe 1 jaj|2._ On the other hand we have 


max |a;| < 
i=l,...,m 


Dit tail? < OF m1 DL j=1 laillaj| = (5m 1 lal}? so that / ) 77 pla? < Doi) lal. 
Lemma 13.36. Let C be a curve in R™ defined by m real-valued functions f\,... , fin on 


[a, b]. Then for the length £(P(P)) of the polygonal line P(P) inscribed to C by a partition 
P of [a, b] we have 


i= 


max Va (fi?) = e(P)) =) ,¥a (fi P 


where V?( fi, P) is the variation of the function f; corresponding to the partition P ofa, b]. 
Proof. Let a partition of [a, b] be given by P = {a = to < ++: <t, = b}. Let 

Ai = filte) — f(te—1) fork=1,...,n;i=1,...,m. 
Then by (2) of Definition 13.35, we have 


(1) HPO) oS AUP: 
k=1 i=l 


By Observation 13.35 we have for each fixedk = 1,...,n” 


m m . 
DIAL? = DIAG 
i=l] i=1 


Fenny 
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and then summing over k = 1,... ,n and recalling (1) we have 

(2) ae max [Aj < &(P®) < {doi I. 
k=l) isl 

Now for each fixedi = 1,... ,m, we have 


Va (fi P) = Sif - SF (te n= Sia s 2 max Akl s (PO) 


k=1 


so that we have 


(3) max VE (fir P) < £(P(P)). 


i= 
On the other hand, from (2) we have 
m 

(4) &(P) < > {Dial = (ila) — Fe-vl} = Oo Ve(H.2)- 

k= i=l k=1 i=l 
With (3) and (4) the proof is complete. 
Theorem 13.37. Let C be a curve in R™ defined by m real-valued functions f\,... , fm on 
[a, b]. Then C is rectifiable, that is £(C) < 00, if and only if fi,... , fm € BV ([a, b)). 
Proof. By Lemma 13.36, for any partition P of [a, b] we have 


max V°(fi, P) < e(P(P)) )s Me (fi? 


i 


Then 
(1) sup max | Vi (fi?) < sup £(P(P)) < sup 3 VP (fis P 
PePgp i=l PEBas PEPas j=] 
Now 771 V2 (fis P) < Liki UPpeg,, Va (fis P) so that 
(2) 
m 
sup VP (fir P) < sup sup V?(fi, P) = sup V2(fi,P Ve (fi). 
PePa, 5 Dv ( PEPa, b Be PEePa, b 7) 2 PEePa,b >> 


By (1) and (2) and recalling that £(C) = suppeg_, £(P(P)) by Definition 13.34, we have 


(3) 40) = > V2 (fi): 


i=} 
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Now if fi,.-. fm € BV({a, 5]), then V2( fj) < 00 fori = 1,...,m and £(C) < oo by 
(2). Conversely if €(C) = suppeg , £(P(P)) < 00, then (1) implies 


sup max V~?(fi,P) <0o. 
PeyBa,y iow 


This implies that we have suppeg,_ , Vlg?) < oofori = 1,... ,m, thatis, Vv? (fi) < 00 
fori =1,...,msothat fi,..., fn € BV ([a, b}). | 


Let C be a curve in R”™ defined by m real-valued functions f1,... , fm on [a,b]. In 
Theorem 15.35, we showed that £(C) < 00 if and only if fi,.-. , fm € BV({a, b]). We 
show below that if fi,..., fm are absolutely continuous on [a, b] then we have 


£(C) = [ 
[a,b] 


Proposition 13.38. Let f be a real-valued function which is differentiable (that is, the 
derivative f' exists and is finite) (DM, 4,)-a.e. on [a, bJ. Forn €N, let 


() tnk = atk = fork =0,1,...,2" 
and let 
(2) Ink = (tnjk-15 tak) fork =1,... 2, 


Define a sequence of functions (gn :n € N) by setting 


t — FCUnk- 
Flmk) = F(tnk-1) fort © Ings k =1,...,2", 


(3) gn(t) = tak — Ink—1 
0 fort =the k =1,...,2". 
Then 
(4) lim gn = f’ ae. on{a, b). 
noo 


Proof. According to Proposition 12.2, if f is a real-valued function on (a, b) and differ- 
entiable at some ft € (a, b), then for any two sequences (a, : n € N) and (b, : n € N) in 


(a, b) such that a, t t and b, | t we have 
f (bn) — f(Gn) 
n — an 


8 0 = im 


Suppose f is differentiable a.e. on [a,b]. Then there exists a null set N in the measure 
space (R, MN, L,) such that N c [a, b] and f is differentiable at every t € [a, b]\N. Let 
Qn = {tne 2k =0,1,... ,2"} forn € N and let Q = Uncen Qn. Then Q is a countable 
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subset of [a, b] and is therefore a null set in (R, M,, lt,). Now NUQ C [a, b] is anull set 
in (R, 9, 4). Consider [a, b] \ {N U Q}. To prove (4) we show that dim, gn) = f'O) 
for every t € [a,b] \ {N U Q}. 

Let Tn = (Sng 2k = 1,...,2"} forn € N. Then J, is a disjoint collection of open 
intervals for each n € N. Moreover if n’,n” € Nandn’ <n” and J’ € 3, and J” € Jy", 
then either J’N J” = Bor J’ D J”. Now lett € [a,b] \ {N U Q}. Then for every 
n € Nwehavet € Jngm for some k(n) = 1,... , 2”. For brevity let us write (a, by) for 
Jn,kin) = (tn,k(n)—15 fn,k(n))- Now since t € (an, b,) for every n € N, for n’,n” € N such 
that n’ < n” we have (dy, by’) M (an, by) 4 @ and hence (ay, by’) D (Gy”, by’). Thus 
((an, bn) ine N) is a decreasing sequence of open intervals. Then since b, — an = ae 
we have Jim (bn — dn) = 0. Thus we have (1), -~y(@n, bn) = {t} and this implies that a, + t 


and b, | t. Therefore (5) holds for our sequence ((an, bn) ine N). But we have 
Ff (bn) — f Gn) = Ff (trem) zm Ff (tn,kin)-1) 
bn — an tn,k(n) — tn,k(n)-1 
By (5) and (6), we have f’(t) = lim | @n(t) fort € {a,b]\{NUQ}. & 
n> 


(6) = gn(t) fort € Jnany. 


Theorem 13.39. Let C be a curve in R™ defined by m real-valued functions f\,... , fim on 
[a, b]. If fi,..., fm € BV (Ia, b)), then 


aC) > i 
[a,b] 


Proof. If f; € BV ([a, b]) then by Theorem 12.21 the derivative f/ exists (0, , u,)-a.c. 
on [a, b] and f; is Dt, -measurable and 1, -integrable on [a, b]. The 2, -integrability of ff 
implies that f/ is finite, that is, f; is differentiable, (99, , 7, )-a.e. on [a, b]. 

Forn €N, let 


Be 
(1) iesatk— fork =0,1) 05,2", 

: an 
(2) Ink = (tnk—15tnk) fork =1,...,2”, 
(3) Pn = {a =tn0 < +++ < than =D}. 
For each i = 1,... , m, define a sequence of functions (g;,, : n € N) by 

i(f, — filtng 

Silk) = Sink-1) Fillnk-1) fort € Jngsk =1,...,2", 
(4) Sin(t) = tink — tnk-1 

0 fort =tesk =1,...,2”. 


Then by Proposition 13.38, lim, Zin = fi. (20, , 4, )-a.e. on [a, b]. Thus we have 
n> 


SG (IN, , 4,)-a.e. on [a, b). 


i=1 


m 
. 7 2 = 
Jim, 2 (sin) 
i= 
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Then by Fatou’s Lemma (Theorem 8.13) we have 


/ ur du, < timint [ er n)* du, < sup | 
[a,b] [a,b] 


i=] (2,6) \| m4 neN 
Now 


is 


Sein? di.,. 


m 2 m 
(ein)? dp, = 3 f, Sein)? de, = D> | Yin)? ne — tt) 
i=1 k=] i=l 


i=l 


gn 


3 Yo silta) ~ filtne-v° = (PP) 


where the second equality is by the fact that the function gj,, is constant on the interval J, x 
and the third equality is by (4). Thus we have 


ie 


Ui du, < sup €(P(Px)) < sup e(P(P)) = £(C). m 


i=] PEP 

Lemma 13.40. Let a,... , dm € R. Then there exist a,... , 0m € R with v7, a? =] 
such that 

m m 
(1) yo a? =) aia;. 

i i=] 
Proof. If a), ... , dm are all equal to 0, then with arbitrary a1,... , @m € R the equality (1) 
holds trivially. Suppose not all a1, ... , @m are equal to 0. Then 


m 
> @ > 0. 
i=1 


Let aj = 4 fori =1,... ,m. Then we have }°7", a? = S~? 


m 
Yet = 
i=1 


a? = §~*§2 = 1 and 


eli 


= {Sc o2]s = aus = et | 
i=] i=1 


ix 


Theorem 13.41. Let C be a curve in R™ defined by m real-valued functions f),... , fin on 
[a, b]. If fi, ... , fin are absolutely continuous on {a, b], then 


Lc) = / 
[2,5] 


Yih)? du. 


i=1 
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Proof. If f1,... , fm are absolutely continuous on [a, b] then fi,..., fm € BV (la, b)) by 
Theorem 13.3. Then by Theorem 13.39 we have 


m 
a) “oz f | upran,. 
[a,b] \) j=1 
Thus it remains to show that 
(2) “O) < [ a uae: 
a, 


i=l 
By Definition 13.34 we have 


(3) £(C) = sup £(P(P)) 
PePay 


where P() is a polygonal line inscribed to the curve C by a partition P of [a, b]. Let 
P= {a =1) <-: SiS}, 
Tk = [t%-1,%] fork =1,...,n, 


Aik = fitte) — fite-1) fork=1,...,n;i=1,...,m. 


Then 
(4) 
where 
m 
(5) Se= | >o Agel? fork S41, <0. cn. 
i=l 
By Lemma 13.40 there exist a1, ... ,%, € R with )7j_, a? = 1 such that 


m 
Sp= Yai Ain 
i=1 


Now since fj; is absolutely continuous on [a, b] we have Aj, = f hk f; du, by Theorem 
13.17. Thus we have 
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Now for a1, ... 4m, bt, --- Bm € R we have | 7", aibi| < J a b?. (For 
a proof of this inequality, see for instance Lemma 15.13.) Thus we have 


|Daui] = |e Poun= | ou 
i=l i=l i=! i=l 


Then 


(6) =f {Doovst}an =f, \Deslan <[, 


Substituting (6) in (4) we have 


(7) 


Since (7) holds for an arbitrary partition P of [a, b], we have from (3) 


Yi)? du,- 


i=] 


£(C) = sup cpm) < f 
PEPas {a,b] 


This proves (2). 


Problems 


Prob. 13.1. Let f and g be real-valued absolutely continuous functions on [a, b]. Show 
that the following functions are absolutely continuous on [a, 5]: 

(a) cf wherec € R, 

(b) f +e, 

(c) fg, 

(d) 1/f provided that f(x) 4 0 for x € [a, b]. 


Prob. 13.2. Let f be a real-valued function on [a,b]. Let c € (a,b). Show that if f is 
absolutely continuous on [a, c] and [c, b] then f is absolutely continuous on [a, b]. 


Prob. . Let f be areal-valued function on [a, b] satisfying the Lipschitz condition on (a, db], 
that is, there exists K > 0 such that for any x’, x” € [a, b] we have 
Lf (x) — f&")| Ss Kx’ — x" 


Show that f is absolutely continuous on [a, 5]. 


Prob. 13.4. Show that if f is continuous on [a, b] and f’ exists on (a, b) and satisfies 
| f’(x)| < M forx € (a, b) with some M > 0, then f satisfies the Lipschitz condition and 
thus absolutely continuous on [a, b]. 
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Prob. 13.5. Under the same hypothesis on f as in Prob. 13.4, show that forevery E ¢ [a, b] 
we have *(f(E)) < Mu*(E). 


Prob. 13.6. Let f be an absolutely continuous function on [a, b]. Let Z = {x € [a,b]: 
f'(x) = 0}. Show that nw, (f(Z)) = 0. 


Prob. 13.7. Find a real-valued function f on [a, b] such that f is continuous on [a, 5], 
absolutely continuous on [a + n, b] for every 7 € (0, b — a), but not absolutely continuous 
on {a, b]. 


Prob. 13.8. Let f be a real-valued function on [a, b] such that f is absolutely continuous 
on [a+n, b] for every n € (0, b—a). Show that if f is continuous and of bounded variation 
on {a, b], then f is absolutely continuous on [a, b]. 


Prob. 13.9, Let f be a real-valued continuous on [0, 1]. Suppose f € BV ([0, 1]) and f’ 
exists and | f’(x)| < 1 for x € (0, 1]. Show that f is absolutely continuous on [0, 1]. 


Prob. 13.10. Find an absolutely continuous function on (a, b] which does not satisfy the 
Lipschitz condition on [a, 5]. 


Prob. 13.11. For each p € (0,00), let fp be a real-valued continuous function on [0, 2] 
defined by : ; 
_ f x?sint forx € (0, =], 
PROS fore 0. 
Show that f, is absolutely continuous on [0, 2] if and only if p € (1, 00). 


Prob. 13.12. Let f be an absolutely continuous function on [a, b] and g be an absolutely 
continuous function on [c, d]. Show that if f is monotone on [a, b] and f([a, b]) C [c, d], 
then go f is absolutely continuous on [a, b] by verifying the definition of absolute continuity 


for go f. 
Prob. 13.13. Let f and g be two functions defined on [0, 1] by 
f(x) = /« forx € [0, 1], 


and 3 i 
_ } x*|sin=| for x € (, 1}, 
ss) = | 0 * for x = 0. 
(a) Show that f and g are absolutely continuous on (0, 1]. 
(b) Show that g o f is absolutely continuous on [0, 1]. 
(c) Show that f o g is not absolutely continuous on [0, 1]. 
(Hint for (c)): Show that f 0 g is not of bounded variation on [0, 1].) 


Prob. 13.14. Let f be an absolutely continuous function on [a, b] and g be an absolutely 
continuous function on [c, d]. Assume that f ([a, b]) C [c, d]. Show that go f is absolutely 
continuous on [a, b] if and only if g o f is of bounded variation on [a, 5]. 


Prob. 13.15. For p € (1, 0), ses ; 
_ | xP?sins forx € (0, <I, 
fora |G : forgets 
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(a) Calculate f, on [0, 2]. 
(b) Show that f/, is Lebesgue integrable on [0, 2). 

(c) Show that when p € (2, 00), fy, is continuous on [0, 2). 

(d) Show that when p € (J, 2], i is not continuous on [0, 2). Discuss the nature of 
discontinuity. 

(e) Show that when p € [2, 00), ff, is bounded on [0, 2]. 


(f) Show that when p € (1, 2), f7 is not bounded on [0, 2). 


Prob. 13.16. Let ‘ ' 2] 
_ | x*cos3% forx € (0,4, 
fay= {i * forx =0. 


(a) Calculate f’ on [0, 2]. 
(b) Show that f’ is not j., -integrable on [0, a 
(Hint: With a, = (2n + aie and B, = (2n)~'/2,n € N, compute Sheen Bo} f' du, 


Prob. 13.17. Let D C [a,b] and D € 9N,. Show that for every A € [0, 1], there exists 
c € [a, b] such that ~,(D NM [a, c]) = Aw, (D). 
(Hint: Consider the Lebesgue integral of 1 pnja,xj for x € [a, b].) 


Prob. 13.18. Let D C R, D € 2, and w,(D) < oo. Show that for every A € (0, 1), 
there exists € € R such that , (DM (—00, €]) = Au, (D). 


Prob. 13.19. The average density of set E C R, E € 99, over an interval (x —h,x +h), 
where x € Randh > 0, is defined by (2h), (E Aw-hxt h)) and the density of F 
at a point x € R is defined by 


PE(X) = lim spl (EN (x —h,x +h)). 


Show that 
1 forae. x € E, 
0 forae. x € ES. 


PE(X) = 
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§14 Convex Functions 


(Ij Continuity and Differentiability of a Convex Function 


Geometrically a convex function is a real-valued function on an interval J in R such that for 
any two points x; < x2 in J the chord joining the two points (x1, f(x1)) and (x2, f(x2)) on 
the graph of f is on or above the graph of f on the interval [x1, x2]. An analytic definition 
of a convex function is given as follows. 


Definition 14.1. A real-valued function f on an interval I in R is said to be convex on I if 
for any x1,x2 € I andd € [0, 1], we have f(x +(1- d)x2) <Af (x1) + (1 — A) f (x2). 
Let us call this condition the convexity condition. 


The equivalence of this definition to the geometric definition will be proved below. We 
shall show that a convex function f on an open interval / is continuous on J, differentiable 
everywhere except at countably many points in /, the derivative is an increasing function 
on the subset of J on which it exists, and furthermore f is absolutely continuous on every 
finite closed interval contained in /. 


Observation 14.2. With x), x2 € R such that x; < x2, the real-valued function ¢ on [0, 1] 
defined by g(A) = Ax1 + (1 — A)x2 for A € [0, 1] is continuous and strictly decreasing 
on [0, 1], mapping [0, 1] one-to-one onto [x;, x2] with g(O) = x2 and g(1) = x. This is 
immediate from the fact that g(A) = (x1 — x2)A + x2 for A € [0, 1]. 


Lemma 14.3. (a) Let f be a real-valued function on an interval I inR. For x,, x2 € I such 
that x, < x2, and A é€ [0,1], let € = Ax, + (1 — A)x2. Then the following conditions are 
all equivalent: 


i) FE) SAFO) + UL — A) fF (x2). 


AE pny) + 5 fox) 


mal x2 — 


jij) fs 


x2 


DUDE eee FG, 
X2—-X] 


FG) — fev — fe2) — f®) 


E-—x ~ xg —€ 


jij) =f) s 


(iv) for § # x1, x2. 


(b) A real-valued function f on an interval I in R is a convex function if and only if for any 
X1,x2 € I such that x, < x2 the chord joining the two points (x1, f(x1)) and (x2, f (x2)) 
on the graph of f is on or above the graph of f on the interval (x1, x2]. 


Proof. 1. To show the equivalence of (i), (ii), and (iii), we show that the right sides of (i), 
(ii), and (iii) are all equal. Note that by & = Axj + (1 — A)x2 = (x1 — x2)A + x2, we have 
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A = {x2 — &}/{x2 — x1} and 1 — A = {& — x1}/{x2 — x1}. Then 
- 


Af (x1) + (Ll — A) f@2) = = Fox aa = fe). 
This shows that the right side of (i) is equal to that of (ii). 


Next, writing x2 — § = (x2 — x1) + (1 — &), we have by simple computation 


= poy +4 =a"! py ») = LV= _ x1) 


x2 x2—-Xx 


(E& ~ x1) + fr). 


This shows that the right side of (ii) is equal to that of (iii). 

To show the equivalence of (ii) and (iv), we multiply both sides of (ii) by x2 — x) to 
obtain (x2 — x1) f(E) < (x2 — &) fr) + (E — x1) f (x2). Adding —(€ — x1) f(&), we have 
(x2 — x1) f (&) — & — x1) FE) < (2 — &) fer) + & — x1) { f (x2) — f(E)} so that we have 
(x2 — EF (E) — fen) < & — x1) {Ff r2) — f(€)}. For & # x1, x2, by dividing by the 
factors x2 — € and & — x; we obtain (iv). Conversely starting with (iv) and retracing the 
calculation above, we have (ii) for € 4 x1, x2. But (ii) holds trivially for € = x, and for 
&€ = x2. This proves the equivalence of (ii) and (iv). 

2. Let f be a real-valued function on an interval J in R. Let x1,x2 € 7 and x1 < x2. 
The equation of the chord through the two points (x1, f(x1)) and (x2, f (x2) is given by 


x xe 
g(6) = PLO gy + fon) for € box) 
According to (a), the convexity condition (i) is equivalent to condition (iii). Therefore f is 
convex on / if and only if f(é) < g(€). © 


The next Proposition gives some fundamental inequalities for convex functions. Conti- 
nuity and differentiability of a convex function are consequences of these inequalities. 


Proposition 14.4. Let f be a convex function on an interval I inR. Then for anyu,v,w € 1 
such that u <u < w, we have 


PO fa) SO FO) FOV ETO) 


v-u ~ w-—u > w—-—v 


Proof. Since v € (u, w), there exists 2 € (0, 1) such that v = Au + (1 — A)w. Solving this 
equation for A, we have A = {w — v}/{w — u} and then 1 — A = {v — u}/{w — u}. By the 
convexity condition satisfied by f, we have 


fv) sAf@)+ (1 — A) fw) == ~ f(u) + = = f(w) 


and then 


(1) (w—u)f(v) < (w—v)f)+ uv —4) fw). 
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To derive the first inequality of the Proposition, let us write (1) as 


(w—u)f(v) < {(w—u)-(v—w)} fu) + (V~ wf (w). 
Then we have 
(w—u){ f(r) — fw} < @—w){ fw) — fw}. 
Cross-multiplying, we have the first inequality of the Proposition. 
To derive the second inequality of the Proposition, rewrite (1) as 
(w —u) f(v) < (w—v) f(u) + {(w —u) — (w—v)} f(w) 
and then 
(w —u){f(v) — fw)} < (w—v){ fl) — f(w)}. 


Cross-multiplying and then multiplying by —1, we have the second inequality of the Propo- 
sition. @ 


Theorem 14.5. Let f be a convex function on an open interval I in R. Then we have: 
(a) f is both left- and right-differentiable at every xo € I, that is, 


f@)- 160 op 


o (Def) (xo) = lim 
xtxo x —X0 

” (Dy f) (xo) = lim f@) = fo) ER. 
xLxo x — x9 


Furthermore for any x, xq € I such that x, < x2, we have 
(x2) — fi) 

3) wepais lI) 2 wipes. 
x2 — X41 

(b) f is continuous on I. 

(c) De f < D,f on I. 

(d) Def and D, f are real-valued increasing functions on I. 

(e) f is differentiable, that is, the derivative f' exists and is finite, everywhere except at 
countably many points in I. If f' exists at x1, x2 € I, x\ < x2, then f’(x1) < f’(x2). 


Proof. 1. To prove the right-differentiability of f at any xo € J, let x1,x2 € J be such 
that xo < x1 < x2. Identifying xo, x1, x2 respectively with u, v, w in the first inequality in 
Proposition A.4, we have { f(x1) — f(xo)}/{x1 — xo} < {f (x2) — f(x0))/{x2 — xo}. This 
shows that { f(x) — f(xo)}/{x — xo} | asx | xo so that the right-derivative of f at xo, 
that is, (D, f)(xo) = limxy x.) {f(@) — f(xo)}/{x — xo} exists in R and moreover we have 
(D, f) (xo) < {f &) — f%o0)}/{x — xo} for any x > xo. This proves the first inequality in 
(3). Letu, x € I be such that u < xo < x. Identifying u, xo, x respectively with u, v, w in 
Proposition A.4, we have { f (xo) — f(u)}/{xo0 — u} < {f() — f(xo)}/{x — xo}. Thus for 
x > xo, {f (x) — f (xo)}/{x — xo} is bounded below by the constant { f (xo) — f(u)}/{xo— 4}. 
Therefore we have (D, f)(xo) = limx)x{f(x) — f(xo)}/{x — xo} € R and f is right- 
differentiable at xo. 


§14 Convex Functions 311 


Similarly, to prove the left-differentiability of f at xo, let x1,x2 € J be such that 
x2 < x; < xo. Identifying x2, x1, x9 respectively with u, v, w in the second inequality 
in Proposition 14.4, we have {f (xo) — f(x2)}/{xo — x2} < {f (xo) — f1)}/{xo — x1}. 
Thus { f (xo) — f(x)}/{xo — x} t asx t Xo. Therefore the left-derivative (De f)(xo) = 
limyty { f(x) — f(%o)}/{x — xo} exists in R and (De f)(xo) = {f (x0) — f(x)}/{xo0 — x} 
for any x < x9, proving the second inequality in (3). Next let x, w © J be such that 
x < x9 < w. Identifying x, x9, w respectively with u, v, w in Proposition 14.4, we have 
{f (xo) — f(x)}/{xo — x} < {f(w) — f(x0)}/{w — xo}. Thus for x < xo, the quotient 
{f (xo) — f(x)}/{xo — x} is bounded above by the constant {f(w) — f(xo)}/{w — xo} 
and therefore (De f)(xo) = limy4x5{f (x) — f(xo)}/{x — xo} € R. This proves the left- 
differentiability of f at xo. 

2. Toprove (b), letxo € 7. By (1), f is left-differentiable at xo so that f is left-continuous 
at xo. By (2) f is right-continuous at x9. Therefore f is continuous at xo. 

3. To prove (c), let x9 € J. Let x’,x” € I be such that x’ < xg < x”. Identifying 
x’, xo, x” respectively with u, v, w in Proposition 14.4, we have { f (xo) — f(x’)}/{xo—x’} < 
{ f(x”) — f(xo)}/{x" — xo}. Thus we have 


(Def) (19) = lim LEOALED . FA) — feo) 


74 xo — x’ a x” — x9 
and then 
: x" 2 x 
(GS tn =I. Ga: 
x!" |xo x" — Xo 
This proves (c). 


4. Let us prove (d). To show that D, f is an increasing function on J, let x}, x2 € I be 
such that x} < x2. Let x1 < x’ <a@ < B < x2 < x” be points in 7. By Proposition 14.4, 
we have 


f@) = fe) < f@—fFO) — $B) ~ fe) _ fer) — FB) — FR") ~ feo) 


x’ — x a—x’ B-a - x2 —B x" — x2 
Letting x’ | x; in the first quotient and letting x” | x2 in the last quotient above, we have 
f(B) - f (a) 

pe 


This shows that D, f is an increasing function on J. Similarly, to show that Dg f is an 
increasing function on I we let x’ < x1 <a@ < B < x” < xz be points in J. Applying 
Proposition 14.4 as above, we obtain in this case 


fon — Ff) _ FB) - feo) _ fa) = F 1) 


x, —x’ ri B-a > x2 — x” 


(D, f) (1) < < (D, f) (2). 


Letting x’ ¢ x1 and x” + x2, we have 


(Def)(x1) < moe < (Def)(x2). 
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Thus Dg, f is an increasing function on J. 

5. To prove (e), note that since De f is a real-valued increasing function on J by (d), 
there exists a countable subset Ez of J such that De f is continuous at every x € I \ Ee. 
Similarly there exists a countable subset E, of J such that D, f is continuous at every 
x E€I\E,. Let E = E;,UE,. Then E is acountable subset of J and both Dg f and D, f 
are continuous at every x € I \ E. Let xo € I \ E. Then for x € I such that x > xo, we 
have (De f)(xo) < (Dr f) (xo) < (Def) (x) by (c) and by (3). Since Dy f is an increasing 
function, lim,|x)(Def)(x) exists and we have (D, f)(xo) < limx)x)(Def)(x). Now the 
continuity of Dg f at xo implies that lim, ,,(Def)(x) = (Def)(xo). Therefore we have 
(Def (xo) < (Dr f)(x0) < (De f)(xo) and thus (De f)(xo) = (D; f)(xo) This shows that 
f is differentiable at x9. Thus f is differentiable except at countably many points in /. 

Finally if f’ exists atx1, x2 € J andx, < x2, then f’(x1) = (Def)(x1) < (De f)(x2) = 
f'(%2) by (c). i 


Remark 14.6. In Theorem 14.5, the domain of definition of the convex function is an 
open interval in R. If f is a convex function defined on a finite interval which includes its 
endpoints, say [a, b], then the right-derivative (D, f)(a) and the left-derivative (De f)(b) 
exist but may not be finite and f may not be right-continuous at a and left-continuous at b. 


Proof. Applying the first inequality in Proposition 14.4 as in 1 of the Proof of Theorem 14.5, 
we show that for x > a we have { f(x) — f(a)}/{x — a} | asx | aso that (D, f)(a) = 
limyja{ f(x) — f(a)}/{x — a} exists in R. However since there does not exist any point 
u € [a, bj such that u < a, itis not possible to use Proposition 14.4 to show that the quotient 
{f@) — f(@}/{x — a} is bounded below for x > a as it was done in the Proof of Theorem 
14.5. Thus it may occur that (D, f)(a) = —oo so that f is not right-differentiable at a 
and f may not be right-continuous at a. Similarly (De f)(b) exists in R and we may have 
(De f)(b) = oo so that f is not left-differentiable at b and f may not be left-continuous at 
b. i 


Example 1. Let f(x) = —V1 — x? forx € [—1, 1]. Then f is convex on [—1, 1] by (b) of 
Lemma 14.3; f is right-continuous at x = —1 but (D, f)(—1) = —oo; f is left-continuous 
at x = 1 but (Dz f)(1) = oo. 


Example 2. Let f be defined on [—1, 1] by setting f(x) = 0 for x € (—1, 1) and 
f(-1) = fd) = 1. Then f is convex on [—1, 1] by (b) of Lemma 14.3; f is not right- 
continuous at x = —1 and (D,f)(—1) = —oo; f is not left-continuous at x = 1 and 


(Def) (1) = 00. 


Remark 14.7. If f is a convex function on an interval J in R, then f is a convex function 
on every subinterval of the interval. On the other hand it may not be possible to extend f as 
a convex function beyond J, that is, there may not exist a convex function g on an interval 
J such that J > J, J 4 I, and g = f on I. Here are some examples. 

(a) Consider the convex function f on [—1, 1] in Example 1 above. Suppose there exists 
a convex function g on (a, b) D [—1, 1] such that g = f on [—1, 1]. By (a) of Theorem 
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14.5, D,g is a real-valued function on (a,b). But the equality g = f on [—1, 1] implies 
that D,g(—1) = D, f (—1) = —oo, a contradiction. This shows that f cannot be extended 
as a convex function beyond x = —1. Similarly f cannot be extended as a convex function 
beyond x = 1. 

(b) Next, consider the convex function f on [—1, 1] in Example 2 above. Suppose there 
exists a convex function g on (a,b) D [—1, 1] such that g = f on [—1,1]. By (b) of 


Theorem 14.5, g is continuous on (a, b) and in particular g is right-continuous at x = —1. 
Since g = f on[—1, 1], f is right-continuous at x = —1. This is a contradiction. Thus f 
cannot be extended as a convex function beyond x = —1. Similarly f cannot be extended 


as a convex function beyond x = 1. 

(c) For an example of a convex function on an open interval which cannot be extended, 
consider f(x) = secx forx € (-§. x). By (b) of Lemma 14.3, f is a convex function 
on (-3, z). Let us show that f cannot be extended as a convex function beyond (-3 5 5). 
Suppose there exists a convex function g on [—3, 4] such that g = f on (—3, 3). Since g 
is a convex function, g is real valued and thus in particulak g (- 9) € R. Consider the chord 
joining the two points (~3, g (-3)) and (0, 1) on the graph of g. This chord is not on or 
above the graph of g on the interval | —4, 0| since limyy 7/2 g(x) = limyj-nj2 f(x) = 
Thus g is not a convex function on fe ‘a by (b) of Lemma 14.3. 


Theorem 14.8. Let f be a convex function on an open interval I in R. Then we have: 
(a) For every finite closed interval [a, B| C I, ifwelet M = max { \(D, f)(@)|, |(De f)(B) I} 
then f satisfies a Lipschitz condition with coefficient M on [a, B), that is, 


(1) f(x’) ~ f")| < Mix’ — x” | for every x’, x" € [a, B]. 
(b) For every xo € I and every real number m € [(De f)@o), (Dr f) (xo) ], we have 
(2) f(x) = m(x — x0) + f (xo) forx € I. 


(Thus a line passing through a point (xo, f (xo)) on the graph of f with a slope m which is 

an intermediate value of the left- and right-derivative of f at xo is on or below the graph of 

f. In particular, if f is differentiable at a point xo € I, then the tangent line to the graph 

of f at (xo, f (xo)) is on or below the graph of f.) 

(c) There exists a countable collection {g, :n € N} of affine functions, gn(x) = nx + Bn 
forx € I with ay, Bn € Rforn € N, such that 


(3) SJ (x) = sup gn(x) forx el. 
neN 


Proof. 1. Let [, 8] C J andleta < x, < x2 < f. By (3) of Theorem 14.5 and by the fact 
that D, f and Dz f are increasing functions on J according to (d) of Theorem 14.5, we have 


(D, f)(@) = (Dr fr) < rape Tey < (Def) (%2) = (De f)(B). 


If we let M = max {|(D, f)(@)|, |(Def)(B)|}, then —M < (D, f)(@) and (De f)(B) < M 
so that —M < {f(x2) — fr1)}/{x2 — x1} < M and then | f (x2) — f(x) < Mix2 — x11. 
This proves (a). 
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2. Let x9 € I and let m € [(Def) (x0), (Dr f) (xo). Let x € I. If x < xo, then by 
(3) of Theorem 14.5, we have { f(x) — f(xo)}/{x — xo} < (Def)(xo) < m. Then since 
x — x9 < 0, we have f(x) — f(xo) = m(x — xo). On the other hand, if x > xo, then 
by (3) of Theorem 14.5, we have { f(x) — f(xo)}/{x — xo} = (D,f)(xo) > m so that 
f(x) — f(xo) = m(x — xo). Thus we have shown that for x € J such that x # xo, we 
have f(x) — f(xo) = m(x — xo). This inequality holds trivially for x = x9. Thus we have 
f(x) = m(x — x0) + f (xo) forx € I. 

3. To prove (c), consider the collection of affine functions {gg : € € 1} defined by 


(4) ge(x) = (D fy(E)(x —&) + f(E) forx eI. 


By (b), we have f(x) > gg (x) forall x € J foreach é € I so that f(x) > SUPe 7 BE (x) for 
x € JI. Ateach x € I, if we choose = x, then gz(x) = f(x). Thus we have 


(5) f(x) = sup g(x) forx € J. 
gel 


Let (% : n € N) be an arbitrary enumeration of the rational numbers in J. By (4), we have 
(6) 8 (Tn) = fn). 
By (5) and by the fact that {g,, : n € N} is a subcollection of (ge : € € 1}, we have 


(7) f(x) > sup g,,(x) forx € J. 
neN 


We claim that 


(8) {[@< SUP Brn () for x € I. 
neN 
To prove (8), let xq € J be arbitrarily fixed. Let 6 > 0 be such that [xp — 6, x9 + 6] C J. 
Since D, f is a real-valued increasing function on J by (d) of Theorem 14.5, if we let 
= (D, f)(xo — 5) and mz = (D,; f)(xo + 4), then we have 


(9) (D, f)(&) € (1, m2] for é € [xo — 4, x0 +4]. 


Let (rn, : k € N) be a subsequence of (7, : n € N) contained in [xo — 5, xo + 4] such that 

Pniia ™, = Xo. Since f is continuous on J by (b) of Theorem 14.5, we have dim, Sn) = 
fe (0). By (6), 8, nm) = (nm). Thus we have Raa 1 Sing (Ty) = Kl (x0). By (4), 
Erny (Tn) — Sing (xo) = (Dr f) nm — x0). Since a [xo — 6, xo + 5], we have 
(Df) (rn, € [m1,m2] by (9). Thus if we let M = max {lmil, |m2|}, then we have 
I8rny (tn) — Sng (xo)| < M\rn, — Xo| and then Srny (xo) = Sinz (Tn) — MIrn, — xo|. Then 
since im 1 Ty = = xg and jim Sing (tn,) = f (xo), we have lim sup Bing (xo) > f (xo). Thus 


k> 00 


sup g,, (xo) = a Srny (xo) = lim sup Brn (xo) => f (xo). 
neN ko 


By the arbitrariness of xo € J, we have (8). Then with (7) and (8), we have (3). & 
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Lemma 14.9. (Chain Rule for Dini Derivates) Let f be a strictly increasing convex function 
onan open interval I in R and let g be a real-valued function on the open interval J = f (1). 
Then 


(1) D*(g 0 f)(x) = (Dt g)(f(x) (DT f)(x) forx € 1. 
The same equality holds for Di(g 0 f), D~(g 0 f), and D_(g 0 f). 


Proof. Note that the convexity of f implies its continuity on J by Theorem 14.5. Thus f 
is a strictly increasing continuous function on J and this implies that J = f(/) is an open 
interval in R. Let x9 € J be arbitrarily fixed. Let us define a function h on J by setting 


8(y) ~ 8(f@o)) 


(2) hA(y) = y — fo) 
Cc for y = f (xo) 


fory € J\{f(o)}, 


where c is an arbitrary real number. From (2), we have 


g(y) — g(f(xo)) = h(){y — f(xo)} fory € J. 


Note in particular that the equality holds at y = f (xo) € J since both sides are equal to 0. 
Now since f (J) = J, the last equality implies 


(f(x)) — (Ff (xo)) =A(F@)){F@) — f@o)} forx € 7 
so that for x € I,x 4 x9, we have 


(go f)() = (8 0 f)(xo) _ n( fey) £2 — F(xo) 


x — x0 x — x9 


(3) 


Since f is a strictly increasing continuous function and f(x) | f(xo) as x | xo, we have 
by (2) 


(f(x) — 8(f Go) 


: —]j =(pt 

(4) linen ay) 7 pee Fa fG (D* g)(f (xo)). 

The convexity of f on J implies that f is right-differentiable on J by Theorem 14.5. Then 
(5) tim LO — LOO) _ (D, py(ao) = (Dt (x0). 


x1x0 x — x9 
Applying (4) and (5) to (3), we have 
D*(g 0 f)(x0) = lim sup BLE) — Be NO) 
x}xo x — X09 


= lim sup [ara L2= Lo) 


x4Xx0 x — X0 


= (D*g)(f(x0))(D* f) (0). 
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This proves (1). 
By considering fn inf h(f (x) and by the equality (D, f)(xo) = (D+ f)(xo), we have 
x1Lx9 
the equality (1) for Di(g o f). Then by considering lim suph(f (x) and DUE e ee 
xtxo 


xtxo 


we obtain the equality (1) for D"(g o f) and D_(go f). # 


Theorem 14.10. Let f be a real-valued continuous function on an open interval I in R. 

(a) If f is a convex function on I, then all the four Dini derivates Dt f, Ds. f, D~ f, and 
D_f are real-valued increasing functions on I. 

(b) Conversely if one of the four Dini derivates of f is a real-valued increasing function on 
I, then f is a convex function on I. 


Proof. 1. If f is aconvex function on /, then the right-derivative D, f and the left-derivative 
D, exist, are real-valued and increasing on J by Theorem 14.5. The existence of D, f and 
Dz implies D, f = D* f = Ds f and Dg = D~ f = D_f. Therefore D+ f, D, f, D-f, 
and D_ f are real-valued increasing functions on J. 

2. Conversely suppose g is a real-valued continuous function on an open interval J such 
that one of the Dini derivates, say D* g, is a real-valued increasing function on J. To show 
that g is aconvex function on J, we show that for any x1, x2 € 7 such that x} > x2 we have 


(1) g(Ax1 + (1 — A)x2) < Ag(x1) + (1 —A)g(x2) ~forevery A € [0, 1]. 
Consider a function f on [0, 1] defined by 
(2) fO) =Ax. + (1—A)x2 ford € [0, 1). 


Since x] > x2, f is a strictly increasing function on [0, 1]. Since the graph of f is a line 
segment, f is a convex function on [0, 1] by (b) of Lemma 14.3. Let us define a function g 
on [0, 1] by setting 


(3) pa) = (go f(A) — Agi) — (1 -A)g(x2) ford ¢€ [0, 1]. 
Then (1) is equivalent to 
(4) (A) <0 forevery A € [0, 1]. 


Now ¢ is a real-valued continuous function on [0, 1] with g(0) = g(1) = 0. From (3) and 
by Lemma 14.9, we have 


(D*9)(A) = D*(g 0 f)(A) — g(x1) + g(x2) 
= (D*g)(f(A))(Dt f)(A) — g(x1) + g (x2) 
= {x1 — x2}(D*g)(f(A)) — g(x) + g(x). 


Since Dt g and f are real-valued increasing functions, (Dt g)(f(-)) is a real-valued in- 
creasing function on [0, 1]. Therefore Dt is a real-valued increasing function on [0, 1]. 
The real-valued continuous function g has a maximum point A; and a minimum point A2 
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in [0, 1]. If g vanishes identically on [0, 1] then (3) holds and we are done. If on the other 
hand ¢ is not identically vanishing on [0, 1] then 4) 4 Az. Then since y(0) = ¢(1), at least 
one of A; and A is in (0, 1). Consider the case A; € (0, 1). Now since Aj € (0,1) isa 
maximum point for y, we have (D*g)(A1) < 0. Then since D*¢ is an increasing function 
on [0, 1], we have D* < 0 on [0, A1]. This implies that g is decreasing on [0, A;] so that 
y(A1) < gO) = 0. Then g(A) < g(A1) < 0 for every A € [0, 1] so that (4) holds. The case 
A2 € (0, 1) is treated similarly. & 


[11] Monotonicity and Absolute Continuity of a Convex Function 


Theorem 14.11. Let f be a convex function on an open interval I in R. Then either f is 
monotone on I or else there exists x9 € I such that f is decreasing on I \ (—o0, xo] and 
increasing on IQ [xo, 00). 


Proof. Suppose f in not monotone on J. Then there exist x1, x2,x3 € I[,x1 < x2 < x3,such 
that f(x1) > f (x2) and f(x2) < f (x3). (Note that it is impossible to have f(x)) < f (x2) 
and f (x2) > f (x3) since this would contradict the fact that the chord joining the two points 
(x1, f (x1) and (x3, f(x3)) on the graph of f is on or above the graph of f on the interval 
[x1,x3].) 

Now since f is continuous on J by (b) of Theorem 14.5 and in particular continuous on 
the compact set [x1, x3], there exists a minimum point of f on [xj, x3], that is, there exists 
xo € [x1, x3] such that f(x) > f (xo) for every x € [x1, x3]. Note that since f(x) > f(x2) 
and f(x2) < f(x3), we have xo 4 x; and xo 4 x3 so that xo € (x1, x3). Let us show that 
Xo is actually a minimum point of f on the entire interval J. Let x € I andx < x}. 
Then x < x; < xo and therefore by the second inequality in Proposition 14.4, we have 
{f(xo) — fx) }/ {x0 — x} < (fo) — fx} /{x0 — x1}. Since f(xo) — fri) < 0, the 
inequality above implies that f(xo) — f(x) < 0. Thus f(x) > f(xo) for every x € J 
such that x < x . Similarly for x € J such that x > x3, we have x9 < x3 < x so 
that by the first inequality in Proposition 14.4, we have {f(x3) — f(xo)}/{x3 — xo} < 
{f(x) — f(xo)}/{x — xo}. Since f(x3) — f(x) > 0, we have f(x) — f(x) > 0. Thus 
f(x) > f(xo) for every x € 7 such that x > x3. This shows that x9 is a minimum point of 
fonl. 

To show that f is decreasing on J MN (—oo, xo], let x’, x” € IM (—oo, xg] such that 
x’ <x” < xo. Then we have { f(x”) — f(x')}/{x" — x’} < (f (x0) — f(x’)}/{x0 — x’) by 
the first inequality in Proposition 14.4. Since f (xo)— f(x’) < 0, wehave f (x”)— f(x’) < 0, 
thatis, f(x’) > f(x”). This shows that f is decreasing on [(—00, xo]. Similarly to show 
that f is increasing on J M [xo, 00), let x’, x”” € IM (~—ov, xg] be such that x’ < x” < x9. 
By the second inequality in Proposition 14.4, we have { f(x”) — f(xo)}/{x” — xo} < 
{F(x") — fe) x" — x’). Since f(x”) — f (xo) = 0, we have f(x”) — f(x’) = 0, that 
is, f(x’) < f(x”). This shows that f is increasing on 7M [x0, 00). & 


Proposition 14.12. If f is a convex function on an open interval I, then f is absolutely 
continuous on every finite closed interval [a, B] contained in I. 


Proof. If f is convex on an open interval J, then f satisfies a Lipschitz condition on every 
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finite closed interval [a, 6] contained in I by (a) of Theorem 14.8. Then by (b) of Theorem 
13.19, f is absolutely continuous on [a, 8]. 


Theorem 14.13. Let f be a convex function on [a, b]. If f is right-continuous at a and 
left-continuous at b, then f is absolutely continuous on [a, b]. 


Proof. If f is convex on [a, b], then it is convex on the open subinterval (a, b) so that 
f is continuous on (a, b) by (b) of Theorem 14.5. Then by the right-continuity of f at a 
and the left-continuity of f at b, f is continuous on [a, b]. To show that f is absolutely 
continuous on [a, 6], we show that for every ¢ > 0 there exists 6 > 0 such that for any finite 
collection of non overlapping closed intervals [a;, 8;], 7 = 1,... ,n, contained in [a, b] 
with Vai (Bj — aj) < 6, we have i=l | f (Bj) — flaj)| <e. 
Let € > 0 be arbitrarily given. By the continuity of f on [a, b], there exists 7 > 0 such 

that 

2n <b—-a, 

If(x) — f@| <5 forx €[a,a+n], 

f(x) — f(b)| < 5 forx € [b— 7,6). 


According to Theorem 14.11, the convexity of f on (a, b) implies that either f is monotone 
on (a, b) or else there exists x9 € (a, b) such that f is increasing on (a, xo] and decreasing 
on [xo, 6). Let us take n > 0 so small that f is monotone on each of the two intervals 
(a,a +n] and [b — n, b). Then by the continuity of f on [a, b], f is monotone on each of 
the two intervals [a, a +n] and [b — n, b]. Now by (a) of Theorem 14.8, there exists M > 0 
such that 
lf’) — f@”)| < M|[x’ —x"| forx’,x” € [a+n,b—n). 

Let 5 < 347. Let {[aj, Bj]: j = 1,--- ,n} be an arbitrary finite collection of non overlap- 
ping closed intervals contained in [a, b] with Via (8 jo aj)< 5 By subdividing one or 
two members in this collection or by adding one or two more non overlapping closed intervals 
of sufficiently small lengths to this collection, we have a finite collection of non overlapping 
closed intervals {[az, by] : k = 1,--- , m} contained in [a, b] such that )°y"_ | (be — ax) < 5 
and a+ 7 is the right endpoint of a member and b — n is the left endpoint of another member 
of the collection. Let us assume that the members in this collection are so numbered that 
a| < a2 <+++ < Gm. Then we have bh = a+ anda, = b — n for some p,q € N such 
that 1 < p <q <m. Clearly Y"_, |f(Bj) — f(@j)| < Dea |f (be) — F(ax)|. Let us 
estimate the last sum. By the fact that f is monotone on [a,a +n] and bp = a +n, we 
have 


P Pp 
E 
() x If bx) — Fax) = | Liven — f(a))) < If Gp) - F@l < 


and similarly by the fact that f is monotone on [b — n, b] and ag = b — n, we have 


(2) SOL f(b) — fad = | Sot b_ - fla} < | f(b) — f(aq)| < =. 
k=q 


k=q 
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We have also 


q-l q-l 
(3) Y Ife - fal = M YO be = ax) s MB < 5. 
k=p+l k=ptl 


Then by (1), (2), and (3), we have 


YFG) -S@pl s Vifew - f@l <5 +545 =e 


j=l k=1 3 3 


This proves the absolute continuity of f on[a,b]. 


Theorem 14.14. Let f be a real-valued function on an open interval I in R. Suppose 
1° f is absolutely continuous on every finite closed interval contained in I. 

2° f’ is an increasing function on the subset of I on which it exists. 

Then f is a convex function on I. 


Proof Since J is an open interval, there exists an increasing sequence (J, : n € N) of finite 
closed intervals contained in J such that ,e~ Jn = 1. Now condition 1° implies that f’ 
exists a.e. on J, for eachn € N. Hence f’ exists a.e. on J. Let E be the subset of J on 
which f’ exists. By 2°, if x1, x2 € E and x1 < x2, then f’(x1) < f’(x2). By Lemma 14.3, 
to show that f is a convex function on i, it suffices to show that for any x1, €,x2 € J such 
that x1 < & < x2, we have 


fO)- fen . fed-s© 

E-x 7 mE 
Now the absolute continuity of f on each of the two finite closed intervals [x), €] and 
[§, x2] contained in J implies by Theorem 13.16 that f(€) — f(x1) = Stee) f' du, and 
f(z) - f= Ste} f' du,. Let us define 


(1) 


a, = inf ', Br= su " @= i ’, po= su t, 
[x1,€]NE f ae f [E,x2]NE f coe f 


Then by the fact that f’ is an increasing function on E and x; < & < x2, we have 
(2) a < Bi S@2 < fo. 


Now a1 (§ —X)) < Sine] f' du, < Bi(é—x}) and a2(x2—&) < Sex) f' du, < B2(x2~&) 
by the definition of a1, 81, #2, and Bz so that 


, 
< Sec.€) fidu, 


Sowa fi du, a 


<6, and a< < pa, 


a E-x x2—& 
that is, 
sp EE TOD 0 os ah i LOD EDGY 
§—x1 x2—& 
Then by (2), we have (1). 


Bo. 
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[I] Jensen’s Inequality 


Lemma 14.15. Let f be a convex function on an open interval I in R. Then for any 
X1,...,Xn € Land) ,...,An € [0, 1] such that a, +--- +A, = 1, we have 


(1) FO +e Ann) < Arf) +++ FAN f (an). 


Proof. Let the n points x1,... , x, in J be sonumbered that xj < +--+ <x,. LetAy,...,An € 
[0, 1] be such thatA,+---+A, = 1. If weleté = Ayxy+--++Anxn, thené € [x], x,] C J. 
Take an arbitrary real number m € [(Def)(&), (D, fé)]. By (2) of Theorem 14.8, we 
have f(x) > m(x ~— &) + f(§) forx € 7. Then 


Dore fn) = Do de{mox - 6) + F®)} 


k=1 k=1 


=m) Ag(ae — £) + fE) 


k=1 


= f(Aixi +++: +Anxn). 


Let us observe that for n = 2, the inequality (1) in Lemma 14.15 is the convexity 
condition and in fact (1) can be derived directly from the convexity condition by induction 
on n and furthermore it is not necessary to assume that the interval J is an open one in this 
derivation. The proof given above is of interest in that the proof for the Jensen’s Inequality 
below resembles this proof. 


Lemma 14.15 has the following equivalent statement: Let f be a convex function on 
an open interval J in R. Then for any x1,...,X, € J and tj,...,t% © [0, 0) such that 
t) +--+-+t, > 0, we have 


p(t) = th f(x) +--- +tnf xn) 
tte tty = teeth , 


This form resembles more closely Jensen’s Inequality. 
Theorem 14.16. (Jensen’s Inequality) Let (X, 2, 4) be a measure space. Let g be a real- 


valued 2l-measurable and 1-integrable function on a set D € A with w(D) € (0, 00). If 
f is a convex function on an open interval I in R and if g(D) C T, then 


1 1 
1 ee: d — ° du. 
” (sass fhe “erm fe oe 


Proof. Being a real-valued 2{-measurable function on D € 2, g is a 2(/S3-measurable 
mapping from (X, 20) to (R, Bp) by Theorem 4.6. The convexity of f on the open interval 
I implies that f is a real-valued continuous function on J by (b) of Theorem 14.5 and 


§14 Convex Functions 321 


then f is a 3p/2p-measurable mapping from (R, Bp) to (R, BR) by Theorem 4.27 and 
Theorem 4.6 and therefore f og is aA /SpR-measurable mapping from (X, 2) to (R, Br) 
by Theorem 1.40, that is, f o g is a real-valued 2{-measurable function on D. 

Let the open interval J be given by J = (a,b) where —oo < a < b < o©. We have 
fp gdu € R by the p-integrability of g on D. The assumption g(D) C (a, b) implies 
a<g <bonDandhence f, gdp € (ay(D), bu(D)). Let 


1 
2 = — d ,b). 
(2) § <p [8 pt € (a,b) 


Then the convexity of f on (a, b) implies that if we take an arbitrary real number mm in the 
range [(Dz f)(&), (D, f)(&)] then by (b) of Theorem 14.8 we have f(x) > m(x —&)+ f(&) 
for every x € (a, b). Since g(y) € (a, b) for every y € D, we have 


f(g(y)) = m{g(y) —€} + FE) fory € D. 


Integrating with respect to yz and recalling the definition of & by (2), we have 


[ir ogdu>m { [eau - eu(D)} + f(E\M(D) = fE)u(D). 
Dividing both sides by ~(D), we have the inequality (1). i 


For r € (1, 00), the function f(x) = x” is a convex function for x € [0, co) which can 
be extended to be a convex function on R by setting f(x) = 0 for x € (—00, 0). Applying 
Theorem 14.16 to this convex function, we have the following Proposition. 


Proposition 14.17. Let (X, 2l, 2) be ameasure space. Let g be an extended real-valued A- 
measurable function on a set D € A with w(D) € (0, 00). Then forany0 < p<q <o, 
we have 


1 1/p I 1/q 
1 — Pd — Gq ‘ 
- laos fl 2] =| fie | 


Proof. If 0 < p <q < ™, theng/p € (1, 00). Define a real-valued function f on R by 


x4/P forx € [0, 00), 


ro=| 


0 for x € (—o0, 0). 
Then f is differentiable everywhere on R and its derivative is given by 
2 x@/P)-1_ for x € [0, 00), 
i (x) = P 
0 


for x € (—00, 0). 


Thus /f’ is a real-valued increasing function on R and this implies according to (b) of 
Theorem 14.10 that f is a convex function on R. 
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For every n € N, let g, = |g| Anon D. Then |g,\? < n? on D. Since p(D) < ov, 
[8n|? is w-integrable on D. Also f o|gn|? = |gn|? on D. Thus by Theorem 14.16, we have 


1 q/p 
ace al? d <a | ltd 
ly ff ent u] = WD) lgnl? du 
and then 


] I/p 1 1/q 
2 ———_ nlp d < | —— nlid F 
@) coy ff ¥] =| fle | 


Since |g,| ¢ [g| on D as n — 00, we have |g,|? + |g|? and |gn|? t | f|?. By Theorem 8.5 

(Monotone Convergence Theorem), we have lim. | lenlPdu = | igl? du. Applying 
n>Oo JD D 

these to (2), we have (1). # 


Chapter 4 


The Classical Banach Spaces 


§15 Normed Linear Spaces 
[I] Banach Spaces 


We consider linear spaces over the field K where K is either the field of real numbers R or 
the field of complex numbers C. 


Definition 15.1. A linear space over the field K = R or Cisaset V witha mapping of V x V 
into V: (u,v) +» u + v, called addition and a mapping of K x V into V; (a, v) & av, 
called scalar multiplication, which satisfy the following conditions: 

1° ut+v=v4uforu,veV, 

2° ut+t(v+w)=(ut+ov)+wforu,v,we V, 

3° there exists 0 € V such thatu+0 =u for every u é V, 

4° foreach v &€ V there exists some —v € V such that v + (—v) = 0, 

5° (aB)v = a(Bv) fora, B € Kandve V, 

6° a(u+v) =au+av fora € Kandu,ve V, 

TP (a+ B)v=av+ Bu fora, B € Kandve V, 

8° 1l-v=vforevery ve V, 

9° (—l)u=-—uv foreveryve V. 

Note that 0- v = 0 for every v € V follows from 7°, 8°, 9°, and 4°. 

A linear space over the field R is called a real linear space. 

A linear space over the field C is called a complex linear space. 


Definition 15.2. Let V be a linear space over the field K If a subset M of V satisfies the 
following conditions: 

1° u+veM foru,v eM, 

2° ave M forve Manda eK, 

then we call M a linear subspace of V. 

(Note that by satisfying conditions 1° and 2°, M is itself a linear space over the field K.) 


Remark 15.3. Every complex linear space is also a real linear space. Indeed since R C C 
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if V satisfies the defining conditions for a complex linear space it certainly satisfies the 
defining conditions for a real linear space; in other words if we ignore the possibility of 
multiplying elements of V by complex numbers that are not real numbers and restrict to 
multiplication by real numbers only then V is a real linear space. 


Remark 15.4, The set K is a linear space over the field K. Thus R is a real linear space 
and C is a complex linear space. 


Definition 15.5. Let V be a linear space over the field of scalars K. A real-valued function 
|| - || on V is called a norm on V if it satisfies the following conditions: 

1° non-negativity: ||v|| € [0, 00) forv € V. 

2° |ju|| = 0 ifand only ifu =O0e V. 


3° positive homogeneity: ||av|| = |a|||v|| forv € V anda € K 
4° triangle inequality: ||u + v|| < |lul| + |lvl| foru,v € V. 
A linear space V with a norm || - || defined on it is called a normed linear space and we 


write (V, || - |) for it. 


Observation 15.6. Let || - || be a norm on a linear space V. Then |||u|] — [lull] < lu — ul 
foru,v eV. 

Proof. By the triangle inequality of the norm, we have ||u|| = |lu—v+ vl] < |lu—v||+]lvl] 
and thus ||z|| — ||v|| < ||“ — v||. Interchanging the roles of u and v, we have ||v|| — |]u|| < 
|v — u|| = |lu — v|| by the positive homogeneity of the norm. With ||u|| — |[v|| < ll — v|| 
and —{||u|| — jlvll} < Iw — ull, we have |||] — lull] < lw — ull. © 


Lemma 15.7. Let (V, ll - ||) be a normed linear space. If we define a function p on V x V 
by p(u, v) = |lu — v|| for u, v € V, then p is a translation invariant metric on V, that is, 
1° non-negativity: p(u, v) € [0, 0) foru,ve V. 

2° p(u, v) = 0 ifand only ifu = v. 

3° symmetry: p(u,v) = p(v,u) foru,v eV. 

4° triangle inequality: p(u, v) < p(u, w) + p(w, v) foru,v,w e€ V. 

5° translation invariance: p(u, v) = p(u+w,v+w) foru,v,w eV. 


Proof. 


pu, g) = ||u — v|| € [0, oo), 

p(u,v) =08 lu-—vl =O0eu-—v=0Su=r, 

plu, v) = |lu—v]| = |lvu—4l =e, 4), 

pu, v) = |lu— vl] = lu-w+w—oi < |lu— wit lw — vl = p@, w) + p(w, v), 
ptutw,v+w)=|(¢+w)—(v+w){ = lu —vil = et,»). © 


Thus a norm || - || on a linear space V introduces a metric p(u,v) = |lu — v|| anda 
metric topology to V. Unless otherwise specified, we understand the topology on V to be 
the metric topology by the metric derived from the norm || - |l. 

Sometimes it is convenient to use a letter such as v rather than the symbol || - || for a 
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norm on a linear space V. Then we write v(v) for v € V and v(u — v) for the metric derived 
from the norm v. 


Definition 15.8. (a) Let (V, || - ||) be a normed linear space. Let (u, : n € N) bea 
sequence in V and let v € V. We say that the sequence converges in the norm to v if the 


sequence converges to v in the metric topology on V derived from the norm || - ||, that is, 
lim |lv, — v|| = 0. We say that a sequence in V converges in the norm if there exists an 
no 


element in V to which the sequence converges in the norm. 
We write lim vy, =v for lim |v, — v|| = 0. 
noo noo 

(b) A sequence (uv, : n € N) in anormed linear space ( Vii. I!) is called a Cauchy sequence 
with respect to the norm || - || if it is a Cauchy sequence with respect to the metric derived 
from the norm, that is, if for every € > 0 there exists N € N such that ||vm — vp|| < € for 
m,n>N., 

(c) We say that a normed linear space (V, || - ) is complete with respect to the norm || - || 
if for every Cauchy sequence (vp, : n € N) with respect to the norm there exists v € V such 
that lim |lv, — vl] = 0. 

n—>OCoO 


(d) We call a normed linear space (V, \| - 1) a Banach space if (V, lI - ) is complete with 


respect to the norm ||. ||. We call a Banach space (V, l|- I!) a real Banach space or a complex 
Banach space according as the field of scalars of the normed linear space (V, l| - 1) is Ror 
C. 


Triangle inequality of a norm implies the following: 


Proposition 15.9. Let (V, l- Il) be a normed linear space. Let (vx, :n € N) C V and 
veV. 
(a) (Uniqueness of Limit) Jf lim v, = v and lim vz, = w € V also, thenv = w. 
noo noo 
(b) If (un :n € N) converges in the norm then (vp, : n € N) is a Cauchy sequence with 
respect to the norm. 
(c) Zf lim vz =v then lim |vpl| = |lvll, thatis, lim |lv,_|| = || lim vp). 
noo n-> CO noo n—> oo 


Proof. 1. Suppose jim, Un = v and (dim, Un = w also. By the triangle inequality of the 
norm we have ||v — w|| < ||v — vpl| + ||w — val for every n € N. Letting n > oo on the 
right side of the last inequality we have ||v — w|| < 0 and thus ||v — w]| = 0 and v = w. 


2. Suppose dim Un = v, that is, jim, llUn — v{| = 0. Now by the triangle inequality 
we have |lUm, — Upl| < lum — vil + |lun — v|| for m,n e N. Since lim. \|Un — v|| = 0 and 
ms, 

lim | llUn — v||, for every ¢ > O there exists N € N such that |lu, — v|| < 5 form > N and 
n 

llu,—vl| < 5 forn > N. Then form,n > N wehave |jum—vp|| < [lun —vl|+]lun—vl| < 

for m,n € N. This shows that (uv, : n € N) is a Cauchy sequence with respect to the norm. 

3. Suppose lim v, = v, that is, lim ||v, — vl] = 0. By Observation 15.6, we have 

n> OO n-> Oo 
|Il¥all — lull] < lun — vif and then lim |||vnl| — [lull] Slim lun — vl] = 0. Thus we 
n—>Oo no 


have lim |||vpl| — {lvil| = 0 and this implies lim ||u,|| = llul|. 
now n->CO 
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Proposition 15.10. Let (V, || - 1) be a Banach space. If M is a linear subspace of V and 
M is aclosed set in V then (M, || - ||) is a Banach space. 


Proof. If M isa linear subspace of V then (M, || - ||) is anormed linear space. Suppose M is 
also aclosed set in V. To show that (M vd \\) is a Banach space we show that M is complete 
with respect to the norm ||- |]. Thus let (v, : 2 € N) be a Cauchy sequence in M with respect 
to || - ||. Then (v, : 2 € N) is a Cauchy sequence in V with respect to || - |]. Since V is 
complete with respect to || - || there exists v € V such that lim | \|u, — v|}| = 0. Then since 
nu 
(v, :n € N) C M and since M is aclosed set in V, the convergence lim ||v, — v|| = 0 
noo 
implies that v ¢ M. Thus every Cauchy sequence in M with respect to || - || converges to 
an element in M, that is, M is complete with respect to || - ||. This shows that (M; || - ||) is 
a Banach space. &f 


Definition 15.11. Let v; and v2 be two norms on a linear space V. We say that v, and v2 
are equivalent if there exist a, B > 0 such that v1(v) < av2(v) and v2(v) < By (v) for 
ve V. 


Proposition 15.12. Let v1 and v2 be two equivalent norms on a linear space V. 

(a) If a sequence (uv, :n € N) in V is a Cauchy sequence with respect to one of v, and v2, 
then it is a Cauchy sequence with respect to the other. 

(b) If a sequence (v,: n € N) in V converges in the norm v, to some v € V, then 
(vy, :n € N) converges in the norm v2 to v € V and vice versa. 

(c) If V is a Banach space with respect to one of v4 and v2, then V is a Banach space with 
respect to the other. 


Proof. The proofs of these statements are immediate from the fact that for the two metrics 
pi(u,v) = vy(u — v) and p2(u,v) = v2(u — v), we have pi(u,v) < ap2(u, v) and 
P2(u,v) < Bpi(u,v). Of 

[II] Banach Spaces on R*é 


Ré consisting of x = (x1,... ,x%) where x1,... , x, € Risa linear space over the field of 
scalars R if addition and scalar multiplication are defined by x+y = (x1 +y1,... Xe +k) 
andax = (ax},... , ax) forx,y € R* anda € R. Letus prove algebraic forms of Holder 
and Minkowski Inequalities with exponent 2. 


Lemma 15.13. For a;,b; € Rfori =1,...,k, we have 


k k l/2e k 1/2 
(1) iat =| re] [| 


and 


k 1/2 k 1/2 k 1/2 
(2) | ia +60"] <[ ya] +[ oa] 
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Proof. To prove (1), let us prove first 


@) [Daa] < [Del[ se, 


Ney k 2 kok k 
[ oat =~) ajbjajbj =) a?b? +2 x ajb; ajbj, 
isi i=1 j=1 i=l l<i<j<k 
and 
k k k ok 
[ oa? || doe?) = oy ate = Yetet+ y. afbt+ So ate? 
i=l {=1 f= j=l i<i<j<k 1<i<j<k 
and then 
k k k 
pacaibaa = [yaa] = a {apb5 + a3b? - 2a;bjajb;} 
i=l i=l i=l l<i<j<k 
> {ajb; - a;b;}° > 0. 
1<i<j<k 


This proves (3). Since (3) holds for any aj, bj € R,i = 1,... ,k, it holds for |a;|, |b;| € R, 
i =1,...,k. Thus we have [ 3", Jailloil]? < [ky lail?][ CX, (dil?]. Taking the 
square roots, we have (1). 

To prove (2), note that 


k 
Sila: + bi}? -ya +e Dan 
Be 

k 


sya +bar[ye Teel” by (1) 
(Se) be) 


i=l 
Taking the square roots, we have (2). # 
Theorem 15.14. On R¢, let us define functions || - ||1, || - lz, and |l - lly by 
(xl = iy bel forx ER‘, 
1/2 
Iixll2 = {TE beil?2}7 forx eR‘, 


ix lle = maxje1,..¢ [xj] forx € R*. 
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(a) || - lla, Il + lla, and || - lu are norms on RE. 
(b) The norms || - |l1, Il - ll2, and || - lly satisfy the following inequalities 


(1) lIxll1 = Wxll2 = telly forx e R* 
and 


x x 
llc [la ce Welle 


(2) Se Sle 


forxe R‘. 
Thus any two of the three norms is a pair of equivalent norms. 
(c) Ré is a Banach space with respect to each one of || - |l1, | - ll2, and Il - Iu. 


Proof. 1. It follows immediately from its definition that each one of || - {{1, {{ - {l2, and 
ll - lu Satisfies conditions 1°, 2°, and 3° of Definition 15.1. Regarding condition 4°, triangle 
inequality, note that for x, y € R‘ given by x = (x1,... ,x%) and y = (y1,..., ye), we 
have 


k k 


lx + yl = Sob + yl = D> {ail + yal} 


i=] i=1 
k k 

= bail + Do byl = bell + llyth, 
i=! i=1 

and 
IIx + yl = max ix + yil S,max {lel + lyil} 
<_ max |xi|+ max lyil = [lx lle + llyile- 
i=1,...,k i=1,...,k 


This shows that || - ||, and || - ||, satisfy the triangle inequality. The fact that || - ||2 satisfies 
the triangle inequality follows from (2) of Lemma 15.13. 


2 
2. To prove (1), note that lx]? = [ ofy bel” = Sy bail? = feel and eis have 
k 
llxll > Wella. Also |Z = Dopay bil? > maxiet,... 4 iil? = [maxj=1,..x|2i|]” so that 
|x l2 = maxjei,... 4 [xi] = [lx ll.. This proves (1). 


To prove (2), letx = (x1,... , Xk) € Ré. Applying (1) of Lemma 15.13 with aj = x; 
and b} = 1 fori =1,... ,k, we have yy |xi| < eee lai [2] 71/2, Dividing by k, we 
have 


i 1 a 1/2 
pL gal Lh | < gia[k max, bP] = max, bel 
i= i= 


This proves (2). 

3. Since the three norms || - ||1, | - ||2, and {{ - ||, are equivalent, if we show that Ré is 
a Banach space with respect to one of the three, then R* is a Banach space with respect to 
each of the other two according to Lemma 15.12. Let us show that R* is a Banach space 
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with respect to {| - ||). Let (x :n © N) be a Cauchy sequence in R* with respect to the 
norm || - ||1. Then for every ¢ > 0, there exists N € N such that |x) — x I, < € for 
m,n > N. Then foreachi = 1,... ,k, we have 


k 
lee x0 < Pao - =| = [x& —x” I, <e form,n>N. 
j=l 


This shows that eas : n € N) is a Cauchy sequence in R. Thus there exists x; € R such 


that lim ae? — x;| = 0. Let x = (x),... , x4) € R*. Then 
n—->0O 


k k 
Jin, <1, = Be Ye? l= Dim | =0 
i= i 


This shows that R* is complete with respect to the norm || - ||1. Therefore Ré is a Banach 
space with respect to the norm ||- ||}. 


[III] The Space of Continuous Functions C((a, b]) 


Let C({a, b}) be the collection of all real-valued continuous functions defined on [a, b]. If 
we define addition and scalar multiplication in C ( [a, b}) by pointwise addition and scalar 
multiplication on [a, b], thatis, (f+g)(t) = f(t)+g(t) fort € [a, b] for f,g € C([a, b)), 
and (af)(t) = wf (t) fort € [a,b] for f € C([a, b]) anda € R, then C([a, b]) is a linear 
space over the field of scalars R in which the origin is the identically vanishing function on 
(a, db]. 


Theorem 15.15. On C([a, b}), define || - ||1, || - ll2, and || - lly by 


Iflh = Sia.) lfldu,, 

Ilo =[ faa FP au], 

If lla = maxrefa,o) If OI. 
(a) lI - lt, Il ll2, and || - |x are norms on C([a, b]), called L' norm, L? norm, and uniform 


norm respectively. 
(b) The norms || - |\1, || « ll2, and || - |lu satisfy the inequality that for f € C({a, b}) 


Ifill Ifill 
ei ee : 
epee 
(ce) C ([a, b)) is a Banach space with respect to the norm || - ||u- 
Proof. 1. It follows immediately from the definition that || - |l1, || - |l2, and |] - Il, satisfy 


conditions 1°, 2°, and 3° in Definition 15.5. Let us verify for instance that if || f ||, = 0 for 
some f € C({a, b]) then f = 0 € C([a, b]). Now if || fll, = 0, that is, Sia |S du, = 0, 
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then f =0a.e. on [a, b]. Thus there exists a null set E in the measure space (R, 9%, 4,) 
such that E C [a, b] and f = 0 on [a,b] N E°. Now since every open interval in R has 
positive Lebesgue measure, the null set E cannot contain any open interval. Thus every open 
interval in R contains some point in E°. This shows that E° is a dense set in R. Then for 
every x € [a, b] there exists a sequence (x, : n € N) in [a, b] M E* such that dim, Xn = 


The continuity of f on [a, b} and the fact that f = 0 on [a, b] N E* imply that. 7 (x) = 0. 
This shows that f = 0 on [a, b]. Thus f =O € C(la, b] }). 

Condition 4° in Definition 15.5, the triangle inequality, is verified for || - ||, and || - |l1 as 
follows: 


IF + ll = max |f@ + els max {If@l + le@l} 


< max |f(t)|+ max |g(t)| = Iflla + llgilu, 
te[a,b] te[a,b] 


and 


it+el= if tsldn, = [ (f+ lel} de, 
{a,b} [a,b] 


=f ifldu, + f leldu, = Wf + lel. 
[a,b] [a,b] 


2. It remains to verify the triangle inequality for || - |z2. Let us note that for every 
h € C([a, b]), we have Sa, Ue = f?nc) dt. For each k € N, let us partition [a, 6] 
into k equal subintervals with partition pointsa = to <--+ <%= b, let, = (b—a)/k, 
and write hy; = h(t,,;) fori =1,... ,k. Then 


b k 
h(t) dt = li hy ilk. 
(1) [ (dt = lim d, ilk 


For f,g € C({a, b]), let fii = f(tei) and gx; = g(t,;) fori = 1,...,k andk € N. By 
(2) of Lemma 15.13, we have 


k 1/2 k k 1/2 
(2) [> | fei + wus] < bs | fei Pe] + 1d ec] 
i=1 i=l i=l] 


Letting k —> oo in (2) and applying (1) to our | f + gl’, |f|?, lel? € C(la, a we have 


1/2 


Be I + grat] ele Lrorar]” af iP ar] 
This shows that || f + gll2 < Il fll2 + llgll2. 
3. With a; = fii)!” and bj = &/? fori =1,... ,k in (1) of Lemma 15.13, we have 


k k k 1/2 
(3) Dl feille = >> fell” < bs st | (b—a)'?. 
i=l i=l 


i=1 
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By (1) we have 
k b 
lim Lfealte = f raids = f Ifldu 
ee : a [a,b] - 


and similarly we have 


k b 
lim J fail? = / If) Pdx = / Ife du. 
ae : a [a,b] c 


Letting k — 00 in (3), we have 


1/2 
i ifldu, <6 ~a)'] [ isa, | 
[a,b] {a,b] 


that is, | flli(— a)! < I flla—a)~'”. From fy, y If de, < If ll — @), we have 
Il flab — a)~"/? < || fly. This proves (b). 

4, Let us show that C([a, b]) is a Banach space with respect to the norm || - ||,. Let 
(fr: n € N) be a Cauchy sequence in C(Ia, b)) with respect to the norm || - ||,,. Then for 
every € > 0, there exists N € N such that || fn — fallu < € form,n > N and therefore 


(4) Lfm(t) — fa) < Ifm — fnllu < € for allt € [a, 5]. 


This shows that for every ¢ € [a, b], (fn(t) : n € N) is a Cauchy sequence of real numbers 
and therefore converges to a real number f(t). By (4) we have | lim fn(t) - Fa(t)| <é 
m—> 


for alln > N, that is, 
(5) lf) — fr(@)| < © forallz € [a, d]. 


Thus the sequence (f, : n € N) converges uniformly to f on [a, b] so that f is continuous 
on [a, J, that is, f € C([a, b)). From (5), we have max;e{a,b) |f(t) — fn(O| < ¢ for 
n > N. This shows that lim, lf -fiallu=0. © 

n> 


[IV] A Criterion for Completeness of a Normed Linear Space 


Observation 15.16. Given a metric space (S, e). If a Cauchy sequence (vy, : n € N) in S 
has a subsequence (vp, : k € N) which converges to an element v € S, then the sequence 
(v, :n € N) converges to v. 


Proof. Let ¢ > 0. Since (uv, : n € N) is a Cauchy sequence, there exists N; € N such 

that P(Un, Um) < 5 forn,m > Ny. Since jim P(Un,,v) = O, there exists Nz € N such 
> 00 

that p(vn,,v) < 5 ifk > N2. Let N = max {N|, N2}. Then for n > N, with an arbitrary 

k > N, we have p(tn,v) < P(Un, Un) + P(Um,v) < . + 5 = ¢. This shows that 

lim p(tn,v) =0. 

n 


Definition 15.17. Given a sequence (v, : n € N) in a normed linear space (V, ll - Il). 
Consider the sequence (wy, : n € N) in V defined by wx = )-p_, x forn € N. If the 
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sequence (Wn : n © N) converges in the norm, that is, if there exists w € V such that 
lim [wn — w|| = 0, then we say that the series ene Un converges in the norm to the sum 
n 


w and write ) nen Un = w. When no such w exists in V, we say that the series \ nen Un 
diverges. We call (wn : n € N) the sequence of partial sums of the series 2x Un. 


Theorem 15.18. Given a normed linear space (Vv, ll - I). The space V is complete with 
respect to the norm || - || if and only if for every sequence (vn, : n € N) in V such that 
Denen ll Unll < 00, the series ) <1 Un converges in the norm. 


Proof. 1. Suppose V is complete with respect to the norm || - ||. Let (v, : n € N) bea 

sequence in V with ne llUn|| < oo. Let us show that the series )°,-1y Un converges, that 

is, for w, = rer vg forn € N there exists w € V such that lim ||w, — w|| = 0. Now 
n> oo 


since ) > en llunll < 00, for every € > 0 there exists N € N such that Yeon lel < €. 
Then for m > n > N we have 


tomo =[o4-To] =] ol 


1 k=n+1 
m 
< SS lulls SO lull sO lull <e. 
k=n+1 k>n+1 k>N 


This shows that (w, : n € N) is a Cauchy sequence in V. The completeness of V with 
respect to the norm || - |! implies then that there exists w € V such that jim, ||Jw, — w|| = 0. 


2. Conversely suppose for every sequence (uv, : n € N) in V with > ,cy llunl] < 00, the 
series )>,,<j Un converges in the norm. Let us show that V is complete with respect to the 
norm || - ||. Let (vu, : n € N) be a Cauchy sequence in V with respect to the norm. To show 
that the sequence converges in the norm, it suffices to show that there exists a subsequence 
which converges to some element in V in the norm according to Observation 15.16. Now 
since (vu, : n € N) is a Cauchy sequence, there exists Nj < N2 <--- such that for every 
k € N we have 


1 
(1) IY — Yall < 5¢ for m,n > Ne. 


Let us show that the subsequence (vy, : k € N) of (Un; n € N) converges in the norm. 
Consider a sequence (u; : i € N) in V defined by uw; = uy, and u; = vy, — va,_, fori > 2. 
Then we have 

k k 


(2) Yo ui =n + D> {on — uma} = vm fork EN, 
i=l i=2 


By the definition of the sequence (u; : i € N) and by (1) we have 
1 
Do Weesll = Neeall + D0 low, — emall S lel + DS = ell + 1 < 00. 
ieN i>2 i>2 
Thus by our assumption the series }°;7y uj converges to some element u € V in the norm, 
that is, lim || ee u; — u|| = 0. Substituting (2), we have lim |luy, —ul|=0. 
k->00 = k->00 
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[V] Hilbert Spaces 


Definition 15.19. Given a linear space V over C (resp. R). A complex-valued (resp. real- 
valued) function {-,-) on V x V is called an inner product on V if it satisfies the following 
conditions: 

1° (v, w) € C (resp. R)forv,w eV, 

2° (uv, v) € [0, 00) for every v € V, 

3° (v,v) = 0 ifand only ifu =0€E V, 

4° (ayv) +202, w) = a (v1, W) +2 (v2, w) for v1, v2, w € V, a1, a2 € C (resp. R), 
5° (vu, w) = (w, v) for v, w € V, where Z is the complex conjugate of z € C. 

A linear space V on which an inner product {-, -) is defined is called an inner product space 
and we write (V, (-,-)) for it. 


Observation 15.20. For an inner product (-, -) on a linear space V, we have 


(v, Byw) + Bow2) = Bi (v, wi) + Bo (v, we), 


for v, wi, w2 € V and Bj, B2 € C. This is an immediate consequence of 4° and 5° in 
Definition 15.19. 


Definition 15.21. On an inner product space (V, (-, +) ), we define a function || - ||, on V 
by setting ||u||, = {{v, v)}!/? for v eV. 


To show that |} - |], defined above is a norm and in particular satisfies the triangle 
inequality, we prove first the Schwarz’s Inequality. 


Theorem 15.22. (Schwarz’s Inequality) For the function || - ||, on an inner product space 
(V, (-,+)), we have | {v, w) | < llullallwil, for v, w € V. The equality holds if and only if 
v and w are linearly dependent. 


Proof. 1. Consider the case (v, w) = 0. In this case, |(v,w)| < |lvllp||wi[, holds 
trivially. If f and g are linearly dependent, say v = Xw where A € C (resp. R), then 
|Aw|lp = [Al || wll, by Definition 15.21 and conditions 4° and 5° of Definition 15.19, and 


[(v, w) | =| aw, w) | = IAL (w, w) = [Alii = WAwllallwlla = llullallwile. 


Conversely if | (v, w) | = |lu{[n{|{wilz, then since (v, w) = 0, at least one of ||u||, and |lwlla 
is equal to 0, that is, at least one of (v, v) and (w, w) is equal to 0. Thus according to 
condition 3° in Definition 15.19, at least one of v and w is equal to 0 € V and therefore v 
and w are linearly dependent. 

2. Assume that (v, w) 4 0. Let % = (v, w)|(v, w)|7! so that 0 € C with |o| = 1. 
Then for every A € R, we have by 2°, 4°, and 5° of Definition 15.19 


(1) O< (Su+ Aw, dv + Aw) = 99 (v, v) + BA (v, w) FAD (w, v) +? (w, w) 


= || lulz + 2aR{o (v, w)} + A7IwIle < [lvllzZ + 2A] (v, w) | + AZ |wIlg, 
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since 0 (v,w) = (v, w) (uv, w) | (v, w)|-! = | (v, w) |. Thus we have a polynomial of 
degree 2 in the real variable Awith real coefficients which does not assume negative values. 
Then its discriminant cannot be positive, that is, 


(2) I(v, w) |? — lull wll? < 0. 


This inequality is equivalent to | (v, w)| < |lv|lnllwi|,;. Furthermore the equality in (2) 
holds if and only if our second degree polynomial in A has a real double root Ag, that is, 


(3) Ad llw|lZ + 2dol (v, w) | + lull? = 0, 


which, in view of (1), is equivalent to (Ov + Agw, Juv + Aqw) = 0, that is, Fu + Apw = 0, 
in other words, v and w are linearly dependent. 


Corollary 15.23. For the function || - ||, on an inner product space (V, (-, +) ), we have 
lvu-+ wilh < llvlla + wlla for v, w eV. 


Proof. If v, w € V then lv + wllZ = (v + w, v + w) = |lull? + (v, w) + (w, v) + |lwll?. 

But (v, w) +(w, v) = 29 (v, w) < 2| (v, w) | < 2I]v]]2|| wl]? by Theorem 15.22. Therefore 
2 

we have |lu+wlli < lull? +2iullZ wil + wil? = {llvllat llwila}”, and then |lv+wlln < 

lvlla + wilh. 


Theorem 15.24, The function || - ||, on an inner product space (V, (-,-)) as defined by 
Definition 15.21 is a norm on the linear space V. 


Proof. By condition 2° of Definition 15.19, ||v||, € [0, 00) forevery v € V and by condition 
3° of Definition 15.19, ||v||, = 0 if and only if v = 0 € V. For v € V anda € C, we have 
lloev||y = [(av,av)]!/?2 = [a@ (v, v)]!/* = |a||lul|,. The triangle inequality for || - ||, is 


given by Corollary 15.23. 


Definition 15.25. The norm || - ||, = {(-,-)}!/2 on an inner product space (V, (-, )) is 
called a Hilbert norm. If V is complete with respect to the Hilbert norm, then V is called a 
Hilbert space. 


[VI] Bounded Linear Mappings of Normed Linear Spaces 


Notations. For a linear space V over the field K where K = R or K = C we write (V, K) 
to indicate that K is the field of scalars for the linear space. We write (W, K’) for another 
linear space W whose field of scalars is K’ where K’ = R or K’ = C. 


We write (V, K, || - ll) for a normed linear space when a norm || - || is defined on a linear 
space (V, K). 
Example. Consider a normed linear space (V, K, || - II). Now K is a linear space over the 
field of scalars K. For K = R the absolute value | - | of a real number is a norm on K. 


For K = C the modulus | - | of a complex number is a norm on K. Thus (K, K, | - \) isa 
particular case of a normed linear space over the field of scalars K. 
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Definition 15.26. (a) Let (V, K) and (W, K’) be two linear spaces. A mapping L of V into 
W is called a linear mapping if it satisfies the following conditions: 

1° homogeneity: L(yv) = yL(v) forv € V andy €K, 

2° additivity: L(vj + v2) = L(v1) + L(v2) for v1, v2 € V. 
Let £{V, W} be the collection of all linear mappings of the linear space (V, K) into the 
linear space (W, K’ ). 

(b) For the particular case that (Ww, K’ ) = (K’ _K’ ) a linear mapping L of the linear space 
(V, K) into the linear space (K’ , K’) is called a K’-valued linear functional on (V, K). 
We write £{V, K’} for the collection of all K’ -valued linear functionals on (V, K). 


Note that for 0 € V we have L(0) = L(Ov) = OL(v) = O with an arbitrary v € V. 
Note also that conditions 1° and 2° are equivalent to the single condition: 


Ly + y2v2) = Lv) + y2L (v2) for vy, v2 € V and yj, y2 € K. 


Remark 15.27. In the definition of a linear mapping of a linear space (V, K) into a linear 
space (Ww, K’ ) it is not required that K = K’. However a linear mapping of a linear space 
(V,C) into a linear space (W, R) may not exist since the homogeneity condition 1° of 
Definition 15.26 

L(yv) =yL(v) forv e Vandy €C 


may be meaningless in this case. Indeed if L is a mapping of (V,C) into (W, R) then 
L(yv) € W for v € V and y € C but y L(v) is undefined since the field of scalars for W 
is R and not C. To ensure existence of linear mappings we assume that either K = K’ or 
K=RandK =C. 


[VI.1] Continuous Linear Mappings 


Let us consider continuity of a linear mapping L of a normed linear space into another. 


Example. Consider the normed linear space (R’, R, || - ll2) where ||x||2 = { we gry? 
for x = (&,...,&) € R” and the normed linear space (R, R,|- I). Let L be a linear 


mapping of (R”, R, || - lz) into (R, R, |- |). Then there exist Aj, ... , A, © R such that 


(1) L(x) =A, +---+AnE, forx = (&,...,&) ER. 
Indeed if we let e; = (1,0,... ,0),e2 = (0,1,0,... ,0),... ,en = (O,... ,0, 1), then 
{e1, €2,... , @n} iS a basis for R and for every x = (&1,... , &)) € R” we have the expression 


x = Ge; ++-- + Een. Let Ay = L(e1),... , An = Len). Then by the linearity of L we 
have 


(2) L(x) = LGiei +--+ + Enen) = &1L(e1) +--+ + EnL (Cn) = Arg) +--+ + Anka. 
Let 


(3) M= | ae}? € [0, 00). 
i=1 
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Then for every x = (&1,... ,&) € IR”, we have 


2 


IL¢x)) = Daag +--+ Antal s {oe}? oe}! 
i=1 i=1 


so that 
(4) |L(x)| < M||xllo for every x € R”. 


Now (4) implies that L is uniformly continuous on R”. Indeed for an arbitrary ¢ > 0 let 


é6= Mat: Then for any x’, x” € R” such that ||x’ — x” lz < 6, we have 


& 
La) — L&”)| = [LX — x”) | < Mix’ — x” Mé = M——— <e. 
|L(x’) (x")| = [L¢ I< M|| l2 < Mal € 


Example. A linear functional L on an arbitrary normed linear space (x ,K, | - Il) may be 
discontinuous at every point in X. Let us consider fro instance the normed linear space 
(C([a, b]), R, || - ll1) of real-valued continuous functions f on [a, b] with the norm defined 
by (I flli = Jiao |f| du, as in Theorem 15.15. If we take an arbitrary c € [a, b] and define 
a functional L on C([a, b]) by L(f) = f(c) for f € C{[a, b]), then for every a, B € R 
and f, g € C([a, b]) we have 


Leaf + Bg) = (af + Bg)(c) =af(c) + Bg(c) = aL(f) + BL(g). 


Thus ZL is a linear functional on C(fa, b)). However L is discontinuous at every f in 
C([a, b)). To show this, let ¢ > 0. For any 6 > 0, a real-valued continuous function g on 
[a, b] such that | f(c) — g(c)| > & but || f -— gilli = Stas} |\f — gldu, < 6 can be easily 
constructed. 


Theorem 15.28. Let (V, K, | - Il) and (Ww, K’, || - II’) be two normed linear spaces where 
either K = K’ or K = Rand K = C. Let L be a linear mapping of V into W. If L is 
continuous at some vg € V then L is continuous at every v € V and in fact L is uniformly 
continuous on V. 


Proof. If ZL is continuous at v9 € V then for every ¢ > 0 there exists 6 > 0 such that 
(1) |L(v) — L(vo) ||’ < € for f € V with ||v — voll < 6. 


Let us show that L is uniformly continuous on V, that is, for every ¢ > 0 there exists 6 > 0 
such that 


(2) Lv’) — L(v")|I' < & for v’, v” € V such that |[v’ — v’|} < 6. 


Let ¢ > 0 be arbitrarily given and let 6 > 0 be as in (1). Let v’, v” € V be such that 
|v’ — v”|| < 6. Then by the linearity of L, we have 


JL’) — Lo”)! = [LO — @” = v0) = v0) = |L@’ — (&" = v0)) — Lo) ||" < ¢, 
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by (1) since || (v’ — (v” — vo)) — voll = |v’ — uv] < 8. This proves the uniform continuity 
of Lon V. @ 


[VI.2] Bounded Linear Mappings 


Definition 15.29. (a) Let (V,K, || - ||) and (W, K’, | - ll’) be two normed linear spaces 
where either K = K’ or K = R and K’ = C. A linear mapping L of V into W is called a 
bounded linear mapping if there exists a real number M > 0 such that 


(LO) < Mull forallve V. 


Such constant M > 0, if it exists, is called a bound for the bounded linear mapping L. 
We write 38{V, W} for the collection of all bounded linear mappings of the normed linear 
space {V,K, || - ||) into the normed linear space (W, K’, || - ||’). For L € B{V, W}, we 
define 

Lily.w = inf {M > 0: ||L(v)|I’ < M|lvl| forall v € V} € [0, co). 


(b) For the particular case (W, K’, |) = (K, K’, |- l) a linear mapping L of V into K’ 
is called a K’ -valued bounded linear functional, abbreviated as b.Lf, if there exists M > 0 
such that 

|L(v)| < M|lv|| forallv eV. 


We write S8{V, K’} for the collection of all K’ -valued bounded linear functionals on the 
normed linear space (V, K, || - Il). For L € B{V, K’} we define 
WL ly yer = inf {M > 0: |L(v)| < Mull forallve v} € [0, 00). 


VK! 


We show next that the infimum of all bounds of a bounded linear mapping is itself a 
bound for the linear mapping. 


Proposition 15.30. Let (V, K, || - ||) and (W, K’, | - I’) be two normed linear spaces where 
either K = K or K= RandK’ =C. Let L be a bounded linear mapping of V into W. 
Then 

Lv) II! < Lily wilvll for every ve V. 
If L is not the identically vanishing, that is, if there exists v € V such that L(v) #0 € W, 
then ||L|ly.y > 0. 


Proof. 1. By the definition of ||L||, , as the infimum of all bounds for L, for every k € N 
there exists a bound M; for L such that ||Llly y < Me < IZllyy + i Since M;, is a bound 
for L, we have for every v € V 


LO) < Mellvll < {Lily +A} el- 


Since this holds for every k € N, we have ||L(v)||’ < WZ lly.wlull for every v € V. 
2. Suppose L(vo) #4 0 € W for some vp € V. Then 0 < |[L(vo) II’ < ILlly.wilvoll- 
Thus ||L||,, > 0. 
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[VI.3] Equivalence of Continuity and Boundedness of a Linear Mapping 


Proposition 15.31. Let (V, K, || - ||) and (W, K’, || - lI’) be two normed linear spaces where 
either K = K’ or K = RandK = C. Let L be a linear mapping of V into W. Then L is 
a bounded linear mapping if and only if L is continuous at 0 € V. 


Proof. 1. Suppose L is a bounded linear mapping. To show that L is continuous at 0 € V, 
we show that for every ¢ > 0 there exists 6 > O such that ||L(v) — L(0)||’ < e for every 
v € V such that |v — O|| < 4, that is, ||L(v)||’ < ¢ for every v € V such that |lul| < 6. 
Now according to Proposition 15.30 we have ||L(v)|l’ < (ILlly.yllull for every v € V. If 
ILlyy = 0 then ||L(v)|I’ = 0, that is, L(v) = 0 € W for every v € V so that L isa 
constant mapping and hence continuous on V. If ||L|ly y > 0 then for an arbitrarily given 


e>Oletd= (ILlly we Then for v € V such that ||v|| < 6 we have 


-l 
ILO)! < Ly wile < ILlyw8 = IL lwllLilyw) & = 


so that L is continuous at 0 € V. 

2. Conversely suppose L is continuous at 0 € V. Then for every € > 0 there exists 
5 > O such that ||L(v)||’ < ¢ for every v € V with ||v|| < 6. 

Now let v € V andv #0 € V. For the element spr” € V we have lata = 5 <6 
so that [L(G | < &, that is, aor IL) < € so that ||L(v)||’ < 2§|lv|| for every 
véV,uv 40 € V. On the other hand for v = 0 € V, the last inequality holds trivially. 
Thus ||L(v) ||’ < 2§||v|| for all v € V. This shows that 25 is a bound for the linear mapping 
L and then L is a bounded linear mapping. # 


Theorem 15.32. Let (V, K, |] - ||) and (W, K’, || - |I’) be two normed linear spaces where 
either K = K’ or K= Rand K’ =C. Let L be a linear mapping of V into W. Then the 
following three conditions are equivalent: 

1° Lis continuous at0 € V. 

2° Lis uniformly continuous on V. 

3° Lis a bounded linear mapping. 


Proof. By Theorem 15.28, 1° and 2° are equivalent. By Proposition 15.31, 1° and 3° are 
equivalent. & 
[VI.4] Infimum of the Bounds of a Linear Mapping 
Definition 15.33. Let (X, p) be a metric space. For xp € X andr > 0 we define 
B,(xo) = {x € X: p(x, x0) <r}, 
B, (xo) = {x € X : p(x, x0) <r}, 


S,(xo) = {x € X: p(x, x0) =r}. 


The alternate notations B(xo, r), B(xo,r), and S(xo, r) for these sets will also be used. 
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In particular in a normed linear space {V, K, || - ||), for v0 € V andr > 0 we have 
B, (vo) = {v EV: |lu—voll < r}, 
B,(vo) = {ve V: lu—voll <r}, 


S-(vo) = {v EV: |v — vol] =r}. 


Observation 15.34. B,(xo) is an open set. We call it an open ball with center at x9 and 
radius r. It is easy to show that B,(xo) is the closure of B,(x9). Thus B, (x9) is a closed 
set. We call it a closed ball with center at xo and radius r. Then S,(xo) = B, (x0) \ B,(xo) 
is a Closed set. We call it a spherical hypersurface with center at xg and radius r. Also a 
non-empty open set in a metric space (X, pe) is a union of open balls. (Indeed if O is a 
non-empty open set then for every x € X there exists ry > O such that B,,(x) C O so 
that Ueo B,,(x) C O. On the other hand for every x € O we have x € B;,(x) so that 
O = Uxeol*} C Uxeo Br; (x). Therefore we have O = U,.<9 Br, (x).) 


Lemma 15.35. Let (V,K, || - ||) and (W, K’, || - ||’) be two normed linear spaces where 
either K = K’ or K= RandK’ =C Let L be a linear mapping of V into W. Then 


sup ||L(v)||/= sup ||L(v)|I'. 
veS) (0) veB(0) 


Proof. Since $|(0) C B,(0) we have 


sup ||L(v)|I< sup ||L(v)|I’. 
veS} (0) veB (0) 


It remains to prove the reverse inequality. Let v € B,(0) andv £0 € V. Ifweletu = WwW 
then ||u|| = 1 so that u € $,(0). Now 


IL@I' = [L(y») I = FAIL @)I = LOI 


since v € B,(0) and |v|| < 1. This shows that for every v € B,(0) and v # 0 € V there 
exists u € $1(0) such that ||L(v){|’ < ||L(u)||/. Also for v = 0 € V and for any u € S(O) 
we have ||L(v)||’ = ||O||’ = 0 so that the inequality ||L(v) ||’ < || L(u)||/ holds trivially. Thus 
we have 
sup ||Z(v)I|'< sup IL@)Il. 
veB1(0) veS} (0) 
This completes the proof. 


Theorem 15.36. Let (V, K, |] - Il) and (Ww, K’, || - i) be two normed linear spaces where 
either K = K' or K = Rand K = C. Let L be a linear mapping of V into W. Then L is 
a bounded linear mapping if and only if 


(1) sup ||L(v)|I! < 00. 
veS; (0) 
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Moreover if L is a bounded linear mapping then 


(2) IZllyw = sup IL(r)II’. 
veS;(0) 


Proof. 1. Suppose L is a bounded linear mapping. Then there exists M > O such that 
|L(v) |’ < Mul] forall u € V. 


Then we have 
sup ||L(v)|l’< sup Mllv|| =M <oo. 
veS} (0) veS; (0) 
Conversely suppose supyes, @) lL) ||’ < co. Now for an arbitrary v € V such that 
v #06 V,if weletu = ig then ||w|| = 1 so that w € S\(0). Then we have 


LOW = | Lele) | = Ne WL@oW < tel sup WL (wy). 
weS} (0) 


For v = 0 € V the inequality ||L(v)||’ < |lv|| sup,¢s, @ ||L(w) ||’ holds trivially. Thus 


(3) |L(v)I" < lv} sup ||/L(w) |’ for all v € V. 
weS)(0) 


This shows that the real number sup,¢5, (0) ||L(v)|I/ = 0 is a bound for the linear mapping 
L and L is a bounded linear mapping. 

2. To prove (2) suppose L is a bounded linear mapping. By Proposition 15.30 we have 
ILZ@) II < WLlly.yllull for all v € V. Thus we have 


sup ||L(v) II’ < Lily sup lull = ILllyw- 
veS; (0) ve; (0) 


Since L is a bounded linear mapping we have sup,¢5, (0) ||L(v) ||’ < 00 as we showed in 1. 
Then (3) shows that the real number sup,¢5, @y ||L(v) ||’ is a bound for the linear mapping 
L. Since ||L||y,y is the infimum of all bounds of L we have ||L|ly y < supyes,@y ILC) I’. 
Thus [|Lllyy = SUPyes,@) IL) II’. 


[VI.5] Normed Linear Space of Bounded Linear Mappings 


Theorem 15.37. Given two normed linear spaces (V, K, || - ll) and (W, K’, || «| ) where 
either K = K or K = Rand K’ = C. Consider the collection &{V, W} of all bounded 
linear mappings of V into W. Let us define addition and scalar multiplication in B{V, W} 
by setting 


(1) (L1 + L2)(v) = L1(v) + Lo(v) forv € V and Li, Lo € B{V, W} 
and 


(2) (yL)(v) = yL(v) forvé V,L € BV, Wh andy eK. 
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Then 8{V, W} is a linear space over the field of scalars K’ and || - lly w is a norm on this 
linear space. 


Proof. 1. Let L;, Lz € B{V, W}. Let us show that L; + L2 defined by (1) is a member of 
BV, Wh. Let v1, ve € V and yj, » € K. Then 


(Li + L2)(yivi + yov2) = Li(myy + y2v2) + La(vivi + y202) 
= {vi Li(ur) + y2Li(v2)} + {ri Lavi) + y2La(vr)} 
= (L1 + L2)(v1) + y2(L1 + L2)(v2) 


where the first equality is by (1), the second equality is by the linearity of LZ; and L2 and 
the third equality is by (1) again. This shows that L; + L2 is a linear mapping of V into W. 
To show that L; + L2 is a bounded linear mapping note that for every v € V we have 


(Ly + Law)’ = WLi(v) + Loe)’ < Lae) i! + WLo@)I 
< ULillywilvll + Lely wiloll = {ILilly.w + Lally, piel 


Thus ||Li lly y +l|LZally,y is a bound for the linear mapping L; + Lz and L; + L2is a bounded 
linear mapping. This shows that (L; + L2) € B{V, W}. 

Let L € B{V, W} and y € K’. Let us show that yL defined by (2) is a member of 
SB{V, W}. Let vj, ve € V and yj, 72 € K. Then 


(yL) (01 + 7202) = yL(ian + 7222) = vy {MM LQr) + rL Or} 
= n(yL)(v11) + y2(y L) (v2) 


where the first equality is by (2) and the second equality is by the linearity of L. This shows 
that y L is a linear mapping of V into W. To show that y L is a bounded linear mapping we 
note that for every v € V we have 


y Loy = WL’ = lv LI S lv MZ llyyllull 


so that |y|||Zll,.y is a bound for yZ and L is a bounded linear mapping. This shows that 
yLe B{V, wh. 

With addition and scalar multiplication thus defined, the fact that 33{V, W} is a linear 
space over the field of scalars K’ is easily established by verifying conditions 1° to 9° in 
Definition 15.1. Note that 0 € S8{V, W} is the identically vanishing linear mapping of V 
into W, that is, the mapping L such that L(v) = 0 € W forevery v € V. 

2. Let us show that ||L |, y for L €¢ 98{V, W} is a norm on the linear space B{V, W}. 
Now by Definition 15.29 we have 


WLllyv =inf {M >0: ||L()I < Mllvl| forall v € V} € (0, 00). 


If L = 0 € S{V, W}, the identically vanishing mapping of V into W, then ||Lll, y = 0. 
On the other hand by Proposition 15.30 if L 4 0 € S{V, W} then IZ ll) > 0. Thus 
IL ily.y = Oif and only if L = 0 € B{V, W}. 
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For L € S3{V, W} and y € K’ we have by Theorem 15.36 
IyLlvw = sup (OL) =Iv1 sup ILO) = Iv llLlly.y- 
veS;(0) veS) (0) 
This proves the positive homogeneity of || - ||, . To prove the triangle inequality for || - ll, », 
let L1, Lz € BV, W}. Then by (2) of Theorem 15.36 we have 


Li + Lallyy = sup ||(Zi+L2)(v)|’ < sup {I|Li(v) | + IL2@)II'} 
veS (0) veS, (0) 


< sup {Lilly + Lal yw} lull _ WZilly.w + Lally. w 
veS; (0) 
where the first inequality is by (1) and the triangle inequality of the norm || - ||’ and the 
second inequality is by Proposition 15.30. This proves the triangle inequality for || - 
and completes the proof that || - ||, y is anorm on the linear space B(V, W). wm 


ly 


Theorem 15.38. Let (V, K, || - ||) be a normed linear space and (W, K’, || -|\’) be a Banach 
space where either K = K’ or K = Rand K’ = C. Then the linear space 8{V, W} over 
the field K’ of all bounded linear mappings of V into W is a Banach space with respect to 
the norm || - lly w- 

In particular the linear space 58{V, K’} over the field K’ ofall K’ -valued bounded linear 


functionals on V is a Banach space with respect to the norm || - |ly y- 


Proof. Let us show that 3{V, W} is complete with respect to the norm || - ||). Let 
(Ly : n € N) be a Cauchy sequence in 8{V, W} with respect to the norm || - ||, ,, that is, 
for every ¢ > 0 there exists N € N such that 


(1) Lm — Lally.y <€ form,n>N. 

Then for every v € V we have 

(2) ||Lm(v) — Ln(v) |’ = Im — Ln) (v) I 
<||Lm — Lally.yllvll < ell form,n > N 


so that (L,(v) : n € N) is a Cauchy sequence in W with respect to the norm || - ||’. Since W 
is complete with respect to the norm || - ||’ there exists an element in W, depending on v, to 
which the sequence (L,(v) : n € N) converges. Let us denote this element in W as L(v). 
Thus we define 


(3) lim L,(v) = L(v) forve V. 
noo 


This defines a mapping L of V into W. 
Let us show that the mapping L of V into W thus defined is a linear mapping. Let 
vj, v2 € V and yj, y2 € K. Then 


L(y + 202) = jim, Ln(Qvivi + y2v2) 
=y lim Lz(vy)+y1 lim Ly(v2) 
noo n-z>oo 


= yL(v}) + 11 L072). 
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Let us show next that the linear mapping L is bounded. By the triangle inequality for 
the norm || - [ly we have the inequality {Lm llyw 7 Lully.» < Lm — Lnlly.y for every 
m,n € N. Then by (1) the sequence (]Ln lvw in € N) is a Cauchy sequence of real 
numbers so that there exists M € R such that Jim, IZally.y = M. Since ||Lally y 2 0 for 
every n € N we have M > 0. By (3) for every v € V we have lim |Ln(v) — L(v) |! = 0. 

n> 
This implies ||L(v) |!’ = lim |[Ln(v)|I’ < lim | IZn@)Ilywlull = M|lvl]. This shows that 
noo i 
M is a bound for the linear mapping L and thus L is a bounded linear mapping of V into 
W, that is, L € B{V, W}. 
Finally let us show that lim [Ln — Lily y = 0. For every uv € V we have by (3) 
n> : 


(4) ILn(v) — LON = |Ln(v) — lim Lmn(v)|l' 
=| lim (Ln(v) — Lm ()} |)" = lim. | Ln(v) — Lm) | 
<lim sup |Ln(v) — Lm), lvl 


where the third equality is by applying (c) of Proposition 15.9 to the normed linear space 
(W,K’, || - |I’). Since (Ly : n € N) is a Cauchy sequence in 8{V, W}, for every ¢ > 0 
there exists N € N such that ||Ln(v) — Lm(v)|ly,y < € form,n = N. Then forn => N we 
have lim sup ||Ln(v) ~ Lm(v) lly w < €. Substituting this in (4), we have forn > N 

moo 


|Ln(v) — L(v)I' < eljul) 


and then 
Ln — Lilyw = sup ||Ln(v) — L(v)I' < «. 
veS} (0) 
This shows that lim, \|Ln — Lily w = 9. 
nan * 

In particular since (W, K’, || - 1) := (K’, K’, | - |) is a Banach space, the linear space 
58{V, K’} over the field K’ of all K’-valued bounded linear functionals on V is a Banach 
space by our result above. # 


[VI.6] Dual of a Normed Linear Space 


Let (V, K, | - 1) and (W, K’, || - II’) be two normed linear spaces where either K = K’ or 
K = Rand K’ = C. Consider the collection 8{V, W} of all bounded linear mappings of 
V into W. In Definition 15.29, we defined a function || - ||, , on the linear space B{V, W} 
over the field of scalars K’ by setting for every L € B{V, W} 


WLily.w = inf {M > 0: |L()|’ < M|lvl| forall v € V}. 


We showed in Theorem 15.37 that || - ||, y is a norm on the linear space B{V, W}. We 
showed in Theorem 15.36 that if we let $:(0) = {v € V: |u|] = 1}, then 


Lllyw = sup L()II’. 
veS; (0) 
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We showed in Theorem 15.38 that if (W, K’, ||- I’) is a Banach space, that is, W is complete 
with respect to the norm || - ||’, then 98{V, W} is a Banach space with respect to the norm 


l J yew: 


Let us consider the particular case that (W, K’, || - ||’) = (KK, K, | - |), a Banach space. Thus 
we consider the linear space 93{V, K} over the field of scalars K of all K-valued bounded 
linear functionals on V. Let us write V* for this linear space B{V, K}. If forevery f <¢ V* 
we define 

IIflls = inf {M =O: |f(v)| < Mljv|| forall v € V}, 


then || - |x is anorm on V* and V* is a Banach space with respect to the norm || - |x. As in 
the general case, if we let $;(0) = {v eV: {vf = 1}, then 


If lle = sup |f(v)]. 


veS (0) 


Definition 15.39. Let (V, K, ||-||) be anormed linear space where K = RorK = C. LetV* 
be the linear space over the field of scalars KK of all K-valued bounded linear functionals 
on V. Let || - ||x be a norm on V* defined for every f € V* by 


fils = inf {M >0:|f(v)| < Mllvll forall v € V}. 


We call the Banach space (V*, K, || - ||«) the dual normed linear space of the normed linear 
(V,K, | - Il). 


In a normed linear space (V,K, || - ||) and its dual space (V*, K, || - lx) if we let 
S1(0) = {v EV: |v = 1}, then as we showed above we have || f |x = supycs, 0) | f(v)| 
for every f € V*. We show in Proposition that if we let ST(0) = {f EeV*:|filxk = 1}, 
then we have ||v|| = SUP fest (0) | f (v)| for every v € V. 


[VII] Baire Category Theorem 


Definition 15.40. Let (X, d) be a metric space. The diameter of a subset E of X is defined 
by diam(E) = SUP, yeE d(x, y). 


Theorem 15.41. (Cantor Intersection Theorem) Let (X, d) be a complete metric space 
and let (F,:n € N) be a decreasing sequence of non-empty closed sets in X. 
If lim diam(F,) = 0, then there exist xo € X such that (),,cn Fn = {xo}. 
n-> OO 


Proof. 1. Let us show that (},,<n Fn contains at most one point. Suppose a, b € Men Fn 
anda # b. Then 6 := d(a,b) > 0. Nowa,6 € {),cw Fn implies that a,b € Fy for 
every n € N. Then diam(F,) = SUP, yeF, d(x, y) > d(a,b) = 6 for every n € N. This 
contradicts the fact that fim, diam(F;,) = 0. Therefore a = b. This shows that (),, <n Fn 


contains at most one point. 
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2. Let us show that (),<1 Fn contains at least one point. Now F, # 9 for every 
neéN. Pick x, € F, arbitrarily for each n € N. To show that (x, : n € N) is a Cauchy 
sequence in X with respect to the metric d, we show that for every ¢ > 0 there exists 
N é€ N such that d(xm, Xn) < ¢ form,n > N. Now since im, diam(F,) = 0, there 


exists N € N such that d(F,) < ¢ forn > N. Let m,n > N. We may assume without 
loss of generality thatm > n> N. Then Fn C Fy so that xm,x, € F,. This implies that 
d(Xm, Xn) S SUP, yer, U(X, y) = diam(F;,) < €. This shows that (x, : 2 € N) is a Cauchy 
sequence in X with respect to d. Then by the completeness of the metric space (X, d), there 
exists x9 € X such that Jim d(Xn, Xo) = 0. It remains to show that xo € (en Fn- For 


every k & N, consider the sequence (x, : n > k) and its range Fy = {x, : n > k}. Since 
(F, : n € N) is adecreasing sequence and since x, € F, foreveryn € N, wehave Ey C Fy. 
Now the convergence of (x, : n > k) to xo implies that xo € Ex. Then x0 € Ep C Fe= Fh 
since Fy is aclosed set. Thus xo € Fy for every k € N and therefore x9 € (cy Fn. 


Definition 15.42. Let (X, d) be a metric space and let E be a subset of X. 
(a) We say that E is dense in X if E = X. 
(b) We say that E is nowhere dense in X, or non-dense in X, if (E)° = @. 


Remark 15.43. A set E in a metric space (X, d) cannot be both dense and non-dense in 
X. In fact, if E is dense in X then E = X so that (E)° = X° = X # @ so that E is not 
non-dense in X. 


Proposition 15.44. Let (X, d) be a metric space and let E be a subset of X. 
(a) E is dense in X if and only if for every non-empty open set G in X, we have GONE # &. 
(b) E is dense in X if and only if for every open ball B in X, we have BO E # &. 


Proof. For an arbitrary set E in X let us write £’ for the set of all limit points of E. Then 
E=EUE’. 

1. Let us prove (a). Suppose E is dense in X, that is, E = X. Let G be a non-empty open 
set in X. Since E = X, G contains a point x € E = EVE’. Ifx é€ E, then we have 
GONE #4. Ifx € E’, then the open set G containing x must contain at least one point of 
E other than x so thatGN FE #9. 


Conversely suppose that for every non-empty open set G in X we have GN E # @. Let 
x eX. Ifx e E thenx € E. Ifx ¢ E, take an arbitrary open set G containing x. Since 
GONE # ®, G contains a point of E distinct from x. Thus x is a limit point of E. This 
shows that if x ¢ E then x € E’ C EUE’ = E. Therefore every x € X is contained in E. 
This shows that E = X, that is, E is dense in X. 


2. Let us prove (b). If E is dense in X, then by (a) for every non-empty open set G in 
X wehave GN E # @ so that in particular for every open ball B in X we have BNE 49. 
Conversely suppose for every open ball B in X we have BN E ¥ @. Let G be an arbitrary 
non-empty open set in X. Then G contains an open ball B. Since BM E # @ and since 
GD B,wehave GN E # @. Then E is dense in X by (a). @ 
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Proposition 15.45. Let (X, d) be a metric space and let E be a subset of X. 

(a) E is non-dense in X if and only if every non-empty open set G in X contains a non-empty 
open set Go such that GoQN E = @. 

(b) E is non-dense in X if and only if every open ball B in X contains an open ball Bo such 
that By N E = @. 


Proof. 1. Let us prove (a). Suppose E is non-dense in X, that is, (E)° = %. Let G be an 
arbitrary non-empty open set in X. Then G ¢ E for otherwise we have (E)° DG #4, 
a contradiction. Now G ¢ E implies thatG \ E #4 @. Let Go = G\ E # @. We 
have GoM E = @ and thus GoM E = @. To show that Go is an open set, note that 
Go =G \E =GN (E)’. Since G and (E)* are open sets, Go is an open set. Thus we 
have shown that every non-empty open set G in X contains a non-empty open set Go such 
that GoN E = @. 

Conversely suppose every non-empty open set G in X contains a non-empty open set 
Go such that GoM E = @. To show that E is anon-dense set in X, assume the contrary, that 
is, (E)° # @. Then G := (E)° is a non-empty open set. Let Go be an arbitrary non-empty 
open set contained in G. Then Go C G = (E)° C E = EVE’. Thus an arbitrary point 
x in Go is either in E or in E’ or in both. If x € EF, then GoM E  Q. If on the other 
hand x € E’, then Go is an open set containing a limit point x of E so that it must contain 
a point of E and then we have GoM E # @. Thus in any case for any non-empty open set 
Go contained in G we have GoM E # @, a contradiction. 

2. (b) follows from (a) by the fact that an open ball is a non-empty open set and every 
non-empty open set contains an open ball. 

If E is non-dense in X, then since every open ball B is anon-empty open set, B contains 
a non-empty open set Go such that GoM E = @ by (a). Since Go is a non-empty open set, 
it contains an open ball Bo. Then GoM E = Mimplies Bo N E = @. 

Conversely suppose every open ball B in X contains an open ball Bo such that Bo NE = @. 
Let G be an arbitrary non-empty open set. Then G contains an open ball B and B contains 
an open ball Bo such that Bp) N E = @, Thus every non-empty open set G contains a 
non-empty open set Gg := Bo such that GoM E = 9. Then by (a), E is a non-dense set in 
xX. ow 


Definition 15.46. Let (X, d) be a metric space. A subset E of X is called a set of the first 
category if E is a countable union of non-dense sets in X. A subset E of X which is not a 
set of the first category is called a set of the second category. 


Theorem 15.47. (Baire Category Theorem) Let (X, d) be a complete metric space. Then 
X is a set of the second category. 


Proof. To show that X is a set of the second category, we show that X is not a countable 
union of non-dense sets in X. We show this by showing that for any countable collection 
of non-dense sets in X, {E, : n € N}, we have Unen E, 4 X, that is, there exists x € X 
such that x ¢ E,, for every n € N. 

Let us write B(x) = {y € X : d(x, y) < r} and C,(x) = {y € X : d(x, y) <r} for an 
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open ball and a closed ball in (X, d). 

Let B,,(xo) be an arbitrary open ball in (X, d). Since E; is a non-dense set in X, the 
open ball B,, (xo) contains an open ball B,, (x1) such that B,, (x1) N £1 = @ by Proposition 
15.45. We may choose r; < 1. 

Consider B,,/2(x1) C Cy, /2(%1) C Br, (x1). Since E2 is a non-dense set in X, the open 
ball B,, /2(x1) contains an open ball B,,(x2) such that B,,(x2) N Ez = @ by Proposition 
15.45. We may choose r2 < 5. 

Consider B,,/2(x2) C C,,/2(x2) C B,,(x2). Since E3 is a non-dense set in X, the open 
ball B,,/2(x2) contains an open ball B,,(x3) such that B,,(x3) MN E3 = @ by Proposition 
15.45. We may choose r3 < i. 

Thus continuing indefinitely, we have sequences (By, (xn) : n € N), (C,,/20) 12 € N), 
and (B,,/2(%n) :n € N), such that B,, (x1) N En =@ andr, < 1 forn € N and 


By, (x1) D Cy y2(01) D Br y2(x1) 
D Bry (X2) D Cry /2(%2) D Bry2(x2) 


DB;3(x3) D Cr3/2(%3) D Br3/2(x3) 


Now Cy, /2(%1) D Cr./2(x2) D Cry/2(*3) D +++ so that (C;, 2(%) : n € N) is a decreasing 


sequence of closed sets. Moreover lim diam(C,,/2(xn)) = lim r, < lim 7 = 0. 
; : Shee ce NG) fie Wir 00 amie 
Since (X,d) is a complete metric space, this implies that there exists x € X such that 


Men Crn/2(%n) = {x} by Theorem 15.41. Now x € C,,/2(xn) C B,, (xn) for every n € N. 
Then since B,, (%1) M En = @ for every n € N, we have x ¢ E,, for every n € N. Therefore 
x ¢ nen En and Unen En # pS | | 


[VIII] Uniform Boundedness Theorems 


Theorem 15.48. Let (X, d) be a complete metric space. Let F be a collection of real-valued 
continuous functions on X with the property that for every x € X there exists M, > 0 such 
that 


(1) |fQ)| <M, forall f €F. 
Then there exist a non-empty open set O in X anda constant M > 0 such that 


(2) |f(x)| < M forallx € O andail f €F. 


Proof. Let us classify the points of X as follows. For each k € N we let 
(3) Ex = {x €X:|f(x)| <k forall f € F}, 

and for each k € N and f € F we let 

(4) Exp = {x © X21 F001 < k} =Lf171((0, Al). 
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Then we have 


(5) E, = () Ex, f. 


fer 


Let x € X be arbitrarily chosen. By (1) there exists M, > O such that | f(x)| < M, for 
all f € F. With ky € N such that k, > M,, we have | f(x)| < ky for all f € F so that 
x € Ex,. Thus every x € X is in E, for some k € N so that we have 


(6) X= UJ E,. 


Let us show that E; is a closed set in X forevery k € N. Let f € F. Since f is a real-valued 
continuous function on X, | f| is a real-valued continuous function on X. Then Ex, ¢ as given 
by (4) is the preimage of the closed set [0, k] in R under the continuous mapping | |. Thus 
Ex, ¢ is aclosed set in X. Then Ey as given by (5) is the intersection of a collection of closed 
sets in X and is therefore a closed set in X. Since X is a complete metric space, according 
to Theorem 15.47 (Baire Category Theorem) X is a set of the second category, that is, X is 
not a countable union of non-dense sets. Then (6) implies that there exist ky € N such that 
Ef, is not anon-dense set, that is, (Ex,)° # @. Since Ey, is aclosed set we have Ex, = Exp. 
Thus we have ER, #9. LetO= Ex, and M = kg. Then by (3) we have | f(x)| < ko) = M 
forallx € Oandall fet. m 


Theorem 15.49. (Uniform Boundedness Theorem) Let (V, K, || - il) be a Banach space 
and (W, K’, || - |’) be a normed linear space where either K = K’ or K = R and K’ = C. 
Consider the collection B&{V, W} of all bounded linear mappings of V into W and let 
SBo{V, W} be a subcollection of B{V, W} such that for every v € V there exists M, > 0 
such that 


(1) \L(v)|’ < M, forall L € Bof{V, W}. 
Then there exists a constant B > 0 such that 


(2) Lily < B forall L € Bo{V, W}. 


Proof. For each L € Bo{V, W} let us define a real-valued function fy, on V by setting 
(3) fi(v) = IL@)I for v € V. 


Since L is a bounded linear mapping of V into W, L is acontinuous mapping of V into W by 
Theorem 15.32. On the normed linear space (Ww, K’, ||- II’) the mapping w +> ||wl’ is areal- 
valued continuous function. (This is an immediate consequence of Observation 15.2.) Thus 
as a composition of two continuous mappings, L and || - ||’, fx is a real-valued continuous 
function on V. Let ¥ = {fi >: Le Bol, Wi}. This collection of nonnegative continuous 
functions on V has the property that foreach v € V we have fr (v) = ||L(v)|I’ < My for 
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some M, > 0 by (1). Thus by Theorem 15.48 there exist a non-empty open set O in V and 
aconstant M > 0 such that 


fi(v) < M  forallv € O andall fr € F, 

that is, recalling (3), 

(4) |Z@)|l’ <M forall v € O andall L € Bo{V, W}. 

Now since O is a non-empty open set in V there exist vp € O and ro > 0 such that 
Byy(vo) = {v EV: |lu— voll < ro} CO. 


Let v € V be such that ||v|| = ro. Then we have ||(v + vo) — voll = |lvll = ro so that 
u-+ uo € By (uo) C O. Let L € Bo{V, W}. Now by (4) and (1) we have 


L(v)|I/ = |L(v + v9) — L(vo) Il’ S IL + vo) Il’ + Lo) ll’ < M+ My. 


Thus for every v € V with |]v|| = ro we have 
1 
L(— 

| ro v) 

This implies that for every u € S(O) we have ||L(u)||’ < ae Then 


M +My 
mo 


, 


1 M+M, 
= —||L(v) |’ < ——. 
ro TO 


ILllyw = sup |IL@)Il’ < 
ueS,(0) 


Let B= “**0. Then we have ||Ll|y, < B forall L € Bo(V, W). 

Corollary 15.50. Let (V,K, || - ||) be @ Banach space. Let Bo{V, W} be a collection 
of bounded linear functionals on V with the property that for every v & V there exists 
a constant M, > 0 such that |L(v)| < M, for all L € Bo{V, W}. Then there exists a 
constant B > 0 such that ||L||, < B forall L € Bo{V, W}. 


Proof. The Corollary is a particular case of Theorem 15.49 in which we have {W, K’, ||-||’) = 
(K,K’,|-|). © 


Theorem 15.51, (Banach-Steinhaus Theorem) Let (V, K, || - 1) be a Banach space and 
(W, K’, | - I’) be a normed linear spaces where either K = K’ or K = Rand K’ = C. 
Let (Ln Ine N) be a sequence of bounded linear mappings of V into W such that the 
sequence (La(v) ine N) converges in W for every v € V. Then the mapping L of V into 
W defined by setting L(v) := Jim, Ln(v) for v € V is a bounded linear mapping. 


Proof. The fact that L is a linear mapping follows immediately from the definition of L. 
Indeed for v1, v2 € V and 1, 7 € K we have 


Layiv + y2v2) = Jim, La(mivy + y202) 
=y lim Ln(vi) + y2 lim L,(v2) 
n-> OO noo 


= nL) + L012). 
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Let us show that L is bounded. Since the sequence (Ln(v) Ine N) converges in W 
for every v € V, we have sup, en [|Ln(v)|l/ < 00. Thus by Theorem 15.49 there exists a 
constant B > O such that ||Lplly.y < B for alln € N. Then for every v < V we have 


Lv) = Jim [Ln (v)|l/ < lim sup [Lally wllvil < Bile. 
nO n->00 


This shows that B is a bound for the linear mapping LZ and thus L is a bounded linear 
mapping. # 


[IX] Open Mapping Theorem 


Definition 15.52. Let (V, K) be a linear space over the field K where K = RorK=C. 
For A,B Cc V anda € K, we define 


aA = fau:ue A}. 
A+B={utvu:ueA,ve B} 


A~B={u-v:ueA,ve Bh. 


Note that it follows from the definitions above that A — B = A+(—8). Note also that 
for any non-empty subset A of V we have 0 € A — A. 


Observation 15.53. Let (V, K, || - ||) be a normed linear space. 
(a) For every 4 € K, A 4 0, we have AB, (0) = Bia-(0). 

(b) For every vo € V we have vo + B,(0) = B,-(vo). 

(c) For every uo, vo € V we have ug + B, (v9) = B-(uo + vo). 
(d) For every A € K, A 4 0, we have AB, (vo) = Byaj- (Avo). 


Proof. 1. Let 4 < K, A 4 0. We have AB,(0) = {Au : u € B,(0)}. Foru € B,(0) we have 
lull <r. Then |[Au|| = [A] |lu|| < |Alr so that AB-(0) C Biajr (0). 

Conversely if v € Bij (0) then {Jul} < |Alr so that || ¢ull = pyllull < _ylAlr = +, that 
is, tv € B,(0). Then v = Atv € AB,(0). Thus Byj-(0) C AB,-(0). Therefore we have 
ABr(O) = Biajr (0). 

2.Ifve (vo + B, (0)) then v = vou where u € B,(0) with ||u|| <r. Then v—vp = u 
so that |v — vol] = |||] <r. Thus v € B,(vo). This shows that (vp + B-(0)) C B,(vo). 

Conversely if v € B,(vg) then ||v — vol] < r and v — up € B,(0). Now we have 
v = up + v — up € (vo + B,(0)). This shows that B,(vo) C (vo + B,(O)). Therefore we 
have vo + B; (0) = B,(vo). 

3. To prove (c) note that by (b) we have B,(vo) = vp + B, (0). Then 


ug + B,(vg) = uo + {vo + B,(0)} = {uo + vo} + B-(O) = B-(uo + v0) 


where the last equality is by (b). 
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4. To prove (d) note that AB,(vo) = {vo + B, (0)} = Avo + AB-(0) = Biajr(Avo) 
where the first equality is by (b) and the last equality is by (a) and (b). & 


Observation 15.54. Let (V, K, || - ||) be a normed linear space. 

(a) If A is an open set in V then for every a € K, a ¥ 0, the set aA is an open set in V. 

(b) If A is an arbitrary subset of V and B is a non-empty open set in V then A + B and 
A — B are open sets in V. 


Proof. 1. Let us prove (a). Let A be an open set in V. If A = @ then for any a € K we have 
aA = 9. Suppose A is a non-empty open set. Then by Observation 15.34, A is a union of 
open balls and in fact A = J, Br,(v) where r, > 0. Then for any a € K, a # 0, we 
have 
aA =a |) B,,(v) = |) aB,,(v) = J Bian, (av) 
veA veA véeA 

by (d) of Observation 15.53. Then as a union of open balls, @ A is an open set. 

2. Let us prove (b). Let B be a non-empty open set in V. Then as we noted above, we 
can write B = L),<, B,,(v) where ry > 0. For any u € V we have 


u+B=ut LJ B,,(v) = UJ {u + B,,(v)} = UJ B,,(u+v) 


veB veB veB 
by (c) of Observation 15.53. Then we have 


A+B=(u+a)=U fut UB.o}=UUs.a+0 


ueA ucA veB ucéA veB 


by (c) of Observation 15.53. Then as a union of open balls, A+ B is an open set. Regarding 
A — B, note that A— B = A+ (—B). Now ~B is an open set by (a). Then by our result 
above, A + (—B) is an open set. This shows that A — B is an open set. 


Observation 15.55. Let ( V,K, || - il) be a normed linear space. 


(a) For A C V anda € K we have aA = A. 
(b) For A,B C VwehaveA+BDA+BandA—BDA-B. 


Proof. 1. Let us show w@A = aA. Let v € @A. Then there exists a sequence (v, :n € N) 
in@A such that lim v, = v. Now since v, € aA there exists u, € A such that v, = aun. 
nwo 
Then v = lim vz, = lim au, = a@ lim uy. Since u, € A for every n € N, we have 
noo noo noo ao ae 
lim u, € A. Thus v € @A. This shows thataA C aA. 
noo 


Conversely suppose v € aA. Then v = au for some u € A. Since u € A there exists a 


sequence (u, :n € N)in Asuchthat lim u, =u. Thenv=au =a lim uz = lim aun. 
noo noo noo 


Since au, € aA foreveryn ¢ Nwehave v = lim au, € A. This shows thatwA C @A. 
n-> OO 


Therefore we have aA — aA. 
2. Let us show that for every A, B C V, we have 


(1) A+BCA+B. 
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Let w € A+ B. Then w = u +0 where u € A andv © B. Since u « A, there exists 

a sequence (u, : n € N) in A such that jim, un = u. Similarly there exists a sequence 

(vy, :n © N) in B such that lim v, = v. Noww = lim up,+ lim v_, = lim {un + Un} 
noo nO noo n—-> OO 

Since uy+v, € A+B foreveryn € Nwehavew € A+ B. This showsthat A+B Cc A+B. 

Then we have 


A-—B=A+(-—B)=A+(-B) CA+(-B)=A-B 


where the second equality is by (a) and the set inclusion is by (1). 


Lemma 15.56. Let (V, K, || - Il) and (Ww, K, |] « II’ ) be two Banach spaces over the same 
filed of scalars K. Let L be a bounded linear mapping of V into W. 

Let Ag(0) = {v € V: |]v|] < a}, an open ball in V with center at 0 € V and radius 
a>0. If L(Aa (0)) contains an open ball in W with center at 0 € W, then we have 


L(Aa(0)) C L(A2q(0)). 


Proof. Suppose L(A,(0)) contains an open ball in W with center at 0 € W given by 
By(0) = {w € W: ||w|l’ < b} where b > 0. To show that L(Ag(0)) C L(A2a(0)), we 
show that if w € L(Ag(0)) then w € L(Azq(0)), that is, if w € L(Aq(0)) then there exists 


v € Agq(0) such that L(v) = w. Let w € L(Aq(0)) be arbitrarily selected. We construct 
uv € V such that v € A2,(0) and L(v) = w as follows. 
Now w € L(Aq(0)) implies that for our b > 0 we can select vj € Aq(0) such that 


1b 
(1) w — Lew)’ < > 


Then |2w — 2L(v)||’ < b so that 2w — 2L(v1) € By(O) C L(Aa(0)). Then we can select 
v2 € Aq(0) such that ||2w — 2L(v1) — L(v2)|’ < $, that is, 


L LF , b 
(2) |w — G5 (v2) | < 5° 


Now 4w — 4L.(v1) — 2L(v2) € By(0) C L(Aq(0)). Then we can select v3 € Aq(0) such 
that ||4w — 4L(v1) — 2L(v2) — L(v3)||' < 3 so that 


1 1 , b 
(3) |w — L(v1) — 5h) - hes) | <5 


Thus proceeding we have a sequence (v, : n € N) in A, (0) such that 


(4) Je— 22g) = fe Doge 


ee) 
<— 
Qn 
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for every n € N. Then letting n > oo, we have 
“1 
din, fw 0S se) 
t= 


Consider the sequence ( 7 


/ 


= 0. 


fet getui : 2 EN) C V. Form > n, we have 


[Dae i| < La solu <a. 


tn 


Since "7, str = 2, for e > 0 there exists N € N such that )>;. y ser < £. Thus we 
have | pan servi || < © form > n > N. This shows that (yj svi :néN)isa 
Cauchy sequence in V. Then the completeness of the Banach space V implies that there 


exists v € V such that 
n 
. 1 
v= lim) at =S5a quis 
i=l ieN 


Let us show that v € Az_(0). Now we have 


[Xo stoel =a 3 st 


n 
1 
lim | re | by (c) of Proposition 15.9 


lim D3 Hui < lim 2 Da 7a = 2a. 


This shows that v € Aza(0). 
It remains to show that L(v) = w. Now 


Lo = (Dao) = U( in, Doge u) = im, 2 ser) 


ieN i=] 


Hull 


as 


by the continuity of L. Then 


, 


pw — Loot = [w— fim (seve) |= [ten (w- 4S ge)] 


i= i= 


n 
: 1 
= lim, Jw - £(0 51) | = 
i=1 


i= 


where the third equality is by (c) of Proposition 15.9 and the last equality is by (5). Thus 
we havew = L(v). & 
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Theorem 15.57. (Open Mapping Theorem) Let (V, K, || - ||) and (W, K, || - ||’) be two 
Aanach spaces over the same field of scalars K. Let L be a bounded linear mapping of V 
onto W. Then L is an open mapping, that is, for every open set G in V, L(G) is an open 
set in W. 


Proof. Let us write A, (vo) for an open ball in V with center at up € V and radius r > 0 
and B,(wo) for an open ball in W with center at wo € W and radius r > 0, that is, 


Ar(vo) = {ve V: [lv — voll <r}, 
B,(wo) = {w € W: ||w — woll’ <r}. 


1. Let us show first that the image L(A;(0)) of the open ball Aj (0) in V contains an 
open ball in W with center at 0 € W, that is, there exists a > 0 such that 


(1) Ba(0) C L(Ai(0)). 


Now for every v € V we have ||v|| < © so that ||v|| < 2 for some n € N and thus 
v € A,(0). Therefore we have V = Unen A, (0). Now since L maps V onto W we have 


W = L(V) =L( (J An) = UJ LAr). 


neN neN 


Since W is acomplete metric space, according to Theorem 15.47 (Baire Category Theorem) 
at least one in the sequence (L(A, (0)) : n € N) isnot anon-dense set in W. Thus there exists 


no € N such that the interior of L(Ang (0)) is non-empty. Then there exists a non-empty 
open set H in W such that 


H © L(Ang(0)). 


Now if u, v € Any (O) then |lu — v]] < |lu|] + lull < 2no so that u — v € Ady (0). Therefore 
A2ng (9) D Ang (0) — Ang (0). Thus we have 


L (Aang (0)) D L(Ang (0) — Ang (0)) = L(Ang (0)) — L (Ang (0)) 
where the equality is by the linearity of L. Then 
L(A2ng (0) D L( Ang) — Ang )) D L( Ang (0)) — L{ Ang (0)) > H — H 


where the second set inclusion is by Observation 15.55. By Observation 15.54, H — H is 
an open set in W. Since H — H contains 0 € W there exists r > 0 such that 


B,(0) C H ~ HC L(Apn,(0)). 
Then by Lemma 15.56 we have 
B,(0) C L(A2n(0)) C L (Aang (0)): 


By Observation 15.54 we have 


1 1 1 
Brjing(0) = G—Br(O) C G=L(Adng(0)) = L( 7 —Adn (0) = L(A). 
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If we leta = ia then we have (1). 

2. For the open set @ in V we have L(G) = @, an open set in W. Let G be a non-empty 
open set in V. To show that L(G) is an open set in W we show that for every w € L(G) 
there exists b > 0 such that 


(2) By(w) C L(G). 


Let w € L(G). Then there exists v € G such that w = L(v). Since v € G and G is an open 
set in V there exists r > 0 such that A,(v) C G, that is, v + A,(0) C G by Observation 
15.53. Then L(G) D L(v + Ar (0)) =Liv)+ L(A,(0)). By (1) there exists a > O such 
that B,(0) C L(A; (0)) and thus 


Bar (0) = rBg(0) C rL(Ai (0)) _ L(rAy (0)) = L(A, (0)) 


by Observation 15.53. Thus L(G) D L(v) + Bar (0) = Bar (L(v)). Then since w = L(v) 
we have Bar(w) C L(G). If we let b = ar then we have (2). 


Corollary 15.58. Let (V, K, || - ||) and (W, K, || - ||’) be two Banach spaces over the same 
field of scalars IK Let L be a one-to-one continuous linear mapping of V onto W. Then 
the inverse mapping of L is a continuous mapping of W onto V. 


Proof. Let A be the inverse mapping of L. Now A maps W one-to-one onto V. Let us 
show that A is a linear mapping. Let wij, w2 € W and aj,a2 € K. Since L maps V 
one-to-one onto W there exist unique v1, v2 € V such that L(vj) = wy and L(v2) = wz, 
that is, vy) = A(w 1) and v2 = A(w2). Then 


A(aw, + a2w2) = A(ayL(v1) + a2L(v2)) = A(L(e1u1 + @2%2)) 
= v1 +0202 = a A(w}) + a2A(w2). 


This shows that A is a linear mapping of W into V. 

To show that A is acontinuous mapping we show that forevery open set G in V, A—!(G) 
is an open set in W. But A71(G) = L(G) and according to Theorem 15.57, L(G) is an 
open setin W. 


Definition 15.59. Let X and Y be two sets and let T be a mapping of a subset D of X into 
Y. The subset of X x Y defined by {(x, T(x)) € X x Y : x € D} is called the graph of the 
mapping T. 


Proposition 15.60. Given two normed linear spaces (V, K, || - ||) and (W, K, || - ||’) over 
the same field of scalars K. 
(a) Let us define addition and scalar multiplication on the product space V x W by 


(1) (ur, w1) + (v2, w2) = (vp + v2, wi + w2) for (v1, w1), (v2, w2) € V x W, 
(2) y(v,w) = (yv, yw) for(v,w)éV x Wandy € K. 
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Then V x W is a linear space over the field of scalars K. 
(b) Let us define a function || - ||" on V x W by setting 


(3) II(v, wll" = [lvl] + [lwll’ for (v, w) € V x W. 


Then || - ||" is anorm on the linear space V x W. 

(c) V x W is complete with respect to the norm || - |\" if and only if V and W are complete 
with respect to the norms || - || and || - \\' respectively. 

(d) if (V, K, ||- 1) and (W, K, ||- II’) are Banach spaces then (V x W,K, ||- a) is a Banach 
space. 


Proof. 1. It is readily verified that, with addition and scalar multiplication defined by (1) 
and (2), V x W satisfies conditions 1° - 9° of Definition 15.1. Thus V x W is a linear space 
over the field K. 

2. Similarly it is easily verified that || - ||” defined by (3) satisfies conditions 1° - 4° of 
Definition 15.1. Thus || - ||” is a norm on the linear space V x W. 

3. Let us note that for (v1, w 1), (v2, w2) € V x W we have by (1) and (3) 


(4) (vn, wr) — (v2, w2) ||” = (vr — v2, wi — we) II" = lor — vel] + Jwi — wall’. 
Thus we have 
(5) lu — val, lw — well’ < |](v1, wi) — (v2, w2) lI” = |lvr — v2i] + ler — wail’. 


Now consider arbitrary sequences (uv, :n € N) in V, (wn: n € N) in W, and ((un, wa) : 
n €N) in V x W. It follows from (5) that ((v;, wz) : 2 € N) is a Cauchy sequence with 
respect to the norm || - ||” if and only if (v, : n € N) is a Cauchy sequence with respect to 
the norm || - || and (w, : n € N) is a Cauchy sequence with respect to the norm || - {\’. 
Suppose V is complete with respect to || - || and W is complete with respect to || - |\’. 
To show that V x W is complete with respect to || - ||”, let ((un, wn) in € N) be a Cauchy 
sequence in V x W with respect to || - ||”. Then as we noted above (vu, : n € N) is a Cauchy 
sequence in V with respect to || - || and (w, : n € N) is a Cauchy sequence in W with 
respect to || - ||’, By the completeness of V with respect to || - || and the completeness of 
W with respect to || - ||’ there exist v € V and w € W such that jim, |v, — v|| = 0 and 


lim_ ||w, — w|| = 0. Then by (4) we have 
n-> OO 


lim ||(Un, Wn) — (v, w) ||” = lim {Ilva — ull + [we — wil} = 0. 
n> 00 now 
This shows that V x W is complete with respect to || - ||’. 

Conversely supposeV x W is complete with respect to || - ||”. To show that V is complete 
with respect to || - || and W is complete with respect to || - ||’, let (vu, : 2 € N) be a Cauchy 
sequence in V with respect to || - || and (w, : n € N) be a Cauchy sequence in W with 
respect to || - ||’. Then as we noted above (ns Wn) In E N) is a Cauchy sequence in V x W 
with respect to || - ||”. By the completeness of V x W with respect to || - ||” there exists 
(v, w) € V x W such that fim, |(vn, Wa) — (v, w)||" = 0. Then by (5) we have 


lim _||¥n — vl] < lim ||(Yn, wn) — (v, w) ||" = 0. 
n> co noo 
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This shows that V is complete with respect to || - ||. Similarly W is complete with respect 
to || - Il’. 

4. If (V, K, || - ll) and (W, K, || - |’) are Banach spaces then V is complete with respect 
to the norm || - || and W is complete with respect to the norm || - ||’. Then by (c), V x W is 
complete with respect to the norm || - ||”, that is, (V x W,K, || - iI”) is a Banach space. @ 


Theorem 15.61. (Closed Graph Theorem) Let (V, K, ||-||) and (W, K, ||-||’) be two Banach 
spaces over the same field of scalars K Let L be alinear mapping of V into W. Ifthe graph 
of L is aclosed set in the Banach space (V x W, K, || - ||”) where \|(v, w)||” = lvl] + wll’ 
for (v, w) € V x W, then L is a continuous mapping of V into W. 


Proof. Let G be the graph of L, that is, G = {(v, L(v)) € Vx W: ve V}. ThenGisa 
linear subspace of V x W. Indeed if (v1, L(v)), (v2, L(v2)) € G and yj, y2 € K then by 
(1) and (2) of Proposition B.9 we have 


vi(vi, L(u1)) + yo(v2, L(v2)) = (vivir + y202, ML (v1) + 2L(v2)) 
= (v1 + y2v2, L(viv1 + y2v2)) € G. 


If we assume that G is a closed set in the Banach space (V x W, K, ||- ||”) then (G, K, || |!’”) 
is a Banach space by Proposition 15.10. 
Let us define two mappings P; and P2 of G C V x W into V and W respectively by 


Pi(v,L(v)) =v _ for (v, L(v)) € G, 
P2(v, L(v)) = L(v) for (v, L(v)) € G. 
Clearly P; and P32 are linear mappings. Moreover we have 
| Pi(v, L(o)) | = ell < loll + ILO = |v, Le)", 


| Po(v, Lv)’ = IL@)IY < Hell + IL@) I = |v, L@)) ||" 


This shows that the constant I is a bound for the linear mapping P; and for the linear 
mapping P2. Thus P; and P2 are bounded linear mappings. This implies that P; and P2 are 
continuous linear mappings by Theorem 15.32. 

Now P, is a one-to-one mapping of the Banach space G onto the Banach space V. Thus 
the continuity of L implies that its inverse mapping Q is a continuous mapping of V onto G 
by Corollary 15.58. Now L = P2 o Q. Then the continuity of the mapping Q of V onto G 
and the continuity of the mapping P2 of G into W implies that L is a continuous mapping 
of VintoW. # 


[X] Hahn-Banach Extension Theorems 


[X.1] Hahn-Banach Extension Theorem for Real Linear Spaces 


Let P be a set. A partial ordering on P is a relation < between elements of P which satisfies 
the following conditions: 
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1° reflexivity: x < x. 

2° antisymmetry: x < y and y < x imply x = y. 

3° transitivity: x < y and y < zimply x X z. 

x is called a linear, or total, ordering if it satisfies the additional condition : 

4° trichotomy: x, y € P implies x < y ory < x. 

If forevery A C P, A # Q, there exists a € A such that a < x for every x € A then < is 
called a well ordering. 

We call (P, <) a partially ordered set. If x < y and x + y then we write x < y. 

We write x > y for y < x andx > y fory <x. 


Let (P, <) be a partially ordered set. Let A C P. 

If there exists u € P such that x < u for every x € A then we call u an upper bound for A. 
If there exists m € P such that if x € P and m << x then m = x and m is called a maximal 
element in P. 

A lower bound for a subset A of P and a minimal element for P are defined likewise. 

A subset C of P which is linearly ordered is called a chain in P. 


Zorn’s Lemma. Every non-empty partially ordered set in which every chain has an upper 
bound has a maximal element. 


Zorn’s Lemma is equivalent to the Axiom of Choice in set theory which states that for any 
non-empty collection of non-empty sets a set can be formed by selecting exactly one element 
from each set in the collection. For a proof of the equivalence we refer to [11]. 


Definition 15.62. Let (V, R) be a real linear space. A function p on V is called a sublinear 
functional on V if it satisfies the following conditions: 

1° real-valued: p(v) € R for everyve V. 

2° homogeneity: p(av) = ap(v) forv € V anda > 0. 

3° subadditivity: p(u+v) < p(u)+ p(v) foru,ve V. 


Remark 15.63. (a) Conditions 1° to 4° in Definition 15.1 for a norm on a linear space imply 
conditions 1° - 3° in Definition 15.62. Thus a norm on a real linear space is a sublinear 
functional on the real linear space. 

(b) If pis asublinear functional on a real linear space (V, R) then foru, v € V anda é€ (0, 1] 


p(au +0 - a)v) <ap(u)+ (1 ~a)p(v). 


Thus a sublinear functional is a convex function. 


Theorem 15.64. (Hahn-Banach Theorem for Real Linear Spaces) Let (V, R) be a real 
linear space and let p be a sublinear functional on V. Let M be a linear subspace of V 
and let f be a real-valued linear functional on M such that f(v) < p(v) forv € M. Then 
there exists a real-valued linear functional g on V such that g(v) = f(v) forv € M and 


a(v) < pv) forve V. 


§15 Normed Linear Spaces 359 


Proof. 1. If M = V there is nothing to prove. Thus we assume M # V. Let vo € V and 
vo ¢ M. Let Vo be the linear subspace of V spanned by M and vp, that is, 
(1) Vo = {ut+Auy:ue MA eR}. 


Let us show that there exists a real-valued linear functional fo on Vo such that fo(v) = f(v) 
for v € M and fo(v) < p(v) forv € Vo. 

With an arbitrary c € R let us define a functional fp on Vo by setting 
(2) fo(v) = fotu+Avuo) = f(u)+Ac forv=u+dvo € Vo. 


Let us note that since ug ¢ M the representation of v € Vo as vu =u + Ac with u € M and 
i € R is unique and therefore the definition of fo by (2) is well defined. 
Now fo is a real-valued functional on Vo. Let us show that fo is a linear functional on 
Vo. Let v1, v2 € Vo and a1, a2 € R. Now v, = wu, + Aj1v09 and v2 = u2 + Agvo for some 
ui, u2 € M and dj, A2 € R. Thus we have 
fo(aivy + @2v2) = fo( (orm + a2u2) + (@1A1 + a2A2) v0) 
= f(aiuy + agu2) + (a1A1 + a2d2)e 
= ai{ f(u1) + Aic} + o2{ f(u2) + Arc} 
= a1 fo(v1) + a2 fo(v2). 


This shows that fo is a linear functional on Vo. 
Clearly fo(v) = f(v) for v € M. Let us show that the constant c € R in the definition 
of fo by (2) can be so chosen that fo(v) < p(v) for v € Vo, that is, 


(3) f(u)+Ac < putAuo) forallue MandAeR. 


Note that if 4 = 0 then (3) reduces to f(u) < p(u) for all wu € M which is valid by our 
assumption on f. Thus dividing (3) by A 4 0 and applying the linearity of f on M and 
condition 2° in Definition 15.62 we obtain a set of conditions on c: 


f(¥) +e < p(t +) for allu € M andd > 0, 


f(-$)-¢ < p(—#-— v9) forallue Manda <0, 


which is equivalent to the condition (3) on c. This set of conditions on c is equivalent to the 
set of conditions: 
f(@) +e < p(ut+vo) forallue M, 


f(u)—c < p(u— vo) forallue M. 
This set of conditions is further equivalent to the condition : 


(4) flu) — ptu—v) <¢< —f(u)+ put vo) forallu € M. 
Let us show that c € R satisfying condition (4) exists. Now for any u’, u” € M we have 
fu) + fu’) = ful’ +u") < pl’ +u") 
= p(w’ — vu +. u" + v9) 


< p(u' — vo) + p(w" + v9). 
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Thus we have f(u’) — p(u’ — v9) < —f(u”) + p(u” + vo) for all u’, u” € M and therefore 


sup { Fu) — plu — »)} < inf {— f@) + put v)}. 


Thus if we select c € [ supyey {f(«) — p(u— v0)}, infuem { — f(u) + put vo) ], then 
¢ satisfies condition (4). With c € R thus selected we have condition (3) holding for all 
ué€ M andd € R, that is, fo(v) < p(v) for € Vo. 

2. Let Vy be a linear subspace of V containing M and let fy be a real-valued linear 
functional on Vz, such that fa = f on M and fy < pon Vq. Let F = {(Va, fa) : @ € A} be 
the collection of all such pairs (Va, fa). Note that ¥ 4 @ since with Vo and fo constructed 
in 1 we have such a pair. Let us introduce a partial ordering in F by defining (Ve,, fay) X 
(Var fora) tf (Var, fay), (Vor, far) € F are such that Ve, C Vo, and fo, = fa, on Va,. It 
is easily verified that < satisfies the reflexivity condition, the symmetry condition, and the 
transitivity condition so that < is indeed a partial ordering on F. 

Let C Cc § be a chain, that is, if (Vo,, far), (Vax, fan) € © then we have either 
(Vor, for) < (Very fer) Of (Vax, far) X (Ve,, fo, ). Let us show that C has an upper bound, 
that is, there exist (Vg, fg) € F such that (Va, fa) < (Vg, fp) for every (Va, fa) € ©. 
We construct Vg and fg as follows. First let Vp = Uvy, yee Va. Let us show that Vp 
is a linear subspace of V containing M. Let v1, v2 € Vg and cj,c2 € R. There exist 
(Vous fo), (Vox, fez) € © such that vy € Vy, and v2 € Vy,. Since C is a chain, either 
(Vays for) X (Voz, far) OF (Var, fag) < (Vays fay). Let (Vo3, fa; ) be the greater of the two. 
Then v1, v2 € Va, so that cj vj + c2v2 € Vy, C Vg. This shows that Vg is a linear subspace 
of V. We have also M C Va, C Vg. 

Let us define a real-valued functional fg on Vg as follows. Let v € Vg. Then v € Vy 
for some (Va, fa) € ©. We define fg(v) := fa(v). Let us show that this definition of fg is 
consistent. Suppose v € Vg, and v € Vy, for some (Va,, fa;), (Vaz, far) € ©. Since C is 
a chain, either (Va, fay) < (Vers fog) OF (Vax, for) X (Va,, fo,). We assume without loss 
of generality that (Va,, fo.) < (Vaz, faz). Then Va, C Va, and fo, = fa, on Va, so that 
fp(v) = fa,(v) and fg(v) = fa, (v) are equal. 

To show that (Vg, fg) € F we verify that fg is a linear functional on Vg, fp = f on 
M, and fg < pon Vg. To prove the linearity of fg on Vg note that if vj, v2 € Vp then 
as we pointed out above there exists (Va, fa,;) € © such that vj, v2 € Va,. Then for any 
C1, C2 € IR we have 


fa(civt + c202) = fas (civ1 + €202) = C1 fas(v1) + €2 fas (v2) 
= c1 fp(v1) + c2 fp (v2). 


This shows that fg is a linear functional on Vg. If v € M then for an arbitrary (Vo, fa) € C 
we have ue M C Vy so that fg(v) = fo(v) = f(v). Thus fg = f on M. Let v € Vz. 
Then there exists (Va, fa) € © such that v € Vy. Then fg(v) = fa(v) < p(v). This shows 
that fg < p on Vg and completes the verification that (Vp, fa) € F. 

For any (Va, fa) € € it is clear from our definition of Vg and fg that Va C Vg and 
tp = fa on Va. Thus (Vo, fa) < (Vz, Sp). 

We have shown above that every chain in F has an upper bound. Thus by Zorn’s Lemma 
there exists a maximal element in F. Let (V,, f,) be a maximal element in F. Let us show 
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that V, = V. Suppose V, # V. Then there exists vp € V such that vp ¢ Vy. Let Vo 
be the linear subspace of V spanned by V, and up. Then as we showed in 1 there exists a 
real-valued linear functional fo on Vo such that fo = f, on V, and fo < pon Vo. Since 
Mc VY, C Voand f, = f on M we have fo = fy = f on M. Thus (Vo, fo) € F. 
Since V, C Vo and f, = fo on Vy) we have (V,, f,) < (Vo, fo). But V, 4 Vo so that 
(V,, fy) # (Vo, fo). This contradicts the maximality of (V,, f,) in J. Thus we have 
V, = V. Therefore f, is a real-valued linear functional on V such that fy = f on M and 
fy <ponv. @ 


We apply the Hahn-Banach Theorem for real linear spaces to obtain an extension theorem 
for real-valued bounded linear functionals on a real normed linear space. 


Theorem 15.65. Let (V, R, || - MD) be a real normed linear space and let M be a linear 
subspace of V. Let f be a real-valued bounded linear functional on the real normed linear 
space (M ,R, ||- ») and let || f \|« be its norm. Then there exists a real-valued bounded linear 
functional g on V such that g = f on M and |\g\l« = Il fll. 


Proof. Let us define a real-valued functional p on V by setting 
(1) piv) =Ifillellul] forv eV. 
Then for any v € V anda > 0 we have 
p(av) = If llxllovll = If ll-olloll = ap(v), 
and for any u, v € V we have 
p(u+v) = Wf llelle + vil < If ll{llull + loll} = p(w) + pe). 


Thus p satisfies conditions 1° - 3° of Definition 15.62 so that p is a sublinear functional on 
the real linear space V. We have also, by Proposition 15.30 


fv) < If) < If llellll = p(@) forv eM. 


Thus by Theorem 15.64 (Hahn-Banach), there exists a real-valued linear functional g on V 
such that g = f on M and g < pon V. Nowsince g(v) < p(v) for every v € V we have 
g(v) = —g(—v) > —p(—v) so that 


(2) —p(—v) < g(v) < p(v) forve V. 


Now (1) implies that — p(—v) = —|| fll«ll — vll = —|| fllellul] for v e V. Substituting this 
and (1) in (2), we have 


—Ifillellull < g@) < Ifllsllull forve V 


and hence 


(3) ig(v)| <|fllellvll forv eV. 
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This shows that g is a bounded linear functional on V and ||g\|x < || fllx- On the other hand 
by Theorem 15.36 we have 


glk = sup |g(v)|> sup _—_[g(v)| 


veV, |luf=1 veM, |lv]=1 
= sup (f(v)l= If ils. 
veM,ffv||=1 


Therefore we have |lg||x = || fllx. I 


[X.2] Hahn-Banach Extension Theorem for Complex Linear Spaces 


Observation 15.66. Let (V,C) be a complex linear space and let f be a complex-valued 
linear functional on V satisfying the homogeneity and additivity conditionss in Definition 
15.26. Let f = fi +if2 where f; and fo are the real and the imaginary part of /. 

(a) fi and f are related by 


fit”) = foliv)  forve V, 


(1) 
fav) = —filiv) forveé V. 


(b) For j = 1, 2 the real-valued functional f; on the complex linear space V satisfies the 
additivity condition but, unless fj is identically vanishing on V, f; does not satisfy the 
homogeneity condition and thus fj is not a linear functional on V. 

(c) As we noted in Remark 15.3, a complex linear space is also a real linear space. If we 
regard V as areal linear space then f; and fo are real-valued linear functionals on the real 
linear space V. 


Proof. 1. To prove (1) note that for every v € V we have 


(2) f(iv) = fiGiv) + ifa(iv) 
and by the homogeneity of f we have 
(3) f(iv) =if(v) = i{ fi) +if@)} = if) - AQ). 


Equating the real part of (2) to that of (3) we have the second equation in (1), and equating 
the imaginary part of (2) to that of (3) we have the first equation in (1). 
2. To show that f; and f) satisfy the additivity condition on V, letu, v € V. Then 


(4) flu+v) = fiut+v)+ifptut v). 
On the other hand by the additivity condition on f we have 
(5) fut) = ftu)t fe) ={fi@ + Ad) +i{hW + A}. 


Equating the real part of (3) to that of (4) and equating the imaginary part of (3) to that of 
(4) we have 
fiut+v) = fia) + fi), 


fot) = fot) + for). 
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This proves the additivity of f; and fo. 
3. Let j = 1 or 2. Suppose f; is not identically vanishing on V. To show that fj does 
not satisfy the homogeneity condition we show that there exist v € V and y € C such that 


Si(vv) F vfj(v). 
Now for any v € V andy € C, y =a +if wherea, B € R, we have 
(6) f(vv) = filvv) +if(yy). 
On the other hand by the homogeneity of f we have 


(7) fv») = yf(v) = {a + iB}{ Av) +ifA(v)} 


= {afi(v) — Bfo(v)} + i[Bfi(v) + afa(v)}. 
Equating the real part of (6) to that of (7) and equating the imaginary part of (6) to that of 
(7) we have 


filyv) = afi(v) — Bh(v) = yfi(v) — iB fi(v) — Bfr(v), 


Sro(vv) = Bfi(@) + afa(v) = yfo(v) — iBfo(v) + Bfiv). 
If f; is not identically vanishing on V we can select v € V such that f,(v) 4 0. If we select 


B # Othen fi(yv) 4 yfi(v). If fo is not identically vanishing on V we can select v € V 
such that fo(v) 4 0. If we select B 4 O then fo(yv) F yfo(v). 

4. Let us regard V as a real linear space. Let us show that f; and f are real-valued 
linear functionals on the real linear space V. We have verified the additivity of f; and f2 in 
2 above. To verify the homogeneity of f; and f2 on the real linear space V, let v € V and 
a € R. Then we have 
(9) flav) = filav) +ifa(ev) 
and by the homogeneity of f on the complex linear space V and by the fact thata e RCC 
we have 
(10) fav) =af(v) =afi(v) + iafo(v). 

From (9) and (10) we have 


(8) 


filav) = afi(v), 
S2(av) = afo(v). 


This verifies the homogeneity of f; and fo on the real linear space V. Thus fj and fo are 
real-valued linear functionals on the real linear space V. 


Lemma 15.67. Let (V, C) be acomplex linear space. Let f be a complex-valued functional 
on V satisfying the following conditions : 


(1) fut+v)=fWw+f) foru,veV 
(2) flav) =af(v) forve VaeR 
(3) fv) =if@) forve V. 


364 Chapter 4 The Classical Banach Spaces 


Then f is a complex-valued linear functional on V. 


Proof. By (1), f satisfies the additivity condition 2° of Definition 15.26. It remains to 
verify that f satisfies the homogeneity condition 1° of Definition 15.26, that is, 


(4) fyvu=yf) forve V,y €C. 


Let v € V and let y € C written as y = a + if where a, B € R. Then by (1) we have 
f(yv) = flav + ipv) = flav) + f (ip). 


By (2) we have f(av) = af (v). By (3) and (2) we have f(iBv) = if (Bv) = iB f(v). Thus 
we have f(yv) = af(v) = iBf(v) = yf(v). This proves (4). 


Definition 15.68. Let (V, C) be a complex linear space. A functional p on V is called a 
sublinear functional on a V if it satisfies the following conditions: 

1° real-valued: p(v) € R for every v € V. 

2° positive homogeneity: p(yv) = |y|p(v) forv € V andy €C. 

3° subadditivity: p(u+v) < p(u) + p(v) foru,ve V. 


Remark 15.69. (a) A norm on a complex linear space (V, C) satisfies conditions 1° - 3° of 
Definition 15.68 and is therefore a sublinear functional on V. 

(b) As we noted in Remark 15.3 a complex linear space (V,C) can be regarded as a 
real linear space. Since conditions 1° - 3° in Definition 15.68 imply conditions 1° - 3° 
in Definition 15.62 a sublinear functional p on a complex linear space V is a sublinear 
functional on the real linear space V. 


The following extension of the Hahn-Banach Theorem for real linear spaces to complex 
linear spaces is due to H. F. Bohnenblust and A. Sobdczyk. 


Theorem 15.70. (Hahn-Banach Theorem for Complex Linear Spaces) Let (V, C) bea 
complex linear space and let p be a sublinear functional on V. Let M be a linear subspace 
of V and let f be a complex-valued linear functional on M such that |f| < pon M. Then 
there exists a complex-valued linear functional h on V such thath = f on M and \h| < p 
onV, 


Proof. Let us write f = f; + if) where fj and f2 are the real and the imaginary parts 
of f. Let us regard the complex linear spaces V and M as real linear spaces. By (c) of 
Observation 15.66, f; and f2 are real-valued linear functionals on the real linear space M. 
Now 


Ino! < (LAMP? + A@P}? =1f@)| < pv) for eM. 
The sublinear functional p on the complex linear space V is also a sublinear functional on 


the real linear space V by (b) of Remark 15.69. Thus by Theorem 15.64 (Hahn-Banach) 
there exists a real-valued linear functional g on the real linear space V such that g = fi on 
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M and g < pon V. Thus we have 


(1) g(u+v) =g(u)+g9(v) foru,veV, 
(2) g(av) =ag(v) forve VaeR, 

(3) g(v) = fi(v) forve M, 

(4) g(v) < p(v) forve V. 


Let us define a complex-valued functional # on the complex linear space V by setting 
(5) h(v) = g(v) —ig(iv) forve V. 


Let us show that / is a complex-valued linear functional on the complex linear space V by 
verifying conditions (1) - (3) of Lemma 15.67. First of all, for u, v € V we have 


hu + v) = g(ut v) — ig(i(u + v)) = g(u) + g(v) — i{g(iu) + g(iv)} 
= {g(w) — ig(iu)} + {g(v) — ig(iv)} = hw) + hv), 


where the second equality is by (1). This verifies condition (1) of Lemma 15.67. Secondly, 
for v € V anda € R, we have 


h(av) = g(av) — ig(iav) = ag(v) — iag(iv) = ah(v), 


where the second equality is by (2). This verifies condition (2) of Lemma 15.67. Finally, 
for v € V we have 


h(iv) = g(iv) — ig(—v) = g(iv) + ig(v) 
= i{ — ig(iv) + g(v)} = ih(v), 


where the second equality is by (2). This verifies condition (3) of Lemma 15.67. Thus by 
Lemma 15.67, h is a complex-valued linear functional on the complex linear space V. 
To show that h = f on M, note that for v € M we have 


g(iv) + ifo(iv) = fiiv) + ifp(iv) = fliv) = if(v) 
= i{ fi) +ifp(v)} =ig(v) — fo), 


where the first equality is by (3). Since g is real-valued the chain of equalities above implies 
that g(iv) = — fo(v). Thus we have 


h(v) = g(v) — ig(iv) = fi(v) +ifa(v) = f(v). 
This shows that h = f on M. It remains to show that |k| < pon V. Forv € V let y =e! 
be such that yh(v) = |h(v)|. Then |h(v)| = yh(v) = h(vv) = g(yv) — igtiyv). Since 
|n(v)| € R and g is real-valued the last equality implies 


|k(v)| = g(vv) < p(vv) = lv lp) = pQ), 
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by (4) and condition 2° of Definition 15.68. 


As in the real case, we apply the Hahn-Banach Theorem for complex linear spaces to 
obtain an extension theorem for complex-valued bounded linear functionals on a complex 
normed linear space. 


Theorem 15.71. Let (V, Cc, | - 1) be a complex normed linear space. Let M be a linear 
subspace of V and let f be a complex-valued bounded linear functional on the complex 
normed linear space (M ,C, | - ) with norm ||f ||x. Then there exists a complex-valued 
bounded linear functional h on V such thath = f on M and with norm |h||+ = |l f |l«- 


Proof. Let us define a functional on V by setting 


piv) = |lfllellull for v € V. 


Then for v € V andy € C we have 


P(yv) = Wf llellyull = If llelyIilull = ty |p@), 


and for u,v € V we have 


pu +v) = Wf llalla + vil < Wf lle{llell + lll} = pl) + pO). 


Thus p satisfies conditions 1° - 3° of Definition 15.68 and is therefore a sublinear functional 
on the complex linear space V. Now since f is a complex-valued bounded linear functional 
on the complex normed linear space (M,C, || - ||) we have 


If(@)| < If llellull = pv) forv € M. 


Then by Theorem 15.70 there exists a complex-valued linear functional # on V such that 
h = f onM and {h| < pon V. Thus we have |h(v)} < || f|lxllvi| for v € V. This shows 
that # is a bounded linear functional on V and || f ||, is a bound for A. Thus || ||, < || fll.- 
On the other hand we have 


Allx= sup |A(v)| => sup |[A(v)|= sup [f(v)|=If lle. 
veV, |ul|=1 veM, |lvl|=1 veM, |ul|=1 


Thus we have ||A||+ = || file. a 


Applying Theorem 15.65 and Theorem 15.71 we obtain the following extension theorem 
for bounded linear functionals on a normed linear space. 


Theorem 15.72. Let (V, K, ]l- 1) be anormed linear space over the field of scalars IK where 
K=RorK=C Let M be alinear subspace of V, M # V, and let vg € V be such that 
the distance between vo and M is positive, that is, d = infyey ||u — voll > 0. Then there 
exists a K-valued bounded linear functional f on V such that f = 0 on M, f(vo) = d, 
and || f \lx = 1. 
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Proof. Let Vo be the linear subspace of V spanned by M and vg, that is, 
(i) Vo = {ut+yu:ueM,y €K}. 

Let us define a K-valued functional fp on Vo by setting 

(2) fo(v) = folut yuo) =yd forue Mandy €K. 


Sinced = infyey ||u—vol| > 0, vo ¢ M so that the representation of v € Vobyv = u+yuo 
with uw € M and y € K is unique and therefore fo is well defined by (2). 

It is easily verified that fo is a linear functional on Vo. Also f = 0 on M. Indeed for 
v € M C Vo we have v = u + Ov with u € M so that by (2) we have 


(3) fo(v) = fo(u+0u) =0-d=0 forve M. 
Since vg € Vo and vp = 0 + luo, we have by (2) 
(4) fo(vo) = fo(0+ luo) =1-d=d. 


Let us show that fo is a bounded linear functional on Vo with || folls = 1. According to 
Theorem 15.36 it suffices to show that if we let S = {v E Vo: |lvl| = 1}, then we have 


(5) sup | fo(v)| = 1. 
veS 
Now 
v u+ yuo 
S= 4;— :veVN,u of = {Eee vem, EKut+yy of. 
(ia Z lu + yeoll 7 fae 
Thus for v € S we have 
u+yuvo | fotu + yvo)| ly|d 
) Lfolw)| = | fo (a | =. 
Ju + y voll | lu + y voll lu + y voll 


Since vg # 0 € Vo, we have Tel € S. By (4) we have 


fh G3) _ foo) __d 4 


llvoll voll [Ivo 


Thus we have 


(7) sup] fo(v)] = sup —_| fo(v)}. 
veS veS, fo(v) 40 
Now fo(v) 4 0 for v € S implies y 4 0 by (6). Then by (6) and (7) we have 
lyld 
sup|fo(v)|= sup ———= sup ——— 
tes vem 40 +7201 wem.y-40 I + voll 
d d d 
= sup 


wem |lvo— wv] infwem |luo-— wl] d 


=1. 
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Thus we have || foll. = 1. 

We have just shown that fo is a K-valued bounded linear functional on Vo such that 
fo = 0 0n M, fo(vo) = d, and || follk = 1. Then by Theorem 15.65 if K = R and by 
Theorem 15.71 if K = C, there exists a K-valued bounded linear functional f on V such 
that f = fo on Vo and || f|lx = || folls = 1. Since M C Vo and fo = 0 on M by (3), we 
have f = fo =0on M. Since vo € Vo, we have f(vp) = fo(vo) = d by (4). 


Corollary 15.73. Let (V,K, || - |) be a normed linear space over the field of scalars K 
where K = RorK =C. If vg € V and vy #0 € V then there exists a K-valued bounded 
linear functional f on V such that f (vo) = |\voll and || f |* = 1. 


Proof. Consider the linear subspace M of V consisting of 0 € V only, that is, M = {0}. 
Since v9 4 0 we have d = infyey ||u — voll = |lvol] > 0. Thus by Corollary 15.72, 
there exists a K-valued bounded linear functional f on V such that f (vo) = d = ||vol| and 


fll =1. 0 


[X.3] Bounded Linear Mappings of a Dual Space into a Dual Space 


Proposition 15.74 . Let (V, K, || - I!) be a normed linear space over the field of scalars K 
where K = Ror K = C. Let (V*,K, || - |x) be the dual space of (V,K, || - ||) and let 
StO0)={feVv*:|flk= 1}. Then for every v € V we have 


q) lvl = sup | fo). 


fest(0) 


Consequently for each fixed v € V the mapping of V* into K defined by f > f(v) for 
f € V* is a K-valued bounded linear functional on V* with norm equal to ||v||. 


Proof. For every f € S¥(0) we have | f(v)| < || fllxllul] = [lvl] for all v € V so that 
(2) sup |f(v)| < llv|| foreach v € V. 
fest) 


If v =O € V, then ||v|| = 0 and f(v) = 0 for every f € V* so that (1) holds trivially. If 
v € V anduv 4 0€ V, then according to Corollary 15.73 there exists f € S¥(O) such that 
f(v) = |lv|l. This fact and (2) imply (1). & 


Observation 15.75. Let A and B be two arbitrary indexing sets and let cog € Rfora eA 
and 6 € B. Then 


SUPCo,pf = SUP Ca,B = sup { sup caf. 
BEB acA,feEB peB*acA 


(1) sup | 


acA 
Proof. For each a € A we have co,g < SUPgeg Ca,p. Thus 


(2) sup Cag < sup sup ca,p} = sup { sup cap} 
aceA,peB acA,peB * BeB acA * BEB 
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On the other hand supgg ca,p = SUPgca peg Ca, SO that 


(3) sup { sup ca, < sup Cag: 
acA* BB acA,peB 


By (2) and (3) we have the first equality in (1). Interchanging the roles of A and B we have 


the second equality in (1) by the same argument. # 


Theorem 15.76. Let (V, K, || - 1) and (W, K, || - I’) be two normed linear spaces over the 
same field of scalars K where K = R or K = C. Let (V*, K, || - x) and (W*, K, || - lI) be 
their respective dual spaces. Let L € 38{V, W}. Define a mapping L* of W* into V* by 


(1) L*(g)=go0L forge W*. 
Then L* € 383{W*, V*}, that is, L* is a bounded linear mapping of W* into V*, and 


(2) WL lyeye = IL Ilyw- 


Proof. Let us show first that L* defined by (1) maps W* into V*, that is, L*(g) € V* for 
every g € W*. Now forv € V we have 


L*(g)(v) = (g 0 L)(v) = g(L()) € K. 


This shows that L*(g) is a K-valued function on V. The linearity of L*(g) on V follows 
from the linearity of g and L. We have moreover 


IL*(g)(v)| = |g(L@))| < Ig IAIL@W < IghslZllyyllvll forall v € V. 


Thus the real number ||g/[?, || L lly = 0 is a bound for the K-valued linear functional L*(g) 
on V so that L*(g) is a bounded linear functional on V, that is, L*(g) € V*. This shows 
that L* maps W* into V*. 

To prove the linearity of L* on W*, let 91, g2 © W* and yj, y2 € K. Then we have 


L*(vigi + y2g2) = (181 + 7282) 0 L = 71(g1 0 L) + y2(g2 0 L) 
= "1 L*(g1) + v2L*(g2). 


Let us show that L* is a bounded linear mapping of W* into V*. According to Theorem 
15.36, the linear mapping L* is bounded if and only if 


(3) sup —_||L*(g)||x < 00 
geW*, |gti=1 


and moreover when (3) is valid then (2) also holds. Thus it remains to show that (3) holds. 
Now by Theorem 15.36, we have 


(4) Lllvw= sup LO)’. 
veV,flvlf=1 
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Applying Proposition 15.74 to the normed linear space (W, K, || - ||), we have 


(5) Lv)’ = sup | g(L())}. 
geW* ell, 


Substituting (5) in (4), we have 


6) Ill = sop { sup |g(z@)|| 


veV,|lul=1 * gew*, lg llt=1 


= sup { sup le(L@))|} 


geW* ligi=l © veV,|lv|=1 


= sup { sup [Z*(g)(|} 
geW* |[gll,=t ° veV,|lull=1 


= sup |L*(g)llx, 
sew? igi. 


where the second equality is by Observation 15.75. Since ||LI|,,y < 00, (6) shows that (3) 
holds. 


Definition 15.77. Let (V, K, || - ||) and (W, K, || - |\’) be two normed linear spaces over the 
same field of scalars K where K = R or K = C. Let (V*,K, || - lx) and (W*, K, || - Ili.) be 
their respective dual spaces. Let L be a bounded linear mapping of V into W. A bounded 
linear mapping L* of W* into V* is called an adjoint of L if it satisfies the condition: 


L*(g)(v) =(goL)(v) forallv € V and g € W*. 


Remark 15.78. Such bounded linear mapping L* exists by Theorem 15.76. Let us show 
that such bounded linear mapping L* is unique. Suppose L} and L> are two such bounded 
linear mappings of W* into V*. Then we have 


Li(g)(v) = (g o L)(v) = L3(g)(v) forall v € V and g € W*. 


Since Li(g), L3(g) € V*, the equality above for all v € V implies that L}(g) = L3(g) as 
elements of V*. Then since L{(g) = L3(g) for all g € W*, L} and L3 as mappings of W* 
are equal. 


[XI] Semicontinuous Functions 


Definition 15.79. Let f be an extended real-valued function defined on a subset D of a 
topological space X. Let xg € D. 

(a) We say that f is lower semicontinuous at xo if f (xo) # —00 and for every y € R such 
that y < f (xo) there exists an open set U > x9 such that y < f(x) forallx eUND. 

We say that f is lower semicontinuous on D if f is lower semicontinuous at every xo € D. 
(b) We say that f is upper semicontinuous at xq if f (xo) # 00 and for every y € R such 
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that y > f (xq) there exists an open set U > xo such thaty > f(x) forallx eUND. 
We say that f is upper semicontinuous on D if f is upper semicontinuous at every xo € D. 


Remark 15.80. If f is a real-valued function defined on a subset D of a topological space 
X then f is lower semicontinuous at xo € D if and only if for every ¢ > 0 there exists 
an open set U 3 xo such that f(xo) — ¢ < f(x) for all x € UMD and f is upper 
semicontinuous at x9 € D if and only if for every ¢ > O there exists an open set U 3 xo 
such that f(x) < f(xo) + ¢ forallx Ee UND. 


Observation 15.81. 

(a) f is continuous at xo € D if and only if f is both lower and upper semicontinuous at xo. 

(b) If f is lower semicontinuous at xo, then cf is lower semicontinuous at x9 if c > O and 
cf is upper semicontinuous at x9 if c < 0. 

(c) If f is upper semicontinuous at xo, then cf is upper semicontinuous at xo if c > 0 and 
cf is lower semicontinuous at xo if c < 0. 

(d) Let f be a (—oo, co]-valued function on D. Then f is lower semicontinuous on D if 
and only if for every y € R, Fs oo]) = VND where V is an open set in X. 

(e) Let f be a [—ow, 00)-valued function on D. Then f is upper semicontinuous on D if 
and only if for every y € R, f~!([—00, y)) = VN D where V is an open set in X. 

(f) In particular if O is an open set, then 1o is a lower semicontinuous function on X. If C 
is a closed set, then 1c is an upper semicontinuous function on X. 


Proof. (a), (b), and (c) are immediate from Definition 15.79. 

Let us prove (d). Let f be (—o0, oo]-valued function D. Suppose for every y € R, 
f—!((y, co]) = VN D where V is an open set in X. For an arbitrary x9 € D, lety € R 
and y < f(xo). By our assumption, fr: ((y, ov}) = VM D where V is an open set in X. 
Then for any x € VD, we have f(x) € (y, oo], that is, f(x) > y. This proves the lower 
semicontinuity of f at xo. By the arbitrariness of x9 € D, f is lower semicontinuous on D. 

Conversely suppose f is lower semicontinuous on D. Let y € R be arbitrarily given 
and let E = f~'((y, o0]) C D. Let xo be an arbitrary point in E. Then f (xo) € (7, 00] 
so that f(xo) > y. By the lower semicontinuity of f at x9 € D there exists an open set 
Uy) > Xo such that f(x) > y for every x € Ux, ND. Then f(Ux, M D) C (y, 00] so that 
Uy ADC E. Thus U,,¢¢ (Ux OD) = E. Let V = Usyeg Ur. Then V is an open set 
in X and E = VD, that is, f~'((y, 00]) = VND. 

(e) is proved in the same way as (d). (f) follows from (d) and (e). & 


Proposition 15.82. Let (X, 8x) be a measurable space where X is a topological space 
and Bx is the Borel o-algebra of subsets of X. Let f be a real-valued lower (resp. upper) 
semicontinuous function on X. Then f is a8 x /Bp-measurable mapping of X into R. 


Proof. Let J be the collection of all open intervals in R of the type (vy, 00) where y € R and 
let be the collection of all open sets in R. It is easily verified that o(J) = 0(D) = Br. 
To show that a real-valued function f on X is a 8y/Sp-measurable mapping of X into 
R, it suffices to show that f—1(3) C 38x according to Theorem 1.41. Now if f is a real- 
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valued lower semicontinuous function on X then f—! ((y, co) is an open set in X by (d) of 
Observation 15.81 and thus a member of 8x. Thus forevery J € J we have f =I (J) € By 
and then f~!(3) C S$. This shows that a real-valued lower semicontinuous function f 
on X is a 8y/BR-measurable mapping of X into R. The By/BR-measurability of a 
real-valued upper semicontinuous function f on X is proved similarly by applying (e) of 
Observation 15.81. g 


Proposition 15.83. (Sequential Criterion for Semicontinuity on a Metric Space) Let f 
be an extended real-valued function on a metric space (X, da). 
(a) f is lower semicontinuous at xo € X if and only if for every sequence (xn :n € N) in 
X such that lim x, = xo, we have liminf f(x,) > f (xo). 
n>0o n> OO 
(b) f is upper semicontinuous at xo € X if and only if for every sequence (Xn, :n € N) in 


X such that lim xp, = xo, we have limsup f (xn) < f (xo). 
noo n> 0o 


Proof. 1. Suppose f is lower semicontinuous at x9 € X. Let (x, : n € N) be a sequence 
in X such that lim x, = xo. Since f is lower semicontinuous at xo, for every y € R such 
n->0oo 


that y < f(x) there exists an open set U 35 xg such that f(x) > y forall x € U. Since 
jim, Xn = Xo, there exists N € N such that x, € U forn > N and thus f(x,) > y for 


n > N. This implies lim inf fn) = y. Since this holds for every y < f(xo) we have 
liminf fn) 2 f(%0). 

2. Conversely suppose for every sequence (x, : n € N) in X such that tim, Xn = X90 
we have lim inf fn) = f (xo). To show that f is lower semicontinuous at xo, assume 


the contrary. Then there exists y < f (xo) such that every open set U 5 xo contains a 
point x € X such that y > f(x). Thus the open ball B(xo, ry) contains a point x, € X 


such that y > f(x,) forn € N. The sequence (x, : n € N) then has lim x, = xo 
noo 


and liminf f(%,) < y < f(xo). This contradicts the assumption that for every sequence 
n> OO 
(x, :n € N) in X such that tim. Xn = Xo we have lim inf f (xn) = f (xo). Therefore f is 
n> n= 
lower semicontinuous at x9. This completes the proof of (a). (b) is proved similarly. & 


Theorem 15.84. Let {fy : a € A} be an arbitrary collection of extended real-valued 

functions on a set D in a topological space X. 

(a) If fa is lower semicontinuous at x9 € D for everya € A, then f = SUpge, fa is lower 
semicontinuous at xo. 

(b) If fa is upper semicontinuous at xo € D for every a € A, then f =infyea fy is upper 
semicontinuous at Xo. 


Proof. Let us prove (a). Thus let y € Rand y < f(xo). Since f(xo) = supge, fa(xo), 
there exists ag € A such that y < foa,(xo). By the lower semicontinuity of fay at xo, 
there exists an open set U 3 xo such that y < fo (x) for all x € UMD. Then we 
have f(x) = supyca fa(x) = fag(x) > y for all x € UMD. This proves the lower 
semicontinuity of f at xo. (b) is proved similarly. # 
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Definition 15.85. A real-valued function p on a linear space (Vv, K) where K = R or 
K = C is called a seminorm if it satisfies the following conditions : 

1° p(v) € [0, 00) forve V, 

2° p(y») = |ylp(v) forv € Vandy eK 

3° p(u+v) < p(u)+ p(v) foru,veV. 


Every norm on a linear space (V, K) satisfies conditions 1° - 3° in Definition 15.85 
and is therefore a seminorm on (V, K). Note that from 2° we have p(0) = 0. However 
pP(f) = 0 does not imply f = 0. Thus a seminorm may not be a norm. 


In R¢, if we define p(x) = |x;| with some fixedi = 1,... ,kforx = (x1,... ,x%) € RF, 
then p is a seminorm on R¢. 

In C([a, 5), if we let [c,d] C [a, b] and define p(f) = fé If (t)| dt for f € C([a, d)), 
then p is a seminorm on C({a, b]). 

For a bounded linear functional f on a normed linear space (V, K, || - I!) where K = R 
or K = C, if we define p(v) = | f(v)| for v € V then p is a seminorm on V. 


Proposition 15.86. Let { fy : « € A} be anarbitrary subset of the dual space ( V*,K, |l- Il) 
of a normed linear space (V, K, || - ||)where K = R or K = C such that 


(1) sup | fa(v)| < 0 forve V. 
aca 


Define a nonnegative real-valued function p on V by setting 
(2) p(v) = sup | fo(v)} forve V. 
acA 


Then p is a lower semicontinuous seminorm on V. 


Proof. By (1), we have p(v) € [0, co) for every v € V. Also forv € V andy € K, we 
have 


P(yv) = sup | fo(yv)| = ly] sup | fa(v)| = ly|p(v), 
acA a@cA 
and for u, v € V we have 


plu+v)= sup lfa(u+ v)| < a {| fa(u)| + | fa(v)|} < p(v) + pv). 
ae ae 


This shows that p is aseminorm on V. Finally the continuity of f4 on V implies that of | fy| 
and the continuity of | f.,| on V implies its lower semicontinuity on V. Then by Theorem 
15.84, p is lower semicontinuous on V. Wf 


Lemma 15.87. Let p be a seminorm on a normed linear space (V, K, | - I!) where K = R 
orK =C. Then the following two conditions on p are equivalent: 

1° p is bounded above on some open ball in V, 

2° there exists a constant M > 0 such that p(v) < M|lv|| forall v € V. 
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Proof. 1. Suppose there exist an open ball, say B(vo, r), and a constant C > 0 such that 
p(v) < C forall v € B(vo, rr). Then for every v € B(O,r), we have v + vp € B(v9,1r) so 
that p(v + up) < C and then p(v) = p(v + v9 — v0) < p(v + vo) + p(vo) < 2C. 


Now let v € V andv £0 € V. Then |{§|lul|— Jul] = 5 so that 5iJul|-!v € BQO, r) and 
then we have P(Sllviitv) < 2C and thus p(v) < 4C\lul. When v = 0 € JV, this inequality 
is trivially satisfied. Thus with M = 4°, we have p(v) < M]lv|| for every v € V. 


oe 

2. Conversely suppose there exists a constant M > 0 such that p(v) < M|lv|| for all 
uv € V. Take an arbitrary open ball, say B(vo,r). Then for every v € B(vo, r), we have 
p(v) < Mllv|| = M|lu — vo + voll < M{\lv — voll + llvoll} < M{r + |lvoll}. Thus p is 
bounded above on B(vo, r) by the constant M {r + }]voll 2 | 


Proposition 15.88. Let p be a seminorm on a Banach space ( V,K, || - il) where K = Ror 
K = C. Then the following two conditions on p are equivalent: 

1° there exists a constant M > 0 such that p(v) < M|lv|| for allv € V, 

2° pis lower semicontinuous on V. 


Proof. 1. Suppose there exists a constant M > 0 such that p(v) < M|lv|| for all v € V. 
To show that p is lower semicontinuous at an arbitrary vp € V, let ¢ > 0 be arbitrarily 
given. Letr > 0 be such that Mr < e. Then forevery v € B(vo, rr), we have p(vp — v) < 
M||vo — v|| < Mr < e and hence p(vo) < p(vo — v) + p(v) < € + p(v), that is, 
p(vo) — € < p(v) for v € B(vo,r), proving the lower semicontinuity of p at uo. 


2. Conversely suppose p is lower semicontinuous. To prove the existence of a constant 
M > O such that p(v) < M|lu|| for all v € V, assume the contrary. Then by Lemma 
15.87, p is not bounded above on any open ball. Let ¢ > 0 be arbitrarily fixed. Take 
an arbitrary open ball B(O, 79). Since p is not bounded above on B(O, ro), there exists 
vy € B(O, ro) such that p(v;) > 1+. By the lower semicontinuity of p at v1, there exists 
an open ball B(v1, 2r;) such that p(v) > 1 for all v € B(v),2r1,) and thus p(v) > 1 for 
all v € B(v,71). Let us take r; so small that 7; < min {3{r0 — |lui |}, i} Now since p 
is not bounded above on B(vj, 71), there exists v2 € B(v1,r,) such that p(v2) > 2+. 
Then since p is lower semicontinuous at v2, there exists an open ball B(v2, 2r2) such that 
p(v) > 2 for all v € B(v2, 2r2) and thus p(v) > 2 forall v € B(v2, r2). Let us take r2 so 
small that r2 < min {Fin — |[vell}, 3}. Thus continuing we have a sequence of open balls 
(B(un, tn) 2 n € N) such that B(tn4i,%m41) C Bln, tn), mn € (0, t), and p(v) > n for 
v € B(vy, tm) forn € N. Then (uv, : n € N) is a Cauchy sequence in V since form > n we 
have vu», € B(Un, Mm) so that ||U, — Unll < tm < 1. By the completeness of V there exists 
v € V such that jim, lu, — vl] = 0. Let N € N. Then forn > N we have up, € B(un, rn) 


sothatv = lim v, € B(vn,ry). Thus p(v) > N. Since this holds for every N € N, we 
now 
have p(v) = 0, contradicting the fact that p is real-valued. 


Theorem 15.89. Let (f, : n € N) be a sequence in the dual space (V*,K, || - lls) of a 
Banach space (V, K, |]- 1) where K = RorK=C. Suppose the sequence (f,(v) :n € N) 
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in K converges for every v € V. Define a K-valued function f on V by setting 
(1) f(v) = lim fa(v) forve V. 
noo 


Then f € V*. Moreover (\|fnlle : n € N) is a bounded sequence of nonnegative real 
numbers and 


@) I fle < liming Ul full 


Proof. For every v € V, we have f(v) € K by (1). The linearity of f follows immediately 
from the linearity of f, forn € N. Now since f, € V*, we have | fr(v)| < || fnllellull for 
every v € V. Thus from (1) for every v € V we have 


3) If (o)| = lim | fa(v)| = lim inf | fa(0)| < (liming I falls) lvl 


Now if we show that (|| fnllx : 2 € N) is a bounded sequence of nonnegative real numbers, 
then lim inf {{ f; [|+ is a nonnegative real number so that it is a bound for the linear functional 
noo 


Ff by (3) and thus f is a bounded linear functional on V with || f lx < lim inf ll Fall 
To show that (|| fnllx :  € N) is a bounded sequence, let us define a function p on V by 


p(v) = sup|fn(v)| forv eV. 
neN 


Since (fn(v) : n € N) is a convergent sequence in K, we have sup, cn | fn(v)| < 00 for 
every v € V. This implies that p is a lower semicontinuous seminorm on V by Proposition 
15.86. The lower semicontinuity of the seminorm p implies the existence of a constant 
M > Osuch that p(v) < M|lv|| for every v € V according to Proposition 15.88. Then 
by the definition of p, we have | f,(v)| < p(v) < M|lv|] for every v € V so that M isa 
bound of the b.1.f. f, and thus || f,||4 <M. Since this holds for every n € N, the sequence 


(ll fnllk : 2 € N) is bounded by M. uf 
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§16 The L? Spaces 


[I] The £? Spaces for p € (0, 00) 


Let us define the extended complex number system C as the set of all extended complex 
numbers ¢ = & + in where €,n € R. We regard R as a subset of C identifying  € R with 
&€+i0€C. Ifq,& €C, theng) + &, €1¢2, and 0¢) may be undefined unless ¢), ¢2 € C. 
By an extended complex-valued function we mean a function f = f; + if) where f; 
and f> are extended real-valued functions. We call f; and f2 the real and imaginary parts of 
f and write Rf and 3 f for them. Thus f = Hf+i3 f. We regard an extended real-valued 
function f as a particular case of extended complex-valued functions with Sf = 0. 


Definition 16.1. Given a measure space (X, A, w). Let f be an extended complex-valued 

function on a set D € A. 

(a) We say that f is 2t-measurable on D,  semi-integrable on D, or -integrable on D 
according as both ® f and 3f are. 

(b) When f is 2 semi-integrable on D, that is, when both f p tf du and f psf du exist in 
R, we let fy fdu=fyRfdutif,3fdue C. 

(c) When f in 1-integrable on D, that is, when both [Rf du and [,, Sf du exist in R, 
we have [ f du € C. In this case, since |, Rf dul, | fp 3f du| < 00, we have 


[raul =| [ran faranl |" <oe 


Observation 16.2. Let f be an extended complex-valued 2{-measurable function on a set 
D € Min a measure space (X, 2, w). If f is w-integrable on D, then f(x) € C for ae. 
x € D and thus | f| < wae. on D. 


2 
+ 


Proof. If f is u-integrable on D, then by Definition 16.1, both # f and 3 f are y-integrable 
on D, Then by Observation 9.2, (#/)(x), (S9f)(x) € R for ae. x € D and thus f(x) € C 
forae.x€D. 


Observation 16.3. Let f be an extended complex-valued 2{-measurable function on a set 
D € Ain a measure space (X, 2, jz). Then f is y-integrable on D if and only if | f| is 
-integrable on D. 


Proof. By f =f +i3/f, we have | f| = {I9 |? + IS f|?}'”. This implies that 
(1) IRFLISZL <1] SIRF] + IS SI on D. 


Integrating over D we have 


(2) foridu fisrians fitians [ oesidn+ f issidn. 
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Thus we have 


f is p-integrable on D 


e|/ Rf dy Jf fu) < ov by Definition 16.1 
D D 


e | rsldu, [ \Sfldu < oo by (e) of Observation 9.2 
D D 
ef ifldu<co byQ).m 

D 


Definition 16.4. Let f be an extended complex-valued A-measurable function on a set 
D € & in a measure space (X, A, w). Let p € (0,0). We say that f is p-th order 
j2-integrable on D if the nonnegative extended real-valued A-measurable function | f \? on 
D is p-integrable on D, that is, tes | fl? du < oo. 


Let us note that if f is p-th order z-integrable on D for some p € (0, 00), that is, 
ta |flP du < ow, then |f|? < co ae. on D according to (f) of Observation 9.2 and thus 
f() €Cforae. x € D. 


Observation 16.5. Let f be an extended complex-valued 2-measurable function on a set 
D € Min a measure space (X, A, 42). Let p € (0, co). Then f is p-th order -integrable 
on D if and only if both R f and Sf are p-th order j:-integrable on D. 


Proof. In the Proof of Observation 16.3 we showed 
Gy IRF ISS < fl < IRL +ISS£] on D. 
Now fora, 8 € [0, oo], we have 
(2) {a + BJ? < [2max{a, B}]” <2? {a? + pP}. 
By (1) and (2), we have 

RFI? ISSI? < IFIP <2? (IMF? + ISS}. 


Thus we have 
fiisirau<coe f ies du <coand f 19f1? du <0. m 
D D D 


Let f and g be two extended complex-valued 2{-measurable functions on aset D € Min 
ameasure space (X, 2, 2). Then the pointwise addition f+ g, multiplication fg, and scalar 
multiplication 0 f may be undefined on a 2{-measurable subset E of D with w(E) > 0. If 
we assume that | f| < oo and |g| < oo ae. on D, thatis, f(x) € C and g(x) € C forae. 
x € D, then f +g, fg, and Of are defined ac. on D. The condition that | f| < oo and 
lg| < co ae. on D is satisfied if for instance f and g are p-th order z-integrable on D for 
some p € (0, 0) as we noted above. 
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Definition 16.6. Let f and g be two extended complex-valued A-measurable functions on 
aset D € Lina measure space (X, A, 1) such that | f| < co and |g| < coa.e. on D. On 
the null sets in the measure space (X, 2, 4) on which addition f + g, or multiplication f g, 
or scalar multiplication 0 f is not defined, let us define f + g, or fg, or Of to be equal to 
0 so that f +g, or fg, or Of is defined and A-measurable on D. 


Lemma 16.7. For a, B € C, we have 
(1) la + BP <2 (lal? +167}. 
More generally for any p € (0, 00), we have 


(2) Ja + Bl? <2? {|a|? + [p/P }. 


Proof. To prove (1), let us note that |a + B| < |a| + |B| so that 
2 
(3) la + BP < {la| + |B|}" = lal? + 2Ja||B] + |B. 


Now |a|? — 2|a|{B| + [B|? = {le| - iBI} > 0 so that 2\a||6| < ja|? + |6|*. Using this in 
(3), we have (1). To prove (2), note that |w + B| < |a| + |f| < 2 max {\el, BI}. From this 
we have |« + B|? < 2?[ max {|a], |B]} ]” = 2? max {la|?, |B|?} < 2?{lo|? + ||? }. 


Definition 16.8. Given a measure space (X, A, jz). Let p € (0,00). For an extended 
complex-valued U-measurable function f on X, we define 


1/p 
Ifllp = if. urdu] € [0, oo]. 


We define £°(X, 2, w) as the collection of all extended complex-valued 2A-measurable 
functions f on X with || f \lp < 00. 


Proposition 16.9. Let (X, A, 4) be a measure space. Let p € (0, 00). Then L?(X, A, pw) 
is a linear space over C. 


Proof. The addition and scalar multiplication in £? (X, 2, ~) are as in Definition 16.6. Let 
fig €£°(X, A, w). Then || fllp, llgllp < 00 so that | f|, 1g] < oo ae. on X, thatis, f and 
g are complex-valued a.e. on X. Thus we have | f + g|? < 2P{| fl? + lgi?} a.e. on X by 
(2) of Lemma 16.7. Then integrating over X, we have 


firteran sr} | if aut f ieiau} < co. 
x x x 


This shows that f + g € £°(X, 2, yw). 
If f ¢ LP(X, W, pw) andc € C, then |cf| = |c|| f| ae. on X. Then integrating over X, 
we have de \cf |? du = |c|? te |f |? duu < ow. This shows that cf ¢ £°(X, 2, uw). oF 
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Remark 16.10. Let us observe that || - ||, is not a norm on the linear space £?(X, A, jz). 
This is from the fact that while the origin of the linear space £? (X, 2, 2) is the identically 
vanishing function on X, || f ||» = 0 implies | f|? = 0ae. on X, that is, f =Oae. on X 
but f need not be the identically vanishing function on X. 


[It] The Linear Spaces £? for p € [1, oo) 


Definition 16.11. Two real numbers p,q € (1, &) are called conjugates if they satisfy the 
equation 1/p +1/q = 1. The pair p = 1 and q = & is also called conjugates. 


Let us note that if p,q € (1, 00) are conjugates, then g = p/(p — 1). Thus limpyig = 

oo and lim g = 1. Note also that if p,g € (1,00) are conjugates and p = q, then 
poo 
p=q=2. 
Lemma 16.12. (Young’s Inequality) Let g be a real-valued, continuous, and strictly 
increasing function on [0, 00) with g(0) = O and lim g(u) = w. Let yw = gy! be the 
u-> OO 

inverse function of gp defined on [0, 0). Then for any a, b € [0, &), we have 


a b 
ab <|[ ow)du f wv) dv, 
0 0 


where the equality holds if and only if b = g(a). 


Proof. Note that the inverse function y is also real-valued, continuous, and strictly increas- 
ing on [0, oo) with (0) = O and jim, w(v) = oo. The Lemma follows immediately 
if we interpret ab as the area of the rectangle in the uv-plane with sides [0, a] and [0, b}, 
Jo 9(u) du as the area under the curve v = g(u) for u € [0, a], and He w(v) dv as the area 
under the curve u = yw(v) forv € [0,5]. 


Lemma 16.13. Let p,q € (1, ©) be conjugates. Then for any a, B € C, we have 


a|P q 
jap) < SE IEP 
P q 


and the equality holds if and only if \a|? = |B|?. 
Proof. Since the complex numbers @ and f enter in the inequality only as nonnegative 
numbers |a| and |}, it suffices to show that for any a, b € [0, 00) we have 


(1) ab<—+—, 
P 


and the equality holds if and only if a? = b?. 
With r := p — 1 > 0, consider the function g(u) = u” for u € [0, co). Now ¢ is real- 
valued, continuous, and strictly increasing on [0, co) with g(0) = Oand lim g(u) = oo. 
u-> OO 
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Its inverse function is given by w(v) = ur forv € [0, 00). Thus by Lemma 16.13, we have 


a b i 
(2) ab <|/ udu [ ur dv, 
0 0 


and the equality holds if and only if b = a’. Fromr = p — 1 and 7 + ; = 1, we have 
141=qandr= z. Thus we have 


a b r+1 44 tad b p q 
(3) [ ut du+ f vhdv= | + — ee th 
0 0 r+1]o -+1 5 P q 


By (2) and (3) we have (1). Also b = a” = at if and only ifb? =a?. @ 


Theorem 16.14. (Hélder’s Inequality for p,g € (1,00)) Given a measure space 
(X, QW, wz). Let f and g be two extended complex-valued A-measurable functions on X 
such that | f |, |g| < co a.e. on X. 

(a) For any p,q € (1, 00) such that 1/p + 1/q = 1, we have 


() fell: < WF llpilstla: 


provided the product of the two nonnegative extended real numbers |\f || p and ||glq exists. 
(b) If0 < || fllp < co and0 < |lgllq < ©, then the equality in (1) holds if and only if 


(2) A|f |? = Blg|? ae. on X for some A, B > 0. 


Proof. 1. We are to prove 


1/p 1/q 
P q 
3) fiureian s| fs au] lf. lel an] 


If ~(X) = 0, then the equality in (3) is trivially true. Thus assume that w(X) > 0. If at 
least one of f and g is equal to 0 a.e. on X, then fg = 0a.e. on X and the equality in (3) 
holds trivially provided that the product on the right side of (3) exists. Thus assume that 
u{X : f £0} > Oand w{X: g 40} > 0. Then fy |fl? du = fry. peo |fl? du > 0 by 
(d) of Lemma 8.2 and similarly ty |g? du > 0. For brevity let 


(4) ri [ 1fiau > 0 and a lel?du > 0. 
x Xx 


If at least one of J and J is equal to ov, then (3) holds trivially provided that the product on 
the right side of (3) exists. Therefore assume that J, J € (0, 00). Now since |f|, |g] €¢ R 
ae. on X, we have by Lemma 16.13, 


Ifl igi Ls? | Lisi? 


©) Dip J/a~ p I q J 
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Integrating over X and recalling (4), we have 


(6) : fur \du< = fifi +o fi igi aes eg 
Tie sila Jy BOP = oF fy Corie pg 


Then multiplying by 11/7 71/9 we have (3). 

2. Under the assumption that J, J € (0, 00), observe that the equality in (3) holds if and 
only if the equality in (6) holds. Now the equality in (6) holds if and only if the equality in 
(5) holds a.e. on X. But the equality in (5) holds a.e. on X if and only if | f|?/J = |g|4/J 
a.e. on X according to Lemma 16.13. Thus it remains to show 


if? _ Isl? 


7) I J 


ae.onX © Alf|? = Blg|? ae. on X for some A, B > 0. 


Now if the left side of (7) holds, then the right side of (7) holds with A = 1/I € (0, ~) 
and B = 1/J € (0, 0). Conversely if the right side of (7) holds, then integrating we have 
Al = BJ. Dividing the right side of (7) by this equality we have the left side of (7). This 
proves (7). wf 


Corollary 16.15. (Schwarz’s Inequality) Given a measure space (X, A, 4). Let f and g 
be two extended complex-valued U-measurable functions on X such that | f |, \g| < 00 ae. 
on X. Then we have 


(1) I fella < WFfilaligil, 


provided the product of the two nonnegative extended real numbers || f \\z and ||g\|2 exists. 
If0 < || fll2 < co and0 < |Ig|l2 < 00, then the equality in (1) holds if and only if 


(2) al\f| = blg| ae. on X for some a,b > 0. 
Proof. This is a particular case of Theorem 16.14 for the conjugates p = q = 2. Note 


that condition (2) in Theorem 16.14 in this case becomes A| f|? = Blg|* and taking square 
roots we have a| f| = blg| wherea = /A andb= JB. ww 


Corollary 16.16. Given a measure space (X, A, 1). Let f be an extended complex-valued 
21-measurable functions on X such that | f| < co a.e. on X. Then for any p,q € (1, 00) 
such that 1/p + 1/q = 1 we have 


WF lla < WF ip Alle. 


/p 
| itl suo | uri aa| 
x Xx 


provided that the product on the right side exists. 


that is, 
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Proof. Writing f = f1x and applying Theorem 16.14, we have 


l/p 1/q 1/p 
furan s| fire an| [fer au] = (x)'/4 fire au 1 


Theorem 16.17. (Minkowski’s Inequality for p € [1,00)) Given a measure space 
(X, 2, wu). Let f and g be two extended complex-valued A-measurable functions on X 
such that | f |, |g| < 00 a.e. on X. Then for every p € [1, 00), we have 


lf + ellp s If llp + llellp- 


Proof. If at least one of || f||p and ||g||p is equal to oo then || f + gilp < If Ilp + llellp 
holds trivially. Thus we consider the case that || f ||» < oo and ||g||p < oo. In this case by 
applying Lemma 16.7 we have | f + g|? < 2?{|f|? + |g|?}. Then integrating over X 


(1) [ise stran s2°(isug + ett) < 00. 


We are to prove 


\/p I/p 1/p 
P Pp p 
(2) i if tel au <|f irl au] +|f gl an] 


Let us note that for p = 1, (2) is immediate since |f + g| < |f| + (g| on X and 
integrating over X, we have 


firesiaus finan f ielan. 


Let us consider the case p € (1,00) and let g € (1, &) be its conjugate, that is, 
1/p+1/q =1. Theng = p/(p — 1) and p— 1 = p/q. Now 


(3) If telP =I ft ellf+el?! < {IF +lel}if + gl?’ 

Integrating over X, we have 

(4) [isteiran | fll + iP du + [ lell f+ 91/4 du. 
xX X xX 


By (3) in the Proof of Theorem 16.14, we have 


1/p 1/q 
p/q Pd Pd | F 
() fisis+e au <{ fir u| [ free Me 


and similarly 


1/p 1/q 
P/a g Pd Pd . 
(6) fier+e vs [fel it [ise P 
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Using (5) and (6) in (4), we have 


1/p 1/p 1/q 
(7) [urrerane{[f iran +| fist an] | [furs atr ae . 


If fy |f + g|? du = 0, then (2) holds trivially. If fy |f +g|? du > 0, then dividing (7) by 
Ulf tel dy]'"4 € (0, 00) by (1), we have 


| i: tern] <[f yan] +| [ Pau] 


Since | — 1/q = 1/p, we have (2). 
Let us consider the possibility of the equality in Minkowski’s Inequality. 


Observation 16.18. For = § +in € C, ¢ #0, let argé be the principal value of the 
argument of ¢, that is, the principal value of arctan n/&. Thus arg¢ € [0, 27). For ¢ = 0, 
let us set arg ¢ = 0. For € C-CG arg ¢ remains undefined. Note that any ¢), 2 € C, we 
have 
1o1 + So] = [01] + 12] <> arg oi = arg fo. 

Let f and g be two extended complex-valued 2-measurable functions on X in a measure 
space (X, A, yu). Let E = {x eX: fix) e ChHN {x © X: g(x) € Ch. If |f I, |g] < 0 
a.e. on X, then 4(E°) = 0 so the condition that arg f = arg g a.e. on E is equivalent to 
the condition that arg f = arg g a.e. on X. 


Proposition 16.19. Given a measure space (X, XA, w). Let f and g be two extended 
complex-valued A-measurable functions on X such that |f|,|g| < 0o ae. on X. Then 
If + llr = If lla + llglh fand only ifarg f = arg g ae. on X. 


Proof. Let E = {x € X: f(x) EC} N{x Ee X: g(x) € C). Since |f], |g} < coae. on X, 
we have 4.(E°) = 0. Since 0 < |f + g| < |f|+|g| on X, we have 


firtsian= | ifldu+ f igidu 
».4 X X 
© lf+el=lfl+ lg! ae. onx 


> arg f=argg ae. onXx, 


by Observation 16.18. 


Proposition 16.20. Given a measure space (X, A, ). Let p € (1, 00). Let f and g be two 
extended complex-valued A-measurable functions on X such that | f|,|g| < 00 a.e. on X. 
Assume that 0 < || f lp, \I8llp < 00. Then || f + gllp = lf llp + llgllp fand only if 

1° arg f =argg ae. on X, 

2° alf| = blg| ae. on X for some a,b > 0. 
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Proof. Recall that in proving Minkowski’s Inequality, inequality occurred in (2), (4), and 
(5) in the Proof of Theorem 16.17 so that || f + gllp = Il fllp + llgllp if and only if equality 
in (2) holds a.e. on X and equality in (4) and (5) holds. 
Now equality in (2) holds a.e. on X if and only if |f + g| = |f|+]g| ae. on X and 
this condition is equivalent to the condition arg f = arg g a.e. on X by Observation 16.14. 
Equality in (4) and (5) holds if and only if 


6) Ail|fl? = Bilf +e]? ae. on X for some Aj, B, > 0, 
and 
(2) Azle]? = Bol f +g]? ae. on X for some Az, Bz > 0, 


according to (2) of Theorem 16.14 (Hélder’s Inequality). It is easily verified that (1) and (2) 
imply 2°. Conversely condition 1° (which is equivalent to the condition | f + g| = | f|+ g| 
a.e. on X) and condition 2° imply (1) and (2). 


Remark 16.21. For p € (0, 1), the function || - ||» on £?(X, 2, 2) does not satisfy the 
triangle inequality and therefore it will not be a norm on £?(X, 2, w). This is shown by 
the following example. 


Example. Let (X, 2, «) = ([0, 1), Mt, 1 [0, 1), u,) where 9, AM [0, 1) is a o-algebra 
of subsets of [0, 1) defined by Ot, 9 [0, 1) = {E1[0, 1) : E < M,}. Let f = Ios, 
and g = In p: Then f + g = lox and fy |f + gl? du, = u,({0,1)) = 1 so that 


ey 
If + 8llp = 1. On the other hand fy ||? du, = , ([0, 3)) = 5 so that || fllp = 2 ” 


and similarly ||g||p = 27?. Then |Ifllp + llgllp = 2-2-7 =2!7? < 1 when p€ (0,1). 
Thus || f + gllp > If llp + Ilgllp- 


[Ill] The L? Spaces for p ¢€ [1, 00) 


Given a measure space (X, 2l, 44). Let p € (0, oo) and consider the linear space of functions 
LP(X, A, 2). The origin, that is the identity of addition, of this linear space is the identically 
vanishing function 0 on X and for this function 0 we have ||O||, = 0. On the other hand 
if f ¢ LP(X, 2, 2) and || fllp = 0 then f(x) = 0 forae. x © X and f need not be the 
identically vanishing function on X. For this reason || - ||» is not a norm on the linear space 
LP(X, Ql, pe). 


Let us introduce a relation ~ among the members of £?(X, 2, w) by declaring f ~ g 
for f,g € LP(X, A, wif f = gae. on X. Thus defined, ~ satisfies the defining conditions 
for an equivalence relation: 
1° f~ f for f ¢ £°(X, A, pw), 
2° f~g=ew~ ffor fig eL?(X, Au), 
3° f~ggr~h=s f ~hfor fig,h € L(x, A, wv). 

Therefore ~ is an equivalence relation. 
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Definition 16.22. Given a measure space (X, 2, 4). For p € (0, o), let L?(X, 2, pw) 
be the collection of all equivalence classes of members of £?(X, , js) with respect to the 
equivalence relation of a.e. equality on X. 


Let f be the element in L?(X, 2, 4) which is the equivalence class to which a function 
f € £?(X, A, w) belongs. Thus if f, g ¢ L?(X, A, uw), then f = g if and only if f = g 
ae. on X. If f,g € £?(X, A, w) and g € f, then f = gae. on X so that f € 8. 


In L?(X, A, 4), we define scalar multiplication and addition by setting 
=(afy for fe L?(X, A, pw) anda EC, 


f+8=(f +e) for f,g € L?(X, A, uv). 

It is clear that a f and f + g defined above do not depend on the representatives f and g of 
the equivalence classes f and used in the definition of a f and f +. With addition and 
scalar multiplication as defined above, L?(X, Ql, j2) is a linear space over the field of scalars 
C. The origin of this linear space is the equivalence class of all extended complex-valued 2l- 
measurable functions which vanish a.e. on X. We define the integral of f € LP(X, A, p) 
by setting fy fdu= fy f du. This definition does not depend on the representative f of 
f since any two representatives of f are equal a.e. on X. 


It is customary to write f for an element f of L?(X, 2, «). Thus we write f for an 
individual function in the space £?(X, 2, ~) as well as for an element in L?(X, 2, 2) 
which is an equivalence class of functions. Which one is meant by /, a function or an 
equivalence class of functions, should be clear from the context. 


Theorem 16.23. Given a measure space (X, A, 4). Let p € [1, 00). Then || - ||p isanorm 
on the linear space L?(X, A, j1) over the field of scalars C and L?(X, A, jw) is a Banach 
space with respect to the norm || - ||p. We call || - ||p the L? norm on L?(X, QA, 2). 


Proof. 1. It is easily verified that the function || - ||) on L?(X, 2, 1) satisfies the defining 
conditions of a norm: 

1° | fllp € [0, co) for f < L?(X, A, p), 

2° || fllp = Oif and only if f = 0 € L?(X, A, w), 

3° llef lp = lalll fllp for f € L?(X, &, w) anda € C, 

4° If + ally <ilfllp + llgllp for f,g € L?(X, M, p). 

In particular the fact that || {|p < oo forevery f € L?(X, A, 1) is from the definition of 
LP(X, A, w) as the collection of all extended complex-valued 2{-measurable functions f on 
X with ty fl? du < oo. Regarding 2°, note that if || {|p = 0 for some f € L?(X, 2, w) 
then f is the equivalence class of all extended complex-valued 2(-measurable functions 
which vanish a.e. on X, that is, f = 0 € L?(X, A, uw). Condition 4° is from Theorem 
16.17 (Minkowski’s Inequality). 

2. Let us show that L?(X, 2, 4) is complete with respect to the norm || - ||p. According 
to Theorem 15.18, it suffices to show that for every sequence (f;, : n € N) in L?(X, 2, uw) 
with nen Il fnllp < 00, the series }°,.y fn converges in the norm, that is, there exists 
g € L?(X, A, ) such that jim, llgn — gllp = 0 where g, = ey fx forn EN. 
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Let (fn : n € N) be a sequence in L?(X, 2, w) with B:= >> en I fnllp < 00. Note 
that fy € L?(X, A, 2) implies that | f,| € L?(X, A, jz) and ||| fall, = ||fnllp. If we let 
hy, = ae | fe| forn € N, then (h, : n € N) is asequence in the linear space L?(X, 2, 12). 
By the triangle inequality of the norm || - ||», we have 


(1) allo < >) |Lfell, = dol fillp < B. 
k=1 k=1 


Let us define a function h on X by setting h = )- cn | ful. Let us show A € L?(X, A, p). 
Now hy + A and hence hf t h? on X. Thus by Theorem 8.5 (Monotone Convergence 
Theorem) and then by (1), we have 


(2) [wrau= lim [ reau = lim |lhall> < BP < oo. 
X noo Xx n—->Co 


This shows that h € L?(X, 2, w). It also implies that 0 < hP < co ae. on X and then 
0<h=D en |fnl < 00 ae. on X. Thus > ew |fnl converges a.e. on X. Since absolute 
convergence of a series implies convergence of the series, )> <n fn converges a.c. on X. 
Let gn = dope1 Se forn € Nand g = D> cn fn. Then the sequence (g, : n € N) converges 
to g ae. on X. It remains to show that g € L?(X, 2, w) and jim, lgn — gllp = 0. Now 


lg] =| denen Sul S Vnen |fnl = 4 ae. on X. Then fy |g/?du < fy h? du < oo by (2). 
This shows that g € L?(X, A, uw). Now |g — gal = |g — >gay Sel S I@1+ fy fel S 2h 
ae. on X and then |g — gp|? < 2?h? ae. on X. Sinceh € L?(X, A, 1), h? is w-integrable 
on X. Thus by Theorem 9.20 (Dominated Convergence Theorem), we have 


; patie ee ee 
tim, fe 8nl? du [im te 8nl? du =0, 


no 
is. li —pg 2? = ; = = 
that is, Jim, llg 8nll, = 0 and then fim, llg— 8nllp =O. © 
For z € C, let z be the complex conjugate of z, that is, 7 = Stz — i3z. For an extended 
complex-valued function g, let g = Rg — i3g. 


Theorem 16.24. Let (X, 2, 4) be an arbitrary measure space. On L?(X, A, 2), define 
(fal= | fEdu for f.g € LX, n), 
x 


Then (.,+) is an inner product on L?(X, QL, 2). For the norm || - ||; derived from (-, +), we 
have || f ll; = If ll2 for every f € L?(X, 2, w). Furthermore L?(X, 2%, w) is a Hilbert 
space with respect to the inner product (-, -). 


Proof. If f ¢ L7(X, 2, 4), then fy (fl? du = fy |f [> du < 00 so that f € L7(X, A, y). 
If f,g € L*(X, A, yz), then 


Kg) = [rea < | \ssiau < I fllalzlla < 00. 
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This shows that (f, g) € C, verifying condition 1° of Definition 15.19. Conditions 2°, 
3°, 4°, and 5° are verified readily. Thus (-,-) is an inner product on L?(X, A, w). For 


the norm || - ||, on L?(X, 2, ) derived from the inner product (-,-), we have for every 
f € L7(X, A, p) 
= 1/2 1/2 
Wfl2= CA fy? = tf fFau| = {f, Pau} = IIfll. 
x 
This shows that || - ll- = || - [l2. 


Since L?(X, 2, 2) is complete with respect to the metric derived from the norm || - | 
and since the norm || - ||, is equal to the norm || - {l2, L?(X, A, 14) is complete with respect 
to the metric derived from the norm || - ||,. Thus L2(X, 2, 42) is a Hilbert space. # 


Let us compare the various modes of convergence of a sequence in L?(X, 2f, w). These 
are convergence a.e. on X, convergence in measure, convergence of the L? norms, conver- 
gence in the L? norm and weak convergence in L?(X, 2, 2). 


Theorem 16.25. Given a measure space (X, A, 4). Consider a sequence (fn :n € N) and 
an element f in L?(X, 2, w) where p € [1, &). If the sequence converges to f in the L? 
norm, that is, lim fn — fllp =0, then 

n- 
1° him I fallp =IIfllp and hence lim fy | ful? du = fy |fl? du, 
2° (fn in € N) converges to f in measure yz on X, 


3° there exists a subsequence ( fn, :n € N) such that Ps Jn, = f ae. on X. 
00 


(Note that 2° and 3° assert that if f,, € N, and f are arbitrary representative functions 
of the equivalence classes, then the sequence of functions (f, : 2 € N) converges to the 
function f in measure yw on X and there exists a subsequence (f,, : n € N) such that 

lim fr, = f ae. on X.) 
k> oo 


Proof. 1. To prove 1°, note that since || - ||, is anorm we have lll fallp — If llp| <Wfn-Sfillp 


by Observation 15.6. Then jim, fn — fllp = 0 implies tim, Ifnllp = lf llp- 
2. To prove 2°, let € > 0 be arbitrarily given. We have 


Ifa — FIR > as “pag ~ FP dn 2 PUI Min M12 


Then lim, fn — fllp = Oimplies lim p{X : |f, — f] = ¢} =, that is, (f, :n € N) 
n> noo 
converges to f in measure yz on X. 
3. The convergence of (f, : n € N) to f in measure implies the existence of a 
subsequence which converges to f a.e. on X according to Theorem 6.23 (Riesz). & 


Observation 16.26. For p = 1, lim. | fn —f lla = 0 implies not only lim Ifrlla = Wf lh, 
n> n> 

that is, fim, Sy lfaldu = fy |f\du, but also jim, Sy fndu = fy fd. This is from 

the fact that | fy frdu — fy fdul < fy lfa — fldu=llfa— fil. 


388 Chapter 4 The Classical Banach Spaces 


Remark 16.27. (The notation is as in Theorem 16.25.) Let (f, : n € N) be a sequence and 
f be an element in L? (X, 2(, 1) where p € [1, 00). Then 


(a) Jim, fn — fllp = 0 does not imply fim, in = f ae. on X, 


(b) Jim, Sn = f ae. on X does not imply jim, fn — fllp =9. 


See the following examples. 


Example 1. Let (X,2%, 4) = ([0, 1), 9, 9 [0, 1), 4,) where 9, A [0, 1) is the o- 
algebra of subsets of [0, 1) consisting of all members of 99t, contained in [0,1). Let 


@, =(1+5+---+4) |), forn € Nand let 


[On On+1) when @, < Gn+41, 
[en, 1) U[0,on41) when Op > O41, 


with 4, (Dn) = 1/n forn &€ N. Define a sequence of functions (f, : n € N) on [0, 1) by 
setting fn = 1p, forn € N and let f = 0 on [0, 1). We showed in §6 that (f, : n € N) 
converges to f on [0, 1) in measure 2, but diverges at every point in [0, 1). For an arbitrary 
p € [1, &) we have 


fn — fllp = Eee Lal? du, | _ ey = oe 


n 
so that jim, \fn — fllp =, but lim. Sn = f does not hold at any point in [0, 1). 
—> n> 
Example 2. In (R, 9t,, 4,), let fa = Ufn—in) forn € N and let f = 0 on R. For an 


arbitrary p € [1,00), fplfrl?du, = 1 so that f, € L?(R,9t,,4,) forn € N and 
Sql fl? du, =0 so that f < L?(R, ,,4,). Now lim fn = f on R. But 
n> 


Ife Sle =[f ital? de,]” = 


for every n € N so that jim, fn - fllp = 140. 


Theorem 16.28. Given a measure space (X, A, 1). Let p € (0, 00) and consider the linear 
space L?(X, A, w). Let (f, :n € N) be a sequence and f be an element in L?(X, 2, px). 
If lim fy = f ae. on X and lim | fallp = Wf llp. then lim || fn — fillp = 9. 

n>co noo noo 


Proof. For p € (0, 00) and a, B € C, we have |a + B|? < 2? { la? + IBI?} by Lemma 


16.7. Since | ful, |f| < 00 ae. on X, we have 2?{|fnl? + |f1?} — | fn — fl? = Oae. on 
X forn € N. Then since lim tn = f ae. on X we have 
n> 


‘Timm [2? {I fal? + 1f1?} — fa - FP] = 2? FIP ace. on X, 
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Applying Fatou’s Lemma (Theorem 8.13), we have 
[2rtipiran stimine f [2° {ipa + f°} ~ lta £1? du 
xX noo xX 


=timint | [ 2 fal? du + f 2PifiP du — f esr aul 
n->Oo X X X 


Now for a convergent sequence of real numbers (a, : n € N) and an arbitrary sequence 
of real numbers (b, : n € N), we have liminf{a, + b,} = lim a, + liminfb, and 
n—>00 n>0o n-> 00 
Seep pe a4. a8 : Viagee P du. 
lim inf { bn} Him Sup Re We have fim, if \fnl? dp ty | f |? du. Thus 


[ermine ans f 2PM ip ay —timsup f Un — FlP dy. 
X »¢ noo xX 


Subtracting fy 2?*1| £|? du from both sides we have limsup fy | fn — f |? du <0. Since 
n->OO 
lim sup fy | fn — fl? du = 0, we have lim sup Ty \tn — f |? du = 0. This then implies 
n-> OO n-> OO 
Lesa eee ee ‘ os a 
lim inf Sy \fn — f\? du = 0 also. Therefore im, fn -fllp =0. © 
Remark 16.29. For the particular case that p = 1 and (f, : n € N) and f are nonnegative 
functions in L!(X, 2, ~), Theorem 16.28 has a simple proof given below. 


Proof. Assume that lim f, = f ae. on X and lim | falls = lf lls. Note that since f, 
n—>OoO n> 
and f are nonnegative functions the last condition is equivalent to 


(1) lim, [fedu= fi fap. 
For any a,b € R,a > 0 and b > 0, we have 

(2) ja - b| =a+b—2min{a, b}. 
Let 


8&n =min{ fr, f} forne N. 
The y-integrability of f,, and f implies thatO < f, < ooand0 < f < wae. on X. Thus 
by (2) we have 
\fn - fl= fn tf —2gn ae. on X. 


Integrating over X we have 


3) fim-sidu= [tran f tan-2 ff endy. 


If (c, : n € N) is a sequence in R converging to c € R and if we let y, = min{c,, c} then 


lim y, = c. (This follows from the fact that since y, is equal to either c, or c we have 
noo 


lyn —¢| < len —c|. Then lim cp =cimplies lim y, =c.) Thensince lim f, = f ae. 
noo noo noo 
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on X we have lim &n = f ae. on X. Since 0 < g, < f on X and since f is y-integrable 
n 
on X, the Dominated Convergence Theorem (Theorem 9.20) applies so that 


(4) lim, fen due = i fdp. 
x 


n->Oo 


If we let nm — oo in (3) then by (1) and i) we have 


slim [le fldu=2f fay-2f fdu=0.n 


We show next that the condition lim f, = f ae. on X in Theorem 16.28 may be 
noo 
replaced by the condition that (f,, :n € N) converges to f in measure pz on X. 


Theorem 16.30. Let (X, A, uw) be a measure space. Let p € (0,00). Consider the 

linear space L?(X, A, w). Let (fp : n € N) be a sequence and f be an element in 

L?(X, A, uw). If (fr in € N) converges to f in measure on X and lim Fallp = WS lip. 
n- 


then lim || fn — fllp = 0. 


Proof. To prove jim, l fn — f\lp = 0, consider the sequence of real numbers (a, : n € N) 
where a, = Wf, — Fils forn € N. To show that im, an = 0, it suffices to show 
that an arbitrary subsequence (ap, : k € N) has a subsequence (Any, : € € N) such 
that jim an, = 0. Let (an, : k € N) be an arbitrary subsequence of (aq, :neéN). 
ical .4) 
Since (f, : n € N) converges to f in measure on X, the subsequence (fy, : n € N) 
converges to f in measure on X. Then by Theorem 6.23 (Riesz), there exists a subsequence 
(fn, : € € N) such that lim f,,, = fae. on X. Also lim || fnllp = ll fllp implies 
¢ l+00° noo 
that jim Il fri, lp = lfllp. Thus the sequence ( frig : £ € N) satisfies the conditions in 
—>0o 
Theorem 16.28 and therefore lim || fn, — fllp =0, thatis, lim a, =0. & 
£00 € l>00 6 


Definition 16.31. Let (X, A, 4) be a measure space. Consider L?(X, A, 4) where p € 
(1, 00). Let q € (1, &) be the conjugate of p. We say that a sequence (f, : n € N) in 
LP(X, 2, 4) converges weakly to an element f in L?(X, A, pw) if 


lim I fur du = f fgdu forevery g € L1(X, A, p). 
n-> OO xX X 


Theorem 16.32. Let (X, A, 4) be a measure space. Consider L?(X, 2, 2) where p € 
(1, 00). Let g € (1, 00) be the conjugate of p. If a sequence (fn :n € N) in L?(X, A, pw) 
converges to an element f in L?(X, 2, ) in the norm then (fy :n € N) converges weakly 


to f. 
Proof. By Hélder’s Inequality (Theorem 16.14) we have 


| tesdn— ff feaul < fife flleldu <I — Slee 
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Then lim. Il fn - f lp = 0 implies dim, | Sx ing dp — fy fg du| = 0 and therefore we 
have lim J tngdp =| fedu. u 
n> xX X 


Theorem 16.33. Let (X, 2, 4) be a o-finite measure space. Consider L? (X, 2, f4) where 
p € (1,00). Let g € (1, 0) be the conjugate of p. Let (f, : n € N) be a sequence in 
L?(X, A, w) and let f be an element in L?(X, A, w). Suppose (fy, : n € N) satisfies the 
following conditions: 
1° lim f, = fae. on X. 
n->OO 


2° \fallp < B forn € N where B > 0. 
Then (fn: n € N) converges weakly to f in L?(X, A, ). 


Proof. We are to show that for every g € L7(X, 2f, ~) we have 
(1) Jim nf gdp = A fg du. 
Let us show first that || f||) < B also. Now by Fatou’s Lemma (Theorem 8.13), we have 
Irie = i, fl du = Jim, Lal? du 
< timint f fal? du < BP. 

nO XxX 
Thus || f |p < B. Then for any A € 2l we have 

I/p 1/p 
Q) {fim-srau}! <{ fits dup” = We Fp 


<Mfillp + If llp < 28. 


Let g € L7(X, Q, 2) be arbitrarily chosen and let ¢ > 0. Since iz lg\?du < ow, by 
Theorem 8.20 there exists 6 > O such that for every E € 2 with w(E) < 5 we have 


@) i iel?'du < (4) 


Since (X, 2, 2) is ao-finite measure space there exists an increasing sequence (Fx : k € N) 
in 2¢ such that jim Fy = Usen Fe = X and p( Fy) < 00 fork € N. By the Monotone 
00 


Convergence Theorem (Theorem 8.5) we have 


im, | lgl?du = dim f tntel au = [isle au < oe. 
Fy 


Thus for sufficiently large kg € N we have 


E\G 
Gdu- qd —). 
fis Le ft u<(s) 
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Let F = Fy,. Then w(F) < oo and 


(4) i Ig du < (=). 


Now since fim, fn = fae. onX,wehave lim f, = fae. on F. Since u(F) < 00, by 
ps n-->O0O 

Egoroff’s Theorem (Theorem 6.12) there exists G € 2{ such that G C F, w(F \ G) <6 

and jim, fn = f uniformly on G. Now if |lg||g = 0 then g = 0 a.e. on X so that (1) holds 


trivially. Thus let us consider the case ||g||, > 0. Then since lim f, = f uniformly on G 
noo 
there exists N € N such that forn > N we have 


1 € 
\fn(®) = f(x)| < u(G)'/Pllglly 3 for all x € G. 


Then for n > N we have 


(5) { fis = fray} ¥ eue (5)’ua}" i ace 


Now F \ G, G, and F° are disjoint and their union is equal to X. Thus forn > N we have 
© | f tedu-f seaul sf if—silsldn= [te —Sileldn 
x x x F\G 
+ . fn — fllgl du + a fn - fllgl ay. 


Let us estimate the last three integrals by applying Hélder’s Inequality (Theorem 16.14). 
For the first of the three integrals we have 


Of me silsidws (fim sranf "| fiat an} 


1/q € € 
<28{ | qd } 7 
= - [er ait S28 s 
where the second inequality is by (2) and the third inequality is by (3). For the second 
integral we have 


1/p a 1/q 
(8) [ite sucians { [ite sean}? f ret? au] 
G G G 
1 -{ [ 1/q le 
< =| | tgi?du} = ——~=Klall 
lglg 3 Jo lags" 
= € 
=, 
where the second inequality is by (5). Finally for the third integral we have 
V/p 1/q 
0) [it sisians { ft siran}"{ J rele an} 
F¢ Fe Fe 


é 


<2a{ | lel? d <p - 
= Gentes 6B 3” 
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where the second inequality is by (2) and the third inequality is by (4). Substituting (7), (8), 
and (9) in (6), we have forn > N 
1 


saa 
Ce dul <z+5+ 756. 
| |, mea [ teaul <3 +545 é 


This proves (1). # 


Corollary 16.34. The condition lim | Stn = f ae. on X in Theorem 16.33 can be replaced 
n> 
by the condition that (f, :n € N) converges to f in measure 4 on X. 


Proof. Suppose there exists g € L7(X, 2, ~) such that the sequence ( i y ng dine N) 
does not converge to ]. y fg du. Then we have 


tim sup| f frgdu~ | fedu| =a > 0. 
Xx > 4 


n—0o 


Then there exists a subsequence (nz : k € N) of (n : n € N) such that 


(1) lim Lf fugau— f fedu| =a, 
k- 00 xX x 

Since (f, : n € N) converges to f in measure on X, the subsequence (f,, : n € N) 

converges to f in measure on X. Then by Theorem 6.24 (Riesz) there exists a subsequence 

(fn, :n € N) of (fy, : 2 € N) which converges to f a.e. on X. Then by Theorem 16.33 


we have 
tim ff fugdu= {fe du, 
&->00 Jy xX 


which contradicts (1). 


[IV] The Space L© 


Definition 16.35. Given a measure space (X, A, w). Let f be an extended complex-valued 
A-measurable function on X. We say that f is essentially bounded on X if there exists a 
constant M é€ [0, 00) such that w{x € X :|f(x)| > M} =O, that is, |f| < M ae. on X; 
in other words, there exists a null set E in (X, UA, 2) such that | f| <M on X \ E. Sucha 
constant M is cailed an essential bound for f on X. 


Definition 16.36. Given a measure space (X, A, jt). Let f be an extended complex-valued 
2A-measurable function on X. We define the essential supremum of f on X, |\f \\oo, as the 
infimum of the set of all essential bounds for f on X, that is, 


lf lloo = inf {M €[0, 00) : u{x e X: | f(x) > M} =0}. 


If f has no essential bound on X, that is, if the set of all essential bounds of f on X is an 
empty set then we set || f \loo = 00. (This is consistent with the convention that the infimum 
of an empty subset of R is equal to oo. Recall that the smaller the set the greater the infimum 
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over the set.) 

Thus || f \loo is defined for every extended complex-valued A-measurable function f on X; 
IF lloo € [0, 00]; and || f lloo = 0 ifand only if f does not have an essential bound. We call 
Il f loo the essential supremum of f. An alternate notation for || f \loo is ess. SUP, cx | f (x)|. 


Lemma 16.37. Given a measure space (X, 2, 1). Let f be an extended complex-valued 

A-measurable function on X. 

(a) f is essentially bounded on X if and only if || f \loo < 00. 

(b) If] < Ilflloo ae. on X. 

(c) If If loo < ©, then f is essentially bounded on X and |\f \loo is an essential bound for 
fon xX. 


Proof. 1. To prove (a), note that if f is essentially bounded on X, then the set of all its 
essential bounds is a non-empty set of nonnegative real numbers and thus its infimum || f ||o0 
is finite. Conversely if f is not essentially bounded on X, then || f ||oo = 00 by definition. 

2. To prove (b), note that if || f loo = oo then | f] < || flloo on X trivially. If || f lloo < 00, 
then f is essentially bounded on X by (a) so that the set of essential bounds of f is a non- 
empty subset of [0, 00) and || f |loo is the infimum of this set. Then for every k € N, there 
exists an essential bound My of f such that Mz < || flloo + be Since My is an essential 
bound for f, we have p{x € X : | f(x)| > My} = 0. Since 


{xe X21 f(x) > Ilflloo} = U {xe X:1f@)| > Wf lloo + Zz}. 


keN 

we have 

e{x eX: | f(x) > Iflloo} < Yin{x EX: |f(x)| > Iflloo + Z}- 

keN 

But || flloo+¢ > Mg implies that {x € X : |f(x)| > Ilfllootz} C {x © X= 1 FQ) > Me} 

so that 

{xe X:1f@)> Wflloo +z} < ule eX: /f@)| > My} =0. 
Thus p{x € X : | f(x) > [lf lloo} = 0. This shows that | f| < II flloo ae. on X. 
3. If || f lloo < 0, then || floc is an essential bound for f on X by (b). #f 


Definition 16.38. Given a measure space (X, A, 4). Let L°(X, A, 2) be the collection 
of all essentially bounded extended complex-valued A-measurable functions on X, that is, 
LX, A, 2) is the collection of all extended complex-valued A-measurable functions f 
on X with || f lloo < 00. 


Proposition 16.39. £°(X, A, w) is a linear space over the field of scalars C. 
Proof. It is immediate that if f and g are essentially bounded extended complex-valued 


{-measurable functions on X, then so are f + g andaf foraeC. 


Theorem 16.40. (Hélder’s Inequality for p = 1 and g = 00) Given a measure space 
(X, A, 2). Let f and g be two extended complex-valued U-measurable functions on X 
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such that | f|, |g| < coae. on X. 
(a) Excepting the case that one of || f ||, and ||g|loo is equal to 0 and the other is equal to 
oo, we have 


(1) I fel < IF ll lelloo- 
(b) When || f li, llglloo < ©, then the equality in (1) holds if and only if 
(2) lg| = llglloo ae. on {x EX: f(x) FO}. 


Proof. If one of || f || and [|g [loo is equal to 0 and the other is equal to oo, then || f{]1||2lloo 
is undefined. Thus let us exclude this case from our consideration. 

1. If |lglloo = oO then || f|l1 > 0 so that || f|lillglloo = oO and (1) holds trivially. 
Consider the case ||g||oo < 00. Then by Lemma 16.37, g is essentially bounded on X and 
lg lloo is an essential bound for f on X, that is, |g| < |lglloo a.e. on X. This implies that 
\fgl =f llgl < Wglloolf| ae. on X and then fy | fgldu < |l8lloo fy |f| du, probing (1). 

2. To prove (b) let us assume that || f|l1, Ilgllo < co. Let E = {x € X: f(x) # 0}. 
Now if |g| = ||glloo a.e. on E, then | fg| = |Iglloo| f| ae. on E and thus 


= = 00 = oO d ‘ 

| iteiaw [ifelan lel [sian lel fori 7 

that is, I fell1 = Ifllullglloo. Conversely suppose || fell: = ll flullglloo. Then 
[ lfeidu = 1 Ftiiates = Halo sian = | Iellool flap. 
xX X x 


Since 0 < |fgl < Ilglloolf| ae. on X, the equality fy |fgldu = fy IIglloolfldu < co 
implies that | fg| = ||gllool f| ae. on X. On E, dividing the last equality by | f| 4 0 we 
have |g| = |[gllo ae. onF. & 


Theorem 16.41. (Minkowski’s Inequality for p = 00) Let (X, 2, uw) be a measure 
space. Let f and g be extended complex-valued A-measurable functions on X such that 
If|, |g < coae. on X. Then || f + 8lloo < Il flloo + IIglloo- 


Proof. If at least one of || f loo and ||g|loo is equal to oo, then Minkowski’s inequality 
holds trivially. Thus assume that || f loo, l[glloo < oo. Then by (b) of Lemma 16.37 we 
have |f + gl < fl + Isl < Iflloo + WIglloo ae. on X. Since | flloo + Ilglloo < 00, 
Il flloo + Ilglloo is an essential bound for f + g. Then since || f + glloo is the infimum of 
the set of all essential bounds of f + g, we have || f + glloo < I|flloo + Ilglloo. w 
Definition 16.42. Given a measure space (X, A, 2). Let L°(X, A, 2) be the collection of 
the equivalence classes of members of L°(X, A, 2) with respect to the equivalence relation 
of a.e. equality on X. 


Theorem 16.43. The essential supremum || - ||oo is anorm on the linear space L©(X, A, 2) 
and L™(X, A, 2) is a Banach space with respect to this norm. Indeed if (fy :n € N) 
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is a Cauchy sequence in L©(X, A, 4) with respect to the norm || - ||oo, then there exists 
f € L™(X, A, w) such that dim, \Sn— Ff lloo = 0 and furthermore Jim, Sn = f uniformly 
on X \ E where E is a null set in (X, A, 2). 
Proof. The fact that |] - |loo is a norm on L®(X, A, w) is immediate. In particular, || - |loo 
satisfies the triangle inequality by Theorem 16.41. 

To show that L°(X, Qf, 4) is a complete normed linear space with respect to the norm 
Il - loo, let (fn : n € N) be a Cauchy sequence in L™©(X, 2f, ic) with respect to this norm. 
Now for any m,n € N, fn — fn is an element in L©(X, 2, w) with || fin — frlloo as an 
essential bound, thatis, | fin — fal < ll. fm— fnlloo ae. on X. Thus there exists a null set Eyn,n 
in (X,%, 2) such that | fn — ful < lfm — fnlloo on X \ Emn- If we let E = Un nen Ems 
then £ is a null set in (X, 24, 2) and 


(1) lfm — fnl < lfm — fnlloo onX \ E for all m,n €N. 

Since (fn : n € N) is a Cauchy sequence, for every k € N, there exists Ny € N such that 
(2) lfm — fulloo<} form,n > MN. 

By (1) and (2), we have 

(3) lfm — fnl <~ onX\ E form,n > Ng. 

This shows that (f, : n € N) converges uniformly on X \ E. Let 


lim | frtx) forx e X\ E, 


f@=ey,"™ 
0 forx € E. 


It remains to show that f € L©(X, 2, w) and lim, fa — flloo = 0. Now by (3) and by 
n> 
the fact that lim | fm = f on X \ E, we have 


(4) If — fal Sp onX\ E forn > Ng. 


From (4) we have | f| < |fnl+¢0n X\E forn > Ng. Thus | f| < |i fulloot ¢a.c. on X for 
n > Nx. This shows that f is essentially bounded on X and thus f € L©(X, 2l, «). From 
(4), we have also || f — filloo < i forn > Nx. This shows that jim, fn —-fllo =O. EF 


Theorem 16.44. Given a measure space (X, A, w). Let (f, :n € N) be a sequence and f 
be an element in L®(X, A, w). If lim | llfn — filloo = 0, then 
n> 


1° lim | falloo = Il f loo. 
no 

2° lim fp = f uniformly on X \ E where E is a null set in (X, &, pw), 
n>OO 


3° (fn:n €N) converges to f on X in measure ju. 


Proof. Since || - |loo is anorm we have ||| fnlloo— II f lloo| < Il fn — f lloo by Observation 15.6. 
Then lim | fi; — flloo = 0 implies lim, Lfalloo = Ilflleo. This proves 1°. 2° follows 
n->Co nh 
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from Theorem 16.43. To prove 3°, note that by 2° for every € > 0 there exists N € N such 

that |f, — f| < eon X\ Eforn > N. Then p{X: |f, — f| =e} =O forn > N. This 

shows that lim U{X : | fn — f| = e} = 0 for every ¢ > 0, that is, (f, : n € N) converges 
n> 

to f on X in measure p. 


Remark 16.45, Let (f, : n € N) be a sequence and f be an element in f € L™(X, A, py). 
The condition lim f, = f a.e. on X and the condition lim Il frlloo = Il f lloo together do 
noo nz 


not imply lim fn — f lloo = O, that is, Theorem 16.28 does not hold for L°(X, A, yw). 
n> 


Example. In (R, 99%, 14), let 

0 forx € (—oo, 0), 

Sr) = 4 nx forxe [0, 1), 

1 forx € (4,00), 

for n € N and let f = Ifooo). Then lim fn = f omR, |lfrllo = 1 forn EN, 
n-> 

lf lloo = 1 so that im, Il frlloo = If lloo, but || fr — flloo = 1 for every n € N and thus 
lim fn — flloo = 140. 
n>ow 


Definition 16.46. Let (X, 2, 4) be an arbitrary measure space. 
(a) Let (fn :n € N) be a sequence and f be an element in L'(X, 2, 2). We say that the 
sequence (fn :n € N) converges to f weakly in L'(X, A, p) if we have 


jim, [ pean = f fean for every g € L°(X, A, ). 
x x 


(b) Let (fn :n € N) be a sequence and f be an element in L©(X, A, 1). We say that the 
sequence (f, :n € N) converges to f weakly in L©(X, A, 1) if we have 


lim | fsdu= f fean for every g € L'(X, A, yw). 
n->0O x x 


Theorem 16.47. Let (X, A, 4) be an arbitrary measure space. 
(a) Let (fy :n € N) be a sequence and f be an element in L'(X, A, 1). 

if lim, fn — f lla = 0, then (fn :n € N) converges to f weakly in L'(X, A, p). 
(b) Let (fn :n € N) be a sequence and f be an element in L®(X, A, 2). 

if Jim, tn — flloo = 0, then (f, : n € N) converges to f weakly in L®(X, A, 1). 


Proof. To prove (a) suppose im, fn — fll1 = 0. Let g € L©(X, A, w). Now we have 


| |, mean - | tear = a (fn — Aglau = (fn -— fall < fn — Filillgtioc 
by Hélder’s Inequality (Theorem 16.40). Thus the assumption lim || fn — fl: = 0 implies 
noo 


lim L/ fas du — f fg du| = 0, that is, lim I fr du =f fedp. 
Xx xX Bee OOUEX. x 


noo 
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This proves (a). (b) is proved in the same way using Theorem 16.40 again. & 


Remark 16.48. Theorem 16.33 which is valid for p € (1, 00) does not hold for p = 1, that 

is, if (f, : 2 € N) is a sequence and f is an element in L!(X, QM, jz) such that lim Ih=f 
noo 

ae. on X and || fall: < B for all € N for some B > 0, the sequence (f, : n € N) need 

not converge to f weakly in L!(X, A, 4). See the Example below. 


Example. Consider L!((0, 1), 9t, 9 (0, 1), 4,) and L©((O, 1), Mt, NO, 1), u,). Let 
fn = n1o1/n) forn € Nand f = 0 on (0,1). Now fall: = So.) 210,1/n) du, =1 
for every n &€ N so that (f, : » € N) is a sequence in L'((0, 1), Dt, 1 (0, 1), H,) and 
\|fullt = 1 for every n € N. Also f € L1((0, 1), Bt, 1 (0,1), 4,) and lim fr = f 
everywhere on (0, 1). 
Let g = 1 on (0,1). Then g € L™((0, 1), Mt, 1 (0, 1), fy: Now for every n € N 
we have fig 1) fn du, = fio fndu, = 1 while fog 1) fgdu, = fo) 0du, = 050 that 
lim Soy fngdp, = fo fgdu, does not hold. Thus (f, : n € N) does not converge 


noo 


to f weakly in L'(X, A, w). 


Theorem 16.49. Let (X, 2, 4) be an arbitrary measure space. Let (fn : n € N) be 
a sequence and f be an element in L®(X, 2, u). If lim | Jn = fae. on X and if 
n> 


| Fnlloo < B foralln € N for some B > 0 then the sequence (fy, : n € N) converges to f 


weakly in L®(X, Q, pw). 


Proof. Let g € L'(X, A, w). Then ty B\g|du < ©, that is, Blg| is -integrable on X. 

Now lim | InQ = fg ae. on X and |f,g| < Blg| ae. on X forn € N. Thus by the 
n> 

Dominated Convergence Theorem (Theorem 9.20) we have 


lim, | fusdn = fi fedu. 
n-—>0o xX xX 
This shows that the sequence (f, : n € N) converges to f weakly in L©(X, 2, w). 


Given a measure space (X, 20, 4). If w(X) = 00 then for some f € L™(X, 2, 1) 
we may have || f |p = oo for every p € (0, 00). An example of such a function is given 
by f = 1 on X. We show below that for an arbitrary measure space (X, A, uw), if f € 
L°(X, 2, 2) and if || fllpp < co for some po € (0, 00) then || f lp < oo forevery p > po 
and lim || fllp = Il fllco- 

p->0oO 


Theorem 16.50. Let (X, 2, 4) be an arbitrary measure space. Let f € L©(X,&, w) 


be such that f € L?0(X, AU, 4) for some po € (0,0). Then f € L?(X, A, 2) for every 
P = po and moreover ae If llp = If lloo- 


Proof. 1. For p > po we have p — po > 0. Then | f |? = | f|P~P9| f|P° < [If lldo LF? 
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a.e. on X so that 
i lflPdu < isis” f isan < 00 
x 
since || f loo and || f lp) < 00. This shows that f € L?(X, 2, 4) for p > po. 


2. Let A = {X: |f| € [l,oo]}, B = {X: [fl € (0,1)}, and C = {X : |f| = 0}. 
Then {A, B, C} is a disjoint collection in 2(.and AU BUC = X. Then we have 


(1) u(A) = 1 u(A) < 7, fl? dus [ |f 1° du < 00. 


On B we have | f| € (0, 1). Thus fork € N,k > 2 let Be = {B: |f|  [f,1)}. Then 
(By : k > 2) is an increasing sequence in 2 with jim B= Ure2 By = B. We have 
00 = 


1 
poe(Bs) sf flan s f If dy < ov. 
By Xx 


Thus we have 
(2) L(By) < 00 fork > 2. 


Since (By : k > 2) is an increasing sequence with jim, By = B we have jim, 1p, = 13. 
Thus by the Monotone Convergence Theorem (Theorem 8.5) we have 


jim, [flo du = jim nf da, 1fIP du = f lim 1g, - | f|?° du 
Bx x k> 00 


zy te fi du = f fl? dw. 
X B 


Let ¢ > 0 be arbitrarily given. Then the convergence above implies that there exists ky €« N 
such that 


3 Podu = Po du — Pod ; 
3) (a P fos 4 fi" pee 


Por brevity let us write B* = B,,. Then B* and B \ B® are disjoint members of 2{ and 
B* U (B \ B*) = B. Let p > po. Since X is the disjoint union of A, B*, B \ B*, and C, 


(4) firean=firrans f nan f irdu f fl du 
xX A Bt B\B* C 


-| dus f fl? dy. 
AUB* B\B* 


For the first integral on the right side of (4) we have 


(5) I fl? du < If llZow(AU B®). 
AUB* 
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For the second integral on the right side of (4), recall that | f| € (0, 1) on B \ B*. Thus for 
Pp > po we have | f|? < |f|?° on B \ B* so that by (3) we have 


©) [iredus [isan <e. 
B\B* B\B* 
Using (5) and (6) in (4) we have ty [flP du < || fi|u(A U B*) + « and therefore 
\/p 
a) Ile ={ fi islrau}? = {Isikucau BY) +2)" 
Since y(t) = t'/P fort € (0, 00) is a continuous function, letting ¢ > 0 in (7), we have 
\/p 
8) iflp={fisiPau}” < tftea(ecau By)”, 


Since j4(A) < 00 by (1) and .(B*) < oo by (2), we have “(A U B*) < oo. Then we have 
lim (u(AU B*))'/? = 1. Thus we have 
poo 


©) limsup IIf'lp = floc lim, (CA UB)!” = Ii floo 


Now || f lloo is the infimum of all essential bounds of f on X. Then || f loo — 7 for an 
arbitrary 7 > 0 is not an essential bound for f on X. This implies that if we define a set 
E, ={X:|f| > Iflloo — n} then 2(E,) > 0. Now 


il fl? du > | LAI? du > {IFoo — n}? w(En) 
x Ey 


and 


Ile ={ furtran}'” > {IFoo — n} (Cen). 


Since 4(Ey) > Owe have lim (j(E,))'/” = 1. Thus we have 
poco 


se bes ‘ 1/p 
liminf IIfllp = {II flloo— 7} lim, (w(En)) °" = If loo — 7. 
By the arbitrariness of n > 0 we have 


(10) ae Ifllp = If loo. 


By (9) and (10) we have || f lloo < lim inf flip < limsup || f lp < ll flloo and therefore we 
P poo 


have lim | fllp = lf loo. & 
poo 


§16 The L? Spaces 401 
{V] The L? Spaces for p € (0, 1) 


Let (X, 2, 2) be a measure space and let p € (0, 1). As in Definition 16.8 let £7(X, 2 jz) 
be the collection of all extended complex-valued &{-measurable functions f on X with 
Ifllp = L fy LF? du]? < oo. We showed in Proposition 16.8 that £?(X, 2, jz) is a linear 
space over C. Let L?(X, 2, 4) be the collection of all equivalence classes of members of 
L£?(X, A, w) with respect to the equivalent relation of a.e. equality on X as in Definition 
16.22. Then L?(X, 2l, 2) is a linear space over C. For p € (0, 1) the function || - ||, on 
L?(X, A, 12) does not satisfy the triangular inequality and is thus not anorm on L?(X, 2, jz) 
as we showed in Remark 16.21. Thus the function 


1/p 
If -—gibp= Lf Lf — gl? du] for f,g © L?(X, A, p) 


is not a metric on L?(X, 2, 2). Let us define a function p on L?(X, MW, w) x L?(X, Ay, p) 
by setting 


pfia)= ffeil dn for f,g € L?(X, %, 1). 


We show below that p is a metric on L?(X, A, 2) and moreover L?(X, 2, 2) is complete 
with respect to this metric. Note that while p(f, g) = [| f — gilt for f,g € L?(X, A, w) is 
a metric on L?(X, A, u), || f |p is not a norm on L?(X, A, 2) since laf ||} = lal? | fp 
for a € C rather than lef Wb = lal filo which is condition 3° in Definition 15.5 for a 
norm. 


Lemma 16.51. Let p € (0, 1). Then for a = 0 and b > 0 we have 


(1) (a+b)? <a? +b?. 
The equality in (1) holds if and only if at least one of a and b is equal to 0. More generally 
for nonnegative real numbers a\,... , ax we have 

k k 


a [Do] ede 


i=l i=l 
Proof. Consider the function 
(3) g(t) =(1+n?—1-t? fort € [0, 00). 


We have (0) = 0 and g(t) = p{(1 +1)?! — 2?-!} < 0 fort € (0, 00). Thus g(t) < 0 
fort € (0, 00). Leta > O and b > 0. Then 2 > 0 so that y(2) < 0. Thus by (3) we have 


b\pP bye b 
tag) tag) 0(g) <0. 
Transposing the second and third terms on the left side of the last inequality and multiplying 


both sides by a? we obtain 
(a+b)? <a? +b?. 
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If a > 0 and b > O and if at least one of a and b is equal to 0, then (a + b)? = a? + bP 
holds trivially. This proves (1) and the fact that the equality in (1) holds if and only if at 
least one of a and b is equal to 0. 

If aj,... , ag are nonnegative real numbers then by iterated application of (1) we have 


(ay + +++ +ax)? < (a, +--- +41)? +aP 


< (ai t+++ + ag_2)? +ap_;+ap 


<apt---+a?. 


This proves (2). @ 


Theorem 16.52. Let (X, 2, 44) be an arbitrary measure space and let p € (0,1). Let us 
define a function p on L?(X, A, w) x L?(X, A, w) by setting 


p(fis)= ff al? du for f.g € LP(X,%, p). 


Then p is a metric on L?(X, 2, 4) and moreover L?(X, A, 4) is complete with respect to 
the metric p. 


Proof. 1. Let us show that p is a metric on L?(X, A, w). Since L?(X, A, pw) is a linear 
space, if f, g € L?(X, A, w) then f—g € L?(X, A, uz). Thus p(f,g) = fy |f—gl? du € 
(0,00). If f = g then p(f,g) = fyQdu = 0. On the other hand if p(f,g) = 0 then 
Sy \f — gl? du = 0 so that |f — g|? = Oae. on X and then f = g ae. on X, that is, 
f = gas elements of L?(X, 2, w). Thus p(f, g) = 0 if and only if f = g. From the 
definition of p it is clear that p(f, g) = o(g, f). Let us verify the triangle inequality for p. 
Let f.g,h € L?(X, UA, uw). Now| f — g| < |f —h[ + |A — g|. Then by Lemma 16.51 we 
have 
If-elP < {If —hlt+lA—gl}? sIf -Al? + lh—- gl’. 


Integrating over X we have 
fir-srans fip-mrau+ final du, 
x x Xx 


thatis, o(f, g) < ep(f.h)+e(h, g). This proves the triangle inequality for p and completes 
the proof that p is a metric on L?(X, 2, w). 

2. Let us show that L?(X, 2l, 4) is complete with respect to the metric ». For an 
arbitrary Cauchy sequence (f, : n € N) in L?(X, 2, ~) with respect to the metric p, we 
construct an element f in L?(X, 2, jz) such that fim, pP(fn, f) = 0 as follows. 

Since (f, : n € N) is a Cauchy sequence in L?(X, Ql, 4) with respect to the metric p, 
for every € > O there exists N € N such that p( fin, fn) < €¢ form,n > N. Then we can 
select a subsequence (fn, : i € Z+) of (fn : n € N) such that 


(1) Pints tn:) < z fori Ee N. 
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Let us show that the series )7;<y { fn, (x) — fn; «)} converges for a.e. x € X. Since 
absolute convergence of a series implies convergence of the series, it suffices to show that 
the series Vien | Tn) - Fa) converges for a.e. x € X. Note that since f,, € 
L?(X, A, 2), fn,(x) € C for ae. x € X. Then since a countable union of null sets in 
(X, A, 2) is a null set in (X, A, 2), the series \; cy lie (x) — fry-s (x)| is defined for a.e. 
x € X. Let (gy : k € N) be the sequence of partial sums of the series ) jen; | fn; — Snes |> 
that is, gx = 44 | fu; ~ fn;_,| fork € Ndefineda.e. on X. Applying (2) of Lemma 16.51 
we have |gx|? < Le | Fy — Snj-1 le . Integrating over X and applying (1) we have 


k k 
1 
(2) I Igel? du < ad [fn — Snsa|? due = Y | (Snins» Sn) SD 5 = 1 
i=l i=l 


ieN 
Now (gx : k € N) is an increasing sequence and thus jim gx exists ae. on X. If we let 
> 00 


g= lim, gx defined a.e. on X, then |g|? = lim |gx|? ae. on X. By Fatou’s Lemma 
n> noo 
(Theorem 8.13) and by (2) we have 


(3) i lg’ du< timint Igle du <1. 
xX k->oo JX 


Thus g € LP(X, Q, w) andhence g < ooa.e. on X. This shows that the sequence of partial 
sums (gx : k € N) of the series )7;<y | fn, — fn, | converges a.e. on X, that is, the series 
Dven | fn — fr, | Converges a.e. on X. This then implies that the series sey { fn; — fi} 
converges a.e. on X. 

Let (hy : k € N) be the sequence of partial sums of the series 7-1 { fn, — fn, } that is, 


he = Di-1 (fn — fuy.} for k € N defined a.e. on X. Since the series sey { fn, — Sus} 
COnVeTEEs a.e. on X, the sequence (hy : k € N) converges ae. on X. Now we have 
hy = Dia (fn: — Sri} = fry — fg 80 that fr, = hy + fag. Let us define 


(4) f@= im, Sn (X) = jim hy (x) + frg(x) € C forae. x € X. 


Let f = 0 on the null set on which f is not defined by (4). 
It remains to show that f € L?(X, 2, uw) and lim p(fn, f) = 0. Lete > 0. Since 
n->0o 


(fn sn € N) is a Cauchy sequence in L?(X, 2, w) with respect to the metric p there exists 
N &€N such that p( fm, fn) < € form,n > N. Letm > N. Now since f = jim Ing ae. 
7c 


on X, by Fatou’s Lemma (Theorem 8.13) we have 
(5) / Lf — fnl? du < limint f | fe — Smal? de = liminf p(fngs fm) < €- 
x k>00 JX k~>00 
Now f = f — fn + fm implies | f| < | f — fml+{1fnl. Applying Lemma 16.51 we have 


fl? < {If — fl + lfml}? <1 — finl? + lfm? 
Then by (5) we have 


fiseans fir—tuirau f ifm au < oo. 
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This shows that f € L?(X, 2, jz). Also according to (5) we have o(f, fn) < e form > N. 
Thus in OP ef, fm) < ©. By the arbitrariness of ¢ > 0 we have lim sup p(f, tm) = 9. 


ma 
This implies lim: inf P(f, fm) = 0 and then im pe(f, fm) =9. OF 


For p € (0, 1), consider its conjugate gq, that is, the real number g defined by the equality 
1/p + 1/q =1. Then q = p/(p — 1) € (—00,0), limp og = 0 and limp41 g = —0o. 


Conventions. Let g be an extended complex-valued 2{-measurable function on X in a 
measure space (X, 2, 4) such that 0 < |g| < co ae. on X. On the null set in (X, &, 2) 
where |g| = 0, let |g|~! = oo and on the null set where |g| = 00, let lg|-! = 0 so 
that |g|~! is a nonnegative extended real-valued 2{-measurable function on X such that 
0 < |g|~! < coae. on X. Then for any g € (—0o, 0), the function |g|? = |g|~/4! is a 
nonnegative extended real-valued 2{-measurable function on X such that 0 < |g|% < oo 
a.e. on X. This implies that ty \gl? du > Oif w(X) > 0 and fy lel? du = Oif u(X) = 0. 


Definition 16.53. Let g be an extended complex-valued U-measurable function on X ina 
measure space (X, 2, 4) such that 0 < |g| < coae. on X. Forq € (—0o,0), we define 


1/q 
lelle = I lel? au] € [0, 00] 


with the understanding that if fy |g|? du = 00 then ||g\lq = 0 and if fy |g|? du = 0 then 
lg llq = 0°. 


Theorem 16.54. (Hélder’s Inequality for p € (0, 1) and qg € (—0o, 0) ) Given a measure 
space (X, A, ww). Let p € (0, 1) and q € (—~, 0) be such that 1/p +1/q = 1. Let f and 
g be two extended complex-valued 2-measurable functions on X such that |f| < o ae. 
on X and0 < |g| < coae. on X withO < ||gllq < 00. Then 


(1) Wfgls = tf llpllgllg. 
If0 < || felli < 00 and0 < |[gllq < 00, then the equality in (1) holds if and only if 


(2) Al fl? = Biel? ae. on X for some A, B > 0. 


Proof. 1. Note that since |g| > 0 a.e. on X, any negative power of |g| is finite a.e. on X 
and in particular |g|~?, |g|? < coae. on X. Nowsince p € (0, 1), we have 1/p € (1, 00). 
Let r € (1, 00) be the conjugate of 1/p, that is, p + 1/r = 1. Applying Theorem 16.14 to 
the pair of functions | f|?|g|? and |g|~? with conjugate exponents 1/p andr, we have 


@) fired = J (isirier”)ier- an 


P l/r 
<| f titel] | fie P au] 
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[firean)” <[ f isneian| If dn] 


From p+ 1/r = land gq = p/(p — 1), we have r = 1/(4 — p) and pr = —q. Thus 


Lf, isan] < [/ iflei ae If. ‘el? au) 


that is, Ifllp < lfgllilgl'. Since 0 < Igllg < 00, multiplying by |Igllq we have 
If llpliglg < Wfgllr. This proves (1). 

2. By (b) of Theorem 16.14, if 0 < || fgll1 < 00 and 0 < ||g||,z < ov, then the equality 
in (3) holds if and only if a (|f|?|g|?)'/? = b(|g|~?)’, that is, a| fg] = blg|?, ae. on 
X for some a,b > 0. Since 0 < |g| < wae. on X, this condition is equivalent to 
alf| = blg|?—!, or equivalently, a?|f|? = b?|g|P4-) = bP|g\?, ae. on X for some 
a,b > 0, thatis, A| f|? = Blg|? ae. on X forsome A,B >0. 


and then 


Theorem 16.55. (Minkowski’s Inequality for p € (0,1) ) Given a measure space 
(X, A, w). Let p € (0,1). Let f and g be two extended complex-valued A-measurable 
functions on X such that |f| < co ae. on X andO0 < \f +g] < coae. on X with 
0 <\|f+8llp < 00. Assume thatarg f = arg ga.e. on X. Then || f+gllp = lf lp tligllp- 


Proof. Since arg f = argg ae. on X, we have |f + g| = |f|4+ |g] ae. on X. Let 
1/p+1/q =1so that p—1= p/q. Then 


if+sl?=lf+sllft+al? '=(ifltiel}if+el?4 ac. on x 
so that 


(1) [isrerau= firs +ertans fies +sie'au. 


Applying Theorem 16.54 to the pair of functions | f| and | f+-g|?/4 with conjugate exponents 
p € (0, 1) and q € (—~, 0), we have 


I/p 1/q 
firur+evleau>| f isi an | [f Fr ela] 
xX Xx X 


and similarly 


1/p 1/q 
firurrer’an >| f il" a] Lf + ala] ; 
X Xx xX 


Using these two inequalities in (1), we have || f + gb > {Ifllp + llglp}if + eil8/’. 
Dividing by | f + gllp’* and noting p ~ p/q = 1, wehave If + gllp = Ifllo + Ilgllp- 
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[VI] Extensions of Hélder’s Inequality 


Let us extend Hélder’s Inequality to cases where there are more than two factors. 


Theorem 16.56. Let (X, 2, u) be an arbitrary measure space. Let f\,... , fy be extended 
complex-valued 3-measurable functions on X such that | fi|,... , | fy| < ooae. on X. Let 
P1,°** y Pn be real numbers such that 

1 1 
(1) Pi,+++»Pn €(1,0) and —+---+—2=1, 

P\ Pn 


Then we have 
(2) Wfi--*fallt < I fillpy +: Walp, 
Proof. We prove (2) by induction on n. For n = 2, (2) holds by Theorem 16.14. Suppose 


(2) holds for some n > 2. Let us show that this hypothesis implies that (2) holds for n + 1. 
Let p1,--- , Pn+1 be real numbers such that 


1 1 
(3) Pissss » Papi € (1; 60) and “pene zn 
Pi Pn+1 
Let q € R be defined by 
1 1 }-1 1 1 1 
(4) q={—+--+— , thatis, sew he 
Pl Pn q P1 Pn 


Now (3) implies that 7 + --- + 3 € (@,1). Then (4) implies that + © (0, 1) and then 
q € (1, 00). Thus we have 


1 


Pn+1 


1 
(5) q € (1, &), Pa+i € (1,00) and rr = 1. 


Then by Theorem 16.14, we have 


| ilie fenstan s { fh ise spat due} ff teenie aur". 


On the other hand, by the fact that p1,--- , pn € (1, 00) andg € (1, 00) and by (4) we have 


1 1 
(7) PL ot Bee 25) and —— +... 


+ =1. 
q q pi/q Pn/q 


Thus by our induction hypothesis that (2) holds for n, we have 


B /P\ /Pn 
6) fit tattdes| fuft anf -{ f ip an)” 
x Xx 


=| fiir anf {fran} 
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Substituting the g-th root of (8) in (6), we have 


1/pi ols 1/Pn+i 
[iti tonldus { [fil?! dy Lf dna mt du| 
X X 


This shows that (2) holds for n + 1. Then by induction (2) holds for alln > 2. @ 


Theorem 16.57. Let (X, 2, 4) be an arbitrary measure space. Let f\,... , fn be extended 
complex-valued A-measurable functions on X such that |f\|,... ,|fn| < «wae. on X. Let 
Pi,-+- 5 Pn and r be real numbers such that 
(1) (1,00), r € (1,00) and —+..¢> 2+ 
yseey Dn € (1, 00),r € (1,00) and —+---+—=-. 
e ep Pi Pn r 


Then we have 


(2) I ft--+ Salle < All +: Walp, 
Proof. From (1) we have ‘ i 
ae =i, 
pi/r Pn/r 
Thus by (2) of Theorem 16.56 we have 
(3) I fi--- Fol Ty <A Dre al pare 
Now we have 
(4) [ifiee> fal y= fl lft fal die = WA Sal 
and fori = 1,... ,n we have 
Pj r/ Di r/Di 

(5) Hou = (fuse ® anh” ={ fiir du}” = vit, 

NAN =| far aap =| fii dup” = Willy 
Substituting (4) and (5) in (3), we have 
(6) fice fall <All, «Walls, 


Taking the r-th roots of (6) we have (2). # 


Problems 


Prob. 16.1. Let f be a Lebesgue measurable function on [0, 1] and let 0 < f(x) < 00 for 
x € {0, 1]. Show that 
{Jon £4} { for Fae} = 1. 


Prob. 16.2. Let (X, A, 4) be a finite measure space. Let f be an extended complex-valued 
2-measurable function on X such that | f| < co a.e. on X. LetO < p <q < oo. Show 
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that 
WFllp SWF Ngle(X)}? 2. 


Prob. 16.3. Let (X, 2f, 4) be a measure space. Let 3 € (0, 1) andletp,g,r >1l,p,g =r, 
be related by 


1_%, 1-9 
ae q ° 


Show that for every extended complex-valued 2l-measurable function f on X we have 


If lle < UFIBISIG 


Prob. 16.4. Let (X, 2f, 4) be a measure space and let p,q € [1, oo] be conjugates, that 

is, 2 +3 = 1. Let (fr: ne N) C L?(X, Au) and f € L?(X, A, w) and similarly 

(gn:n EN) C LIX, A, w) and g € L7(X, A, w). Show that if lim fn — fllp = 0 and 
n> 


‘Tim, Ign — gig =Othen lim Il frm ~ Felli =0. 


Prob. 16.5. Let (X, 2f, ~) be a measure space and let p € [1, 00). Let (f, : n € N) be 

a sequence in L?(X, 2, yz) and f € L?(X, A, 2) be such that lim | fn — fllp = 9. Let 
n> 

(gn : n € N) be a sequence of complex-valued 2{-measurable functions on X such that 

|gn| < M for every n € N and let g be complex-valued 2{-measurable function on X such 

that Jim, &n = g ae. on X. Show that Jim, llgntn — 8f Ilp = 0. 


Prob. 16.6. Let f be an extended real-valued 93t, -measurable function on (a, b] such that 
Sta,p |F\? du, < 00 for some p € (1, 00). 
(a) Show that f is 2, -integrable on [a, b). 
Let F be an indefinite integral of f on [a, b] with the additive constant set to be 0 and let q 
be the conjugate of p. 
(b) Show that there exists a nonnegative constant C such that for every x € [a, b], we have 
F(x) < C\x —a|!/4, 
(c) Show that for every x € [a, b], we have 
F(x +h) — F(x) 
ee ee = 6 
h>0 hl/a 
Prob. 16.7. Let f € L?(R, Dt,, u,) where p € [1,00). With h € R, let us define a 


function f, on R by setting f(x) = f(x +h) forx € R. Show that f, ¢ L?(R, Dt,, u,) 
for every h € R and jim \f — fallp = 9. 


Prob. 16.8. Let f € L?(R, Dt,, 4,) and g € L7(R, Mt,, 4,) where p,q € (1, 00) and 
are conjugates. Show that the function F defined on R by setting 

F(h) = fo f(x +h)g(x)u, (dx) forh ER, 
is a continuous function on R. 


Prob. 16.9. Consider (R, 9%, 4,). Let E € t, with ,(E) < oo. Show that the 
function defined by f(x) = u,(E +x E) forx € Ris a real-valued continuous function 
on R. 


Prob. 16.10. Given a measure space (X, 2, 4). Let f be an extended real-valued 2t- 
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measurable function on X such that ty |f|? du < co for some p € (0, 00). Show that 
for every ¢ > 0 there exists M > 0 such that for the truncation of f at level M, that is, 
f™! = (f A M) v (—M), we have fy |f — fe du <e. 


Prob. 16.11. Let f be an extended real-valued 9)t, -measurable function on [0, 1] such that 
So y \f |? du, < oo for some p € [1, 00). Letg € (1, 0] be the conjugate of p, that is, 
t+ ; = 1. Leta € (0, 1]. Show that 


md 
lima 4 Sto Ff 1 a, (ds) = 0. 


Prob. 16.12. Let (X, 2, 2) be a measure space and let po € (0, 00). Let {fy : a € A} bea 
collection in L?°(X, 2f, 4) such that supye, Il fall pp < oo. Show that for every p € (0, po) 
the following hold: 

(a) 


lim sup [ | fal? du =0. 
{X:] fa P>A} 


47% wEA 

(b) Forevery ¢ > 0 there exists 5 > 0 such that for every EF € 2l with u(E) < 5 we have 
Se lfal?du<e foralla€ A. 

(Hint for (a): Let p € (0, po). Then for0 < n < & we have E? = EP~POEPO < WP POEPO) 


Prob. 16.13. Let (X, 24, 2) be a finite measure space and let po € (0, 00). Let (fn :n € N) 
be a sequence and f be an element in L?°(X, 2, 42) such that 

1 jim, fn = f, p-a.e. on X. 

2° Il fnllpp < M for alln € N. 

Show that for every p € (0, po) we have fim, fn — fillp = 0. 

(Hint: Apply Egoroff’s Theorem and Prob. 16.12.) 


Prob. 16.14. Let (X, 20, 4) be a finite measure space and let p,q € (1, ©) be conjugates. 
Let (f, :n € N) bea sequence and f be an element in L?(X, 2, 2) such that 
1° lim f, = f, w-ae. on X. 
n-> OO 
2° II fallp = M foralln € N. 
Show that 
(a) Iifllp <M. 
(b) lim ty fngdu = fy fg du for every g € L4(X, A, 2). 
(ec) im, te indu =f, f du forevery E € 2. 
(Hint: Egroroff’s Theorem) 


Prob. 16.15. Let (X, 2, 4) be a measure space and let 1 < po < p. Let f € L?(X, A, pw) 
and (f, :n € N) c L?(X, Q, yw) be such that 
1° dim, tn = f, p-ae. on X, 
2° lim Il fn — flip =0. 
(a) Show that for every « > O there exists 5 > 0 such that for E € 2 with u(E) < 6 we 
have 

Se lfal? du <e foralln €N. 
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(b) Show that if (X, 2, 2) is a o-finite measure space, then for every € > 0 there exists 
A € 2( with 4(A) < oo such that 
Seva \fal?du <eforalln EN. 


Prob. 16.16. Let (X, 2f, 7) be a measure space and let 1 < po < p. Let (f, : n € N) be 
a sequence in L?(X, 2M, 4). Let f be an extended complex-valued 2{-measurable function 
on X such that | f| < 00, -a.e. on X and Jim, tn = f, p-a-e. on X. Suppose 
1° for every € > 0 there exists 6 > 0 such that forevery E € 2( with w(E) < 5 we have 
Je lfal? du <e foralln €N. 
2° for every ¢ > 0 there exists A € 2f with (A) <_co such that 
Sava \fnl? du < « foralln EN. 


(a) Show that f € L?(X, 2, yw). 
(b) Show that if (X, 2{, 2) is a o-finite measure space, then lim lfn — fllp = 9. 
n—> 


Prob. 16.17. Let (f, : n € N) be a sequence of real-valued differentiable functions 
with continuous derivatives on [0, 1] such that sup,cy Sion | ial du, < 1. Show that 
(fn 1 n € N) is equicontinuous on [0, 1], that is, forevery e¢ > 0 there exists 6 > O such that 
for every n € N we have | fn(x’) — fu(x”)| < € for x’, x” € [0, 1] such that |x’ — x”| < 6. 


Prob. 16.18. Given a measure space (X, A, 4). Let D, E € Wand E CD. Let (fpine 
N) and f be extended real-valued 2{-measurable and -integrable functions on D. Show 
that 
1° lim f, = f ae. on D, 

noo 


2° tim fol fnldu = fy |fldu, 


imply 
(1) Jim, felfaldu = fr lflan, 
(2) Jim, Se frdp = fe f du. 


Prob. 16.19. If condition 2° in Prob. 16.18 is replaced by 
3° fim, Sp frdu= Spf du, 
then (1) and (2) do not hold. Construct an example to show this. 


Prob. 16.20. Given a measure space (X, 2, 2). Let (f, : n € N) and f be extended 


real-valued 2{-measurable and j.-integrable functions on X. Show that conditions 
1° jim, tn = fae.on X, 


2° ‘Tim, II fulloo = Il flloo: 
do ict timply lim Ifn — flloo = 0. 
n> 


Prob. 16.21. Consider ihe function 
f@= Te 5 forx eR. 


Show that f € L?(R, 9,, 4.) for every p € (0, co] and jim, If lp = If lloo- 
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Prob. 16.22. Construct a finite measure space (X, 2f, 2) and an extended real-valued 2l- 
measurable function f on X such that || f lp < co forevery p e Nand f ¢ Loo(X, A, w). 


Prob. 16.23. Let (X, 2, 2) be an arbitrary measure space. Let g be an extended real-valued 
2-measurable function on X. Suppose fy fg du € R for every extended real-valued 2- 
measurable f € L'(X, 2, w). Show that g € L©(X, A, p). 


Prob. 16.24. (An Extension of Hélder’s Inequality) Let (X, 24, 4) be a measure space. For 


an arbitrary n € N, let f\,... , fy, be m extended complex-valued 2{-measurable functions 
on X such that |fil,...,|fr| < oo ae. on X. Let pi,..., pn € (1,00) be such that 
1/p, +---+1/pn = 1. Show that 

(1) WAt--+ fall = USillpr + Wallen 

where the equality holds if and only if there exist Aj,... , A, > O such that 


(2) Ai fil?! =--- = Anl fil?" a.e. on X. 
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§17 Relation among the L” Spaces 


[1] The Modified L’ Norms for L? Spaces with p € [1, o0] 


Let (X, 2, ~) be an arbitrary measure space. Let 0 < p, < p2 < oo. For an ex- 
tended complex-valued 2-measurable function f on X, fy | f|?! dy < 00 does not imply 
ty | f|P2 dy < oo and fy | f|?2 du < oo does not imply Jy |f\?idu < oo. Thus we 
have neither L?!(X, 2, uw) C L??2(X, A, w) nor L?1(X, A, w) D LP2(X, A, ww). We show 
below that if 4(X) < 00, then L?1(X, A, w) D L?2(X, A, 1) holds forO < py < pz < oo. 


Definition 17.1. Given a measure space (X, A, 1) with u(X) € (0, 00). For an extended 
complex-valued M-measurable function f on X and for p € (0, 00), we define 


Myn= |e / iran] = If lle 10, col, 
XD) Sa p(X) !7P 
ae fl 

Moo(f) = AEAE. = I floo € [0,001 


with the convention that 1/00 = 0 so that u(X)'/© = 1. 


Proposition 17.2. Given a measure space (X, A, 4) with u(X) € (0, 00). Let f and g be 
two extended complex-valued A-measurable functions f and g on X such that | f |, |g| < c0 
a.e. on X. 

(a) For p,q € [1, 00] such that 1/p + 1/q = 1, we have Hélder’s Inequality 


(1) Mi (fg) < Mp(f)Mq(g) 


provided that the product My( f)Mgq(g) ts defined. 
(b) For p € [1, 00], we have Minkowski’s Inequality 


(2) Mp(f +8) < Mp(f) + Mp(g). 


Proof. 1. By Theorem 16.14 for the case p, g € (1, 00) and by Theorem 16.40 for the case 
p=landq = 00, we have || fglli < Il fllpllgllg. Dividing both sides of the inequality by 
w(X) = 4(X)!/Pu(X)1/4, we have (1). 

2. By Theorem 16.17 for the case p € [1, 00) and by Theorem 16.41 for the case 
p = oo, we have || f + gllp < Ilfllp + llgllp. Dividing both sides of the inequality by 
p(X)!/P, we have (2). 


Proposition 17.3. Given a measure space (X, A, 4) with w(X) € (0,00). For p € 
[1, 00], Mp and || - ||» are two equivalent norms on the linear space L?(X, A, 4) and thus 
L?(X, A, 2) is a Banach space with respect to the norm Mp. 


Proof. Since Mp = (u(x)!/P) Il - lp and since (X)!/? € (0, 00), the fact that Mp isa 
norm follows immediately from the fact that || - ||» is anorm. The two norms are equivalent 
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since Mp = (u(xy'/P)7 i] - lp and |] - |p = #(X)!/?Mp. Then since L?(X, 2, ) isa 
Banach space with respect to || - || p by Theorem 16.23 for p € [1, 00) and by Theorem 16.43 
for p = oo, L?(X, A, pw) is a Banach space with respect to M, by Proposition 15.12. m 


Theorem 17.4. Given a measure space (X, A, 4) with w(X) € (0, 00). Then for 1 < pi < 
Pp2 < 00, we have 


(1) L?'(X, A, w) D LP2(X, A, w) 
and 
(2) Mp, (f) < Mp,(f) for f € L??(X, A, pw). 


Proof. 1. Let us prove (1) and (2) for the case p2 = oo. Let f € L™(X, A, w). We have 
If lloo < 00. Since | f| < II flloo ae. on X, we have fy |f |?! du < || fil&u(X) < 00 so 
that f € L?!(X, Ql, ~). This proves (1). To prove (2), note that for f € L°(X, A, w), we 
have 


l 1/pi 1/p1 
Mp, (f) = [asf ae an| s [iis 4200 | = | flloo = Mo(Sf). 


2. Now consider the case p2 < 00. Let f € L??(X, A, w). Since 1 < pi < p2 < w, 
@ := p2/pi € (1, 00). Let B € (1, 00) be the conjugate of a, that is, 1/a + 1/8 = 1. By 
Theorem 16.14 for our conjugates a, B € (1, 00), we have 


(3) firsian = f (uri) Mt a 


l/a VB 
<|f usa [/ xt an | 


= | F122" u(X)'/? < 00, 


since || f |p, < co. Thus f € L?!(X, 2, w). This proves (1). 
To prove (2), let f € L?2(X, 20, w) C LP1(X, 2, jw). With a and B as above, we have 


M l Pid aa p2/e ,¢xy'/B oe by (3 
nh =[—e fs 4] <| apie p(X) y 3) 


(X) 
1 are i cee 
eee 2d pee 
XD) Lh cate aa 


l/pi 


1/pi 1 Va 
: En LS eee | 


1 Vap 
= Fes i; | f |? au| = Mp, (f) since ap} = p. : 


Remark 17.5. If w(X) € (0, 00), then L?(X, 2, w) decreases as p increases from | to 
oo and L?(X, A, w) D L©(X, A, w) for p € [1, co) by Theorem 17.4. Thus we have 
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L®(X, A, pL) Cc NM) peti,co) LP?(X, A, KL). But L™(X, 2, 7) # f \etieds L?(X, 2, LL), 
that is, if Ee | f |? du < oo for every p € [1, 00), f need not be essentially bounded on X. 


Example. Let (J, : n € N) be a sequence of disjoint intervals in R with 4, Un) = eon 
forn € N. Let X = Unen Jn and consider the measure space (X, Mt, N X, ,) where 
Mt, 1 X is the o-algebra of subsets of X consisting of the intersections of members of Nt, 
with X. We have ,(X) = nen Hi Un) = nen e-2” < oo. Let f be a real-valued 
function on X defined by f =n on I, forn € N. Then f ¢ L™(X, Dt, N X, u,) since 
for every n € N we have p.,{x € X: f(x) =n} > wu, (In) =e" > 0. To show that 
f € L?(X, 9, NX, y,) for every p € [1, 00), note that fy |f |? du, = Deyn” /e*". To 
show that this series converges, note that by |’H6pital’s rule fim n? /e” = 0 so that there 


exists N € N such that n?/e" < 1 forn > N. Then >°,.y nP fen < Yn L/e” < 00. 
This shows that fy | f|? du, < co and therefore f € L?(X, 9%, OX, u,). 


Remark 17.6. For p € [1,00], as we showed in Theorem 17.4, Mp(f) increases as p 
increases. || f'|| » however does not have this property. 


Example. Consider (0, 2), Dt,  [0, 2) py.) Let f = 1 on [0, 2). Then || f ||) = 2 and 
If l2 = V2. Thus || f lly > If lle. 


[11] Approximation by Continuous Functions 


Let us consider approximation of functions in L? (X, 2l, 4) by continuous functions on X. 
The notion of a continuous function on X is predicated on a topology on X. Here we consider 
the case X = R with its Euclidean metric topology and (X, 2, 4) = (R, 9, 4). In $19, 
we consider a locally compact Hausdorff space X with a Radon measure yz on the Borel 
o-algebra By of subsets of X. 


Definition 17.7. Let C.(IR) be the collection of all complex-valued continuous functions 
vanishing outside of a compact set in R which depends on the individual function. 


Since every compact set in R is contained in a finite closed interval and a finite closed 
interval is a compact set, a complex-valued continuous function on R is a member of C,(R) 
if and only if it vanishes outside of a finite closed interval. Thus if f € C,(R), then 
there exists B > 0 such that f vanishes outside of the interval [—B, B]. Then we have 
supp | f| = max(_z,8|f| < 00. Thus f € L®(R, Mt, 4,). Also for every p € [1, 00), 
we have fy | fl? du, < (supp | fl)” 2B < oo so that f € L?(R, Mt,, u,). This shows 
C-(R) C L?(R, M,, 4.) for p € [1, oo]. 


Lemma 17.8. Let f € L? (R, mM, L,) with p € [1, oo]. Foreveryn © N, let a truncation 
of f be defined by 
f(x) forx €R such that |x| < nand|f(x)| <n, 


0 otherwise. 


fax) = | 
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Then the sequence of functions (f, : n € N) has the following properties: 
1° lim f,=fae onR, 


noo 


2° fre L?(R, M,, u,) for everyn EN, 

3° [I fallp < Il fllp for everyn EN, 

4° lim | fn — fillp = 9 for p € [1, ov). 
noo 


Proof. Note that 1° holds since | f| < 00 a.e. on R. 2° and 3° are immediate consequences 
of the definition of f,. To prove 4°, note that from | f, — f| < | fn] + |f| < 21 f| we have 
lfn — f\P = 2?|fI? for p € [1, 00). Since f € L?(R, Mt, u,), |f|? is w,-integrable 
on R and so is 2?| f|?. Then by the Dominated Convergence Theorem (Theorem 9.20), we 
have lim felfn—f\|? du, = fp lim |fn— f|? du, =0. This proves 4°. w 

noo n—>0o 


Remark 17.9. 4° in Lemma 17.8 does not hold for p = oo. As a counter example, let 
f =1onR. Then f ¢ L®(R, M,, 4,) but Il fr — flloo = 1 for everyn € N. 


Theorem 17.10. C.(R) is dense in L?(R, 9, 4,) for every p € [1, 00), that is, every 
open set in the metric space L?(R, MN, u 2) contains an element of C-(R), or equivalently, 
for every f € L?(R, M,, “,) ande > 0, there exists g € C-(R) such that || f — gllp < €. 


Proof. 1. Let f € L?(R, 9t,, 4,). Let us consider first the particular case where f is 
extended real-valued, that is, Sf = 0. Let (f, : n € N) be the sequence of truncated 
functions as defined in Lemma 17.8. Since f is extended real-valued, f, is real-valued on 
R. Let e > 0. By 4° of Lemma 17.8, jim, fn — fllp = 0 and thus there exists N € N 


such that 
() If - fullp <5- 


By definition, | fy] < N on R and fy vanishes outside of the interval [--N, N]. Let us 
approximate fy by a real-valued continuous function which is bounded by N on R and 
vanishes outside of a finite closed interval as follows. According to Theorem 6.36, there 
exists a real-valued continuous function g9 on [—N, N] such that |go| < N on [—N, N] 
and 


1 \!l/pe 
(2) fy ~g0ls(=—) 5 onl-NNI\E, 
where E is a 90, -measurable subset of [—N, N] with 
1 E\P 
3 ——-(-}. 
(3) HE) < Zaye (5) 


We have then 


/ ina aldae | Li — gol? de, +f Lf = gol? dix, 
[-N,N] [-N,NJ\E E 


* gy G) 28 + OY Gera (5)” = 365)" 
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To extend go to a real-valued continuous function g bounded by N on R and vanishing 
outside of a finite closed interval, consider two intervals J) = [—N — aye (§)” ,—N] and 
h= [N, N+ awe (§)"] and define g by setting 
8o(x) forx «[—N,N], 
g(x)=4 0 forx € (I) U[-N, N]U h)*, 


linear on J; andon kh. 


fran, =< 6) =36) 


and similarly we have f;, |g|? du, < 4(§)”. Thus we have 


Then 


[itv-srrau, = f Lf ~ gol? din, + f il? du, + f lel? du, 
R {-N,N] i h 


> 


25) tale) fa) =) 
and therefore || fy — g|lp < 5. With (1) we have 


If - sll SIF — full + fw ~8llp <5 45 =8. 
2. Now consider an extended complex-valued f € L?(R, 9%,, 4,). For an arbitrary 
€ > 0, according to 1 there exist two real-valued continuous functions g; and g2 on R 
vanishing outside of a finite closed interval such that ||9 f —gillp < 5 and ||Sf—gillp < 5. 
Let g = g1 +ig2. Then g is a complex-valued continuous function on R vanishing outside 
of a finite closed interval and 


If — gllp = RF +iSf} — (gi + ig2)|, 


E é 
< IRS ~ gillp + I9f—gillp <5 +5 =6. 


This completes the proof. # 
Remark 17.11. C,(R) is contained but is not dense in L®(R, 99, 4). 


Example. Consider f € L©(R, 9t,,4,) defined by f(x) = —1 for x € (—00, 0) and 
f(x) = 1 for x € [0, co). Let us show that fore = $s there does not exist g € C,(R) 


such that || f — glloo < 3. Suppose there exists such g € C,(R). Then |f — g| < 5 


a.e. on R and this implies that g < -} ae. on (—oo,0) and g > 5 a.e. on [0, co) 
and consequently g(x) € [-4, 3] for a.e. x € R. Then since g is continuous on R and 
assumes a value a < —} and a value b > }. there exists xo € R such that g(xo) = 0 by the 
Intermediate Value Theorem. The continuity of g implies then that there exists 6 > 0 such 
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that g(x) € (—4, 4) forx € (xo — 5, xo +4). This contradicts the fact that g(x) € [—}, 5] 
forae. x ER. 


Theorem 17.12. Let L?([a, b]) = L? ([a, 6], Dt, N (a, b], w,) where Mt, A [a, b] is the 
a-algebra of subsets of {a, b] consisting of all members of SN, contained in [a, b] and 
p=([l, w]. Letc ([a, b}) be the collection of all complex-valued continuous functions on 
fa, b]. Then 


C([a, b]) C L™®([a, b]) C L?*([a, b]) C L?'([a,b]) for < pi < pr < ©. 
Furthermore each of C([a, b}), L®([a, b)), and L?2([a, b)) is dense in L?} (La, b)). 


Proof. Every complex-valued continuous function on [a, b] is bounded on [a, b]. Thus 
C([a,b]) C L®({a, b]). If f € L°([a,b]}), then fi, |fl? du, < I fllo(b — a) < 00 
and thus L© (fa, b]) C L?({a, 6]) for any p € [1, 00). Finally L??([a, b]) C L?!([a, b}) 
by Theorem 17.4. 

Using the fact that every complex-valued continuous function on [a, b] is bounded on 
[a, b], we prove the denseness of C({a, b}) in L?([a, b]) for any p € [1, 00) by the same 
argument as in Theorem 17.10. Thus every open set in L?((a, b)) contains an element 
of C([a, b]). Then since C({a,b]) C L®([a, b]), every open set in L?([a, b]) contains 
an element of L®([a, b]) so that L®([a, b]) is dense in L?([a, b]). By the same reason 
L?2((a, b]) is dense in L?!([a,6]). 


[III] L? Spaces with p ¢€ (0, 1] 


Let (X, 2f, w) be a measure space with 4(X) € (0, 00). We show next that for p € (0, 1], 
the space L?(X, 2, 4) decreases as p increases. We showed in Remark 16.21 that | - ||, is 
not a norm when p é (0, 1) and hence M, in Definition 17.1 is not anorm when p € (0, 1). 
Nevertheless as we show below for a fixed f € L|(X, A, 4), Myp(f) is an increasing 
function of p € (0, 1]. 


Theorem 17.13. Given a measure space (X, XA, ) with u(X) € (0,00). Then for0 < 
Pi < p2 < | we have 


(1) LP1(X, A, w) D L??(X, A, w) 
and , 
(2) Mp, (f) < Mp,(f) for f € L??(X, A, w). 


Proof. 1. Let us prove (1) and (2) for the special case p2 = 1 first. For our p; € (0, 1), let 
q € (—00, 0) be its conjugate, that is, 1/p; + 1/q = 1. Let f © L'(X, Ql, w). Applying 
Theorem 16.54 to the pair of functions | f| and 1x with conjugate exponents p; and qg, we 
have 


l/py 
3) [iris | ifitxde >| [ isi” dn p(X, 
X 4 x 
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Since f € L'(X, 2, 2), we have ty \fldp < oo. Then (3) implies that fy Fim du< om. 
This shows that f € L?!(X, 2l, w) and proves (1). To prove (2), let f € L!(X, A, w). 
Then by (3), we have 


I/pi 
= Pl 1/q 
Mf) = af Ifldu = a irl au] u(X) 


I/p, 
==arelf ir au] = M,,(f). 


2. Consider the case 0 < pi < p2 < 1. Leta = pi/p2 € (0, 1). Let B € (-~w,0) 
be the conjugate of a, that is, 1/a + 1/8 = 1. Let f € L??2(X, A, uw). Applying Theorem 
16.54 to the pair of functions | f |?!“ and 1y with conjugate exponents a and f, we have 


l/a 
(4) fiseedu= f irim/axan >| f la an p(X), 
X Xx xX 


Since f € L??2(X, MQ, w), we have if | f\?2 du < oo. Then ty |f |?! du < co by (4) so 
that f € L?!(X, 2, ~). This proves (1). To prove (2), note that for f € L?2(X, A, u) we 


have 
1 1/p2 1 Ia op Vee 
= P2 eee P\ 
Mri = [a fuse] = | aa [ firman] ax 


1 1/a7] 1/p2 l/ap2 
=) Pid P = 
sane [ fir 4] | -la5f, if au] Mp(f), 


where the inequality is by (4) and the last equality is byap2 = pi. # 


As we noted above when p € (0,1), || fllp = 1 fy fl? du}'!? for f € L?(X, A, pw) 
fails to satisfy the triangle inequality and hence || - ||, is not a norm on L?(X, 2, 42). 
However if we define pp(f, g) = Sy |f —gl? du for f, g € L?(X, A, 12), then py satisfies 
the triangle inequality and indeed pp is a metric on L? (X, 2, 4) and moreover L? (X, Al, u) 
is acomplete metric space with respect to the metric pp. To prove this we need the following: 


Lemma 17.14. Let p € (0, 1). Then for any a, B € C, we have 
la + Bl? < lal? + |BI? 
where the equality holds if and only if at least one of a and B is equal to 0. 


Proof. It is obvious that if at least one of a and is equal to 0 then the equality holds. It 
remains to show that if neither of @ and f is equal to 0 then the strict inequality holds. 
Let ¢ be a real-valued function on [0, 00) defined by 


g(t) = (1+)? —1—2? fort € [0, 00). 
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We have v(0) = 0 and g(t) = p{(1 +t)?! — t?—!} fort € (0, 00). Since p € (0, 1), 
g'(t) < Ofort € [0, 00). Thus ¢ is strictly decreasing on [0, 00) and consequently g(t) < 0 
fort € (0,00). Let a,b € R,a > Oandb > 0. Then 2 > 0 so that 
b\P b\P b 
(1+ 2)? -1-(2)" = (9) <0. 


a 

Multiplying the inequality by a?, we obtain 

(1) (a+b)? <a? +b? fora >Oandb> 0. 

Let a, 8 €¢ C, a 40 and B £0. Then |a| > 0 and |f| > 0 so that by (1) we have 
la + BIP < {la| + IBI}? < fal? + |BI?. 

This completes the proof. & 


Theorem 17.15. Let (X, A, w) be a measure space. For p € (0,1) consider the linear 
space LP(X, A, 2). Let 


op(f.8) =f if-elran for fig € LP(X,%, p). 


Then pp is a metric on L?(X, U, w) and L?(X, A, w) is a complete metric space with 
respect to the metric pp. 


Proof. 1. L?(X, 2l, w) is the linear space of the equivalence classes, the equivalence 
relation being that of j-a.e. equality on (X, 20), of extended complex-valued 2{-measurable 
functions f on X with Sf? dp < oo. Now Sy if? dj < © implies that | f| < oo 
pe-ae. on (X, 2) so that f is complex-valued p-a.e. on (X, 20). On the null set in 
(X, 2, w) on which | f| = 00, let us redefine f to be equal to 0 so that f is complex-valued 
and 2{-measurable on X. This then is a complex-valued (not extended complex-valued) 
representative of f € L?(X, A, 4). In what follows we always take a complex-valued 
representative of every f € L?(X, 2, w). Then in particular forevery f, g € L?(X, A, w), 
Ff — g is defined and complex-valued on X. 
Let us show that pp is a metric on L?(X, U, w). For f, g € L?(X, A, ), we have 


olfis)=f if-sitdus f isdn f igi? dy < co 


by Lemma 17.14. Thus po fh g) € [0, co) for every f,g € L?(X, 2A, yu). If f = g, 
then clearly pp(f,g) = 0. Conversely if pp(f,g) = 0 then |f — gl? = 0, that is, 
\f — g| = 0, p-a.e. on (X, 2) so that f = g p-ae. on (X, 2), that is, f = g as elements 
of L?(X, 2, w). Clearly pp(f,g) = pp(g, f) for every f,g € L?(X, A, 1). To verify 
the triangle inequality for pp, let f, g,h € L?(X, A, w). Then we have 


ofa) =f if—eian=f |it-m+—s) |? du 
<| If —hiedu + f le — gi? du 
xX xX 


= pp(fh) + pp(h,g) 
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where the inequality is by Lemma 17.14. This shows that gp is a metric on L?(X, Al, 2). 

2. To show that L?(X, 2l, 2) is complete with respect to the metric pp, let (fn :n € N) 
be a Cauchy sequence in L?(X, 2, 4) with respect to pp, that is, the sequence (f, : n € N) 
is such that for every ¢ > 0 there exists N € N such that 


(1) Putin fn) <e form,n>N. 


Let us show that there exists f ¢ L?(X, 2, u) such that lim pp(fr, f) = 0. Now by (1) 
n—>OoO 
for every k € N there exists nz € N such that 


1 
Pelimidn) <= oe form,n > ng. 


We can select nz € N so that ng < ny41 for every k € N. Consider the subsequence 
(fn, ii € N) of (fn in € N). We have 


1 
(2) Pol ines tua) = a fork EN. 


For each £ € N, let us define a nonnegative real-valued 2{-measurable function on X by 


£ 
(3) 8e= DN fnesr — Snel: 


k=1 


Let us show that gg € L?(X, &, wu). Now jay +--+ + ae]? = Jay}? +--+ + Jae}? for 
a,... , a € R by iterated application of Lemma 17.14. Thus |g¢|? < >a free — Fry |? 
Integrating with respect to on X and recalling (2) we have 


t e 
(4) iF lgelPdu < = Fras: — Sry l? du = > Pal iucs Sn) 
x ka °* k=l 
=i 1 
< Doe < Ber =1<o@. 
k=1 keN 


This shows that ge € L?(X, 2f, w). Now for every x € X, (ge(x) : 2 € N) is an increasing 
sequence of nonnegative real numbers so that jim ge(x) exists. Let us define a nonnegative 
00 


extended real-valued 2{-measurable function on X by setting 
e 
g = im ge = Jim 2M = fel: 
Now |g|? = jim |ge|? on X . Thus by Fatou’s Lemma (Theorem 8.13) and (4), we have 
00 


i Igl? du <timint f Igel? du <1. 
xX £00 xX 
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Thus g < 00 p-ae. on (X, 2). Then jim yy \ fries: — fn,| Converges p-a.e. on 
=> oO 


(X, Q), that is, the series ren | frer: — fr,| converges y-a.e. on (X, 2f). Since the 
absolute convergence of a series of complex numbers implies convergence of the series, 
Deen {fat — fm} converges u-a.e. on (X, 2). Let 


Ff (%) = fan) + DO {Fess ©) — Fre} 


keN 


at any x € X at which Dye { fas: — fa} converges and let f = 0 on the null set in 
(X, 2, w) on which Wye { freer — fn, } does not converge. Thus defined, f is a complex- 
valued 2t-measurable function on X. Now 


£ 
(5) Fe) = fae) + dim) {fanG) — fa} 


= Jim, Sina, () for p-ae. x in (X, 2. 


Let us show that f € L?(X, 2l, w). Let e > 0 be arbitrarily given. Let m, ng > N asin (1) 
so that Op (fr, fm) < €. Then by (5) and Fatou’s Lemma we have form > N 


(6) [it = fut aus timint J fog — fl? do 
xX k->oo JX 
= lim inf Pp (Sn fm) SE. 
Now since | f|? = |(f — fin) + finl? <1f — fml? + |fin|? by Lemma 17.14, we have 
[istrans fir toi? du f fal? du 
x x x 
se+ f | fm|? du < 00. 
x 
This shows that f € L?(X, 2, yu). 


By (6) for every ¢ > 0 there exists N € N such that pp(fm, f) < ¢ form > N. Then 
lim sup pp (fm, f) < €. Since this holds for every ¢ > 0, we have lim sup Pp(fms f) = 0. 
moO m—>Oo 


This implies lim inf Pp( fm f) = 0 and then im Pp (Sous f) =0. 8 
Remark 17.16. Regarding the metric pp in Theorem 17.15, let us observe that if we define 
Is = f ifiPdy for fe L(x, 2, w), 
x 


then we have || f — gil = fy |f ~ gl? du = pp(f, g) for f, g € L?(X, A, w). Nevertheless 
the function || - {| is not a norm on L?(X, 2, 42) since the equality {jaf || = |a||| f|| does 
not hold for some f € L?(X, 2,4) anda € C. Indeed if f € L?(X, A, w) is such 
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that || || = fy |f|? du > O anda e C is such that a # 0,1 so that |a|? ¥ |a| for our 
p € (0, 1), then 


wor = f tas =i fig loi f isle = Wait fi. 


Thus for p € (0, 1), the linear space L?(X, 2, ~) is acomplete metric space with respect 
to the metric ¢, but it is not a Banach space. 


[IV] The ¢? Spaces 


Definition 17.17. The measure space (N, 3B(N), v) where 38(N) is the o-algebra of all 
subsets of N and v(E) is equal to the number of elements in E, and in particular v(E) = oo 
when E is an infinite set, for E € 38(N) is called the counting measure space. Fork € N, 
let Ny = {l,... ,k}. We call (Nk, SB (Nx), v) a finite counting measure space. 

More generally, for an arbitrary set X a set function v defined on the o-algebra ¥8(X) 
consisting of all subsets of X by setting v(E) for E € 98(X) to be equal to the number of 
elements in E, and in particular v(E) = 00 when E is an infinite set, is called a counting 
measure on X. (The fact that v is indeed a measure is verified immediately.) 


Note that (N, $3(N), v) is a o-finite measure space and (Nx, $8(Nx), v) is a finite mea- 
sure space. The only null sets in (N, 33(N), v) is the empty set 9. Thus a.e. equality in 
(N, $B(N), v) is equivalent to equality everywhere. Since the o-algebra 93(N) consists of 
all subsets of N, every extended real-valued function on N is 93(N)-measurable. 

Every real-valued function f on N is given by (f(n) :n € N) where f(n) € R and is 
thus a sequence of real numbers. Conversely every sequence of real numbers (a, : n € N) 
can be interpreted as a real-valued function on N. Thus we identify the collection of all 
real-valued functions on N with the collection of all sequences of real numbers. For a 
real-valued function f on N, we have f + = max { f, 0} and thus 


ee dv = max { f(n), 0}v({n}) = ) max {f (n), 0} € [0, 00], 


neN neN 


and similarly f— = — min { f, 0} so that 


/ f- dv => -min{f(n), 0} € [0, oo}. 
N 


Areal-valued function f on Nis v semi-integrable if and only if at least one of fy ft dv 
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and fy f~ dv is finite, and in this case 


[rave f prav- [ray 


= )> max {f(n),0} + )) min { f(n), 0) 


neN neN 

= )) (max { f(m), 0) + min (f(n), 0}) 
neN 

= >of), 
neN 


where the third equality is by the fact that if (a, : n € N) and (b, : n € N) are two sequences 
of real numbers such that )7,, cy @n and )~,cyy bn exist in R and at least one is in R, then 
ren lan + bn} exists in R and ey {an + bn} = Yonew An + Donen On- 

The function f is v-integrable if and only if both f, ft dv and fy f~ dv are finite. 
In this case we have In fdv = Vienf@) € R. But f is v-integrable if and only if 
| f| is v-integrable according to Observation 9.2. Thus f is v-integrable if and only if 
nen |f(m)| < oo. (From the view point of convergence of series of real numbers, the 
v-integrability of f = ( f(a)ine N) is not only the convergence of the series )7 cy f (7) 
but also its absolute convergence.) 

The collection of all complex-valued functions on N is identified with the collection of 
all sequences of complex numbers. The v semi-integrability of such a function is defined as 
the v semi-integrability of both its real and imaginary parts. Similarly for the v-integrability. 


Observation 17.18. Let f be a complex-valued function on N, that is, f = ( f(ny)ine N) 
where f(n) € C forn € N. For p € (0, 00), we have according to Definition 16.8 


l/p 1/p 
(1) ifte=|firrar] =[Xiver] € [0, oo], 


neN 
and according to Definition 16.36, we have 
(2) Il flloo = inf {M >0:v{n EN: |f(m)| > M} =0} 
= inf {M >0:|f(n)| < M foreveryn € N} 
= sup {| f()|:  € N} € [0, oo], 


where the second equality is from the fact that # is the only null set in the measure space 


(N, B(N), v). 


The spaces L? (N, $3(N), v) for p € (0, 00] are particular cases of L?(X, 2, 4) as in 
Definition 16.22 for p € (0, 00) and in Definition 16.42 for p = oo. Thus for p € (0, 00), 
L?(N, §8(N), v) is the linear space of all complex-valued functions f on N with || f ll p < 00 
and L° (N, SBN), v) is the linear space of all complex-valued functions f on N with 
If loo < 00. 
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Definition 17.19. We write £? for L?(N, $8(N), v) for p € (CO, oo]. 


Proposition 17.20. For p € [1, 00), the linear space £? of all sequences of complex numbers 
f = (f(n) : n €N) satisfying the condition °c | f (n)|? < 00 is a Banach space with 
respect to the norm ||f\lp = [nen LfqnP]”?. The linear space £ of all bounded 
sequences of complex numbers f = (f(n) : n € N) is a Banach space with respect to the 
norm || f lloo = SUPpen | f(n)I. 

Proof. Since 2? = L? (N, 3B (N), v) is a particular case of L?(X, 2, w) for p € [1, oo], 2? 
is a Banach space by Theorem 16.23 for p € [1, co) and by Theorem 16.43 for p= 00. # 


In Theorems 17.4 and 17.13, we showed that L?!(X, A, uw) D L??2(X, A, w) forO < 
Pi < p2 < © provided p(X) < oo. This result does not apply to 2? = L?(N, 98(N), v) 
since v(N) = oo. On the other hand, the £? spaces have the following reverse inclusion 
property. 


Theorem 17.21. For 0 < pi < p2 < 00, we have £7! Cc £2, 
Proof. Let f € £?! be given by f = (a, :n € N) wherea, € C forn EN. Since f € £?', 
we have || f|lp, < 00, that is, nen [@nl?! < 00. This implies Jim, la, |?! = O and then 
lim | |a@,| = 0. Thus there exists M > 0 such that |a,| < M forall n € N. This shows 
n 
that || flloo < co and f € 2%. Now lim |e, | = 0 also implies that there exists N ¢ N 
n 


such that |a,| < 1 forn > N. If py < p2 < o, then |a,|?? < |a,|?! for n > N so that 
Drew onl’? < Vy>y lonl?! < 00 and then }° cy |an|?? < 00, that is, || fp) < oo and 
therefore f € 2?2. @ 


Since the £? spaces are particular cases of the L? spaces, Hélder’s Inequality and 
Minkowski’s Inequality that we proved for the L? spaces hold for the £? spaces. Thus 
we have for instance the following inequalities. 


Proposition 17.22. Let (a, : n € N) and (B, : n € N) be two sequences of complex 
numbers. Let p,q € (1, &) be conjugates, that is, 1/p+1/q = 1. Then we have Holder's 
Inequality for series, that is, 


(a) Ye lenBrl < be a] [5 val?) 


neN neN neN 


For p € {1, 00), we have Minkowski’s Inequality for series, that is, 
1/p 1/p \/p 
(2) | Die + ba] < pata + | 
neN neN neN 


Proof. Consider the complex-valued functions f = (a, :n € N) and g = (6, : n € N) 
on the measure space (N, $8(N), v). By (1) of Observation 17.18, we have || fglli = 
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Drew lenBals Wfllp = [Scuen lenl?]'””, and Wella = [Xnen VBnl2]'”4. Then (1) is a 


restatement of (1) of Theorem 16.14 and (2) is a restatement of Theorem 16.17. & 


Observation 17.23. Consider a finite counting measure space (Nx, BN), v). A complex 
valued function f on Nj is a finite sequence of complex numbers f = (f(1),... , f(k)). By 
Definition 16.8, we have || fll p = [ Jy, LI? dv}? =[T&, F@IP]!”” € 10, 00) for p € 
(0, 00). By Definition 16.36, we have || f loo = maxj=,...,z | f(i)| € [0, 00). Let ® be the 
collection of all complex-valued functions on Nx. By Definition 16.22, L? (Nx, ¥(Nx), v) 
is the collection of all complex-valued functions f on Nx such that || |p < co for p € 
(0, co). Since this condition is satisfied by every f € &, we have L? (Ng, 33 (Nx), v) =. 
By Definition 16.42, L°° (Nx, $8(Nx), v) is the collection of all complex-valued functions 
f on Nx such that || flloo < 00. Since every f € ® satisfies this condition, we have 
L™{Ng, (Nz), v) = &. Thus we have L? (Ny, B(Ng), v) = ® for all p € (0, 00]. Since 
I|- lp isa norm on L? (Ng, $8(Nx), v) and L? (Ng, $8(Nx), v) is a Banach space with respect 
to the norm || - ||» by Theorem 16.23 for p € [1, 00) and by Theorem 16.43 for p = co, ® 
is a Banach space with respect to || - ||» for p € [1, oo]. 


Proposition 17.24. Let (a1,... , a) and (Bi,... , By) be two finite sequences of complex 
numbers. Then for p,q € (1, 00) such that 1/p + 1/q = 1, we have Hélder’s Inequality 


k k Upr_k Yq 
(1) > laiBil < [ dot? | [ ova | ; 
i=1 i=] i=1 


For p € [1, 00), we have Minkowski’s Inequality 


k 1/p k 
(2) [> lou + ai | < [> a 
i=l i=1 


For 1 < pi < p2 < ©, we have 


1 1 1/pi l k 1/p2 
(3) gl < zara | Dl] < arm | Doll] < ag ||. 


1/p 


k l/p 
+ [> a : 
i=] 


Proof. (1) and (2) are particular cases of Theorems 16.14 and 16.17. To prove (3), regard 
(a@1,... ,@%) and (B1,... , Bg) as two complex-valued functions on the finite counting 
measure space (Nx, $8(Nx), v). Since v(Nx) = k < 00, we have Mp(f) = k7!/? || f {p for 
p € (0, 00) and Moo = || flloo by Definition 17.1. By Theorem 17.4, we have Mi(f) < 
Mps(S) SMp,(f) $ Moo(f) for 1 < pi < pz $00. Since Ii flp = [Sky fail? |” for 
Pp €[1, 00) and II fJloo = maxj1,... 4 |ai|, (3) follows. Bf 


Proposition 17.25. On C*, let us define ||x\|p = {2&, |xil?}'/” for p € [1 00) and 
IIx lloo = Maxj=t,... ,k [xi] forx = (x1... x”) E C*. 
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(a) For every p € [1, oo], [| - |lp is anorm on C* and C is a Banach space with respect to 
the norm || - |lp- 
(b) For p € [1, 00), we have || - ||p = ll - lloo and for 1 < pi < p2 < ~ we have 


Ie lly Ws llar — Uh tp. 
(1) k < ki/pi s ki/p2 < Il + Iloo- 


Thus any two of the norms || - \|p for p € (1, 00] is a pair of equivalent norms. 


Proof. Every x = (x1,... , xg) € C* is represented as a sequence of k complex numbers. 
Thus C* is identified with the collection of all complex-valued functions on N;. Then by 
Observation 17.23, || - ||p is anorm on C* and C* is a Banach space with respect to the norm 
ll - |p for p € [1, oo]. 

For every p € [1, 00), we have |Jx{] = S_, jxi|P = [maxj=i,...,x bxil]? = |hxl}& and 
thus ||x||p > [lx |loo. The inequality (1) is from (3) of Proposition 17.24. Thus for every 
p € [1, 00) we have ||xl|p > [Ixlloo and k7/? |x|) < |lxlloo. This shows that |] - ||, and 
\| - loo are equivalent norms. This implies that any two norms in {|| - |, : p € [1, co}} are 
equivalent. 


Problems 


Prob. 17.1. Prove the following statements about the L? spaces on the Lebesgue measure 
space (R, 9)t,, ,,) by constructing counter examples. 
(a) For 0 < p <q < ©, we have 


(1) L?(R, Wt,, u,) BLI(R, Mt, u,), 
and 

(2) L?(R, Mt, u,) Z L4(R, Mt, W,). 

(b) For 0 < p < ©, we have 

(3) L?(R, Dt, w,) BD L°(R, Mt, w,), 
and 

(4) L?(R, Mt, w,) C L°(R, Mt, u,). 


Prob. 17.2. Given a measure space (X, 2(, 2). Let f € L?(X, 2l, x) for some p € (0, 00) 
and g € L®(X, 2, «). Show that fg €¢ L?(X, A, w) and II fgllp < If iipligllo. 


Prob. 17.3. Let (X, 2(, ~) be an arbitrary measure space. Let f be an extended real- 
valued {-measurable function on X such that f € L!(X, 2, w) A L©(X, A, w). Show 
that f € L?(X, A, ~) for every p € [1, ov]. 


Prob. 17.4. Let (X, 2, 4) be a finite measure space and let 1 < po < p. Let f € 
L?(X, A, w) and (fy :n € N) Cc L?(X, A, w) be such that 
1° dim, tn = f, p-ae. on X, 
2° Wl fallp < C for alln € N for some C > 0. 
Show that lim | fn — Fillp) = 0. 
n> 


Prob. 17.5. Let (X, 2, 2) be a measure space and let 0 < p) < p < p2 < 00. Show that 
LP(X, A, pe) C LP'(X, QW, w) + LP?(X, A, pw), 


§17 Relation among the L? Spaces 427 


that is, if f ¢ L?(X, Up), then f = g +h for some g € L?'(X, A, w) and some 
he L??(X, A, w). 

(Hint: Let D; = {x € X: |f(x)| > 1} and Dy = {x © X : |f(x)| < 1} and then let 
g = flp, andh = f1p,.) 


Prob. 17.6. Let (X, 2l, 4) be a measure space and let 0 < pi < p < p2 < o. Show that 
LP\(X, MW, pw) M LP2(X, A, uw) C LP(X, A, w), 
and in fact for every f € L?!(X, 2, w) MN LP?2(X, A, ~w) we have 
Wfllo SWS ISI. 
where A € (0, 1) is defined by 
1 1 
Galera =e 
pi(ap) pol — A)p] 
(Hint: For the case p2 < 00, write | f|? = | f}*?|f|"-”? and apply Hélder’s Inequality 
with conjugates pi(Ap)7! and po[(1 — Ap}! which are in (1, co).) 
This Problem states that if 0 < p; < p < p2 < ooandif || f|lp, < co and || fIlp, < ©, 
then || f lp < co and in fact | fllp < fir, Pale The result is interesting in that while 
LP'(X, Q, w) may not contain L??(X, 2, 4) and conversely L??(X, 2, 4) may not contain 
L?\(X, 2, w), their intersection is always contained in L?(X, 2, w) for any p € (pi, p2). 


Prob. 17.7. Let (X, 2U, 4) be an arbitrary measure space. Let 1 < p< q < ©. 

(a) Show that L?(X, 2, w) 1 L7(X, A, 2) is a linear space. 

(b) For f € L?(X, 2, uw) N LIX, A, yw), let us define || fl] = [I fllp + lf llg. Show that 
|| - || is a norm on the linear space L?(X, 2, w) N L7(X, A, pw). 

(c) Show that L?(X, 2, 2) N L7(X, A, ~w) is a Banach space with respect to the norm || - || 
defined above. 


Prob. 17.8. Given a measure space (X, 2, w) with w(X) € (0, 0). Let f be an arbitrary 
extended complex-valued 2l-measurable function on X. Let Mp(f) = If llp/ u(X)!/? for 
Pp € (0, 00) and Moo(f) = || f lloo. Show that for p € (0, 0), we have 

(a) Mp(f) tT Moo(f) as p t ov. 

(b) ee lf llp = lf lloo, and in particular || fllp * || flloo as p + 00 when y4(X) € (0, 1]. 


Prob. 17.9. Given a measure space (X, 2, 2) with w(X) € (0, 00). Let f e L™(X, Ql, w) 


and let &» = fy |f "du forn € N. Show that lim —*! = jj floc. 
n>0O On 


Prob. 17.10. Consider a partition of the open interval (0,1) into Dj = (0, 2-17) and 

De = (Siz 271, WL, 2-4] for k = 2,3, --». Let f be a function on (0, 1) defined by 
f(t) = V2 fort € Dy fork EN. 

Determine the range of p € (0, 00) for which f belongs to L,((0, 1)). 


Prob, 17.11. Consider the ([0, 1], Nt, wv Ne For an extended real-valued 907, -measurable 
: 1/2 

function f on [0, 1], we define [| f Ili = fio |fldv, and | fll2 = { ro.1) If? du,} He 

(a) Show that || - 2 = ll - lu and thus £7([0, 1], 99t,, #,) © L'((0, 1], Mt, 1,)- 

(b) Show that L? ([0, 1], 2, L,) is not complete with respect to the norm | - ||; on 
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L'([0, 1), Dt, #,). 


Prob. 17.12. Given a measure space (X, 2, 2). 

(a) Suppose (X, 20, jz) has a 2{-measurable set of arbitrarily small positive measure, that is, 
forevery € > O there exists E € 2( such that n(E£) € (0, €]. Show that there exists a disjoint 
sequence (E,,: n € N) in 2( with w(E,,) > 0 for every n € N such that fim, L(E,) = 0. 
(b) Suppose (X, 2, 2) has a 2(-measurable set of arbitrarily large finite measure, that is, 
for every M > 0 there exists E € 2( such that w(E) € [M, 00). Show that there exists a 
disjoint sequence (E,, : n € N) in 2( with w(En) € [1, 00) for every n EN. 

(This problem is a preparation for the next.) 


Prob. 17.13. Given a measure space (X, 2f, w). LetO < p <q < ©. Prove the following 
statements. 

(a) LP(X, WA, w) Z LI(X, A, w) if and only if (X, 20, ~) has a 2-measurable set of arbi- 
trarily small positive measure. 

(b) L?(X, A, wu) D LICX, A, wr) if and only if (X, 2, w) has a W-measurable set of arbi- 
trarily large finite measure. 


Prob. 17.14. According to Theorem 17.21, we have £? c £47 for0 < p <q < 0. Show 
that £2? 4 £47, 


Prob. 17.15. Let 0 < p; < p2. Show that 2?! > £?? does not hold. 


Prob. 17.16. Let (€, : n € N) be a sequence of positive numbers. Let p € (0, 1). Prove 
Dyer en = 00> Soe en <0. 
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[I] Bounded Linear Functionals Arising from Integration 


Let (X, 20, 4) be an arbitrary measure space and consider the Banach space L?(X, 2, 4) 
with p € [1, 00) consisting of the equivalence classes of extended complex-valued 2- 
measurable functions f on X such that { x |f|? du < co with the norm on the space given 


by Ifllp = Ly If? dy]'!?. For such a function f we have | f| < oo ae. on X. For 
Pp = &%, the Banach space L™(X, 2f, w) consists of the equivalence classes of essentially 
bounded extended complex-valued 2{-measurable functions f on X, the norm on the space 
\|f loo being the essential supremum of f on X. We shall show that for p ¢€ [1, 00] if 
g € L7(X, A, 2) where q is the conjugate of p and if we define a complex-valued function 
Le on L?(X, 2, 4) by setting Le(f) = de fgdp for f € L?(X, A, w), then Ly is a 
bounded linear functional on L?(X, 2, 2). 


For ¢ € C, let 
fg! forg £0, 
cent = || for ¢ = 0. 
Then 
1 forge £0, 
een | 0 fort =0, 
and 


f-sgnt = |t| foreverye €C. 
Theorem 18.1. For an arbitrary measure space (X, 2A, 4), consider L?(X, A, 4) where 


p é([l, co]. Let g € L7(X, A, w) where q is the conjugate of p, that is, 1/p+1/q = 1. 
(a) A complex-valued function Lz on L?(X, A, 2) defined by 


(1) eae i fedu for f ¢L?(X,2, u) 
X 


is a bounded linear functional on L?(X, A, p). 
(b) If p € (1, 0] and q € [1, 00), then 


(2) IZellx = [ella 
If (X, LU, w) is o-finite, then (2) holds for the case p = 1 and q = cw also. 


Proof. 1. By Hélder’s Inequality (Theorem 16.14 for the case p € (1, 00) and Theorem 
16.40 for the cases p = 1 and g = 00), we have 


Gh. Teen [tea 


<[ \feldu< If llpligllg for f ¢ L?(X, 2, w). 


Since || fllp < 00 and ||gilg < oo we have |Lg(f)| < oo, that is, Le(f) € C. The 
linearity of L, follows from the linearity of the integral with respect to the integrand. The 
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inequality (3) shows that |[g||q is a bound for the linear functional Ly and L, is a bounded 
linear functional on L? (X, 2, 4) with ||Lgllx < Ilgllg. To prove (2), it remains to show the 
reverse inequality ||Lgil+ > llelia- 

2. Let S(O, 1) = {f € L?(X, A, w) : Wf llp = 1}. Then Lele = suprese,1 ILe(S)I 
by Lemma 15.36. We construct fo € S(0, 1) such that |L(fo)| = |lgllg. With the existence 
of such fo € S(O, 1), we have ||Lglls = SUP reso, Le(f)| = [Le(fo)l = Ilgllg. The 
construction of fo is divided into three cases depending on the value of p ¢€ [1, oo]. If 
g=O0c€ L1(X, A, pu), then Le(f) = O for every f € L?(X, 2, w) so that Ly is the 
identically vanishing linear functional on L?(X, 2, 4) with ||Legllx = 0 = Igllg and (2) 
holds trivially. In what follows we assume g # 0 € L?(X, 2, 2) so that ||g|lq > 0. 

2a. If p € (1, 00) so that g € (1, 0) also, let 


fo = lIglly 4 Ig? | gre. 


Since p = q/(q — 1) and p(g — 1) = q, we have 


Iyalg = f teil? elY rare? dy 
x 


= isl? f teltmerel an 
= Ilellg? {f odu+ [ lg |? - 1au| 
(X:g=0} {X:970} 
= Weg? f Isl? du = tet hel = 1. 
Thus || follp = 1 so that fo € S(O, 1) C L?(X, 2, uw). By Lemma 15.36, we have 


[Zelx= sup |Le(f)| > |Le(fo)l 
feES(0,1) 


= | i fos an| = llely 4 
Xx 


fiet-'sere san 
Xx 
= Iigii-4 if lel?! Igldu = ligiit-# I lel? du 


= Iiglly “lglg = liglla- 


Thus we have ||Lellx = {Igllq in this case. 
2b. If p = coandq = 1, let fo = sgng. Then || folloo = 1 so that fo ¢ S(O, 1) C 
L®(X, 2, w). By Lemma 15.36, we have 


eer eG ,Pe(fOl 2 lest foo| 


lf ee || re eau 


= i leldu = llelh. 
X 
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Thus we have ||Zel|x = ||gll1 in this case. 

2c. Consider the case p = 1 and g = oo. For an arbitrary ¢ > 0, let Ag = {x € X: 
l2(x)| > Ilglloo — €}. Assume that ¢ > 0 is so small that ||glloo — € > 0. Since || glo is the 
infimum of all essential bounds of g, ||g|loo — € is not an essential bound of g and therefore 
p(A-) > 0. If we assume that (X, 2, 2) is o-finite, then there exists a 2{-measurable subset 


A of Ag such that (A) € (0, 00). Let 


fo= 


1, sgng. 
uA) 


Then 
1 1 
I fol = | ww idu=—— f du =i, 
poh wae UA) Ja 


Thus fo € S(O, 1) C L!(X, 2, 2). Then by Lemma 15.36, we have 


WLelle = Pe ea = |Lg(fo)| 


-lf Ive in| = | +e 


oo A 
= ay | lelau = To lllelen - educa) 
= Iglleo—€. 


By the arbitrariness of ¢ > 0, we have ||Lgllx = Ilglloo. & 


Let us note that when p = 1 and g = ov, the equality ||Lgllx = [lglloo may not hold 
without the assumption that (X, 2l, jz) is o-finite. 


Example. Let (X, 2l, 4.) be a measure space which has an atom with infinite measure, that 
is, there exists A € 2¢ with (A) = oo such that for every 2-measurable subset Ao of A 
we have either (Ag) = 0 or 4(Ao) = (A). With such an atom A, let g = 1,4. Then g € 
L©(X, 2, 4) with || 2 \]oo = 1. Consider the bounded linear functional Ly on L'(X, , 2) 
defined by Ly(f) = ty fgdu for f € L'(X,Q, uw). For an arbitrary f ¢ L'(X, A, y), 
we have fy |f|du < oo. This implies that the set E = {x EX: |fx)|F 0} is ag-finite 
set according to (f} of Observation 9.2. Thus there exists a sequence (E, : n € N) in 2 
such that Jen En = E and u(E,) < 00 for every n € N. Now E,,M A is a 2-measurable 
subset of A with u(E,M A) < w(En) < 00 and thus uw(E, M A) 4 w(A) = oo. Since A 
is an atom, this implies that w(E, M A) = 0. Since this holds for every n € N, we have 
HCE A) = Dey M(En OM A) = 0. This fact and the fact that f = 0 on E° imply 


LeN= | fedu=f fladu=f fan=o. 


Since this holds for every f € L'(X, A, u), we have Ly = Oand ||Lell, = 0 #1 = Ilglloo. 
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{11] Approximation by Simple Functions 


In Lemma 8.6 we showed that for an arbitrary nonnegative extended real-valued 2{-measurable 
function f on a measure space (X, 21, 2) there exists an increasing sequence (gy, :n € N) 
of simple functions on X such that gy, + f on X and moreover when (X, 2, 2) isa c-finite 
measure space gy, can be chosen to be jz-integrable for all n € N. Let us extend this result 
to extended complex-valued 2f-measurable functions. 


Let (X, 2, 4) be an arbitrary measure space. Let g be a complex-valued simple function 
on X. Then ¢ is p-integrable on X if and only if |g| is w-integrable on X according to 
Observation 16.3 and the real-valued simple function || is z-integrable on X if and only 
if w{X : |g] 4 0} < oo according to 6° of Observation 7.5. Thus a complex-valued simple 
function g on X is jz-integrable on X if and only if u{X : g 4 0} < oo. 


Lemma 18.2. For an arbitrary measure space (X, A, 1), let 8(X, A, w) be the collec- 
tion of all complex-valued simple functions on X and let 89(X, A, w) be the subcollection 
consisting of js-integrable members of 5(X, A, 1), that is, 89(X, A, w) = 8(X, A, w) 
LX, 2, pw). 
(a) For every extended complex-valued U-measurable function f on X, there exists a 
sequence (gp, : n € N) in 8(X, &, ) such that lim, gn = f on X and |gn| < |f | 
on X 
for every n € N. Moreover |@n| t |f| on X asn > om. 
(b) If (X, A, w) is a o-finite measure space, then the sequence (gn : n € N) in (a) can be 
chosen from 8o(X, A, 4). 
(c) If f € L?(X, A, w) and p € (0,00), then the sequence (gn : n € N) in (a) can 
be chosen from S(X, 2, 4) (without assuming o -finiteness of (X, 2, 1)). 


Proof. 1. Let f be an extended complex-valued 2{-measurable function on X. If we write 
f=eRft+isf ={A@Nt-MP) }+i[@N*-EN }, 

then each of (#f)+, (Rf)~, (SF)*, and (Sf)7 is a nonnegative extended real-valued 2A- 

measurable functions on X and thus by Lemma 8.6 there exist four increasing sequences of 

nonnegative simple functions (¢;,n :n € N), j = 1, 2,3,4, such that g},, t (RA), Gan t 

(RA, Y3,.n t (Sf)t, and g4,n t (Sf)~ on X. If we let g, = {P1,n —92,n}+i{G3,n —4,n} 

forn € N, then (g, : n € N) is a sequence in 8(X, 2, ~) and lim | Yn = f on X. Let 

n 

us show that |y,| < |f] on X for every n € N. We have 0 < gi, < (Rf)* and 

0 < gon < (Rf)~ on X foreveryn € N. Ateachx € X, at least one of (Rf)* and (Hf) 

is equal to 0. Thus for every n € N, at each x € X at least one of ¢1,, and ¢,, is equal to 

0. Similarly for every n € N, at each x € X at least one of 93,, and 94,n is equal to 0. Thus 

we have 

? = loin — G2nl? + 1030 — Panl? = {PEn + Bin} + {P3.n + PEn] 
2 272 2 -)2 

< {HAV +H{HN- PF +H{GNT}T + {CN} 


= (Rf? + IS FP =I 


ln 
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so that |g,| < | f| on X forn € N. Now Jim n = f on X implies fim, In| = |f| on 


X. Since gin t we have g?,, t fori = 1,... ,4 and then |gn|? + so that |gn| + |f| on X 
asn > Oo. 

2. Suppose (X, A, 2) is a o-finite measure space. Then there exists an increasing 
sequence (E, : n € N) in 2( such that Unen E, = X and u(En) < co for every n € N. 
By (a) there exists a sequence (gy, : n € N) in S(X, 2f, w) such that jim, Gn = f onX 
and |g,| < |f| on X for every n € N and |gy,| + |f| on X asn — oo. Foreveryn € N, 
let Wn = Gnlz,. Then vn € So(X, A, uw). Also |wnl < I@nl < |f| on X forn EN, 
For every x € X, we have x € E,, and thus W(x) = g(x) for sufficiently large n € N. 
Thus (dim, Vn(x) = jim, Qn(x) = f(x). Also |W] < l@| < |f] on X forn € N. Since 
(E, : n € N) is an increasing sequence we have 1g, t on X asn — oo. Then since |¢n| + 
on X asn — ov, we have |y,| t | f| on X asn > oo. 

3. Suppose f € L?(X, 2, ~) where p € (0,00). Let E = {x € X: |f(x)|? 4 O}. 
Let us show that E is ao-finite set. Forn € N, let £, = {x € X : [f(~)|? = 4}. Then 
(Ep : n € N) is an increasing sequence in 2( and Le, En = E. Now we have 


1 
~p(En) <| \f\P du <[ fl? du < co, 
n En X 


and therefore n(E,) <n dy | fl? du < oo for every n € N. This shows that E is ao-finite 

set. By (a) there exists a sequence (gy, : n € N) in S(X, 2, 2) such that fim, gn = f 

on X and [g,| < [f| on X for every n € N and [g,{ t |f| on X asn — ov. If we let 

Wn = Onl, then wp, € So(X, A, w) forn € N. Also |Wnl < |gn| < |f| on X forn EN. 

On E‘, we have f = 0 and also ¥, = 0 for every n € N and thus lim Wn = f trivially. 
n> 


On E, ifx € E then x € E, and hence y,(x) = ¢n(x) for sufficiently large n € N so that 
fim, Wn(x) = jim, Gn(x) = f(x). Thus Jim, Wn = f on X. Since |g,| t and lz, t we 
have |W t \flon X asn > oO. 


Theorem 18.3. Let (X, A, x) be an arbitrary measure space and let So(X, A, 2) be the 
collection of all the equivalence classes of j-integrable complex-valued simple functions 
on (X, 2, 4), the equivalence relation being that of 1-a.e. equality on X. Then we have 
(a) So(X, 2, 4) C L?(X, 2, w) for p € (0, co]. 

(b) So(X, 20, 14) is dense in L?(X, A, pw) for p € (0, co). 

(c) So(X, 2, 2) is not dense in L©(X, A, pw). 


Proof. 1. If g € So(X, 2, 1) then g assumes only finitely many values in C so that ¢ is es- 
sentially bounded on X and hence gy € L™(X, A, w). Thus So(X, 2, w) C LOX, A, w). 

Let p € (0,00). To show So(X, 2, ee Cc L?(X, Bp), let p € So(X, A, w). Then 
g= a 1cidp, where c; € C fori = 1,...,k and {D; : i = 1,...,k} is a disjoint 
collection in 2. Now the p- integrability of « gy is equivalent to the p- integrability of |e}. 
Thus we have fy |pjdu = pa i leila(Di) < ©. This implies that ~(D;) < oo for 
i=1,...,k. Then fy lo|? dp = Ea lci|?u(Di) < co so that g € L?(X, A, wu). This 
proves So(X, 2, uw) C L?(X, A, pr). 
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2. To show the denseness of So(X, 2l, 4) in L?(X, A, 4) for p € (0,00), let f € 
LP(X, 2, 4) be arbitrarily chosen. According to (c) of Lemma 18.2, there exists a sequence 
(gn : n € N) in So(X, 2, 2) such that (jim Gn = f on X and |gy,| < |f| on X for 


every n € N. Then we have |g, — f|? < {l@nl + {I}? < {21/1}? = 2?|f}?. Since 
f € L?(X, &, w), | f|? is w-integrable on X. Thus by the Dominated Convergence Theorem 
(Theorem 9.20) we have fim, ty lon—fl\Pdu= ty im, l@n — f |? du = 0. This shows 
that So(X, 2l, 42) is dense in L?(X, 2, 2). 

3. Let us show that So(X, 2l, 44) is not dense in L™(X, 2, 2) by constructing an exam- 
ple. Consider (R, 9, #,). Let f = lon R. Then || f loo = 1 and f ¢ L©(R, M,, 1,). 
Ifgeé So(R, MN, a then @ is a y,-integrable complex-valued simple function on 
(R, 9%, 44,) so that w, {R : g #0} < 00. Then yz, {R: g = 0} > 0. Now| f —g| =1on 
{R : g = 0} so that || f —@lloo = 1. Thus the open ball in L®(R, MN, , L,) with center at f 
and with radius 5 contains no elements in So(R, 9, ,). This shows that So(R, D,, 4,) 
is not dense in L®(R, 9, 4,). 


[II] A Converse of Hélder’s Inequality 


If g is an extended complex-valued {-measurable function on X in a measure space 
(X,%, 4), then |Igllq is defined by Ilgllg = {fy |fl?du}'/" if g € [1, 00) and IIgllq is 
the essential supremum of g on X for g = oo. In the next theorem, we show that if 
(X, 2, 4) is a o-finite measure space, then ||g||q is equal to the supremum of life fg dy| 
on the collection of all -integrable complex-valued simple functions f with |[fllp = 1 
where p is the conjugate of q. 


Theorem 18.4. Let (X, 2, 4) be a o-finite measure space and let So(X, A, 4) be the 
collection of all equivalence classes of -integrable complex-valued simple functions on 
(X, A, ww). Let g be an extended complex-valued A-measurable function on X such that 
|g] < wae. on X. Let p,q € [1, &] be conjugates, that is, 1/p +1/q = 1. Define 


Mq(g) = sup {| fy fgdu|: f € So(X, A, w) and | fllp = 1}. 
Then Mg(g) = lgllq. In particular g € L4(X, A, ) if and only if Mg(g) < oo. 


Proof. 1. We have So(X, 2, uw) C L?(X, 2) for every p € (0, co] by Theorem 
18.3. If f € So(X, A, u) and || fll, = 1, then by Hdlder’s Inequality (Theorem 16.14 for 
p,q € (1, &) and Theorem 16.40 for p = 1 andg = oo or p = © andgq = 1), we have 


[peau 


Thus Mg(g) < |lgllz. It remains to show that Mg(g) > |\gll¢. 

2. To prove M,(g) > llgllq we consider three cases for the value of p. 

2a. Consider the case p,q € (1,00). Now since (X, 2, 2) is a o-finite measure 
space, by (b) of Lemma 18.2 there exists a sequence (gn : n € N) in So(X, 2, 4) such 
that fim, Bn = gon X, lgn| < |[g| forn € N and |g,| t lg| on X asn — oO. By 


< i Ifeldy < If lipliglla = llglle. 
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Theorem 8.5 (Monotone Convergence Theorem) we have Jim, len|?du = [ lel? du 
and then jim, lgnllq = llgllg. If g = 0, that is, g(x) = 0 tobe. x € X, then |/gll, =0 


so that M,(e) > > |lgllg holds trivially. Thus consider g 4 0. Then |/gllz > 0. Since 
lim [lgnllg = llgllg there exists N € N such that ||gn||, > 0 form > N. In what follows 
no 


we consider n > N only. Let 


fn = I8nlly 4 Ignl?~! Sang. 
Since gn € So(X, A, w), we have fr € So(X, 2, 2). Moreover 


I fall = I gall? lanl YD? gE? ay 
= lenllg? f lgni*lsgn gl? dp 
Xx 


= IIgnlly? {| Odu+ | Ignl? - du 
{X:g=0} {X:g#0} 


= Weng” flenl® de = Weng Menll = 1, 


so that || fnl|p = 1. From the definition of f, we have 


| fal? = Hgnll? 9? lenl@- PP sgn gl? = enllg 1gnl? senal’. 


At x € X where g(x) # 0, we have |sgn g(x)| = 1 so that | f,(x)|? = gnllg “lgn(x)|?. 
At x € X where g(x) = 0, we have sgn g(x) = 0 and hence |[f,(x)|? = 0. Also 
lgn(x)| < |g(x)| implies g,(x) = 0. Thus |f,(x)|? = Wgnllg 7 1gn (x) I? holds trivially. 
Therefore | f,|? = Wgnllg “len holds on X. Since || frllp; Ilgnllg € (0, 00) the last equality 
on X implies || frgnll1 = ll fnllpllgnllq according to (b) of Theorem 16.14. Thus we have 


(1) | \fn8nlde = Wl fallpllgnllg = llenllq- 
x 
Now since lim |gn| = |g| and lim |gn|? = |g|? on X, Fatou’s Lemma (Theorem 8.13) 
3 . no n->0O 
implies 
(2) i Igl?du< limint f lgnl? du 
X n—>co Xx 


q 
= vimint | f Ufnsnldu| by (1) 
n-oo XxX 
. . ‘ . 
< timint  [ Uialau} since |gn| < lgl- 


But fg = Wgnilg “ \gnl?" 3gHE-g = lNgnllg “ Ignl9~" \g| > Oso that | fag] = fug. Then 


f peau]! 


3) Ill < lim inf 
Naw 


= {Mg(g)}? : 
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This proves ||g||, < Mq(g). 
2b. Next consider the case p = oo and gq = 1. If we let f = Seng, then we have 
SF € So(X, A, 2) and || fl]; = 1 so that 


ish =f isldu = f same edu = [ fgdp < Mi(g), 
X X x 


by the definition of M,(g). 

2c. Finally consider the case p = 1 and g = ov. For an arbitrary e > 0, let us define 
Ae = {x € X: |g(x)| => Moo(g) + ef. To show y(A,) = 0, assume the contrary, that is, 
LL(A,) > 0. By the o-finiteness of (X, 2l, 42), there exists a 2(-measurable subset A of A¢ 
with (A,) € (0, 00). Let 


f= 


1 
Seng 1a. 
atAy = 4 
Then f € So(X, 2, 2) and 


1 1 
lau =—— | eng it du=—— | HEX, 
I Makes yA) JA 
so that || fl; = 1. But 


1 
du = —— -glad 
jets <a | RAE: shady = cw I tela 


1 
nA) ——~{ Moo(g) + €} (A) = Moo(g) + €, 

contradicting the definition of Moo(g). Thus x(A,) = 0 and this implies that Moo(g) + € 
is an essential bound of g so that Moo(g) + € = |lgiloo. By the arbitrariness of ¢ > 0, we 
have Moo(g) = |Iglloo. WF 


Let p,g € [1, co] be conjugates. If g € L7(X, 2, w), then there exists a constant 
M > 0 such that ly fgdp| < M|| fllp for every f € L?(X, A, w). In fact by Hélder’s 
Inequality (Theorem 16.14 for g © (1,00) and Theorem 16.40 for g = | and g = 00), 
we have |fy fg du| < fy |fgldu < ligilallfllp forevery f € L?(X, 2, w) so that [lglg 
will do as M. A converse of this fact, that is, the existence of such constant M implies that 
g € L7(X, A, 2), is given next. It is essentially a rephrasing of Theorem 18.4. 


Theorem 18.5. (Converse to Hélder’s Inequality) Let (X, 2, uw) be a o-finite mea- 
sure space. Let p,q € [1,00] be conjugates. Let g be an extended complex-valued 
8A-measurable function on X such that |g| < oo a.e. on X. If there exists a constant M > 0 
such that fx fedu| < M\lfillp for every f € L?(X, U, u), then g € L49(X, A, 4) and 
lela <M. 


Proof. Suppose such constant M > 0 exists. Then we have 


sup {| fy fedu|:lIfilp=1} < ™. 
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Thus for M,(g) defined in Theorem 18.4, we have 


Mg(g) = sup {| fy fg dul : f € So(X, A, w) and If llp = 1} 
= sup {| fy fedu| Wf llp =1) <M < oo. 


By Theorem 18.4, this implies that g € L8(X, A, w) and ||gll; = Mg(g) <M. 


[IV] Riesz Representation Theorem on the L’ Spaces 


Let (X, A, 2) be an arbitrary measure space. In Theorem 18.1, we showed that if we define 
a function Ly on L?(X, 2, wu) with p € [1,00] and g € L7(X, 2, w) where gq is the 
conjugate of p by setting Le(f) = fy fgdu for f € L?(X, A, w), then Ly is a bounded 
linear functional on L? (X, 2f, w) and moreover ||Lel|+ = |lg\|g when p € (1, oo] and the 
equality holds when p = 1 provided that the measure space (X, 2(, 4) is o-finite. The 
Riesz Representation Theorem is a converse of this fact for p € [1, 00). 


Theorem 18.6. (Riesz Representation Theorem on L? Spaces with p € [1, 00) ) Let 
(X, A, uw) be a o-finite measure space. Let p € [1,0) and gq € (1, 0] be conjugates. 
Then for every bounded linear functional L on L?(X, Al, 2), there exists a unique g in 
L4(X, A, we) such that |\gllq = ||Lllx and L(f) = fe fg du for every f € L?(X, A, pw). 


Proof. 1. Consider first the case where (X, 2, jz) is a finite measure space. In this case, for 
every E € AM we have Se \Ve|P dp = ty 1lgdu = u(E) < oo so that lg € L?(X, A, pw). 
Let us define a complex-valued set function 4 on 2 by setting 


(4) ME) = Lg) for E € 2. 


We show that 8A and 3 are finite signed measures on 2 which are absolutely continuous 
with respect to yw on (X, 20). 

Now A(@) = L(1g) = L(O) = 0 so that (3tA)(B) = O and (8A)(B) = 0. To show 
the countable additivity of 3A and 3A, let (E, : n € N) be a disjoint sequence in 2 
and let E = |), <y En. The disjointness of (E, : n € N) implies that the sequence of 
partial sums (}°y_, 1g, : 2 € N) converges pointwise on X and 7, 1e, = 1x. Let 
us show that the sequence (4 lnine N) converges to 1g in the L? norm, that is, 
pee Vier lg ~ 1e|, = 0. Now since .(X) < 00 and since | ret 1 - 1g? <1, 
the Bounded Convergence Theorem (Theorem 7.16) implies that 


n n 
‘ P : P 
jim, | Dots — tel) = tim, f | ote — te)" ae 
k=1 k=1 
7 p 
= fig | Ste el an =o 


(Let us remark that this does not hold in L°°(X, 21, 44). Now the only possible values of 
Yy-1 1x, -1e on X areOand 1. Suppose p(E,) > Oforeveryn € N. Then foreveryn € N, 
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Drei Ry — Le = J on Enyy. Since w(En41) 4 0, we have || 7) 1g, — 1e||,, = 1. 
; n a 
Thus we do not have dim, | ee Ie, — Lel],, = 0.) 
Now as a bounded linear functional on L?(X, 2, w), L is continuous on L?(X, 2, 2) 
according to Theorem 15.32. Thus the convergence lim ee le, = 1g in L? norm 
n—-> Co 
implies 


te) =1( i 3248) = i (Sot) 
k=1 k=1 


n 
= lim D0 Lda) = D0 Le,), 
k=1 neN 


that is, ACE) = nen A(En). Thus for the real and the imaginary part of A, we have 
(RA)(E) = Ven (RA) (En) and (9A)(E) = Yo ey(SA)(En). This proves the countable 
additivity of A and 3A. To show that the two signed measures tA and SA are finite, let us 
note that from A(X) = L(1x) € C, we have (#A)(X), (3A)(X) € R. 

To show the absolute continuity of (tA) and (SA) with respect to ps, let E € 20 be such 
that u(E) = 0. Then 1g = 0 € L?(X, A, w) so that A(E) = L(g) = L(O) = 0 and then 
(3A)(E) = 0 and (8A)(E£) = 0. This proves the absolute continuity of A and 3A with 
respect to yz. Since y is a finite measure and (9A) and (3A) are finite signed measures, the 
Radon-Nikodym derivatives dRtA/dy and d3A/dp exist by Theorem 11.14. The finiteness 
of RA and 3A imply that dRA/dy and d3A/dy are yz-integrable on X by (c) of Observation 
11.19. Let 

, amX  (d3r 

(2) aes i +1 a 

Note that the jz-integrability of d3tA/dy and d3A/dy on X implies that |dRA/dpu| < co 
and |d3A/du| < 00 a.e. on X and therefore |g| < 00 a.e. on X. Now for every E' € 2l we 
have 


(3) Lg) = ACE) = (RA)(E) + i(8A)(E) 
di dS 
ge mess ae peer 
E du if, i 


Let g € So(X, 2, w) C L?(X, A, w). By (3) and by the linearity of L and of the integral, 
we have 


(4) L(g) = I pg du. 


Since L is a bounded linear functional on L? (X, 2, 2), (4) implies that 


(5) [esau = |L(y)| < IILllell¢llp- 
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Therefore we have 


sup {| fy Gg du| : 9 € So(X, A, w) and |lgl]p = 1} < ||LI]x < 00 


so that g € L7(X, 2, w) by Theorem 18.4. 
Now let f € L?(X, &, w). Since So(X, 2, 2) is dense in L?(X, 2, uw) by Theorem 
18.3, there exists a sequence (g, : n € N) in So(X, 2, 2) such that Jim, ln — fllp = 0. 


Then by the continuity of Z on L?(X, 2l, 4), we have 
6) Lf) = itm, Lon) = im, [ong du 
noo noo xX 


by (4). By Hélder’s Inequality (Theorems 16.14 for p € (1, 00) and Theorem 16.40 for 
p = 1), we have 


[fi emeau— fi feu 


Then since lim ||@n ~ f\|p = 0 we have 
n->Oo 


<f lon — flleldt < ton — fillelia- 
xX 


lim | mean =f fgdp. 
no xX xX 


Substituting this in (6) we have 


Lf) = i fedu for f ¢L?(X,Q, pw). 
xX 


Then ||L\|« = llellg by Theorem 18.1. 

2. Let (X, 20, 4) be a o-finite measure space. Then there exists an increasing sequence 
(E, : n € N) in Ql such that Unen E, = X and u(E,) < oo for every n € N. For each 
n € N if we let &, = 2M E, then 2, is a o-algebra of subsets of E, and we have a 
finite measure space (EF, 20, 4). Note also that (20, : n € N) is an increasing sequence of 
collections of subsets of X. (Indeedif E € A, = ANE, then E = ANE, forsome A € A. 
Then since Ey, C Enz) we have E = ANE, = ANE, NEny € AN Eng = Ay+1. Thus 
An C Ani.) Foreachn € Nconsider the finite measure space (E,,, 2,, 4) and the Banach 
space LP(En; Ap, 2). Forevery fy € L? (En, An, 1), let Ti be a function on X defined by 
setting fy = fy on En and f, =Oon Ef, Then fy fil? du = SE, [fnl? du < oo so that 
fan © L?(X, A, p). 

Let L be an arbitrary bounded linear functional on L?(X, 2, ~). Let us define acomplex- 
valued function L, on L?(E,, Ay, w) by setting 


(7) Ln(fa) = L(fn) for fa € L?(Ens Mn, 1). 


The linearity of L, on L?(E,,, Ap, ) follows from the linearity of L on L? (X, 2, 44). Also 


[Ln(fa)| = ILCfa)| S WLllell fallp = [Lllall fallp for every fy € L?(En, An, 12) so that 
|| || is a bound for the linear functional L, and thus L, is a bounded linear functional on 
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LP (En, Mn, w) with ||Lalle < [Li]. Since (E,, Wn, 4) is a finite measure space, by our 


results in 1 there exists gn € L4(En, Mn, w) such that |lgnllg = I|Lnilx and 
(8) Ln(fn) =f fagn dye for fy € LP En, &n 1) 
En 


Let us consider the functions g, forn € N. Each gp, is defined on E,,. Now for n < m we 
have E, C E, and 2, C 20,. Let us show that g, = gm a.e. on (En, Ay, w). Let E € A, 
be arbitrarily chosen. Then 


f-e,ap = Se, le -gndu since E C Ep, 
= L,(1z)_ by (8) since 1g € L? (En, Ay, 2) 
= L(Ig) by (7) 
=Lm(1z) by (7) since 1g € L? (Em, ms 1) 
= SE, le: gmdu by (8) 
= fr8mdu since E C En. 


Thus f;, du = fp 8m du for every E € Ay. By (a) of Proposition 9.16 this implies that 
8n = Bm ae. On (En, An, 4) forn < m. 

Let us define a function g on X as follows. We have g1 = go ae. on (Fj, 21, i). 
Redefine g2 on a null set in (£), 2, 4) if necessary so that g2 = g, on E). Foreachn e N 
we have gn = 2n+1 ae. on (En, B,, uw). Redefine g,4; on a null set in (Ey, M,, w) if 
necessary so that gn41 = gn on E,. Thus proceeding we have gn+1 = gn on Ep for every 
n €N. Let g be a function defined on X by setting g = g, on E, forn € N. For each 
néN, let g, be a function on X defined by setting g, = g, on E, and g, = 0 on E¢. Then 
we have fim, @n = g and |2,| t |g| on X as n —> oo. Since %, is 2(-measurable on X, the 


function g = lim 2, is 2{-measurable on X. 
noo 
Let us show that g € L7(X, 2, 2). For the case p € (1, 00) and gq € (1, 00), we have 
winery BS hear roa 
Sy lglidu = fim, Sy lgnl? dp = im, \l@nllZ by the Monotone Convergence Theorem 
(Theorem 8.5), and consequently we have 


lellq = jim, Wn ll _ jim, llenllq _ jim, Lallx < I|Lllx < 00 


so that g € L7(X, A, w). On the other hand for the case p = 1 and g = oo, we have 
Znlloo = Il8nlloo = Lnlle < ||Llle < 00 so that [Zn] < |[Lllk < co ae. on X. Then 
[2n| + |g| on X implies that |g| < ||Ll]. < 00 a.e. on X and thus g € L™(X, 2, 2). 
Let us show that L(f) = ty fgdforevery f € L?(X, 2, w). Let f € L?(X, A, pw). 
Since lim f-Le, = f pointwise on X and| f-1z,—f|? < {f-e,}+1F 1}? < 2P|f|P, we 
have Jim, \|f-1e, = FF = Jim, Sy \f le, —f|? du = 0 by the Dominated Convergence 
Theorem (Theorem 9.20) and thus Jim, lf -1e, — fllp = 0. Then by the continuity of L 
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on L?(X, Qk, jz) and by (7) and (8) we have 


L(f) = lim Lf -1e,) = lim La(f - 1e,) 


= lim fandu = lim / fn dp. 
noo En n—>Co 4 
Since | fn) < | fg} and since ty \fgidu < Wf ilpllgllg < 0, the Dominated Convergence 
Theorem again implies that (Jim, Sy fgndu = fy fim, fenrdp = Jy fgdp. Thus we 
have L(f) = ty fgdu forevery f € L?(X, A, yw). Then ||L||+ = llgllg by Theorem 18.1. 
3. To show the uniqueness of g, suppose there exist g1, g2 € L7(X, A, w) such that 
Lf) = fy fgjdu for every f € L?(X, A, u) for 7 = land 2. Let (E, : n € N) be 
an increasing sequence in 2( such that U,cj En = X and u(E,) < oo forn ¢ N. With 
f = 1s, € L?(X, A, pw), we have Jp, 8j 4h = fy fejdu = L(f) € C and thus gj 
is p-integrable on E,. If we let f = 1¢ for an arbitrary 2{-measurable subset E of En, 
then f € L?(X, M, 4) so that f, gjdu = fy fgjdu = L(f) for j = Land 2. Thus 
f pela = J ¢ 824 for every 2-measurable subset E of E,,. This implies that g1 = g2 
a.e. on E, by (a) of Proposition 9.16. Since this holds for every n € N, we have g1 = g2 
ae.onX. # 


The Riesz Representation Theorem on L?(X, 2, 4) holds for p,q € (1, 00) without 
assumption of o-finiteness of the measure space (X, 2, 4). 


Theorem 18.7. (Riesz Representation Theorem on L? Spaces for p € (1, 00)) Let 
(X, A, 2) be an arbitrary measure space. Let p,q € (1, 0) be conjugates. Then for every 
bounded linear functional L on L?(X, &, 12), there exists g € L4(X, A, 2) such that ||g\lq 
and L(f) = fy fg du for every f € L?(X, A, u). 


Proof. Let G be the collection of all o-finite sets in (X, A, 4). Then G is closed under 
countable unions. To show this, let (EZ, : n € N) be a sequence in G. Then for eachn € N, 
there exists a sequence (E,,, : k € N) in 2( such that Uren Eng = En and U(En,k) < 00 
fork € N. Let Fy = Ee ea Enx| for N € N. Then Fy € 2, u(Fw) < oo, and 
Uwen Fv = Unen En So that U,, cry En is a o-finite set. 

For an arbitrary E € G, consider the o-finite measure space (EF, 21M E, w) and 
L?(E, 20 E, w). For an arbitrary fe € L?(E, AN E, pz), let 


fe on£, 


1 fe = 
v7 fe O on£E*. 


Then I fellp = fy lfel? du = fel fel? du = \Ifellp < 00 so that fe € L?(X,%, pw). 
Let Z be a bounded linear functional on L?(X, A, w). Let us define a function Le on 


(2) Le(fe) =L(fe) for fe € L?(E, ANE, p). 


Then |Le(fe)| = |L(fe)| < Le fellp = ||Lll«ll fellp forevery fe € L?(E, ANE, pw). 
Thus ||Z||+ is a bound for the linear functional L~ on L?(E, 20.9 E, w) so that Ly isa 
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bounded linear functional on L?(E, &N E, pw) with ||Lells < ||Ll|+. Since (F, ANE, w) 


is a o-finite measure space, by Theorem 18.6 there exists a unique gz € LI(E, ANE, p) 
with lgellg = ||Le||+ such that 


(3) Ep I fege dy forevery fr € L?(E, ANE, w). 


Consider the collection {gz : E € G}. Let us show that if £}, Ey € G and E; C E> then 
SE, = SE, ae. on Ey. Leth; € L?(E1, AN E\, 4) and let hy = hy on Ej and hz = 0 
on E» \ E,. Then h2 € L?(Eo, 2 ia} E>, 1) and hy = ho. Now L(h) = Le, (hy) = 
Se, hige, du and since hi = hp we have 


LG) = Lh) = Le,(ho) = / 


Ey 


hog, du = / hign du. 
E, 
Thus we have L(h1) = Sr, hige, dp and L(h) = Se, hige, dy also for every hy € 
L?(E), 26M Ej, 2). Then by the uniqueness of representation, we have gz, = ge, a.e. on 
E|. Let 
M =sup{\lgellg : E € GS}. 


Since |lgzllg = ||Lell« < ||Lllx for every E € G, we have M < ||Ll|x. Let (E, :n € N) 


be a sequence in G such that jim, gz, llg = M. Let Eo = Unen En. Then Eo € G since 
G is closed under countable unions. 

Now for every n € Z+, (En, 2 En, w) is a o-finite measure space. Thus for the 
bounded linear functional Lz, defined on L? (En, 2M En, ) by (2), there exists gz, € 
L4(En, A En, 4) such that ||ge,Il¢ = ||Lz, lle < ||Lll« and 


LG / fe,ge,du forevery fr, € L?(En, AM Ens bt). 
En 


According to Theorem 18.4, forn € Z+ we have 


Igeqllq = sup {| fe, fen8e 4H|: fe, € So(En, AM En, 2) and || fe, lp = 1}. 


Since E, C Eo, we have gz, = 8x ae. on Ey and this implies |lgz,llq < Wg ilq for 
neéN. Thus M = lim |lge,llq¢ < Ilgzollg. On the other hand since Eg € G, we have 
n> 00 
lgzollg < M. Therefore we have ||gx, ||g = M. 
Let 8) = 2k, on Eo and gz, = 0 on E>. Let us show that 


L(f) =f f@r, du forevery f € L?(X, A, p). 
x 


Let f € L?(X, A, w) be arbitrarily fixed and let F = {x € X : |f|? # O}. By (f) of 
Proposition 9.2, F € ©. Since G is closed under unions, G := Eg UF € G. Then 
G \ Eo € G also. Since Eo C G and G \ Eo C G, we have gz, = gg ae. on Eo 
and gg\z, = gg ae. on G \ Eo. Let Se) = gx on Eo and 8g, = 0 on Ef. Define 
8G\Ey and gg similarly. Since Eo and G \ Ep are disjoint and their union is equal to G, 
we have 2p, + 8G\k = 8G ae. on X. The disjointness of Eg and G \ Epo also implies 
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that at every x € X, at least one of Zz,(x) and gG\z,(x) is equal to 0. Thus we have 
[Sk l4 + 18a\ e017 = lgcl? a.e. on X. Then fy |8z)|7 du + fy \Be\zol? du = fy Bal? du. 
But fy [8Gl? du = alg < M = fy |Beo|? du. Thus we have fy |8G\ rl? du = 0 and 
then 8G\z) = 0 ae. on X. Therefore Zz, = ZG, that is, Se = = BRouF ae. on X. Since 
f = 0on F*, we have f = 0 on (Eo U F)* and thus f = f -1gur. Then for our 
fe L(x, A, w), 


L(f) = Legur(f - leur) = ‘| f lgjur: 8&uF au 
EgUF 
=f ftmran= | ree, du 
x x 
by (2) and (3). 


From the uniqueness in the Riesz Representation Theorem we derive the following 
sufficient condition for a function to be in L7(X, 2, 4) where q € [1, oo]. 


Theorem 18.8. Given a o-finite measure space (X, 2X, w). Consider L?(X, A, yw) for 
p € [1, 00] and let q € [1, w] be its conjugate. Let g be an extended complex-valued 
A-measurable function on X such that |g| < co ae. on X. If f. yx Sg dp exists in C for 
every f € LP(X, A, 2), then g € L4(X, A, w). 


Proof. 1. According to Lemma 18.2, there exists a sequence of complex-valued simple 
functions (yg, : n € N) each vanishing outside of a 2{-measurable set with finite measure 
such that tim n = gon X and |¢,| < |g| on X foreveryn € N. Let f € L?(X, Q, pw). 
Since jim, Gn = g on X, we have jim, SGn = fg on X. By our assumption, ty Sedu 
exists in €, that is, fg is u-integrable on X. Since | f¢n| < | fg{ on X, by the Dominated 
Convergence Theorem (Theorem 9.20), we have lim Sy fondu = fy fgdu. Let us 
define functions Ly, n € N, and L on L?(X, 2, yw) by setting L,(f) = te fondu, neN, 
and L(f) = fy fed for f € L?(X, 2, uw). Since gy is a simple function vanishing 
outside of a 2l-measurable set with finite measure, gy, € L7(X, 2,2). Thus Ly, is a 
bounded linear functional on L?(X, 2, w) with ||Lalls = {lgnllg by Theorem 18.1. Since 
L(f) = jim, Li(f) for every f € L?(X, A, w), L is a bounded linear functional on 
L?(X, &, 2) by Theorem 15.89. 

2. Suppose p € [1, 00). Since L is a bounded linear functional on L? (X, 2, 2), there 
exists a unique h € L4(X, 2, w) such that L(f) = ty fhdyp for f € L?(X, A, w) by 
Theorem 18.6. But L(f) = ty fgdyp for f € L?(X, A, uw). Thus by the uniqueness, we 
have g =h € L7(X, A, pw). 

3. For the case p = ov, since L is a bounded linear functional on L©(X, 2, 4), we 
have | fy fg du| = |L(f)| < IILllsllflloo. Let 


f Z-|gl"' where g 40, 
0 => 
0 where g = 0. 
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If g = Oae. on X, theng € L'(X,2,y). Ifulx e X: g(x) # 0} > O, then we 
have p{x € X : | fo(x)| = 1} > O. Since [fo] < 1 on X, we have || folloo = 1 and 
fo € L©(X, A, 2). This shows that g € L'(X, 2, u). 


Problems 


Prob. 18.1. Let (X, 2f, ~) be an arbitrary measure space and let p € (1,00). Consider 
(fain eN) Cc LP(X, A, w) and f € L?(X, A, w). Show that the sequence (f, :n € N) 
converges weakly to f in L?(X, 2, w) if and only if 

1° | fallp < M foralln € N for some M > 0, 


2° lim fp fadu = fp, f du for every E € A with (EL) < oo. 

noo 
Prob. 18.2. Let (X, A, ~) be a o-finite measure space. Let p € [1, 00) and let g € (1, 0] 
be the conjugate, that is, 1/p +1/q = 1. Let g1, g2 € L7(X, A, w). Suppose 


Sy faidu = fy fgodu forevery f € L?(X, 2, u). 
Show that g) = go, u-a.e. on X. 
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§19 Integration on Locally Compact Hausdorff Space 
[1] Continuous Functions on a Locally Compact Hausdorff Space 


Let us review some topological notions in order to fix the terminology. By a neighborhood 
of a point x in a topological space X we mean an open set V containing x. A topological 
space X is called a Hausdorff space if for every pair of distinct points x and y in X there 
exists a pair of disjoint neighborhoods U and V of x and y respectively. A set K ina 
topological space X is called a compact set if for an arbitrary collection % of open sets in 
X such that K Cc Uvex V there exists a finite subcollection {Vj,... , Vy} of 23 such that 
Kc US V;. We refer to a collection of open sets whose union contains a set as an open 
cover of the set. Thus a set is a compact set if every open cover of it has a finite subcover. 
It follows then that an arbitrary intersection of compact sets is a compact set and a finite 
union of compact set is a compact set. A set which is a countable union of compact sets is 
called a o-compact set. 


Proposition 19.1. A compact set K in a Hausdorff space X is always a closed set. 


Proof. If K = X or K = G, then K is a closed set. Suppose K # X and K # Y. To 
show that K is closed, we show that K° is open. We have K* # @. For every x € K and 
y € K*, there exist disjoint neighborhoods U,,y and V;,y of x and y respectively by the 
Hausdorff property of X. Let y € K° be fixed. The collection {U,,y : x € K} is an open 
cover of K. Since K is a compact set a finite subcollection covers K. Thus there exist 
x1... x0 € K such that K C USL, Us,,y. Let U = Uf Us;,y and V = (Yili Vaj,y- 
Since Ux,,y O Vxj,y =Mforj=1,... ,N, we have Ux,,y NV =@forj =1,...,N and 
then UM V = @. Since K C U, we have KN V = @ and then V C K°*. Thus for an 
arbitrary y € K° there exists an open set V containing y and contained in K°. This shows 
that K*° is an open set. 


Proposition 19.2. If K is a compact set and C is a closed set in a topological space X, then 
K NC is a compact set. 


Proof. Let 23 be an arbitrary collection of open sets such that K VC C Uyeu V. Now C¢ 
isan open setand K\C = KNC* Cc C°. Thus K C (Uyeas V)UC®. Since K is acompact 
set, there exists a finite subcollection {Vj,... , Vy} of MI such that K C VjU---UVWUC. 
Then KNC C(WU-s-UVNUCINC C(YU---U Vn) U(CE NC) = VU Uy, 
This shows that an arbitrary open cover of K 1 C has a finite subcover. Thus K NC isa 
compact set. i 


Observation 19.3. Let 9 be the collection of all open sets and & be the collection of all 
compact sets in a Hausdorff space X. Then 

(a) o (®) C Bx, 

(b) o(f) = By if X is a o-compact set. 


Proof. A compact set in a Hausdorff space X is a closed set by Proposition 19.1 and is a 
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member of 83x. Thus & C By and then o(f) C By. This proves (a). Suppose X : a 
o-compact set. Then there exists a sequence (K; : j € N) in & such that X = J jen K 

Let O € D. Then Of = OCNX = U; jen(O° Kj). Since OF is aclosed set and K; € & 
we have O° Kj € &. Then O° =U; ien(O% M Kj) € o(K) and hence O € a(R). 
Thus 9 C o(SK) and then o(D) Cc o(&), that is, By C a(K). Then by (a), we have 
a(R) = By. a 


Definition 19.4. A topological space X is called a locally compact space if every point x 
in X has a neighborhood V such that V is a compact set. 


According to the Heine-Borel Theorem, a set in R” is a compact set if and only if it is 
a bounded and closed set. It follows then that R” is a o-compact set and a locally compact 
Hausdorff space. 


Proposition 19.5. Let X be a locally compact Hausdorff space and let O be an open set in 
X. Then for every x € O, there exists a neighborhood V of x such that V C O and V is 
compact. 


Proof. Let x € O be arbitrarily fixed. Let W be a neighborhood of x such that W is a 
compact set and let Op) = OM W. Now Oo C W implies Op C W. Thus Oo is a closed 
set contained in a compact set W so that it is a compact set by Proposition 19.2. Then 
K := 00\ 00 = OoN O5, being the intersection of a compact set and a closed set, is a 
compact set. 

Now if K = @, then Op = Oo C O so that if we let V = Op then V is a neighborhood 
of x such that V C O and V is a compact set. 

Consider the case K # %. Since x € Oo, x ¢ K. For every y € K, there exist 
disjoint neighborhoods Uy and Vy of y and x respectively. We may assume that Vy C Oo 
by intersecting Vy with Oo if necessary. Now since {Uy : y € K} is an open cover of the 
compact set K, there exist y1,... , yw € K such that K C jer Uy, Letu = Wer Uy, 
and V = (Vj, Vy,. Then UNV = 9, K C U,V C Op, and V is a neighborhood of x. 
NowV C Oo\U C Oo \U= OoNUS. Since Oo N US is a closed set, we have 


Vc OoNU = O0\U C O0\ K = 00 \ (00\ 00) = OC O. 


Since Oo is a compact set and US is a closed set, Og M US is a compact set by Proposition 
19.2. Then the closed set V contained in the compact set Oo M U‘ is a compact set. 


Proposition 19.6. Let X be a locally compact Hausdorff space. If K is a compact set, O is 
an open set and K C O, then there exists an open set V such that V is a compact set and 
KcVCVCQO. 


Proof. Let x €¢ K. By Proposition 19.5, there exists a neighborhood V, of x such that 
V, Cc O and V;, is a compact set. The collection {V; : x € K} is an open cover of 
the compact set K and thus there exist x1,...,xjy © K such that K C U; j=l Vx. Let 


V= Ue V,;. Then V= Uy VC Oand V, being a finite union of compact sets, is a 
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compact set. @ 


Definition 19.7. Let f be a real-valued function on a topological space X. The support of 
f is defined to be the closure of the set {x € X : f(x) #0}. We write supp{ f} for this set. 


Observation 19.8. For real-valued functions f and g on a topological space X and for 
A € R, we have 

(a) supp{ f + g} C supp{ f} U supp{g). 

(b) supp{f} = supp{ f} if 4 #0. 

(c) supp{ fg} C supp{ f} M supp{g}. 


Proof. 1. If f(x) + g(x) 4 0 for some x € X, then either f(x) 4 0 or g(x) ¥ 0 or both. 
Thus {x € X: f(x) + ge(x) $0} Cc {x EX: f(x) FO} U {x E X: g(x) F O}. Then 
(a) follows from the fact that for any three sets A, B, and C such that A C BUC, we have 
ACBUC=BUC. 

2. For A 4 0, we have {x € X : Af(x) 40} = {x € X: f(x) # 0}. (b) follows from 
this equality. 

3. Note that {x € X : f(x)g(x) 4 O} = {x Ee X: f(x) FO}N {x € X : gx) FO}. 
Since A = BNC implies A= BNC C BNC, (c) follows. w 


Definition 19.9. Let X be a topological space. We write C,(X) for the collection of all 
continuous real-valued functions f on X such that supp{ f} is a compact set. 


Let us note that C,(X) isa linear space. Indeedif f, g € C-(X), then {+g isacontinuous 
function on X and furthermore by Observation 19.8, supp{f + g} C supp{ f} U supp{g} 
so that supp{ f + g} being a closed set contained in a compact set supp{ f'} U supp{g} is a 
compact set. Similarly if f € C.(X) and A € R, then Af € C,(X). 


Remark 19.10. If X is a Hausdorff space, then the collection of all real-valued continuous 
functions on X that have compact supports is identical with the collection of all real-valued 
continuous functions on X that vanish outside of compact sets. 


Proof. Let f be a real-valued continuous function on a topological space X. If supp{f} is 
a compact set, then f vanishes outside of a compact set. Conversely, if X is a Hausdorff 
space and if f vanishes outside of a compact set K, then E := {x € X: f(x) #0} C K. 
Since X is a Hausdorff space, K is a closed set by Proposition 19.1 so that E C K. Then 
Eisa compact set by Proposition 19.2 so that f has a compact support. # 


Theorem 19.11. (Urysohn’s Lemma) Let X be a locally compact Hausdorff space. Let K 
be a compact set and V be an open set in X such that K C V. Then there exists f € C-(X) 
such that 

1° f(x) € (0, 1] forx € X. 

2° f()=l1forxe K. 

3° supp{f} c V. 
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Proof. Let Q be the collection of all rational numbers in (0, 1]. Let us show that there exists 
a collection {V,; : r € Q} of open sets in X such that 


(i) V, is acompact set for every r € Q. 
(ii) V, DV; forr,s € Q such thatr <s. 
(iii) V D Vo and Vj > K. 


Applying Proposition 19.6 to the compact set K contained in the open set V, we have an 
open set Vo such that Vo is a compact set and K C Vo C Vo CV. Applying Proposition 
19.6 again to the compact set K contained in the open set Vo, we have an open set V; such 
that V, is a compact set and K C Vi C Vi C Vo C VoC V. Let {rj : J € Z4} bean 
arbitrary enumeration of the elements of Q with ro = 0 andr; = 1. Now suppose for some 
n > 1, we have selected open sets V,,,... , V;,, such that sae je Vw are compact sets 
and V,, C V,, for rj > rj. Consider rn41. We have 0 = ro < rangi <r = 1. Let 7; be 
the greatest among those of ro,... , » that are less than 7,41 and let 7; be the least among 
those of ro,... , Tn that are greater than rn41. By Proposition 19.6, there exists an open set 
Ving, Such that V,,,, is a compact set and v,, C Vinay C Vina © Vr. By induction on 
n € Z4, we have a collection of open sets {Vi :r € Q} satisfying conditions (i), (ii), and 
(iii). 

With the collection of open sets {V, : r € Q}, let us define two collections of functions 
{fr :r € Q} and {g, : s € Q} onX by setting 


epee Vp, 1 ifx EVs, 
f(x) = . and g;(x) = : 
0 otherwise, s otherwise. 


Let f = sup,eg fr and g = infseg gs. The characteristic function of an open set is lower 
semicontinuous and that of a closed set is upper semicontinuous by Observation 15.81. Thus 
J, is lower semicontinuous and g, is upper semicontinuous. Then by Theorem 15.84, f is 
lower semicontinuous and g is upper semicontinuous. Clearly f(x) € [0,1] forx € xX, 
f(x) = 1 forx € K, and supp{f} c V. 

Since f is lower semicontinuous and g is upper semicontinuous on X, to show that f 
is continuous on X it suffices to show that f = g on X. Let x € X be arbitrarily fixed. 
Suppose f(x) > gs(x) for some r,s € Q. Then the definitions of f, and gs imply that 
r>s,xéV,andx ¢ V;. Butr>s implies V, C V;, contradicting the statements x € V, 
andx ¢ Vs. Thus f,(x) < &s(x) for all r,s € Q. Now suppose f(x) < g(x). Then there 
exists r,s € Q such that f(x) <r <s < g(x). But f(x) <r implies f-;(x) <r and then 
x ¢ V, and g(x) > s implies g,(x) > s and then x € V,. This contradicts the fact that 
V; C V;. Thus we have f(x) = g(x). This shows that f = gonX. w 


Theorem 19.12. (Partition of Unity) Let X be a locally compact Hausdorff space. Let K 
be a compact set, V|,... , Vn be open sets in X such that K C Vi U---U Vy. Then there 
exist fi,..., fn € Co(X) such that 


1° fi(x) € (0, 1] forx € Xfori=1,...,n 
2° supp{fi} C Vi fori=1,...,n 
3°) fi(x) +--+ + fax) = Lforx € K. 
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Proof. For every x € X, {x} is a compact set. If x € K, then {x} C V; for some 
i=1,...,n. Thus by Proposition 19.6, there exists an open set W, containing x such that 
W,, is a compact set and W, C V;. Then {W, : x € K} is an open cover of the compact 
set K so that there exist x},... , xy © K such that K C W,, U---U W,,. Now each Wy; 
is contained in some V;. For i = 1,... ,n, let C; be the union of those Wx, which are 
contained in C;. Then C; is a compact set contained in the open set V; so that by Theorem 
19.11 (Urysohn’s Lemma) there exists g; € C,(X) such that g;(x) € [0,1] forx € X, 
gi(x) = 1 forx € Cj, and supp{g;} C V;. Let us define 


fi = 81; 
f2 = {1 — gi}eo, 


fn = {1 — gi}{1 — g2}--- {1 — 8n-1}8n- 


Clearly fj is a continuous function on X and fj(x) € [0,1] for x € X. Also supp{ fj} C 
supp{gi} C V; by (c) of Observation 19.8. This shows that f; € C,(X). By induction on n 
it is easily verified that 


fitors + fy = 1—{1 = gil{l = gah (1 = gad. 


Since K C Ci U---UC,, each x € K is insome C; so that gj(x) = 1. Thus foreachx € K, 
we have | — g;(x) = 0 for some i = 1,... ,m and therefore fi(x)+---+ fn(x)=1. 


Observation 19.13. In R” every open set is a o-compact set. 


Proof. Let 9 be the collection of all subsets of R” of the form [a),b;] x - x [@n, bn] 
where dj,... ,@n,b1,..., by, are rational numbers. Such a set is a compact set in R”. 
Since the set of all rational numbers is a countable set, it follows that 9 is a countable 
collection of compact sets. Let O be a non-empty open set in R”. Then for every x € O 
there exist rational numbers a1,... , dy, b1,... ,b, such that x € [ay, bj] x - x [an, by] and 
[a1, 51] x - x [an, bn] C O. Thus for every x € O there exists Q, € 2Q such that x € Qy 
and Q, C O. We have U).<9 Qx C O. On the other hand O = LU, <9{x} C Uxeo Ox. 
Thus we have O = Uxeo Qx. Now {Q, : x € O}, being a subcollection of the countable 
collection 2, is a countable collection. Thus O = U,<g Qx is a countable union of 
compact sets. This shows that O is aa-compact set. @ 


Proposition 19.14. Let X be a locally compact Hausdorff space. Let O be an open and 
o-compact set in X. Then there exists an increasing sequence (fn :n € N) in C.(X) such 
that lim f, = lo. 

n-> OO 


Proof. Since O is a o-compact set in X there exists a sequence of compact sets in X, 
(Ky : n € N), such that Uy Kn = O. Let us define a sequence (f, : n € N) in 
C-(X) inductively as follows. Now since K is a compact set contained in an open set O 
in a locally compact Hausdorff space X, there exists fj; € C-(X) such that 0 < fi < 1, 
supp{fi} Cc O, and f; = 1 on K; by Theorem 19.11 (Urysohn). For n > 1, there exists 
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Jn € Cc(X) such thatO < f, < 1, supp{f,} C O, and f; = 1 on the compact set 
( = Kj) U (UA supp{ fj}) by Theorem 19.11. Thus defined (fy : » € N) is an 
increasing sequence in C,(X) such that f,(x) ¢ 1 for every x € O. Therefore we have 
lim | In=l1o. i 

iH 


[II] Borel and Radon Measures 


Notations. Unless otherwise stated, X is a Hausdorff space, $9 y is the collection of all open 
sets in X, fx is the collection of all compact sets in X, and 8 be the Borel o-algebra on 
X, that is, By = a(x). 


Definition 19.15. Let X be a Hausdorff space. Let Ox, Kx, and By be respectively 
the collection of all open sets in X, the collection of all compact sets in X, and the Borel 
o-algebra of subsets of X. We call a measure on (X, Bx) a Borel measure on X. 

(a) Let yt be a Borel measure on X and let E € By. 

1° We say that w is outer regular for E if 


(1) u(E) = inf {u(0): OD E,O € Dx}. 
2° We say that w is inner regular for E if 
(2) u(E) = sup {u(K): K C E,K € &x}. 


3° We say that wu is regular for E if y is both outer and inner regular for E. 

(b) Let € be an arbitrary subcollection of 8x. We say that js is outer regular for €, inner 
regular for €, or regular for € according as y is outer regular, inner regular, or regular for 
every E € €. 

(c) We say that ws is outer regular, inner regular, or regular according as x is outer regular, 
inner regular, or regular for By. 


Let (X, 20, ~) be an arbitrary measure space. Let A, B € 2, A C B, and assume 
that (A) < oo. Then for an arbitrary ¢ > 0, we have u(B \ A) < e« if and only if 
L(B) — w(A) < &. The following equivalent conditions for outer regularity and inner 
regularity of a Borel measure yz for E € yx is based on this basic fact. 


Lemma 19.16. Let be a Borel measure on a Hausdorff space X. 
(a) Let E € By and p(E) < w. Then 


(1) ut is outer regular for E <> Ve > 0,30 € Ox, OD Eandu(O\ E) <e. 
(2) wisinner regular forE = Ve >0,4K € x, K C EandwlE \ K) <e. 


(b) Let E € Bx and u(E) = oo. Then 


(3) py is outer regular for E. 
(4) pis inner regular for E <= YM >0,4K € Rx, K C Eandp(K) > M. 
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Proof. 1. Let us prove (1). Let E € By and u(E) < oo. Suppose yz is outer regular for 
E, that is, we have uw(E) = inf {u(O) :ODE,OE Dx}. Then for every ¢ > 0 there 
exists O € Oy such that O > E and w(O) < w(E) +6. Then since p(E) < 00, we have 
H(O\ E) = u(O) — WE) <e. 

Conversely suppose for every € > 0 there exists O € Oy such that O D E and 
(0 \ E) < €. Then since u(E) < 00, we have n(O \ E) = u(O) — p(E) and thus 
L(O) — w(E), &. This shows that for every ¢ > 0 there exists O € Dy such that O D E 
and 4(O) — (E) < ¢, that is, u(E) = inf {u(O) : OD E,O € Dx}. 

2. (2) is proved by the same argument as above. 


3. Let us prove (3). If E € Bx and u(E) = oo, then for every O € Dy such that O D 
E we have (0) > u(E) = oo. Then inf {u(O): O D E,O € Ox} = 0 = (EZ). 
This shows that y is outer regular for E. 


4. Let us prove (4). Let E € By and (EL) = oo. Suppose yp is inner regular for E. 
Then we have sup {u(K): K C E,K € &x} = u(E) = 00. Then for every M > 0 there 
exists K € &x such that K C E and w(K) > M. 


Conversely suppose for every M > 0 there exists K € Ry such that K C E and 
u(K) = M. Then we have sup {u(K) : K C E, K € &x} = 00 = w(E). this shows that 
jis inner regular for E. @ 


We show next that if a Hausdorff space X is such that every open set in X is a-compact 
set, that is, a countable union of compact sets, then every Borel measure yz on X is inner 
regular for x. Note that IR” is such a space by Observation 19.13, 


Observation 19.17. Let X be a Hausdorff space such that every open set in X is ao-compact 
set. Then every Borel measure yw on X is inner regular for O x. 


Proof. Let O € Ox. Since O is a o-compact set, there exists an increasing sequence 

(Ky :n €N) in Rx such that lim Kn = Unen Kn = O andthen lim (Kn) = u(O). 
n->0o0 n—> 00 

Now if 4(O) < oo, then for every € > 0 there exists n € N such that u(K,) > w(O) — «, 

that is, w(O \ Kn) < €, so that y is inner regular forO by (2) of Lemma 19.16. On the other 

hand if %(O) = oo, then for any M > 0 there exists n € N such that w(K,) > M. Thus yu 

is inner regular for O by (4) of Lemma 19.16. # 


Outer regularity for 3 y or inner regularity for 38 can be used to prove the identity of 
two Borel measures that are equal on x or equal on fx respectively. 


Proposition 19.18. Let 42) and 12 be two Borel measures on a Hausdorff space X. 
(a) If 41 and j12 are outer regular for Bx and 1 = 20n Dx, then pw, = 2 on By. 
(b) If 1 and j22 are inner regular for By and 4, = p42 on Ky, then 1, = 2 on By. 


Proof. Suppose jz; and j22 are outer regular for By and 1 = po on Ox. Then for every 
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E € Sx we have by (1) of Definition 19.15 
u1(E) = inf {u1(0): OD E,O € Dx} 
= inf {42(0): OD E,Oe Dy} 
= 12(E). 


Thus p41 = 2 on By. This proves (a). Then (b) is proved likewise with (2) of Definition 
19.15. @ 


Definition 19.19. A Radon measure is a Borel measure tt on a Hausdorff space X such that 
pt is outer regular for By, inner regular for Ox, and finite on Kx, that is, 


1°. outer regularity for Bx: w(E) = inf {u(O) :ODE,O€E Ox} for every E € By, 
2° inner regularity for x: 4(O) = sup {u(K) :KCO,Keée Rx} for every O E Dy, 
3° finiteness on Rx: (K) < 00 for every K € Kx. 


A Radon measure jz on a Hausdorff space X is outer regular for 8 y but it is not required 
to be inner regular for 83. We show next that if a Radon measure yz on a Hausdorff space 
X is ao-finite measure then yu is inner regular for Sy and hence regular for By. 


Proposition 19.20. (a) Every Radon measure jz on a Hausdorff space X is inner regular 
for every E € Bx with w(E) < oo. 

(b) Every o-finite Radon measure tp on a Hausdorff space X is inner regular for Bx and 
hence regular for x. In particular every finite Radon measure is regular for By. 


Proof. 1. Let us show first the 4 is inner regular for every E € By with u(E) < oo. By 
the outer regularity of 4. for E, for every ¢ > 0 there exists O € Oy such that O D EF and 
u(O \ E) < § by (1) of Lemma 19.16. Then by the inner regularity of » for our O € Dx 
with u(O) < ov, there exists C € Ry such that C C O and p(C) > w(O) — 3 by (2) of 
Lemma 19.16. Since y is outer regular for O \ E € By and since u(O \ E) < oo, there 
exists V € Dx such that V D O \ E and p(V) < w(O \ E) + & < § by (1) of Lemma 
19.16. LetK =C\V=CNV°eE Rx. Then K CO\(O\ E)=E and 


M(K) = w(C\ VY) = w(C) — W(C NV) 
> u(O) — 5 — WV) > WE) —«. 


This shows that y is inner regular for E by (2) of Lemma 19.16. 

2. Let E € Bx. If wis ac-finite measure on Bx, then every E € Bx is a o-finite 
set. If w(E) < 00, then wy is inner regular for E by our result in 1. If w(E) = oo then 
the o-finiteness of E implies that there exists an increasing sequence (E, : n € N) in Bx 
such that 2(E;,) < oo forn € N and Unen E, = E. Let M > 0 be arbitrarily given. 
Since jim, (En) = U(E) = 0, there exists N € N such that n(Ey) => M +1. Since 
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En € By and uw(En) < 0, pw is inner regular for Ey by our result in 1. Thus there exists 
K € Rx such that K C Ey and u(Ey) — 1 < u(K) by (2) of Lemma 19.16. Thus for an 
arbitrary M > 0, we have K € fy such that K C Ey C Eandy(K) > w(En)—-1> M. 
This shows that jz is inner regular for E by (4) of Lemma 19.16. This shows that y is inner 
regular for By. @ 


Corollary 19.21. Every Radon measure 2 on a compact Hausdorff space X is a finite 
Radon measure and hence regular for Bx. 


Proof. Since X is a compact Hausdorff space we have X € fx. Then since uz is a Radon 
measure we have 4(K) < 00 forevery K € &x and thus in particular we have .(X) < 00. 
Thus ju is a finite Radon measure and then wp is regular for 93 by Proposition 19.20. 


Proposition 19.22. Let X be a o-compact Hausdorff space. Then every Radon measure 4 
on X is inner regular for 8x and hence regular for By. 


Proof. o-compactness of X implies that there exist a sequence (K,, : n € N) in Ry such 
that X = UneN Ky. Since is a Radon measure on X, we have u(K;,) < oo forn € N. 
Then yz is a o-finite Radon measure on X and thus by Proposition 19.20, yz is inner regular 
for By. 


As we showed above, a o-finite Radon measure yz on a Hausdorff space X is regular for 
%Sx, that is, both outer and inner regular for 8x. This has the following consequence. 


Theorem 19.23. Let 2 be a o-finite Radon measure on a Hausdorff space X. We have: 

(a) For every E € Bx and eé > 0, there exist an open set O and a closed set C such that 
CcECOandp(O\C) <e. 

(b) For every E € 8 x there exist a Gs-set G and a F,-set F such that F C E C Gand 
u(G \ F) =90, 


Proof. 1. o-finiteness of the measure on (X, By) implies that there exists an increasing 
sequence (A, :n € N) in By such that u(A,) < oo form € N and U2 An = X. For 
E € By, if we let E, = EO A, forn € N, then (E, : n € N) is an increasing sequence 
in By such that w(E,) < oo forn € N and Unen E, = E. Since yp is outer regular for 
%3x and since u(E;,) < 0, for every € > 0 there exists an open set O, D E, such that 
L(On \ En) < sat by (1) of Lemma 19.16. If we let O = Unen On, then O is an open 
set, O D E, and 


O\E=0nE*=0n(\Jm&) =0n(() EF) 


neN neN 
=U [onn (1) £8)] ¢ U (Onn es) 
neN neN neN 


= J(On\ En) 


neN 
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so that 
E 


st — 
Qnth 


H(O\ E) =} 7) u(On\ En) < D> 

neN neN 

Thus we have shown that for every E € By and e > 0, there exists an open set O such 

that O D E and 2(O \ E) < §. Applying this to E° € 8x, we have an open set V such 

that V > E° and w(V \ E°) < 5. If we let C = V°, then C is a closed set, C C E. 

Thus C CEC O,(E\C)N(O\ E) = Gand (E\C)U(O\ E) = O\C. Then 

w(O\C) = u(O\ E)+ w(E\C). Now E\C= ENC’ =ENV = V\E*. Therefore 
we have u(O \ C) = n(O \ E) + WV \ ES) < 5 + 5 = &. This proves (a). 

2. Let E € Sy. By (a), for every n € N there exist an open set O, and a closed 
set C, such that C, C FE C Op, and u(O, \ Ch) < 1. If we let G = nen O, and 
F= UneN EnC,, then G is a Gs-set set, F is a F-set set and F C E Cc G. Now 
G\ FC On \ Cy for every n € N so that u(G \ F) < “(On \ Ch) < 1. Since this holds 
for every n € N, we have n(G \ F)=0. @ 


The foregoing results on the regularity of Borel measures have the following extension 
to a measure on a o-algebra 2 of subsets of a Hausdorff space X containing the Borel 
o-algebra Sy on X. 


Theorem 19.24. Let X be a Hausdorff space and let jz be measure on (X, WM) where A is a 

o -algebra of subsets of X such that A D By. Suppose y satisfies the following conditions: 

1° wis o-finite. 

2° wis finite on Rx. 

3° is outer regular for &, that is, w4(E) = inf {u(O) :ODE,O€E Dx} for Ee QW. 

4° yw is inner regular for Dx that is, 4(O) = sup {u(K) >K CO,K €é Rx} for 
Oe Dy. 

Then we have: 

5° wis inner regular for A, that is, wxCE) = sup {u(K) (KCE,Ke Rx} for E ¢€ 2. 

6° For every E € Mande > 0 there exist an open set O and a closed set C such that 
CCECOandu(O\C) <e. 

7° Forevery E € 2 there exist a Gs-set G and a F,-set F such that F C E Cc Gand 
u(G\ F)=0. 


Proof. 5° is proved by the same argument as in the Proof of Proposition 19.20. 6° and 7° 
follow by the same argument as in Theorem 19.23. @ 


Remark 19.25. Consider the Lebesgue measure space (R, MN, , mae By Theorem 3.22, 
for every E € 93t, and ¢ > 0 there exist an open set O and a closed set C such that 
CCEC Oandp,(O\C) < «. Actually this is a particular case of Theorem 19.24. 
This can be shown as follows. To start with, R is a Hausdorff space and Br C Mt,. The 
measure 4, on Dt, is o-finite and finite on Rp. pz, is outer regular for It, according 
to Proposition 3.30. Every open set in R is a o-compact set by Observation 19.13. Then 
i, is inner regular for Op by Observation 19.17. This shows that (R, 9%,, 2,) satisfies 
conditions 1° to 4° of Theorem 19.24. Thus by 5°, 6°, and 7° of Theorem 19.24, y2, is inner 
regular for 9%, , for every E € Mt, and e > O there exist an open set O and a closed set C 
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such thatC C E Cc O and pw, (O \ C) < €, and for every E € St, there exist a Gs-set G 
and an F,-set F such that F Cc E C Gandy, (G \ F) = 0. 


[III] Positive Linear Functionals on C,(X) 


Definition 19.26. Let X be a locally compact Hausdorff space and let C,(X) be the linear 
space of real-valued continuous functions with compact support on X. Let I be a real- 
valued linear functional on C,(X), that is, I is real-valued, I(f + g) = I(f) + I(g) for 
fi 8 € Cc(X) and I(Af) = AI(f) for f € Co(X) andi eR. 

We say that a linear functional I on C,(X) is positive if I(f) = 0 for every f € C.(X) 
such that f > 0 on X. 


We shall show that if J is a positive linear functional on C,(X), then there exists a 
unique Radon measure yz on Sx such that 1(f) = fy f du for every f € C.(X). The 
construction of such a measure yu is given in the next propositions. 


Definition 19.27. Let X be a locally compact Hausdorff space and let C,(X) be the linear 

space of real-valued continuous functions with compact support on X. 

(a) For O € Dx and O # ®and for f € C(x) such that0 < f < 1 on X, we write 
f < O ifsupp{f} C O. 

(b) For K € Rx and f € C.(X) such that0 < f < 10n X, we write f > K if f > 1x, 
that is, f =1onK. 


Definition 19.28. Let X be a locally compact Hausdorff space. Let I be a positive linear 
functional on C.(X). Let us define a set function y on Dx by setting y(@) = 0 and 


(1) y(O) = sup {1(f): f €C.(X), f < O} forO Ee Dx,0 40. 
Let us define a set function 2* on 9B(X) by setting 
(2) “*(E) = inf {v(O) : ODE,OEDyx} for E € (XxX). 


Proposition 19.29. Let X be a locally compact Hausdorff space. Let I be a positive linear 
functional on C,(X). For the set functions y and x* in Definition 19.28 we have: 

(a) y is monotone and subadditive on Dy. 

(b) u* = y on Dy. 

(c) «c* is an outer measure on X. 


Proof. 1. Let 01, O2 € Ox and O; C Op. Let f € C.(X). If f ~ O1, then f « O2 also. 
Thus { f € C-(X): f < O1} C {f € C.(X) : f < Oo} and hence y(O1) < y(O2). This 
shows that y is monotone on Dy. 

Next let us show that y is subadditive on $x, that is, for O;, O2 € Dy, we have 


(1) y(O1 U O2) < y(O1) + y(O2). 


Let f be an arbitrary member of C,(X) such that f < O; U O2. Such function f exists 
by Theorem 19.11 (Urysohn’s Lemma). Then the compact set supp{ f} is contained in the 
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open set O; U O2 so that by Theorem 19.12 (Partition of Unity), there exist h,, hz € C,(X) 
such that hy < O1, hz < O, andh; + hz = 1 on supp{f}. Then fhy, fh2 € C.(X) and 
fh, < O; and fh2 ~ O2. Furthermore fhi + fho = f{h; +ho} = f onsupp{f}. Since 
f = 0 outside supp{ f}, we have fh, + fh2 = f on X. Thus we have 


(2) I(f) =1(fhi + flo) = 1(fhi) + I(fh2) < y(O1) + y(02), 


where the inequality is by the definition of y by (1) in Definition 19.28. Then by (1) in 
Definition 19.28 and by (2), we have 


y(O1 U Or) = sup {I(f) : f € Co(X), f < O1 U O2} < y(O1) + y(O2). 


This proves (1). 

2. The fact that n* = y on Sy is immediate from (2) of Definition 19.28 and the 
monotonicity of y on Ox. Indeed if O, O; € Ox and O C O; then y(O) < y(O}) so 
that we have u*(O) = inf {y(01) : 01 D O, 01 € Dx} = y(O). 

3. Let us show that y* is an outer measure on X. Clearly u*(E) € [0, 00] for every 
E € 98(X) and y2*(@) = 0. To verify the monotonicity of 4* on $3(X), let E}, Er € YB(X) 
and FE) C E>. If Ez c O for some O € Dy, then E; C O also. It follows from (2) of 
Definition 19.28 that u*(E,) < u*(E2). 

Let us prove the countable subadditivity of u* on 9$8(X), that is, for every sequence 
(E; : j € N) in $8(X), we have 


@) u(U Ei) s Cute. 

jeN jeN 
Let € > 0 be arbitrarily given. By (2) of Definition 19.28, there exists O; € Dx such that 
Oj > Ej and y(Oj) < u*(Ej) + 3. Consider the open set J ey Oj. Let f € Cc(X) be 
such that f < (J; Oj. Since {Oj : j € N} is an open cover of the compact set supp{ f}, 


there exists N € N such that supp{f} C Uja1 O;. Then f < Wier Oj; so that by (1) of 
Definition 19.28 we have 


N N 
(4) 1A) <r(U Oi) s NO) s Nv) s Dw +6 

j=l j=! jeN jeN 
where the second inequality is by N — | iterated applications of (1). Since (4) holds for 
every f € C,(X) such that f < Ujen Oj, definition (1) in Definition 19.28 implies 
¥(Ujen 97) S Vjen H*(Es) + €. Since Ujen Zi C Ujen Oj, the monotonicity of * 
implies 

(Us) <#(Ua)=(Uo) sdeente 
JeN jeN jeN jen 

where the equality is by (b). Then by the arbitrariness of ¢ > 0, we have (3). 
Proposition 19.30. Let X be a locally compact Hausdorff space. Let I be a positive linear 


functional on C,(X). For the outer measure * on X defined by Definition 19.28, we have 
By C Mt(u*), the o-algebra of u*-measurable subsets of X. 
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Proof. If we show that Dy C Mt(u*), then we have By = o (Ox) C Mi(y*). 
Let O € Dy. To show that O € Mt(z*), it suffices, according to Observation 2.3, to 
show that for every A € 93(X) we have 


(1) u*(A) > w*(AN O) + p*(AN OF). 


Let A € 98(X). For an arbitrary ¢ > 0, by the definition of .* by (2) of Definition 19.28, 
there exists an open set G D A such that y(G) < w*(A) +6. Nowif AN O = @, then (1) 
reduces to 44*(A) > 0+.*(A) which is trivially true. Thus we consider the case ANO # @. 
Then since G D> A, wehave GNO $ YG. Take an arbitrary f € C.(X) such that f < GNO. 
Then since the compact set supp{ f} is contained in GN O C O, by Proposition 19.6 there 
exists an open set V such that V is a compact set and supp{f} C V C VC O. Now if 
O > A, then (1) reduces to u*(A) > u*(A) + 0 which is trivially true. Thus we consider 
the case O ZH A. Then O Z G. This implies V DG sothatG\V #Q. Take an arbitrary 
g € C,(X) such that g < G\V. Since supp{f} C V and supp{g} C G \ V, we have 
0< f+g < 1onX and supp{f + g} = supp{f} U supp{g}. Since supp{ f} C GN O 
and supp{g} Cc O \ V, we have supp{ f + g} C G. Thus f + g ~< G. This implies, by the 
definition of y by (1) of Definition 19.28 


(2) I(f) +1(g) =f +8) <v(G) su(A) +e. 


Now since f < GM O, we have I(f) < y(GN O), and similarly from g < G \ V, we 
have I(g) < y(G\ V). With f fixed, taking supremum on g, and then taking supremum 
on f in (2), we have 


(3) yV(GNO)+y(G\V) <u*(A) +e. 


Since G D A, we have p*(AM O) < w*(GNO) = y(GN O). Since V c O, we have 
u*(A\O) < u*(G\V) = y(G\V). Using these in (3), we have u*(ANO)+u*(ANOS) < 
*(A) + €. By the arbitrariness of ¢ > 0, we have (1). This shows that O € t(y*). 
Therefore Ox C Dt(u*) and consequently By C Mt(u*). a 


Lemma 19.31. Let X be a locally compact Hausdorff space. Let I be a positive linear 
functional on C,(X). For the outer measure * on X defined by Definition 19.28, we have 


(1) u*(K) =inf {I(f): f € Cc(X), f > K} forevery K € Rx. 
In particular ys* is finite on Rx. 


Proof. Let K <€ Rx. Let f € C.(X) be such that f > K, that is,O < f < lon X 
and f > 1x on K. Let us show that u*(K) < I(f). For an arbitrary « € (0, 1), let 
OO, = {x eX: f(x)> 1-e}. The continuity of f on X implies that O, € Dy. Note also 
thatK c {x eX: f(x) = 1} c Og. Letg € C.(X) be such that g < Oy. Since Lf > 1 
on O, and since supp{g} C O, and0 < g < 1 on X, we have il > gon X. By the 
positivity of the linear functional J on C,(X), we have I(g) < i (f). Since this holds for 


an arbitrary g © C,(X) such that g ~ O,, we have y(O;) < zkI(P) by the definition of y 
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by (1) of Definition 19.28. Then K C O; implies u*(K) < u*(O-.) = y(Oz) < EIU). 
By the arbitrariness of ¢ € (0, 1), we have u*(K) < I(f). Since this holds for an arbitrary 
f € C,(X) such that f > K, we have 


u*(K) <inf {1(f): f € Co(X), f > K}. 


Let us prove the reverse inequality. Now u*(K) = inf {y(O) :ODK,O€ Dx} by (2) 
of Definition 19.28. Thus for an arbitrary ¢ > 0, there exists O € Dx such that O D K and 
y(O) < u*(K) +6. Then by Urysohn’s Lemma (Theorem 19.11), there exists f € C.(X) 
such that f < O and f > K. By the definition of y by (1) of Definition 19.28, we have 
I(f) < v(O) < w*(K) +. Thus inf {I(f) :f €C.(X), f > K} < u*(K) +6. Then 
by the arbitrariness of ¢ > 0, we have inf {I(f) : f € Cc(X), f > K} < u*(K). This 
proves the reverse inequality and completes the proof of (1). Since /(f) < oo for every 
f € C.(X), (1) implies that u*(K) < oo forevery K Ee Ry. Wt 


Proposition 19.32. Let X be a locally compact Hausdorff space. Let I be a positive linear 
functional on C,(X). For the outer measure x* on X defined by Definition 19.28, we have 


(1) u*(O) = sup {u*(K): K C O,K € Rx} foreveryO € Dx. 


Proof. Let O € Dy. If u*(O) = 0, then u*(K) = 0 forevery K € Rx such that K Cc O 
so that (1) holds trivially. 

Next consider the case u*(O) € (0,00). For an arbitrary ¢ € (0, u*(O)), we have 
p*(O) — € > 0. Since u*(O) = y(O) = sup {1(f) > f €C.(X), f « oO}, there exists 
f € C.(X) such that f ~ O and 1(f) > u*(O) — «. (Note that if u*(O) = oo, such 
function f does not exist since (f) < oo for every f € C,(X).) Let K = supp{f}. We 
have K € Rx and K C O. Let g € C,(X) be such that g > K. Then g > f on X so that 
by the positivity of the linear functional 7 we have /(g) > I(f) => u*(O) — €. Then by 
Lemma 19.31, we have u*(K) = inf {Z(g) 2g €C.(X),g > K} > u*(O) —e. Thus 
we have shown that for every ¢ € (0, u*(O)) there exists K € x such that K C O and 
p*(O) —& < u*(K) < p*(O). This proves (1) for the case p*(O) € (0, 00). 

Finally consider the case 44*(O) = oo. Since 


u*(O) = y(O) = sup {I(f): f € Co(X), f < O}, 


for every M > 0 there exists f € C,(X) such that f < O and/(f) => M. Let K = 
supp{f}. Then K € Ry andK Cc O. Let g € C,(X) besuchthatg > K. Theng > fonX 
so that J(g) > I(f) = M by the positivity of the linear functional 7. Then by Lemma 19.31 
we have .*(K) => M. Thus we have shown that forevery M > O there exists K € Ay such 
that K C Oandy*(K) > M. Therefore sup {u*(K): K C O,K € x} = co =p*(0). 
This proves (1) for the case 4*(O) =o. Wf 


Theorem 19.33. Let X be a locally compact Hausdorff space. Let I be a positive linear 
functional on C,(X). Let * be the outer measure on X defined by Definition 19.28. Let us 
write 2 for the restriction of u* to the o-algebra IN(*) of the u*-measurable subsets of 
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X. Then in the measure space (X, IN(*), 2), the measure ju is outer regular for Mu"), 
inner regular for the open sets Dx, and finite on the compact sets Rx, that is, we have 


1° w(E) =inf {u(O): OD E,O € Dx} for every E € Mt(u*). 
2° w(O) = sup {u(K): K CO, K € &x} for every OE Dx. 


3° w(K) < ow forevery K € Ry. 
In particular the restriction of 4 to By C Mt(e*) is a Radon measure on X. 


Proof. 1° is from the definition of * by (2) of Definition 19.28 and the fact that u* = y 
on yx. 2° is from Proposition 19.32. 3° is from Lemma 19.31. If we restrict wu to By, 
then 1° is the outer regularity condition of ~ on Sy and 2° is the inner regularity condition 
of 4 on Dy so that wz isa Radon measure on X. @ 


Theorem 19.34. (Riesz-Markoff Theorem) Let X be a locally compact Hausdorff space 
and let I be a positive linear functional on the linear space C-(X) of real-valued continuous 
functions with compact support on X. Then there exists a unique Radon measure jt on the 
Borel o-algebra 8x of subsets of X such that I(f) = ty f dp for every f € C.(X). 


Proof. 1. Let us show that for the Radon measure x given in Theorem 19.33, we have 
I(f) = fy f du for every f € C.(X). 

Let us consider first f € C.(X) such thatO < f < 1 and maxyey f(x) = 1. Let 
Ko = supp{ f}, a compact set. With n € N arbitrarily fixed, let 


(1) Kpa {ee x2f@y= 4) for = liswsn. 


We have Kp D Kj D ++: D Kn. Since f(X) = [0, 1], wehave K; A Bforj =0,1,... ,n. 
The continuity of f on X implies that K; is a closed set. Being a closed set contained in a 
compact set Ko, Kj is acompact set for j = 1,... ,m. Let us write 


Ko = (Ko \ K1) U (Ky \ Ka) U--- U (Kn-1 \ Kn) U Kn. 


Note that f(x) ¢ [4*, 4) forx € Kj-1\ Kj for j =1,...,n and f(x) = 1 forx € Kn. 
For j = 1,... ,n, let us define a function fj; on X by 
(2) fj) =[{f@) - 4} vojal forxe x. 


Then f; is continuous and 0 < f; < 1/n on X and 


0 forx ¢ Kj-1, 
(3) Fj) = 4 fF@)—G—1)/n forx € Kj-1\ Kj, 
1/n forx € Kj. 
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Thus we have 


(4) supp{ fj} = Kj-1, 
(5) fj € Co(X), 
(6) 41k, = Sj Ss Ak 1 
n 
(7) fa yor: 
j=l 
The last equality is verified as follows. If x ¢ Ko, then f(x) = 0 and fj(x) = 0 for 
j = 1,...,n so that (7) holds at x. Suppose x € Ko. Then x is in one of then + 1 
disjoint sets Kg \ Ki, K, \ K2,..., Kn-1 \ Kn, Kn. Suppose x € Kjy-1 \ Kj, for some 
jo=1,...,n. Then 
1/n forj=1,...,jo—1, 
fj) = 4 f@)—Go-D/n for j = jo, 
0 for j = jot 1,...,n. 


This implies 


n . -1 . a5 if 
> f@ =2—+ te) -2— = fe. 
= n n 
If x € Kn, then f(x) = land fj(x) = 1/n for j =1,... ,n so that f(x) = viel fj(x). 
This proves (7). 
Now from (6) we have 


1 1 
—L(Kj) <[ fjdu < —u(Kj-1) 
n x n 


for j = 1,...,. Summing over j = 1,... ,” and recalling (7) and the linearity of the 
integral, we have 


Le le 
(8) pw s f fds Yo mes0. 


Since nfj € Co(X),0 < nf; < 1, and supp{nfj} = supp{fj} = Kj-1, if V is an open 
set containing Kj), then nf; < V so that I(nfj) < u(V). Thus /(fj) < Lu(Vv). Since 
this holds for every open set V containing K ;—1, the outer regularity of 4 on %3x implies 
I(fj) < 4u(Kj-1). On the other hand, since nfj > 1x, by (6), we have nfj > Kj. 
Then by Lemma 19.31, we have u(K;) < I(nf;) so that 1u(Kj) < I(f;). Therefore we 
have +(Kj) < I( fj) < +4(Kj-1) for j = 1,... ,n. Summing over j = 1,... ,n and 


recalling (7) and linearity of the functional 7, we have 


te ix 
(9) pe <I(f)< i): 


§19 Integration on Locally Compact Hausdorff Space 461 


By (8) and (9), we have 
12 ipo 
Jin fl tal s Soak - FY mKD 
j=l j=l 
1 
= 7 {H(Ko) — u(Kn)} 


1 
< —u(Ko). 
n 


Since u(Ko) < ©, letting n + oo we have \I(f) — ty fd = 0 and thus for our 
particular f € C.(X) we have 1(f) = fy fdu. 

Next consider f € C,(X) such that f > 0 on X. The equality 7(f) = ty fdp 
holds trivially if f is vanishing identically on X. If f is not identically vanishing on X, 
then a := maxxex f(x) > 0. Let fo = a —'f. Then fo € C.(X), 0 < fo < 1, and 
maxyex fo(x) = Ll. Thus by our result above, we have I( fo) = f x fodu. Multiplying 
the equality by w , we have I(f) = f y f du by the linearity of J and the integral. For an 
arbitrary f € C,(X), let us write f = ft — f~. Since f+, f~— € C.(X) and f+ > 0 and 
f7- > 0 on X, we have 


un =try-1E = | paw fi pan 
= fitet-ryau= f pau. 


2. Let us prove the uniqueness of a Radon measure v on 8x such that /(f) = fy f dv 
for every f € C,(X). Let w be the Radon measure in 1, for which we have shown 
I(f) = ty f du for every f € C,(X). Let O be an arbitrary nonempty open set in X. Let 
f € C.(X) be such that f < O. Then since 0 < f < 1 0n X and supp{f} C O, we have 
f <suppif} S lo. Thus fy fdu =1(f) = fy fdv < fy1o dv = v(O). Recalling (b) 
of Proposition 19.29 and Definition 19.28, we have 


u(O) = sup {I(f): f € C(X) and f < O} 
= sup { fy fdu: f € C.(X) and f < O} 
< v(O). 


Since this holds for every nonempty open set O, the outer regularity of « and v on Bx 
implies u(E) < v(E) for every E € By. 

To prove the reverse inequality, let K be an arbitrary compact set in X. Let f € C.(X) 
and f > K. Then f > 1x so that fy fdu =1(f) = fy fdv > fy 1x dv = v(K). For 
our Radon measure 4, we have according to Lemma 19.31 


w(K) = inf {I(f): f € C.(X) and f > K} 
= inf { fy fdu: f €C.(X) and f > K} 
> v(K). 
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Since this holds for every compact set K, the inner regularity of and v on the open sets 
implies that ~4(O) > v(O) for every open set O. Then by the outer regularity of 4 and v on 
33x, we have u(E) > v(E£) for every E € By. This shows that u.(E) = v(E) for every 
Ee By. @ 


Applying the Riesz~-Markoff Theorem we obtain the following regularity condition for 
a Borel measure. 


Lemma 19.35. Let X be a o-compact Hausdorff space and let 1 be a Radon measure on 
X. Let v be a Borel measure on X that is finite on Rx. If vy = pp on Dx, then v is a regular 
Radon measure on X. 


Proof. Since X is a o-compact Hausdorff space, a Radon measure yz on X is regular for 
33x by Proposition 19.22. Since v is a Borel measure on X that is finite on Rx, to show 
that v is a regular Radon measure it remains to show that v is both outer and inner regular 
for By. 

1. Let E € Sy. Since pz is a Radon measure on a o-compact Hausdorff space X, p is 
ao-finite measure. Then by Theorem 19.23, for every ¢ > 0 there exist an open set O and 
a closed set C such that 


(1) CCECO and p(O\C) <e. 


2. Let us prove the outer regularity of v for E. If v(E) = oo then v is outer regular for 
E by (3) of Lemma 19.16. Suppose v(E) < 00. NowO\C = ONC € Dy. Since 
v = won Dy, we have v(O\C) = u(O\C) < e. Thenv(O\ E) < v(O\C) < €. This 
shows that v is outer regular for E by (1) of Lemma 19.16. 

3. Let us prove the inner regularity of v for E. Now since X is a a-compact space, 
there exists an increasing sequence (F, : n € N) in Ry such that nen F, = X. If we 
let Ky = F, NC forn € N then (Ky, : n € N) is an increasing sequence in Ry such that 
Unen Kn = C and hence fim v(Kn) = v(C). 

3.1. If v(C) = oo, then since C C E we have v(E) = o also. Since fim, v(Kn) = 


v(C) = oo, for every M > 0 there exists N € N such that v(Ky) > M. Thus v(E) = ov, 
Ky € Rx, Ky CC C E, and v(Ky) = M. This shows the inner regularity of v for E by 
(4) of Lemma 19.16. 

3.2. Consider the case v(C) < oo. Then v(E) — v(C) = v(E\ C) < v(O\C) < € so 
that we have v(E) < 00 also. Since jim | v(Ky) = v(C), there exists N € N such that 
v(C) — v(Ky) < €. Then v(E) — v(Ky) < v(E) — v(C) + € < 2. This shows that v is 
inner regular for E by (2) of Lemma 19.16. 


Theorem 19.36. Let X be a locally compact Hausdorff space and a 0 -compact space. Then 
every Borel measure 4 on X that is finite on the compact sets is a regular Radon measure. 


Proof. Since jz is a Borel measure on X that is finite on Ky, to show that y is a regular 
Radon measure it remains to show that yw is both outer and inner regular for By. 
Let us define a function on C,(X), the linear space of real-valued continuous functions 
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with compact support on X by setting 
@3) un=f fd for f € C.(X). 
x 


We have | te fdpls ty |fldp < maxxex |f (x)|4(supp{f}) < ooforevery f € C.(X). 
Thus / is real-valued on C,(X). Its linearity, that is, J(c, fi + co f2) = e11 (fi) + c2l (fa) 
for fi, f2 € C-(X) and c), cz € R, and its positivity, that is, 7(f) > O for f € C.(X) such 
that f > 0, are immediate. Thus / is a positive linear functional on C,(X). By Theorem 
19.34 (Riesz-Markoff), there exists a unique Radon measure v on (X, By) such that 


(2) 1in= f fdv for f €C,(X). 
x 


Since X is a o-compact Hausdorff space, the Radon measure v on X is inner regular for 
93x and hence regular for 88x by Proposition 19.22. Now by (1) and (2) we have 


(3) [rae | fdv for f € Cc(X). 
Xx Xx 


Let us show that (3) implies uw = von yx. LetO € Dx. Since O is an open and o-compact 
set, there exists an increasing sequence (f, : n € N) in C.(X) such that jim, fn =1o 
by Proposition 19.14. Then by the Monotone Convergence Theorem (Theorem 8.5) and by 
(3), we have 


wo) = f lodu= tim. J faa 
xX n-> Oo xX 


= tim, | frdv= f toav 
n->0O X Xx 
= v(O). 


This proves uw = v on Dy. The fact that v is a Radon measure on a o-compact Hausdorff 
space X and y is a Borel measure on X that is finite on #x such that wy = v on Dx implies 
that yz is a regular Radon measure on (X, Bx) by Lemma 19.35. 


[IV] Approximation by Continuous Functions 


Theorem 19.37. (Lusin) Let X be a locally compact Hausdorff space and let 2 be a Radon 
measure on the Borel a-algebra By of subsets of X. Let f be an arbitrary extended 
real-valued SB x -measurable function on X which is finite a.e. on X and vanishes outside 
of a set A € By with u(A) < oo. Then for every € > 0 there exists g € C.(X) such 
that u{x € X : f(x) # g(x)} < «. Moreover g € C.(X) can be so chosen that we 
have infyex f(y) < g(x) < SUPyex f(y) for x € X and in particular sup,.y |g(x)| < 
SUPy EX If @)I.- 


Proof. 1. Let us show first that if f is a real-valued 8 x-measurable function on X such 
that f(x) € [0, 1) forx € X and f = 0 on A‘ where A is a compact set, then for every 
é > 0 there exists g € C.(X) such that g(x) € [0, 1] forx € X and p{X: f # g} <e. 
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With n € N arbitrarily fixed, let 
ij = [44 4) for j =1,... , 2%, 


An, j = f'Uh,j) NA, 
Qn 
j-1 
Pu = Seas; 
j=l 


Then (g, : n € N) is an increasing sequence of nonnegative simple functions on (X, Bx) 
vanishing on A‘ and g, + f on X. If we define Ww; = g; and wp, = Gp — Gp- 1 forn > 2, 
then (yw, : n € N) is a sequence of nonnegative simple functions vanishing on A° and 
f=> neN Wn On X. Now yy, assumes at most two values, 0 and nae Thus 2° y, = 13, for 
some set B, € %8 x contained in A. Since A is acompact set, there exists an open set V such 
that V is acompact set and A C V by Proposition 19.6. Now (Bn) < oosince B,, is asubset 
of the compact set A. Then by (a) of Theorem 19.20, yw is inner regular for B,. Thus for an 
arbitrary e > 0, there exists acompact set K, such that K, C B, and p(By\ Kn) < rae By 
the outer regularity of 4 on Sx, there exists an open set V, such that (Vn \ Bu) < maT: 
Since B, C V, we can take V, C V by intersecting with V if necessary. For the sets 
Kn © Bn C Vn, we have W(Vn \ Kn) = #(Vn \ Bn) + (Bn \ Kn) < gar + pat = 
Since K, C V,, by Theorem 19.11 (Urysohn’s Lemma) there exists h, € C,(X) such that 
hn < Vn and hy > Kn. Let us define a function g by setting g = ) ney altn. Since 
hy(x) € [0, 1] forx € X for every n € N, we have g(x) € [0, 1] forx € X. By the uniform 
convergence of the series in the definition of g, g is a continuous function on X. Since 
hn < Vn, we have supp{hn} C Vn C V so that hy, = 0 on V° for every n € N. This implies 
that g = 0 on V° so that {X : g 4 0} C V and then supp{g} C V. Since V is a compact 
set, we have g € C,(X). 

It remains to show w{X : f # g} <e. Recall that g = nen phn and f = Dey Wn. 
Let us compare an and y,. By hn > Kn, we have hy, = 1 on Ky and then xan = m on 
Ky. On the aed hand we have 2”, = 1g, and By D Kn. This implies that yr, = # on 
K,, and thus 2 gahn = Wn on Ky. Next hy, < V, implies h, = 0 on Vy and then hn = = 0on 
Vx. On the other hand 2" yy, = 1 a implies y, = Oon BED Vy. eR we have ihn = = Wn 
on V/ also. Therefore we have + gahtn = Wn on KyU V,. Then {X oF ha = =n} D> K,UVS 
and consequently 


{X: titn # Wn} C (Kn U VX) = KOO Va = Vn \ Kn. 
Since {X : g = f} DMnen {X: xihn = Yn}, we have 


(Xs g# SVC [ (VIX: thn = Yu} = nen {Xela = val 


neN 


= (UJ {X : gehn # Vn} C Unen Ya \ Kn- 


neN 


Then n{X: ¢ 4 f} < Vnen Hn \ Kn) < Ven €/2" = €- 
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2. Next let f be a real-valued 8 y-measurable function on X such that f(x) € [0, 1) for 
x €X and f =0o0n A° where A € By and u(A) < oo. Then by (a) of Proposition 19.20, 
4 is inner regular for A. Thus for an arbitrary ¢ > 0 there exists a compact set K C A 
such that w(A \ K) < 5. Let fo = flx. Then fo(x) € (0,1) forx € X and fo = 0 on 
K°*. Thus by our result in 1, there exists g € C,(X) such that g(x) € [0,1] forx € X and 
LX: fo # g} < §. Since X = K U(A\ K) UA‘, we have 


{X:fx#e}c{K:f#g}U(A\K)U{A®: f # a}. 


Since f = foon K,wehave{K: f #gv}={K: fo#g}c{X: fo# g}. Similarly, 
since f = fo =O on A‘ we have {A°: f Ag} = {A°: fox sg} Cc {X: fo #8}. Thus 


{X: fA#As} c{X: fox s}U(A\K) 


and therefore u{X: f Ag} <u{X: foxg}+u(A\K)<§+§ =e. 

3. Next consider a real-valued 3 x -measurable function f on X such that f(x) € [0, M) 
for x € X forsome M > 0 and f =0on A‘ where A € Bx with w(A) < oo. Let fo = 
M—!f. Then fo(x) € [0, 1) forx € X and fo = 0on A s0 that by our result in 2 there exists 
go € C.(X) such that go(x) € [0, 1]forx € X and u{X : fo# go} < ¢. Ifwelet g = Mgo, 
then g € C,(X), g(x) € [0, M] forx € X and u{X: f ¥g}=u{X: fo# go} <e. 

4. Next suppose f is 8 x-measurable on X, f(x) € (-M,M) for x € X for some 
M > Oand f =0on AS for some A € Sy with u(A) < 00. Let f = ft — f-. Then 
ft(x), f7(&) € [0, M) forx € X and f+ = f- =0on A°. By our result in 3, there exist 
81, 82 € Cc(X) such that gi(x), go(x) € (0, M] forx € X, u{X : ft # gi} < §, and 
u{X i f—F go} < 5. If we let g = 91 — go, then g € C,(X) and g(x) € [—M, M] for 
x éX. Since {X: f=g} > {X: ft =e} {X: fo = gy}, taking complements we 
have {X: f #g}C{X: ft Agi} U{X: fo F go}. This implies 

u{X:f#g}<u{X: fr ég}tu{xX: fo xa} <f+$=e. 

5. Now let f be an extended real-valued $8 x-measurable function on X such that f 
is finite a. on X and f = 0 on A‘ where A is a set in By with w(A) < oo. Let 
By, = {X :(f| > n} forn € N. Then (B, : n € N) is a decreasing sequence in By 
and nen Bn = {X : | f| = 00}. Since f is finite ae. on X, we have u (Ane Bn) = 0. 
Now By 9 A° = @ so that By C A and then u(B}) < pu(A) < co. Thus we have 
dim (Bn) = (nen Bn) = 0. Then for an arbitrary ¢ > 0, there exists N € N such 


that (By) < 5, that is, w{X : |f| > N} < §. Let fl%] = (f V—-N) AN. Then 
fx) € (—-N —1,N +1) forx € X and f!%] = 0 on A. By our result in 4, there exists 
g € C,(X) such that g(x) € [—-N —1,N +1] forx € X andp{X: fIN] 4 g} < §. Now 
{X:fAs}={X: Ils Nfs} U{X: (fl > Nf #38}. 
On {X: |f| < N}, we have f = f!!. Thus 
{X:1fl SN, f Aa} = {Xf SN} O{X: f #8} 
c{x: far a{x: f #8} 
c {xX: fin] x g}. 
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We also have {x [Ifl> Nf A g} Cc {x [fl > N}. Therefore we have 


{X: f#a}c{x: fM zg} u{x:lfl>N}, 
and then 
e 


ead 


w{X: f Ag} su{Xf™ Ag} +uf{X:Ifl>N} <5 
6. Let f be an extended real-valued 8x -measurable function on X whichis finite a.e. on 
X and vanishes outside of aset A € 8x with z(A) < oo. Foranarbitrary ¢ > 0, there exists 
g € C,(X) such that u{X Ne Ge gt < € as we showed in 5 above. Let us define a function 
hon X by setting h = (g V infy f) Asupy f. Thenh € C,(X), infx f <h < supy f and 
{xX: f#h} c{X: f #g} sothatu{X: f Ah} <p{X: f #8} <e. 
Let us note that infy f <h < supy f implies supy |h| < sup, |f|. Indeed if x € X 
and h(x) > 0 then |h(x)| = A(x) < supy f < supy | f| and if h(x) < 0 then 


|A(x)| = —h(x) < —inf f = sup(—f) < sup | fl. 
x x x 
Therefore sup, |A| < supy |f|. & 


Recall that for an arbitrary measure space (X, 2, 2) and p € [1, 00), L?(X, 2, yw) is 
the linear space of equivalent classes of extended complex-valued 2{-measurable functions 
f such that fy |f|? du < oo. 


Theorem 19.38. Given L? (X, Bx, 1) where yt is a Radon measure on the Borel a -algebra 
8x of subsets of a locally compact Hausdorff space X and p € [1, ©). Let C.(X) be the 
collection of all complex-valued continuous functions with compact support on X. Then 
C.(X) is a dense subset of L?(X, Bx, w). 


Proof. If f € C.(X), then supp{ f} is a compact set so that u.( supp{ f}) < oo. Also there 
exists M > 0 such that | f| < M@ on X. Thus we have 


i fl? du = / fl? du < M? .(supp{f}) < 00 
xX supp{ f} 


so that f € L?(X, Bx, 4). This shows that C.(X) C L?(X, By, p#). 

Next in order to show that C,(X) is dense in L?(X, By, 2), we show that for every 
f © L?(X, By, w) and e > 0 there exists g € C,.(X) such that || f — gllp < ¢. Let 
So(X, Bx, 4) be the collection of equivalence classes of complex-valued simple func- 
tions on (X, 88x) each vanishing outside a set in 8 y with finite measure. According to 
Theorem 18.3, So(X, 93x, ) is a dense subset of L?(X, By, jw). Thus for an arbitrary 
f € L?(X, Bx, w) and e > 0, there exists g € So(X, Bx, u) such that || f — gllp < 5. 
Let a = sup, <x |g(x)|. Ifa = 0, then g = 0 so that g € C,(X) and we are done. Consider 
the case a > 0. Now g = Xty + iM and Ry and S¢ are real-valued 'B x -measurable 
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functions on X vanishing outside a set of finite measure so that by Theorem 19.37 (Lusin) 
there exist real-valued g), g2 € C,(X) such that 


EP 
sup |gil < sup [Rg| <a, pw{X: Re Fg} < ; 
8PaP 
oP 
sup |g2| < sup |Sg| <a, pw{X : Sp ¥ go} < ; 
8PaP 


If we let g = g1 + igz, then g € C,(X) and |p — gllp < Re — gillp + l|S¢ — gallp. Now 


iste eg =f eo eirde= fe gulPau 
X {X:ReA#e1} 
<| {Itel + lel} de < (2a) = © 
< Ry] + lel}? du < (2a =— 
(X:Rysée1} 8PaP 4P 


so that ||Sg — gillp < 7. Similarly we have ||Sg — g2||p < 4. Therefore we have 


lly —gllp <4 +4 = 5. Then |f — gllp <I f—¢llp+le—slp<§+5 =e. @ 
[V] Signed Radon Measures 
Proposition 19.39. If 1 is a Radon measure on a Hausdorff space X, then so is cu for 


everyc > 0. 


Proof. 1. Let c > 0. Since yz is finite on Ry, cy is finite on Ry. By the outer regularity of 
py for By, for every E € By we have 


(cu)(E) = cu(E) = c inf {u(O): OD E,O € Dx} 
= inf {(cu)(O): OD E,O € Dx}. 


This shows that cy is outer regular for every E € By. Similarly by the inner regularity of 
for Dx, forevery O € Dy we have 


(cu)(O) = cu(O) =c inf {u(K): K CO, K € &x} 
= inf {(cu)(K): K C O,K € Rx}. 


This shows that cy is inner regular forevery O € Oy. Thus cu isa Radon measure. 


Proposition 19.40. If 44; and 42 are Radon measures on a Hausdorff space X, then so is 
Mit p2. 


Proof. Since 4; and 22 are finite on Ry, 44 + “2 is finite on Rx. It remains to show that 
}41 + 42 is outer regular for $y and inner regular for Ox. 

1. Let us prove the outer regularity of 41 -+j42 for By. Let E € By. If (ui +pu2)(E) = 
oo, then 41 + p42 is outer regular for E by (3) of Lemma 19.16. If (41 + 2)(E) < o, 
to show the outer regularity of 4; + 442 on E it suffices to show that for every ¢ > 0 there 
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exists O € Dx such that O D E and (w+ 42)(O \ E) < € by (1) of Lemma 19.16. Now 
(41 + 42)(E) < 00 implies u;(EZ) < oo fori = 1 and 2. Since jy; is outer regular for 
Bx and E € Bx, there exists O; € Ox such that O; D E and 4; (O; \ E) < § by (1) of 
Lemma 19.16. Let O = 0; M O2. Then O € Dy, O D E, and 


(M1 + #2)(O \ E) = 41 (0 \ E) + 42(O \ £) 
S u1(O1 \ E) + 42(O2\ E) 
<§5+5 <6. 


This proves the outer regularity of 4; + 42 for E. 

2. Let us prove the inner regularity of ui +2 for Ox. LetO € Dy. If (uj +p2)(O) = 
00, then at least one of the two equalities 44(O) = oo and 442(O) = 00 holds. We assume 
without loss of generality that 41(0) = oo. Now since jz; is inner regular for Dy, for 
every M > 0 there exists K € Rx such that K C O and w1(K) > M by (4) of Lemma 
19.16. Then (441 + 42)(K) > M. This proves the inner regularity of 4; + 42 on O by (4) 
of Lemma 19.16. 

Consider the case (4; + 42)(O) < 00. To show that w1 + jz2 is inner regular for 
O, it suffices to show that for every ¢ > 0 there exists K € Ry such that K C O and 
(41 + 42)(O \ K) < e by (2) of Lemma 19.16. Now (u1 + 442)(O) < oo implies 
14i(O) < oo fori = | and 2. Since y; is inner regular for Dy, there exists Kj; € Ay such 
that K; C O; and y;(O \ Kj) < 5 by (2) of Lemma 19.16. If we let K = K, U Ko, then 
K € Rx, K Cc O, and 


(M1 + H2)(O \ K) = w1(O\ K) + p2(O\ K) 
< my(O; \ K1) + 42(O2 \ K2) 
<5+5 <€. 


This proves the outer regularity of u41 +2 for O. 


Definition 19.41. Let X be a Hausdorff space and let 8x be the Borel o-algebra on X. A 
signed measure on (X, Bx) is called a signed Radon measure on X if its positive part 
A* and negative part \~ are Radon measures on X. 


By Definition 10.29, a signed measure 4 on an arbitrary measurable space (X, 2) is 
called a finite signed measure if A(X) € R. We have 4(X) € R if and only if A(Z) € R for 
every E € 2( by Lemma 10.5. Let At and 47 be the positive and negative parts of A. The 
total variation of A, that is, JA] = At +A°, is a finite measure if and only if A is a finite 
signed measure. (See Definition 10.22 and Observation 10.30.) 


Lemma 19.42. (a) Let be ao-finite Borel measure on a Hausdorff space X. Then ju is 
regular for every E € 33x such that u(E) = oo. 
(b) Let 41 and {42 be o -finite Borel measures on a Hausdorff space X such that 11 < 42 0n 


§19 Integration on Locally Compact Hausdorff Space 469 


S8x, and such that 1,(E) = 00 if and only if uw2(E) = 00 for E € By. If 2 is a Radon 
measure, then both 4 and [12 are regular Radon measures on X. 

(c) Let 41 and p12 be finite Borel measures on a Hausdorff space X such that 4, < 2 0n 
By. If u2 is a Radon measure, then both 4; and 2 are regular Radon measures on X. 


Proof. 1. Let us prove (a). Let E € 8, and p(E) = oo. By (3) of Lemma 19.16, 
» is outer regular for E. Let us show that yz is inner regular for E. Now since p is a 
o-finite measure on (X, By) there exists an increasing sequence (E,, : n € N) in By 
such that u(E,) < oo forn € Nand U, 21 Ex = E. Let M > 0 be arbitrarily given. 
Since we have im U(En) = U(E) = om, there exists N € N such that u(Ey) > M +1. 


Since 4(Ey) < 00, p» is inner regular for Ey by our result above. Thus there exists 
K € Ry such that K C Ey and w(En) —1 < w(K) by (2) of Lemma 19.16. Then 
L(K) > w(En) — 1 = M. Thus for every M > 0, there exist K € fy such that 
K C En C E and p:(K) => M. This shows that yz is inner regular for E by (4) of Lemma 
19.16. 

2. Let us prove (b). Suppose j.2 is a Radon measure. Then the o-finiteness of 42 implies 
that jz2 is regular, that is, both outer and inner regular, for 98 by Proposition 19.20. Let 
us show that jz; is a regular Radon measure. Now since jz2 is a Radon measure, {12 is finite 
on Ky. Then py, < 42 implies that j1) is finite on Ry. It remains to show that j. is both 
outer and inner regular for By. 

Let E € By be arbitrarily chosen. If 4(Z) = oo, then yu is regular for E by (a). Let 
us consider the case 441(£) < oo. By the assumption in (b), we have 2(E) < oo. By the 
outer regularity of 2 for E, for every « > 0 there exists O € Oy such that O D E and 
p2(O \ E) < « by (1) of Lemma 19.16. Then 41(O \ E) < u2(O \ E) < €. This shows 
that 2; is outer regular for E by (1) of Lemma 19.16. Similarly the inner regularity of 2 
for E implies that for every ¢ > Othere exists K € Rx such that K C Eandy2(E\K) <e 
by (2) of Lemma 19.16. Then 1(E \ K) < u2(E \ K) < © so that yz, is inner regular for 
E by (2) of Lemma 19.16. 

3. (c) is a particular case of (b). 


Proposition 19,43. Let X be a Hausdorff space and let By be the Borel o-algebra on X. 
A finite signed measure 0 on (X, 8x) is a signed Radon measure on X if and only if its 
total variation [A| is a Radon measure on X. 


Proof. 1. Suppose 4 is a Radon measure on X. Then its positive part A+ and negative part 
A~ are Radon measures on X. Since [A] = At +A7, JA] is a Radon measure on X by 
Proposition 19.40. 

2. Conversely suppose |A] is a Radon measure on X. Since At <]A| and [A] is a 
finite Radon measure on X, A* is a Radon measure on X by (c) of Lemma 19.42. By the 
same reason A~ is a Radon measure on X. Thus A is a signed Radon measure on X. 


Proposition 19.44. Let js and v be two finite Radon measures on a Hausdorff spaceX. Then 
A =p — vis a finite signed Radon measure on X. 


Proof. By Theorem 11.27, we have JA] < + v. Since yu and v are finite Radon measures 
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on X so is 4. + v by Proposition 19.40. Then |A| is a finite Radon measure by (c) of Lemma 
19.42. This implies that A is a finite signed Radon measure on X by Proposition 19.43. & 


Proposition 19.45. Let be a finite signed Radon measure on a Hausdorff space X. Then 
cA is a finite signed Radon measure on X for everyc € R. 


Proof. Let A+ and A~ be the positive and negative parts of a finite signed Radon measure 
on X. Let c € R and consider the finite signed measure ch. By Theorem 10.28, we have 
Jcd] = lel JA] = le|{at + ah Since A is a signed Radon measure on X, At and A7 
are Radon measures on X by Definition 19.41. Then by Proposition 19.40 and Proposition 
19.39, |c|{At = A7} is a Radon measure on X. Thus |cA] is a finite Radon measure on X. 
Then by Proposition 19.43, cd is a finite signed Radon measure on X. Wf 


Proposition 19.46. Let 21 and dz be finite signed Radon measures on a Hausdorff space 
X. Then 21 + 2 Is a finite signed Radon measure on X. 


Proof. Let av and 4; be the positive and negative parts of 4; fori = 1,2. By Theorem 
10.28, we have 


(1) Jar + Agd SP Ard +0 Aad = {ap + a7} + (ag +47}. 


Since A and 42 are finite signed Radon measures on X, A], A], A, and Aj are finite Radon 
measures on X by Definition 19.41. Thus Af +A] +Az + Aj is a finite Radon measure 
on X by Proposition 19.40. Then the inequality (1) implies that ]A1 + A2| is a finite Radon 
measure on X by (c) of Lemma 19.42. This implies that A; + Az is a finite signed Radon 
measure on X by Proposition 19.43. @ 


Theorem 19.47. Let X be a Hausdorff space and let M(X, 8x) be the collection of all 
finite signed Radon measures on (X, Bx). Then M(X, Bx) is a linear space over the field 
of scalars R. Let us define 


Ally, =]A]CO fora € M(X, Bx). 
Then || - lly, is @norm on M(X, Bx). 


Proof. M(X, By) is a linear space by Proposition 19.45 and Proposition 19.46. Let us 
show that || - ||, is anorm on M(X, By). 

Since A € M(X, Bx) is a finite signed measure on (X, Bx), |A| is a finite measure on 
(X, Bx) so that JA](X) < oo. Therefore |[A||,, € [0, 00). Let A* and AW be the positive 
and negative parts of 4. If A = 0, then by the uniqueness of Jordan decompostion for a signed 
measure (Theorem 10.21), we have At = 0 and A~ = O and then JAJ = AT +A7 =0. 
Then JA|(X) = 0. Thus |/O||,, = 0. Conversely if |]A|l,, = 0 then [A](X) = 0 so that 
JA|(E) = 0 for every E € By. Then since [A] = A+ +47, we have At(E) = 0 and 
-(E) = 0 for every E € By. Thus A(E) = A+ (E) — A7(E) = 0 for every E € Bx so 
that A = 0. 

For every 4 € M(X, Bx) andc € R, we have 


IAllyg =] CAT CX) = lel fAPCX) = lelllAllge 
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by (a) of Theorem 10.28. For A), A2 € M(X, By), we have 
Ar + Aallye =] Ar +A21(X) s {Pal +] 21D = [Arllye + MA lla, 


by (b) of Theorem 10.28. This completes the proof that || - ||, is anormon M(X, By). m 


[VI] The Dual Space of C(X) 


So far we have considered the linear space C,(X) of all real-valued continuous functions 
with compact support on a locally compact Hausdorff space X. Let us consider now the 
linear space C(X) of all real-valued continuous functions on a compact Hausdorff space X. 
Let us define some notations. 


Definition 19.48. For a compact Hausdorff space X, let C(X) be the collection of all 
real-valued continuous functions on X. We write Ct (X) for the subset of C(X) consisting 
of all nonnegative continuous functions on X. 


Observation 19.49. Let us note that since X is acompact Hausdorff space we have C(X) = 
C.({X). Indeed if f € C(X) then supp{ /} is a closed set in the compact space X and hence 
it is acompact set and then f € C,(X). This shows that C(X) C C,(X). On the other hand 
we have C,(X) Cc C(X). Therefore C(X) = C,(X). 

Clearly C(X) is a linear space over the field of scalars R. Moreover we have 


fAg,fVgeEC(X) for fig €C(X), 


c €C(X) foreveryc eR. 


Theorem 19.50. Let X be a compact Hausdorff space and let C(X) be the linear space of 
all real-valued continuous functions on X. Let us define a function || - ||, on C(X) by setting 


WFillu = oP If (x)| for f € C(X). 


Then || - |ly is anorm on C(X) and (C(X), l|- ll) is a Banach space. We call the norm || - |ly 
the uniform norm. 


Proof. If f €¢ C(X), then f is a real-valued continuous function on a compact set X so that 
f is bounded on X and sup,,y | f(x)| < 00 and indeed sup,cy | f(x)| = maxyex |f(x)|. 
Thus || f lu € [0, 00) for every f € C(X). The fact that || fl, = 0 if and only if f = 0, 
AF lla = IAL fille for every f € C(X) and dA € R, and ||f + gllu < Wf llu + Ilgllu for 
fg € C(X) follow immediately from the definition of || - ||. Thus || - |], is a norm on 
C(X). 

To show that C(X) is a Banach space with respect to the norm || - ||,, we show that 
C(X) is complete with respect to || - ly. Let (fn : 2 € N) be a Cauchy sequence in C(X) 
with respect to the norm |j - |[,, that is, for every e > O there exists N € N such that 
lfm - fallu < © for m,n > N, that is, 


(1) |fm(x) — fa(x)| < € forallx € X whenm,n>N. 
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Now (1) implies that for each x € X the sequence (f,(x) : n € N) is a Cauchy sequence in 
R so that there exists f(x) € Rsuchthat lim f,(x) = f(x). Let us show that (f, : 2 € N) 
nc 


converges to f uniformly on X. Now for every ¢ > 0 there exists N € N such that 
(2) lfm (x) — fn(x)| < 5 forall x € X whenm,n > N. 


Letn > N andx € X. By (2) we have fn(x) € (fn(x) — 5, fn(x) + 2) for allm > N. 
Then f(x) = lim. fm(x) € (fn(x) — &, fn(x) + €). Thus we have 
(3) | fx) — fa(x)| <e forallx € X whenn > N. 


This shows that (f, : n € N) converges to f uniformly on X. The continuity of f, on X 
for every n € N and the uniformity of the convergence of (f, : n € N) to f on X imply 
that f is a continuous function on X. Thus f € C(X). Moreover from (3) we have 


Wf — fallu = sup Lf) — frlx)|<e forn>N, 
xE 


that is, im, lf — fallu = 0. This proves the completeness of C(X) with respect to the 
norm ||: |l,. 


Let L be a bounded linear functional on the Banach space (C(X), \| - lla) that is, L is 
a rea]-valued function on C(X) such that L(Af) = AL(f) for f € C(X) and ad € R, and 
Lif +g) = L(f) + L(g) for f, g € C(X), and moreover there exists M > 0 such that 


IL(A)| < Milfllu forevery f € C(X). 


Let C(X)* be the dual space of C(X), thatis, the linear space of all bounded linear functionals 
on C(X). According to Theorem 15.38, if we define a function || - ||, on C(X)* by setting 
for every L € C(X)* 


[Ll = inf (M > 0: |L(f)| < Mil fllu for f € C(X)}, 


then || - {|x is a norm on C(X)* and (C(X)*, || - x) is a Banach space. According to 
Proposition 15.30 we have 


IL(f)| S WLilellfllu forevery f € C(x). 


Let B( fo, r) = {f € C(X) : If — follu <r} and S(fo,r) = (f € C(X) : If — folla = 7) 
for fo € C(X) andr > 0. Then according to Lemma 15.35 and Theorem 15.36, we have 


[ZLl.+= sup |L(f)|= sup {L(f)I- 
feBO,1) feSO,1) 


Consider Ct (X), the subset of C(X) consisting of nonnegative continuous functions on 
X. Asin Definition 19.26, a linear functional L on C(X) is called a positive linear functional 
if L(f) = 0 for every f € C*(X). We shall show that for every bounded linear functional 
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L on C(X) there exist two positive bounded linear functionals L* and L~ on C(X) such 
thatL = Lt-—L. 


Observation 19.51. Let L be a positive bounded linear functional on the Banach space 


(Cc (X), || - llu) of real-valued continuous functions on a compact Hausdorff space X. Then 
(1) IL(f)| < L(|fl) forevery f € C(X), 
(2) (Lll+ = LC). 


Proof. For every f € C(X), we have — f, | f| € C(X) and f, —f < | f|sothat|f|—f > 0 
and | f| + f > 0, that is, |f| — f, |f| + f € CCX). Then since L is a positive linear 
functional on C(X), we have L(|f|— f) = Oand L(|f\|+ f) = 0, thatis, L({f|) > L(f) 
and L(|f|) > —L(f). Therefore |L(f)| < L({|f|). This proves (1). 

Let f € S(O,1) = {g € C(X) : Ilgll, = 1}. Then |||], = 1 so that | f| < 1. Then 
1—|f| = Oso that 1 —|f| € C*(X). Then since L is a positive linear functional on C(X), 
we have L(1 — | f|) > 0, that is, L(1) > L(|f1). Thus recalling (1), we have 


Lie = sup |L(f)i< sup L(jf\) < LQ). 
feS(,1) fe5(0,1) 


On the other hand, since 1 € S(0, 1), we have ||L||x => |Z(f)| = LC). Thus ||Z]|« = LC). 
This proves (2). @ 


Lemma 19.52. Consider the Banach space (C(X), || - llu) of the real-valued continuous 
functions on a compact Hausdorff space X and its dual space (C(X)*, || - lu). Let Ct (X) 
be the subset of C(X) consisting of nonnegative continuous functions on X. Corresponding 
to each L € (C(X)*, || - |x) let us define a real-valued functional A, on C*(X) by 


A,(g) = sup {L(h):h € CT(X),0<h <a} forg €C*(X). 


Then A, has the following properties on Ct (X): 

(a) L(g) < A,(g) for every g € Ct(X). 

(b) monotonicity: A,,(g1) < A,,(g2) for g1, g2 € Ct (X) such that g1 < g2. 

(c) nonnegativity and boundedness: A, (0) = 0 and0 < A,(g) < ILilellgllu < 00 for 
every g € C*(X). 

(d) positive homogeneity: A, (cg) = cA,(g) for g € C*(X) andc = 0. 

(e) additivity: A,(g1 + g2) = A,(g1) + A,(g2) for g1, g2 € CT(X). 


Proof. 1. (a) is immediate from the definition of A,. 

2. Let g1, g2 € Ct(X) and gi < go. Ifh € C*(X) and0 <h < gj, then0 <h < g) 
also. Thus {h € CT(X):0<h < gi} c {h € Ct(X) : 0 <h < go} and consequently 
{L(A) he ct(x),0<h< git CG {L(h) the Ct(X),0<h< g}. Thus we have 


A, (gi) = sup {L(h) : he C*(X),0<h < gi} 
< sup {L(A) :h € Ct(X),0 <h < gp} 


= A, (82). 
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3. If hh € CT (X) andO <A < Othenh = 0. Thus we have 
A, (0) = sup {L(h) : h € Ct(X),0 <h < 0} = sup {L(0)} =0. 


If g € Ct(X) then 0 < g so that0 = A,(0) < A (g) by (b). This shows that A, is 
nonnegative on C(X). 

Ifh ¢ C*+(X) andO <h < g, then |L(A)| < ||LllallAllu S (|Lllallgllz. Thus we have 
L(h) < ||Ll«llgllu. Then 


A,(g) = sup {L(h) :h € C*(X),0 sh < g} < IIL lallgllu < 00. 


This proves (c). 

4. To prove (d), note that if c = 0 then for any g € C*(X) we have cg = 0 so that 
A, (cg) = A,(0) =0=0-A,(g) =cA, (g) by (c). If c > 0 then for any g € C*+(X) we 
have cg € Ct (X) and 


A, (cg) = sup {L(h) :h € Ct(X),0 <h < cg} 
= sup {L(h):h € Ct(X),0<th< gh} 
= sup {L(ch) :h € Ct(X),0<h<g} 
=cA,(g). 


5. To prove (e), let gi € C*(X) and let hj € C*(X) such that 0 < h; < g; fori = 1 
and 2. Then gi + g2 € Ct(X), hy + ho € Ct(X) andO < hy +h2 < g) +g. Now 


A, (gi + g2) = sup {L(h) :h € C*(X), 05h < git 99} 
= L(hy + hz) = L(hy) + Lh2). 
Since this holds for every hy € C*(X) such that 0 < hy < gi, we have 
A, (gi + g2) = sup {L(i1) : hy € C*(X),0 <A < gi} + La) 
= A,(g1) + L(h2). 
Then since this holds for every hy € C+ (X) such that 0 < hz < go, we have 
(1) A, (81 + 82) 2 A, (81) + A, (82). 


Let us prove the reverse inequality to (1). Let h ¢ Ct(X) be such that 0 <h < 91 + 29. 
Then h Ag; € Ct(X) andO <hA gy < g;. Nowateachx € X wehaveeitherh Ag] =h 
orh A g1 = gi. From this fact and from the fact that h < g1 + g2 and g2 > 0, we have 
h < (AA g1) +82. Then0 <h—(hA gi) < g2. Nowh = (hAgi) + {h—-(hag)}. 
Thus we have 


L(h) = LihA gi) +L(h—- (ha gi)) 
<A, (AA gi) +A,(h-(hA 81) 


<A, (81) + A, (82), 
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where the first inequality is by (a) and the second inequality is by (b). Since this holds for 
every h € Ct(X) such that 0 <h < g1 + g2, we have 


(2) A, (gi + 82) < A, (gi) +A, (82). 

With (1) and (2), (e) is proved. 

Proposition 19.53. Consider the Banach space (Cc (X), |l- ll) of the real-valued continuous 
functions on a compact Hausdorff space X and its dual space (C(X)*, || « \lu). For every 


Le (C(x)*, l|- ll) there exist two positive bounded linear functionals Lt and L~ on C(X) 
such that 


(1) L=Lt-L, 


(2) Lx = 70) + (1). 


Proof. 1. Let L € (C(X)*, || - jx) and let A, be the functional on C*(X) as defined in 
Lemma 19.52. Let us define a functional Lt on C(X) as follows. If f € C(X), then f 
is a bounded real-valued continuous function on X so that there exists y > O such that 
fty > Oand f+y €Ct(X). Since f+y,y € CT(X), A,(f + y) and A, (y) are 
defined. Let us define a functional L* on C(X) by setting 


(3) L*(fy=A,f +yv)-A,(y) for f € C(X). 


Let us show that L* is well defined, that is, L+(f) defined by (3) does not depend on the 
nonnegative number y such that f + y > 0. Let y; and y2 be two nonnegative numbers 
such that f + y; > Oand f + y2 > 0. Then f + 1 + 2 = Oso that 


A (f+ +72) = Af +71) +A), 
A (ftuty2) =A,(f +2) +A,(M), 
by (e) of Lemma 19.52. From these two equalities we have 
Af +1) — AL) = ALS + v2) — A, (2). 


This shows the independence of the definition of Lt (f) by (3) from y > 0. 

If f € C(X), then | f(x)| < || fll. for every x € X so that f(x) + || fll, = 0 for every 
x € X, that is, f + || f|l, = 0. Using the nonnegative number || f||, as y in the expression 
(3) for L*(f), we have 


(4) LY(f) =A, (f +l fllu) — Ar(f ilu) for f € C(X). 


If g € C*(X), then g +0 > 0. Then Lt(g) = A, (g +0) — A,(0) = A, (g) by (3) and 
by the fact that A, (0) = 0 by (c) of Lemma 19.52. Thus we have 


(5) LP = A,. 00:C*(X); 
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that is, Lt is an extension of A, from C*(X) to C(X). 
2. Let us show that L* is a positive linear functional on C(X), that is, 


(6) L*(fit+ fo) =L*(fi)+L*(f2) for fi, fo € C(X), 
(7) Lt(cf) =cLt(f) for f € C(X) andc eR, 
(8) Lt(g)>0 forg € Ct(X). 


To prove (6), let fi, f2 € C(X) and let 1, y2 > O be such that f, + y) > O and 
fot+y2 > 0. Then fi + fpo+yi + > 050 that 


Lt(fit fA) =A,(fit htnty)—-A,m+y) 
=A, (fit) +A,(fp +72) — A, (M1) — ALG) 
= L*(fi)+ Lt(h), 


where the second equality is by (e) of Lemma 19.52. This proves (6). 
To prove (7), consider first the case c > 0. Let f € C(X) and let y > 0 be such that 
f+y > 0. Thencf + cy > 0so that 


(9) L* (cf) = A, (cf + cy) — A, (cy) 
=c{A,(f+y)-A,Y)} 
=cL*(f), 

where the second equality is by (d) of Lemma 19.52. Next for the case c = —1, we have 


L+(—f) + L*+(f) = Lt+(—f + f) = L+@ = A, @) = 0 by (6), (5) and (c) of Lemma 
19.52. Thus we have 


(10) L*(—f) = -L*(f). 
Finally for c < 0, we have 
(11) L* (cf) = L*(- elf) = -L*(lelf) = -lelZT Cf) = cL *(/), 


where the second equality is by (10) and the third equality is by (9). This proves (7). For 
g € Ct(X), we have L*(g) = A, (g) = 0 by (5) and (c) of Lemma 19.52. This proves (8). 

3. Let us show that the linear function L* on C(X) is a bounded linear functional. By 
(4) and by the fact that A, is nonnegative valued, we have 


—A,(ilfllu) <L7) SAL(f +llfilu) for f € CCX). 
According to (c) of Lemma 19.52 we have A, (g) < ||Lllallgllu for every g € C*(X). Thus 
—|Lilall flu < L*(f) < Whe] fF +H fllul), for f ¢ CCX). 
Now | f +1 fllul], < Uf lle + Wf lla = 2i flu. Thus we have 
IL*(f)| < 2ILilell flu for f € CCX). 
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This shows that L+ is a bounded linear functional on C(X) with ||L7||x < 2I|Zlls- 

4. Let L~ = Lt — L. Since L and L* are bounded linear functionals on C(X), so is 
L~. For g € C*(X), we have Lt(g) = A, (g) => L(g) by (5) and by (a) of Lemma 19.52. 
Thus L~(g) = Lt(g) — L(g) > 0. This shows that L~ is a positive linear functional. 

We have L = L* — L~. Then by Observation 19.51 we have 


(12) [Lle = LT — Loe < LT Mle + Le = LT) + LD. 


To prove the reverse inequality, let h € C*(X) be such that 0 <A < 1. Then |2h-—1] <1 
so that 2h —1 € B(O,1)={f € C(X): | fll, < 1}. Thus 


(13) |L\l4 = sup IL(f)| = Lh — 1) = 2L(A) — LQ). 
f€BO,1) 


By the definition of Ay, in Lemma 19.52 and by (5) above, we have 

(14) sup {L(h):h € CT(X),0<h <1} =AL0)=LT(). 

Since (13) holds for every h € Ct (X) such that 0 < A < 1, (14) implies that we have 
(15) JLlls = 2L* (1) — LCD = 2L* (1) — {L7(1) — L7()} = LF) + LA). 


With (12) and (15), we have ||L]], = Zt()+L7(1). 
Theorem 19.54. Consider the Banach space (C(X), || « llu) of the real-valued continuous 
functions on a compact Hausdorff space X and its dual space (Cc (X)*, II - Ilu)- Then for 


every LE (C(X)*, I| - il) there exists a unique finite signed Radon measure 4. on (X, Bx) 
such that 


L(f) =| f dd forevery f € C(X). 
x 
Moreover ||L||x =| A|(X) where |A| is the total variation of the signed measure i. 


Proof. 1. By Proposition 19.53, for every L € (C(X)*, || - ll) there exist two positive 
bounded linear functionals L+ and L~ on C(X) such that 


L=Lt—L™ and |i, = Lt) +L7 (1). 


By Theorem 19.34 (Riesz-Markoff), there exist unique Radon measures ps and v on (X, Bx) 
such that 


aS) fdu for f €C(X), 

xX 

n= f fav for f € C(X). 
X 


Since yz and v are Radon measures on (X, 8x), they are finite on the compact sets in X and 
hence finite on the compact space X. Thus yu and v are finite Radon measures on (X, Bx). 
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If we let A = yu — v, then A is a finite signed Radon measure on (X, 93x) by Proposition 
19.44. Thus we have 


LN = LN - L(A) = f fan ff fav =| fan for f € C(X), 


where the last equality is by Proposition 10.34. 
Let || be the total variation of the signed measure A. By Proposition 10.33, we have 


woni=| f ral sf ifabd sifiudaloo tor f C00. 
Thus we have ||L |x <] 2](X). On the other hand, by Theorem 11.25 we have 
Io swe +900 = fran fray 
= L*(1) +L“) = [le 


Therefore we have ||L {|x =] A(X). 
2. Suppose A; and 42 are two finite signed Radon measures on (X, %3x) such that 


L(f) = [ fda; for f € C(X) andi = 1,2. 
x 
If we let A = d1 — Ag, then A is a finite signed Radon measure on (X, 8x) by Proposition 


19.36. Let ) = A+ ~ AW be the Jordan decomposition of A. By Definition 19.32, A+ and 
A” are finite Radon measures on (X, yx). If we define 


It(f) -| fdat for f € C(X), 
x 
I(f) -/ fdr” for f € C(x), 
x 
then J+ and J~ are positive bounded linear functionals on C(X). For f € C(X), we have 


M(f)-(fp= dat-ajy= dx 
-(f [ira = 


=| ran-f far 
= L(f) - L(f) =9, 


where the first equality is by Proposition 10.34 and the third equality is by Theorem 10.35. 
Thus J+ = J~. Then we have I*(f) = fy fdd* and I*(f) = I7(f) = fy fda- for 
f € C(X). Then by the uniqueness of the Radon measure in Theorem 19.34, we have 
At =A7. Then dA = At —A7~ = 0, that is, Ay = Ag. This proves the uniqueness of the 
finite signed Radon measure 4 such that L(f) = de fdifor f €C(X). 
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Let M(X, Bx) be the linear space of all finite signed Radon measures on a compact 
Hausdorff space X. For A € M(X, By), let [A] be the total variation of the signed measure 
. We showed in Theorem 19.47 that ||A|l,, =| A] (X) for A € MCX, Bx) is anorm on the 
linear space M(X, Bx). 


Theorem 19.55. Consider the dual space (C(X)*, |: ||x) ofthe Banach space (C(X), || -llu) 
of the real-valued continuous functions on a compact Hausdorff space X, and the normed 
linear space (M(X, By), ll- lle) of finite signed Radon measures on X. For. € M(X, Bx) 
let us define a bounded linear functional I(X, -) on C(X) by setting 


(1) IA, f) = [rar for f € C(X). 

Then 1 is a linear isometry of M(X, 98x) onto C(X)*, that is, 

(2) I maps M(X, x) onto C(X)*, 

(3) I(ch,:) =cl(h,-) ford €M(X, Bx) andc eR, 

(4) TAy+A2,-) = 1A, -) + 12,:) foray, r2 € M(X, Bx), 
(5) ZA, DIle = WAll ye 


Proof. For every 4 € M(X, By), the functional /(A, -) defined by (1) is a real-valued 
linear functional on C(X). Moreover for every f € C(X) we have 


wa.pi=|f ral s f ifiatal 
< WF lal AL = Ullal: 


where the first inequality is by Proposition 10.33. Thus / (A, -) isa bounded linear functional 
on C(X), that is, 1(A,-) € C(X)*. This shows that J maps M(X, 93x) into C(X)*. 
According to Theorem 19.54, for every L € C(X)* there exists 4 € M(X, Bx) such that 
Lif) = Sy fa for every f € C(X) and for such A € M(X, By) we have the equality 
[ZL lle =P A[(X) = [A]. This shows that J defined by (1) maps M(X, 8x) onto C(X)* 
and proves (5) also. 

To prove (3), note that for A € M(X, Bx), c € R, and f € C(X), we have 


I(ca, f) -| fd(cd) =e} fdr=cl(A, f), 
x Xx 


where the second equality is by Theorem 10.35. 
To prove (4), note that for 41, 42 € M(X, Bx) and f € C(X) we have 


1Qr+30,.)= fi fata +22) = f fda | fara 
Xx Xx 


=1A1,f)+102, f), 
where the second equality is by Theorem 10.36. # 


This page is intentionally left blank 


Chapter 5 


Extension of Additive Set Functions to 
Measures 
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[I] Additive Set Function on an Algebra 


An outer measure on a set X is a nonnegative extended real-valued set function z* defined 
on the o-algebra 93(X) of all subsets of X such that ~*(@) = 0, w* is monotone and 
countably subadditive on 98(X). (See Definition 2.1.) Let 0(j*) be the collection of all 
ju*-measurable members of $3(X), that is, the collection of every £ € 98(X) satisfying the 
y*-measurability condition 


w*(A) = w*(ANE) + u*(ANE*‘) for every A € B(X). 


Then 20(u*) is a o-algebra of subsets of X and (X, Mt(u*), u*) is a complete measure 
space. (See Theorem 2.8 and Theorem 2.9.) 


A collection 23 = {Vq} of subsets of a set X is called a covering class for X if 8 « B 
and there exists a sequence (V, : n € N) in % such that Unen V, = X. Let y be an 
arbitrary nonnegative extended real-valued set function on a covering class %3 for X such 
that y(@) = 0. If we define a set function u* on 93(X) by setting 


uX(B) = inf { Dye ¥Va) | (Vn in €N) CB, nen Vn D E| 


for E € 98(X), then z* is an outer measure on X. (See Theorem 2.21.) We refer to u* as 
the outer measure based on the set function y. 


Note that aside from the condition that y (@) = 0, y is an arbitrary nonnegative extended 
real-valued set function on 23. For instance, y need not be monotone on 23. However, if 
there exist V; and V2 in 939 such that Vj C V2 and y(V\) > y (V2), the omission of such a set 
VY, from & has no effect on the value u*(E) for any E € §8(X) as we showed in Remark 
2.22. Note also that while n*(V) < y(V) for every V € 9%, the equality u*(V) = y(V) 
does not hold in general. Also the inclusion 33 C D0(jz*) does not hold in general. Below 
is an example for these failures. 
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Example. The collection 3, consisting of @ and all open intervals in R is a covering class 
for R. The set function £ on 3, defined to be the length of an interval in 3, and £(@) = Ois 
a nonnegative extended real-valued function on the covering class J,. The outer measure 
based on this set function £ on 3, is the Lebesgue outer measure y* on R and the o-algebra 
Mt(1.*) of all ~*-measurable sets is the Lebesgue o-algebra 9), . Now let Ep be anon I, - 
measurable subset of (0, 1) in R. Let 33 be acovering class of R consisting of all members of 
3, and Eo. Let y bea set function on % defined by setting y (J) = €(1) forevery J € 3o and 
y (Eo) = 3. Then for (0, 2) € 93, we have Eo Cc (0, 2) and y(Eo) = 3 > 2 = y((0, 2)). 
Let s* be the outer measure on R based on the set function yon XJ. Since the omission of 
Eo from % has no effect on 4*, we have w* = yt and Mt(u*) = Wt(ut) = Mt,. Then 
since Eg € Wand Ep ¢ MN,, we have VW F Mt,. 


We shall show that if a covering class 33 for a set X is an algebra of subsets of X 
and if a nonnegative extended real-valued set function y on % with y(®) = 0 is additive 
on 23, then 23 C Mt(yu*) and if y is countably additive on WW, then u* = y on VW. 
Regarding the assumption that y(@) = 0, let us remark that if there exists V € 9% with 
y(V) < oo, then the additivity of y on MJ implies that y(@) = 0. Indeed since V = V UQ, 
y(V) = y(VU®) = y(V) + y(@). Subtracting y(V) from both sides, we have 0 = y(). 


Theorem 20.1. Let pu be a nonnegative extended real-valued set function on an algebra X 
of subsets of a set X with (®) = 0. Consider the outer measure * on X based on 1, that 
is, 


y*(B) = inf | Donen H(An) # (Ani €N) CL, Unen An > E| 


for E & 3B(X) and the measure space (X, IN(u*), u*). 
(a) If wu is additive on A, then AC Mp*). 
(b) If ut is countably additive on A, then w* = pe on A. 


Proof. 1. Suppose ju is additive on 2f. To show that 2( C 23t(4*), we show that every 
A € & satisfies the .*-measurability condition 


(1) p*(B) = w*(BNA)+u*(BNA‘) forevery B € P(X). 


From the definition of jz* as an infimum, for every B € 93(X) and ¢ > 0, there exists a 
sequence (A, : € N) in 2 such that B C Unen An and 


(2) Do H(An) < w*(B) +. 


neN 


By the additivity of 4 on 2, we have 
(3) H(An) = #(An 1 A) + w(An 9 A‘). 
Using (3) in (2), we have 


4) Do olan A) + D1 W(An 1 A°) < WCB) + ©. 
neN neN 
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By the inclusion B C nen An, we have BOA C (Unen An) VA = Une (An 9 A) and 
BNAS C (Unen An)MA‘ = Unen(AnMA‘). Now (A,NA:n € N) and (A, NAS : n € N) 
are sequences in 2{. The definition of 4* implies w*(B MA) < Snen H(An M A) and 
L*(BN AS) < nen L(A, OM A‘). Using these two inequalities in (4), we have 


B*(BN A) + u*(BN AS) < p*(B) +e. 


By the arbitrariness of ¢ > 0, we have u*(BM A) + u*(BN A‘) < u*(B). The reverse 
inequality holds by the subadditivity of the outer measure z*. Thus (1) holds. 

2. Suppose yz is countably additive on 2f. We are to show that 4.*(A) = (A) for every 
A € 2. For this, let us show first that 


(5) A€ 2M, (An:n EN) CA, |) AnD A= WA) < D> UlAn). 
neN neN 


(Note that 2 is only an algebra so that ),,-;y An may not be in 2( and yw (UU), An) may not 
be defined.) To prove (5), let Bj = A; and B, = A, \ (Aj U-:-U A,_1) forn > 2 80 that 
(B, : n € N) is a disjoint sequence in 2 with Ucn Bn = Unen An- From A C Unen Ans 
we have A = AN(Unen An) = AN (nen Bn) = Unen (AN Bn). Since (AN By : n € N) 
is a disjoint sequence in 2 and since U,,-y(AM Bn) = A, the countable additivity and the 


monotonicity of 4 on Mimply w(A) = Dopey M(ANBn) < Donen H(Bn) < Sonen M(An): 
This proves (5). Now let A € 2l. Then (5) implies by the definition of j.* that u(A) < 
*(A). On the other hand by considering the covering of A by the sequence (A, @, 0, ...) 
in 2{, we have u*(A) < f(A). Thus u*(A) = (A). Bf 


The next theorem lists equivalent conditions for countable additivity of an additive set 
function on an algebra of subsets of a set. Among these conditions (i) is the countable 
additivity condition. 


Theorem 20.2. Let 2 be a nonnegative extended real-valued additive set function on an 
algebra SX of subsets of a set X with u(B) = 0. Consider the following conditions on |: 


(i) (An: n €N) CA, disjoint, nen An € A= w(Unen An) = Ven H(An), 
(ii) (An: n EN) CM, An Ft, lim A, € A> lim “(A,) = (lim A,), 
noo noo A> OO 
(ili) (An :n €N) CM, An J, lim A, € A> lim w(A,) = {lim A,), 
no noo nc 
(iv) (Anine€N) C2M,An J, lim A, =%=> lim (An) =0. 
noo noo 
Then (i) < (ii), (iii) & (iv), and if u(X) < 0x, then (ii) © (iii). 
Proof. 1. (i) > (ii). Assume (i). Suppose A, + and im, An = Unen An € 2. Let 


B, = A, and By, = A, \ (A1 U--- U Ap_-1) forn > 2 so that (B, : n € N) is a disjoint 
sequence in 2, )7_, Be = Up Ax forn € Nand U,, 2 Bn = Une An- Then by (i) and 
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by the additivity of ~ on 2, we have 


w( tim An) = #( LU An) =2( UJ &) = ue) 


neN neN neN 
n 
= im, 22 a(Bo = jkim, (LJ 2%) 
n 
lim u(U A) = lim p(An). 
noo kel noo 
2. (ii) > (i). Assume (ii). Let (A, : 2 € N) be a disjoint sequence in 2 such that 


Unen An € WM. Let By = Ugiy Ax forn ¢ N. Then (B, : n € N) C A, By t, and 
im, Bn = Onen Bn = Unen An- Thus by (ii) and by the additivity of 2 on 21, we have 


C= 


k 


l 
Ls 


#(Unen An) = H( lim Bn) = lim (Bn) 


= fin, Soma = Daa 
=1 


neN 

3. (iii) > (iv). (iv) is a particular case of (iii). 

4. (iv) => (iii). Assume (iv). Suppose A, | and fim, An = (\nen An € 2. Let 
A = (en An € A. Then (A, \A:n €N) C A, A, \ A J, and in fact we have 
jim (An\ A) = (nen (An\A) = (Qnen An)\A = %. Thus by (iv), im, L(A, \ A) = 0. 
Since (A, \ A) + u(A) = u(A,), by letting n + 00, we have 4(A) = im, L(A,). This 
proves (iii). 

5. (ii) => (iii) when (X) < oo. Assume (ii) and u(X) < oo. Suppose A, | and 
im, An = (Men An € 2. Then (AC :n € N) c A, AS 4, and Jim AL = Unen 46 = 


(Qnen An)° € 2 so that by (ii) , we have 
w) sim, WAS) = 1(( Pee An) 


Now 1 ((Mnen An)) + # (nen An) = #(X) and w(AG) + H(An) = 1(X). Since 
U(X) < oo, the measures of all sets involved are finite. This implies that subtraction by the 
measure of a 2{-measurable subset of X is always possible. Thus we have 


z(( nen An)’ ) = U(X) — H(A nen An); 
L(A) = w(X) — e(A,) forn EN. 


(2) 
By (1) and (2), we have 
HX) — H(Qnew An) = #((Qnen 4n)’) = lim (An) 
= lim {u(X) — 4(An)} 
nC 


= MX) — him (An). 
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Subtracting 4(X) < co from both sides of the last equality and then multiplying by —1, we 
have 1 (Qen An) = jim, p(A,), that is, H( lim, An) = im (An). 


6. (iii) > (ii) when “(X) < oo. Assume (iii) and w(X) < oo. Suppose A, + and 
lim An = U,en An € 26. Then (AS: n € N) C 2, AE J, and fim, AL = Mnen 4, = 


n—>00 neN 


(Unen An) € 2. By (iii), we have 
(3) dim, #(Aq) = #((Unen An)*): 


From  ((Upen An)°) + # (Unen An) = #(X) and 1(AS) + (An) = 4(X) and by the 
fact (Onen An) < oo and u(A,) < 00 forn € N, we have 


H((Unen An)’) = U(X) - u( nen An), 
(AZ) = W(X) — w(An) forn EN. 


(4) 


By (3) and (4) , we have 
w(X) — H( nen An) = #((Unew An)°) = lim (Ay) 
= lim {u(X) — #(An)} 
= W(X) — lim y(An). 


Subtracting u(X) < oo from both sides, we have yu (Uren An) = fim, (A, ), that is, 
w( lim A,) = lim pu(An). & 
noo no 


Here is an example of an additive set function on an algebra of subsets of a set which is 
not countably additive. 


Example. Let us define a set function 42 on the o-algebra 93(R) of all subsets of R by 
setting u(E) = 0 when E é€ 98(R) is a finite set and u(E) = oo when E € 98(R) is an 
infinite set. Then “(E) € [0, oo] for every FE € $8(R) and 4(G) = 0. To show that pw 
is additive on §B(R), let £1, Ez € SB(R) and E; N Ez = B. Now if EF; and E2 are both 
finite, then so is EF; U E2 and we have p(E£1) + w(E2) = 0+0 = 0 = w(E, U £2). 
If £) is a finite set and E> is an infinite set, then E; U E2 is an infinite set and we have 
BWCE)) + (Er) = 0+ 0c = 00 = WE, U Ed). If E and £2 are both infinite, then so 
is Ey U E> and we have n(E1) + w(E2) = 00 +0 = co = UW(E| U E2). This verifies 
the additivity of $8(IR). To show that yz is not countably additive on §8(R), consider the 
disjoint sequence (E, : n € N) in $8(R) where E, = {n}. Then Ucn En = N and 
& (Unen En) = 00. But 4 (E,) = 0 for every n € N and )> ey M(En) = 0. 


If z* is an outer measure based on an additive set function on an algebra, then the u* 
measurability condition can be reduced. Note that yz is not assumed to be countably additive 
on an algebra. 
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Theorem 20.3. Let 4. be a nonnegative extended real-valued additive set function on an 
algebra X of subsets of a set X with u(B) = 0. Consider the outer measure z* on X based 
on A, that is, 


w*(B) = int {Doyen HCAn) ¢ (Ani EN) CM, pen An D E| 
for E € 3B(X). Then the u*-measurability condition 
(1) w*(B) = w* (BNE) + pu*(BN E*) for every B € J(X) 
is equivalent to the condition 


(2) M(A) = W(ANE) + uU*(ANE) forevery A€ A. 


Proof. Since an algebra 2{ of subsets of a set X is a covering class for X, this theorem is a 
particular case of Theorem 2.24. 


[II] Extension of an Additive Set Function on an Algebra to a Measure 


Definition 20.4. Let yu be a nonnegative extended real-valued additive set function on an 
algebra X of subsets of a set X with 1(B) = 0. We say that yx is extendible to a measure on 
X if there exists a measure space (X, &, v) such that A C F and pw = v on AN. 


Theorem 20.5. (Hopf Extension Theorem) Let 1. be a nonnegative extended real-valued 
additive set function on an algebra X of subsets of a set X with 4(%) = 0. Then p is 
extendible to a measure on X if and only if 4 is countably additive on 2X. 


Proof. 1. Suppose yz is extendible to a measure on X, that is, there exists a measure space 
(X, &, v) such that 2c ¥ and uw = v on A. To show that yz is countably additive on 2, let 
(A; in € N) be a disjoint sequence in 2 such that Unen An € 2. Since 2 .C Fand yp =v 
on 2 and since v is countably additive on %, we have “ (U,en An) = ¥ (Open An) = 
nen U(An) = Vpen H(An). This proves the countable additivity of jz on Qt. 

2. Conversely suppose jz is countably additive on 2. Then according to Theorem 20.1, 
if we define an outer measure z* on X by setting 


u*(E) = inf {| Donen w(An) | (Ani EN) Cl, pers An > E} 
for E € §8(X), then (X, Nt(u*), u*) is a measure space such that 2 C Mt(u*) and 


pe = u* on A. Thus p is extendible to a measure on X. 


[111] Regularity of an Outer Measure Derived from a Countably Additive 
Set Function on an Algebra 


Definition 20.6. Let 2( be an algebra of subsets of a set X. We define A, as the collection 
of all countable unions of members of A and define 2,5 as the collection of all countable 
intersections of members of Ag. 
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Observation 20.7. For an algebra 2 of subsets of a set X, the collections 21, and A,5 
are not closed under complementation in general and thus they are not algebras in general. 
However 24 is closed under countable unions since a countable union of countable unions 
of members of 2f is still a countable union of members of 2. Also 2, is closed under 
intersections and hence closed under finite intersections. To prove this, let A, B € 2l,. 
Then A = Uncen An and B = Unen Bn where (An : n € N) and (B, : n € N) are 
sequences in 2. Then AN B= (Une Am) A (Unen Ba) = Up nen (Am O Bn). Since 
A is an algebra, Am 1 Bn € Wand thus AN B € Ag. 


Let x be anonnegative extended real-valued countably additive set function on an algebra 
QA of subsets of a set X with (B) = 0. Let p* be an outer measure on X based on jz, that 
is 


u*(E) = inf { nen (An): (An: EN) CMH, Unery An D E| 


for E € §$B8(X). Consider the o-algebra 93t(z*) consisting of those members E of $8(X) 
which satisfy the .*-measurability condition 


w*(B) = w*(BNE)+pu*(BOE‘) for every Be $(X). 
By Theorem 20.1, 2f Cc 99(*) and thus we have the following chain of inclusions: 
ACA; CAss C o(W) C MU(p"*). 


Also 4 = p* on Q according to Theorem 20.1. Let us consider approximation of a set 
E &€ 38(X) by members of 2(, and 2,5 in terms of y*. 


Lemma 20.8. Let * be an outer measure based on a nonnegative extended real-valued 
countably additive set function 4 on an algebra X of subsets of a set X with u(B) = 0. 
Then for every E € 3B8(X) and € > 0, there exists A € A, such that E C A and 
H*(E) < u*(A) < w*(E) +e. 


Proof. Let E € 98(X). By the definition of z* as an infimum, for every € > 0 there exists 
a sequence (A, : n € N) in 2M such that U,cy An D E and u*(E) < Yoncy M(An) < 
u*(E) + €. (Note that since u*(E) may be equal to 00, a strict inequality may not be 
possible.) Let A = Uncen An € 2c. By the monotonicity and countable subadditivity of 
the outer measure j2* and by the fact that 4 = “* on 2 according to Theorem 20.1, we 
have u*(E) < p*(A) < Donen M*(An) = Den H(An) < M*(E) +e. 8 


Proposition 20.9. Let .* be an outer measure based on a nonnegative extended real-valued 
countably additive set function yz on an algebra XU of subsets of a set X with u(@) = 0. Then 
u* is a regular outer measure, that is, for every E € 93(X) there exists A € IN(u*) such 
that E C A and p*(E) = p*(A). In fact there exists A € Ags C o(QW) C MU(“*) such 
that E C A and p*(E) = p*(A). In particular if u*(E) = 0, then there exists A € Ags 
such that E C A and y*(A) = 0. 


Proof. Let E € §3(X). By Lemma 20.8, for every n € N there exists An € 2, such that 
EC A, and u*(E) < p*(An) < w*(E) + 1. Let A= ()nen An- Then A € My5, EC A, 
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and by the monotonicity of the outer measure pz*, u*(E) < u*(A) < w*(An) < w*(E)+ 4 
for every n € N. Thus u*(E) = w*(A). Of 


Definition 20.10. A nonnegative extended real-valued set function y on a covering class 
% of subsets of a set X is said to be o-finite on G if there exists a sequence (Vy, :n € N) 
in % such that en Vn = X and y(Vn) < 00 for everyn EN. 


In connection with the definition of a o-finite covering class of a set X, recall that an 
algebra 2l of subsets of X is a covering class for X. 


Theorem 20.11. Let u* be an outer measure based on a nonnegative extended real-valued 
countably additive set function on an algebra A of subsets of a set X with u(®) = 0. 
Consider the following conditions on a set E € 98(X): 

1° for every & > 0, there exists A € UA, such that E C Aand u*(A\ E) <e, 

2° there exists A € Aes such that E C Aand p*(A\ E) =0, 

3° Ee M(p*). 

Then 1° => 2° and 2° => 3°. If u is o-finite on A, then 3° => 1°. 


Proof. 1. 1° = 2°. Let E € $8(X). Assume 1°. Then for every n € N, there exists 
An € Ag such that EC A, and w*(An \ E) < +. Let A= Men An- Then A € Ags and 
Ec A. Since A C An, we have A\ E C A, \ E for every n € N. By the monotonicity 
of the outer measure y.*, we have p*(A \ E) < u*(An \ E) < + for everyn € N. Thus 
p*(A \ E) = 0. This proves 2°. 


2. 2° => 3°. Let E € 93(X). Assume 2°. Then there exists A € 2,3 such that E C A 
and p*(A \ E) = 0. Now p*(A \ E) = 0 implies A \ E € D(u*) by Lemma 2.6. Since 
E Cc A, we have E = A\(A\E). Then since A € As C Mt(y*) and since Mt(u*) is a 
o-algebra, we have E € t(y*). 


3. 3° => 1° when w is o-finite on 2(. Suppose pu is o-finite on 2{. Then there exists a 
sequence (X, : n € N) in 2€ such that Unen Xn = X and u(Xp) < 00 for every n € N. 
Let ¥} = X,; and Y, = Xp, \ (X1 U---U Xn-1) forn > 2. Then (Y, : n € N) isa 
disjoint sequence in 2 and Ucn Yn = Une Xn = X. By the monotonicity of 4*, we 
have u*(¥,) < u*(Xn) < co forn € N. Recall that » = u* on 2 by Theorem 20.1. Thus 
we have (Yn) < U(Xn) < & forn EN. 


Now let E € S)t(u*). If we let E, = EN Y, forn € N, then (£, :n € N) is a disjoint 
sequence in 99t(jz*) with UneN E, = E. Also p*(En) < w* (Yn) = “(Yn) < coforn EN. 
Let ¢ > 0 be arbitrarily given. For each n € N, there exists A, € 2(, such that Ey, C Ap 
and u*(En) < w*(An) < w*(En) + oa by Lemma 20.8. Since E,, A, € Dt(w*), u* isa 
measure on the o-algebra Dt(u*), and u*(E,) < oo, the setinclusion E, C Ap implies that 
M*(An\ En) = #*(An)—u*(En) < 3a. Then by the countable subadditivity of 4*, we have 
*(Unen(An \ En)) S Dnen #*(An \ En) < 8. Since (Unen = \ E = (Unen An) \ 
(han En) © Upeas(An \En), we have 1° (pen An) \E) = 2" (Upeni(An \ En) Se. 
Since 2%, is closed under countable unions by Observation 20.7, if we let A = Unen An 
then A € 2, and u*(A \ E) < «. This proves 1°. # 
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[IV] Uniqueness of Extension of a Countably Additive Set Function on 
an Algebra to a Measure 


If u is a nonnegative extended real-valued countably additive set function on an algebra 
A of subsets of a set X with 4(@) = 0, then the outer measure * on X based on p is 
an extension of jz to a measure on the o-algebra Jt(u*). The next theorem shows that 
if is o-finite on 2{, then any extension of 4 to a measure on a o-algebra & such that 
Wc FC HNt(y*) is unique. 


Theorem 20.12. (Uniqueness of Extension to Measure) Let 1: be a nonnegative extended 
real-valued countably additive set function on an algebra XU of subsets of a set X with 
(BD) = 0. Assume that yu is o-finite on A. Let u* be the outer measure on X based on the 
set function js and consider the measure space (X, Dt(*), u*). If (X, &, v) is a measure 
space such that L.C & C Mt(*) and v = pw on A, then v = p* on F. 


Proof. We show that v = y* on M5, on Aes, and on ¥ successively. 

1. Let us show that v = p* on A. Let A € As. Then A = nen An where 
(A, : n € N) is a sequence in 2. If we let B) = A; and B, = A, \ (A, U--+U Ag-1) 
forn > 2, then (B, :n € N) is a disjoint sequence in 2 with U,<n Bn = Unen An = A. 
Then 


(A) = »( UJ Br) = vB) = uhh) 


neN neN neN 
=o e*Bn) = "(LU Bn) = HFC), 
neN neN 


where the second equality is by the countable additivity of v on %, the third equality is from 
the fact that 4 = v on 2, the fourth equality is from the fact that 4 = * on 2U and the fifth 
equality is from the countable additivity of x* on St(*). This shows that v = yz* on ,. 


2. Let us show that v = y* on Mos. Let A € As. Then A = (),ey An where 
(An in € N) is asequence in A,. The o-finiteness of « on the algebra 2 implies that there 
exists a disjoint sequence (X; : j € N) in 2 such that Ujen Xj; = X and u(X;j) < oo 
for j €¢ N. Let Bj = At) Xj for j ¢ N. Since A € Aes and X; € WC Ay, we have 


B; € Ags. Thus (Bj : j € N) is a disjoint sequence in 2,5 and Ujen B; = A. Also 


n 
By = ANX;=( (An) OX) = (An X,) = im (Ae 1 X)). 
neN neN k=1 


Since Ay € 2%, and X; € MW C A, and since 2A, is closed under finite intersections by 
Observation 20.7, ( ea (Ak 1 Xj) :n EN) is a decreasing sequence in M,. Since every 
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member in this sequence is a subset of X; and since v(X;) = (Xj) < 00, we have 
n n 
vay) = om, (a4 1) = to, o( eae) 
k=1 k=1 


n 5 n 
(IGEN) =e | ee) 
k=1 k=1 

= u"(Bj) 


where the second equality is by the fact that v(X;) = w*(Xj) = (Xj) < oo, the third 
equality is by the fact that v = y* on 2l, by 1 and the fourth equality is by the fact that 
p*(X j) = w(X;) < oo. Then since v and y* are measures on &, we have 


v(A) =») By) = 8) = vB) = w*( LU By) = 2). 


jeN neN neN JEN 


This shows that v = y* on Aes. 

3. To show that v = y* on &, let E € &. Then E € Mt(yu*). Since yp is o-finite on 2, 
according to Theorem 20.11 there exists A € 21,5 such that E C A and u*(A\ E) = 0. 
If we let B = A \ E, then .*(B) = 0 so that by Proposition 20.9 there exists C € Ags 
such that B C C and p*(C) = 0. Since E € F and A € As C F, we have B € F. Also 
C € Mos C F. Then v(B) < v(C) = w*(C) = O since v is a measure on & and since 
v = u* on Mos by 2. Thus v(B) = 0. Then by the fact that v and * are measures on %, 
we have 


v(E) = v(A \ B) = v(A) — v(B) = v(A) = #*(A) 
= *(A) — w*(B) = w*(A\ B) = w*(E). 


This shows that v = w* on &. wf 


Remark 20.13. Without the assumption of o-finiteness of ~ on 2, the uniqueness of 
extension in Theorem 20.12 fails. 


Example. Let v be a set function on the o-algebra 98 (IR) of all subsets of R defined by 
setting v(E) = N if E is a finite set with N elements and v(£) = oo if E is an infinite set. 
Thus defined, v is a measure on $8(R). Let us define a sequence of measures (v, : n € N) 
on §3(R) by setting v,(Z) = nv(E£) for E € 3B(R). Let 2 be an algebra of subsets of R 
consisting of % and all finite unions of intervals of the type (a, b] where-—-0o0 <a <b< ow 
with the understanding that (a, oo] = (a, 00). Note that @ is the only set in 2 that is a 
finite set and thus for every A € 2{, A 4 9, we have v(A) = o0 and v,(A) = oo for every 
n é€N. Note also that o(2l) = Bp, the Borel o-algebra of subsets of R. Let yw be the 
restriction of the measures v, on §3(R) to 2l. Since v,(@) = O.and v,(A) = oo for every 
Aé€e A, A FG, for all n € N, pw does not depend on n € N, that is, 4 is common to all 
vy, n €N. As the restriction of the measure v, on (IR) to 2, ~ is countably additive 
on 2. Since 4(A) = oo for every A € &A, A # Y, yw is not o-finite on A. Let pr, be the 
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restriction of v, to o (Ql). Then pz, is a measure on o (2L). Since “, = on Al, jz, is an 
extension of our countably additive set function jz on the algebra 2{ to a measure on the 
o-algebra o (21). Now since o (2) = Bp, for every x € R, we have {x} € o (2). Then 
bn ({x}) = vp({x}) = nv({x}) =n forn € N. This shows that uz, n € N, are distinct 
measures on o (2{). Thus an extension of jz to measures on o (2) is not unique. 


Theorem 20.14. Let 2 be an algebra of subsets of a set X and let 44 and jez be two 
measures on the o-algebra 0 (Q). If 4, = 2 on W and if 1 and 2 are o-finite on A, 
then 41 = 2 ona (QA). 


Proof. Since j1; and jz2 are measures on o (20), they are nonnegative extended real-valued 
countably additive set functions on 2¢ with 41(@) = u2(6) = 0. Let pi and ws be 
the two outer measures on X based on the two set functions 4; and 2 on 2, that is, 
for E € $8(X) we have u*(£) = inf {Scnen Mi(An) : (An in EN) CA, Unen An D E} 
fori = 1 and 2. Since “1 = m2 on A, we have uy = wz on $3(X). This implies 
Mr (ut) = Mtr (u5). Since the o-algebras It, (uj) and Mt, (w5) contain 2 by Theorem 
20.1, we have o (20) C MtL(u7) = Mtr (43). By Theorem 20.12, uw) = ut and wz = p15 
on o (2). But zt = 43 on $B(X). Thus pw) = w2 ono (A). a 


[V] Approximation to a o-algebra Generated by an Algebra 


Let 2( be an algebra of subsets of a set X. The o-algebra generated by 2, o (20), is abstractly 
defined as the smallest o-algebra of subsets of X containing 2f. Thus it is of interest to 
know how an arbitrary member of o (20) can be approximated by members of 2L. 


Theorem 20.15, Given a finite measure space (X, &, v). Let & be an arbitrary algebra of 
subsets of X such that o (QW) = §. Then for every E € & and e > 0, there exists A € UW 
such that v(EAA) < &. 


Proof. Let 20 be an arbitrary algebra of subsets of X such that o (20) = ¥ and let yw be the 
restriction of v to 2(. Then y is a nonnegative extended real-valued countably additive set 
function on 2( with 4.(@) = 0. If we let .* be the outer measure on X based on the set 
function on 2, then 2 C Dt(u*) and w = w* on by Theorem 20.1. Since Mt(u*) 
is a o-algebra containing 2, we have ¥ = 0 (20) C Mt(u*). Since v is a finite measure 
on %, its restriction uw to 2 is a finite set function on 2f. Thus by Theorem 20.12, we have 
v= p* on. 

Let EF € ¥ ande > O. By the definition of * as an infimum, there exists a sequence 
(An : n € N) in 2 such that U,cy An D E and u*(E) < Dey M(An) < w*(E) + 5. 
Since v = yz* on ¥ and v = yw on Al, the last inequalities are equivalent to 


(1) v(E) $Y v(An) S VE) + 5. 
neN 


Now (Ug_1 Ax : 2 € N) is an increasing sequence in 2% C F and Ug_; Ak t Unen An 80 
that v (gy Ak) tv (hen An). Since v (Uren An) < 00, there exists N € N such that 
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v (Unen An) — § < v(UMy An). Then 
N N 
(2) »( Un \ U An) =»(U An) = »(U An) <5. 
1 N 1 
Let A= (UN, An € 2. Since E C Unen An, we have 


3) v(E\ A) s v(L An \ A) < 


neN 


€ 
2 


by the monotonicity of v on & and by (2). Similarly since A C Unen An and E C Ucn An 
also, we have 


(4) v(A\ EB) <»( LJ An\ E) = »((U An) - 0) 
neN neN 


< )7 (An) = v(E) = 5 
neN 


by (1). Thus by (3) and (4), we have v(E AA) = v(E \ A) + v(A\ E) < 5 + 5 =e. § 


Proposition 20.16. Given a finite measure space (X, 0 (Q), w) where A is an algebra of 
subsets of X. For every E € 0 (Ql), there exists a sequence (Ax : k € N) in Ml such that 


(1) lim 14, =1¢ ae. onX 
k->0o 
and 
(2) u(EA lim inf Ay) = 0. 
k> 00 


Proof. Let E € (2). For every n € N, there exists A, € 2{ such that p(EAA,) < 1 by 


n 


Theorem 20.15. Now {X : [la, — lz| > 0} = EAA, so that for every n € N, we have 
w{X : |14, — 12] > 0} = u(EAA,) < 1. Thus for every ¢ > 0 we have 


lim w{X : |1a, ~1z| > e} < lim w{X: |14, — 12] > 0} 
n—- oo noo 


1 
= lim w(EAA,) < lim —-=0 
noo 


noo n 


that is, the sequence (1,4, : 2 € N) converges in measure to 1g. Therefore there exists a 

subsequence (1 An 7 1 € N) which converges to If a.e. on X. Let us write Ay for An,. 

Then (Az : k € N) is a sequence in 2 such that jn 1,4, = 1g a. on X. This proves (1). 
> CO 


Now we have 


(3) lim 14, =1,¢ on £6, 
k-> 00 
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where Ep is a null set in (X, o (Q0, p). 
Suppose x € EM E>. By (3), we have jim 1,4,(x) = le(x) = 1. Thus there exists 
—> 00 


N é€ N such that 14,(x) = 1 fork > N, that is, x € Ax fork > N, in other words 
x € liminf Ay. Thus EN EO Cc liminf Ag and consequently we have 
k> 00 k->00 


§ C (limi EG. 
(4) E 1 EG C (liminf Ax) N i 


Conversely suppose x € (tim inf Ak) NE. By (3), we have jim 14, (x) = 1g(). Since 
—> OO > 0o 
xe lim inf Ax, there exists N € N such that x € Ay fork > N. Then 1,4,(x) = 1 for 
—>00 
k > N so that im 1,4,(x) = 1. This implies 1g(x) = 1 so that x € E. Thus we have 
—> OO 


(lim inf Ax) 1 E65 Cc E and consequently 

—> 00 

(5) (lim inf Ax) N E§ C EN EG. 
> 00 


By (4) and (5), we have EN E§ = (lim inf Ay) N EG. Therefore EAliminf Ax C Eo so 
—> OO 70 
that H(EA lim inf Ag) < (Eo) = 0. This proves (2). 
—> 00 


Proposition 20.17. Let (X, 0 (20), 4) be a finite measure space where A is an algebra of 
subsets of X. Let 8 be the collection of all nonnegative simple functions on X based on A, 
that is, functions of the type vy = rai cil,, where c; > 0, Aj € 2, fori =1,..., pand 


p &é€N. Then for every nonnegative extended real-valued o (QU)-measurable function f on 
X, there exists a sequence (W, : n € N) in § such that lim | Wn = f ae. on (X, 0 (QHD, pw) 
n 


and im, Sy ¥ndu= fy fdp. 
Proof. If f is a nonnegative extended real-valued o (2{)-measurable function on X, then 


there exists an increasing sequence of nonnegative simple functions (g, : n € N) on 
(X, 0 (20), 4) such that y, + f on X by Lemma 8.6. Let yp be given by 


Pn 
(1) Yn =) cn jz), 
j=l 
where Cy,j => O and Ey; € o (QL) for j = 1,... , px. The Proposition is trivially true if f 


is an identically vanishing function on X. Thus assume that f is not identically vanishing 
and assume that g, is not identically vanishing so that max y, > 0 forn € N. Now for an 
arbitrary ¢ > 0, corresponding to E,,; there exists Ap; € 2 such that 


é 
2 En, j SAn, j —— min jl, 
(2) H(En,j SAn,j) < Op, min { =| 


by Theorem 20.15. Let us define a sequence (yf, : n € N) in 8 by setting 


Pa 
(3) te 7 Ou Lays 


j=l 
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Then {X : |@, — Wn] > 0} C pan (En,j MAn,j) so that by (2) we have 


Pn 
e, 1 
(4) WX: Wn —Ual > 0) 5 Su (EnjAAn,j) < sin | ——}: 


ji 


This implies Sey H{X : ln — Yn] > 0} < Doren a = & < 00 80 that by Theorem 6.6 
(Borel-Cantelli), we have 


n->0O 


According to Lemma 1.7, the statement (5) is equivalent to the statement 
(6) LU{X : On # Wy for infinitely many n € N} = 0. 


Since lim g(x) = f(«) for every x € X, (6)implies lim w(x) = lim g(x) = f(x) 
noo n>oo n> 00 
for ae. x € X. By (4) we have 


[mau f vndu| < | ln — Wal du 
x x x 


<2 max gn + u{X : lon — Val > O} 


2 max c 2 
< _——_——— = 
Pn * On Maxg,  2"7! 


Since im, Sy 9ndu = fy f du by Theorem 8.5 (Monotone Convergence Theorem), we 


have ain, SyWndus= fy fdu. w 
[VI] Outer Measure Based on a Measure 


Unlike a measure on a o-algebra of subsets of a set X, an outer measure on X is in general 
not an additive set function on the o-algebra 98(X) of all subsets of X. However it has the 
advantage that it is defined on §8(X) on which it is monotone and countably subadditive. 
If a measure pz is given on a o-algebra 2 of subsets of a set X, then since 2{ is a covering 
class for X and since yz is a nonnegative extended real-valued set function on the covering 
class 2 with 4(®) = 0, us can be extended to be an outer measure on X as in Theorem 2.21. 


Theorem 20.18. Given a measure space (X, A, 2). Let us define a set function p* on 
B(X) by setting for every E € IB(X) 


u*(E) = inf { Saen W(An) : (An 2 € N) CM, new An D E} 
= inf {u(A): A € 2, AD E}. 


Then y1* is an outer measure on X, A C M(u*), and u* = p on A. Moreover p* is a 
regular outer measure on X. 
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Proof. Let us show first the equality of the two infima in the definition of z*. For brevity let 
us denote the two by @ and f. Clearly a < f. To prove the reverse inequality, let (A, : 1 € 
N) be an arbitrary sequence in 2( such that U,<ny An D E. If we let A = Une An, then 
Aé 2, AD E, and (A) < ) yen H(An) by the countable subadditivity of the measure 
pon A. From this it follows that B < a and therefore a = f. 

Since a o-algebra 2( of subsets of X is a covering class for X and a measure yz on 2 
is a nonnegative extended real-valued set function on 2 with 4(@) = 0, y* as defined 
above is an outer measure on X by Theorem 2.21. The countable additivity of 4 on 2 
implies that 20 C D)t(u*) and u* = uw on A by Theorem 20.1. To show that p* is a 
regular outer measure on X, let E € 98(X). Since u*(E) = inf {u(A) : A € A, A D E}, 
for every n € N, there exists A, € 2{ such that A, D E and w(A,) < w*(E) + 1. Let 
A=(\nen An. Then A € &, AD E, and w(A) < w(An) < w*(E) + ‘ for everyn € N. 
Then *(A) = (A) < u*(E). On the other hand, A > E implies that 4*(A) > u*(E). 
Thus 4*(A) = y*(E). Therefore we have a set A € 2 C M(w*) such that A D E and 
L*(A) = w*(£). This shows that y* is a regular outer measure on X. & 
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§21 Extension of Additive Set Functions on a Semialgebra 


[I] Semialgebras of Sets 


A semialgebra of subsets of a set is a simpler structure than an algebra of subsets of the set. 
Thus a countably additive set function on a semialgebra is more easily constructed than a 
countably additive set function on an algebra. As we shall show below if w is a nonnegative 
extended real-valued countably additive set function on a semialgebra G of subsets of a set 
X with 4(@) = 0, then w can always be extended to be a nonnegative extended real-valued 
countably additive set function on the smallest algebra 2l of subsets of X containing G. 
This countably additive set function on the algebra 21 can then be extended to be a measure 
on X by the Hopf Extension Theorem (Theorem 20.5). 


Definition 21.1. A collection G of subsets of a set X is called a semialgebra if it satisfies 
the following conditions: 

I° 6xEG, 

2° iff, F€G,thnENF eG, 

3° ifE € G, then E* is a finite disjoint union of members of ©. 


Example. In R” let G be the collection of subsets of R” consisting of % and all subsets of 
R” of the type (a1, b1] x --- x (Gn, bn] where —00 < a; < bj < 00 with the understanding 
that (a;, 00] = (aj, ©) fori = 1,... , n. Itis easily verified that G satisfies conditions 1°, 
2°, and 3° of Definition 21.1. Thus G is a semialgebra of subsets of R”. 


Observation 21.2. Recall that an algebra of subsets of a set X is a collection 2f of subsets 
of X satisfying the conditions: 


(1) xe 
(2) AEMA> Ao EA 
(3) A,BEAs>AUBEA 


(a) An algebra 2U of subsets of a set X is a semialgebra of subsets of X. 
(b) If a semialgebra G of subsets of a set X satisfies the additional condition: 
4° ifE, F €G, then E UF € G, then G is an algebra of subsets of X. 


Proof. 1. Let us prove (a). Let 2 be an algebra of subsets of a set X. Then by (1) and (2) 
we have @ = X° € &. Thus 2 satisfies condition 1° in Definition 21.1. If A, B € 20 then 
AUB= (Ao U B°)° € 2 by (2) and (3). Thus 2 satisfies condition 2° of Definition 21.1. 
If A € M&M then A° € 2 by (2). Thus 2 satisfies condition 3° of Definition 21.1 trivially. 
Therefore 2 is a semialgebra of subsets of X. 

2. Suppose a semialgebra G of subsets of a set X satisfies the additional condition 4°. 
Then G satisfies conditions (1) and (3). To show that G is an algebra of subsets of X, it 
remains to show that G satisfies (2). Now if E € G then by 3° we have E® = E, U-- UE, 
where {E1,... , En} is a disjoint collection in G. Then by iterated application of 4° we 
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have E} U Eo € G, E,; UE2UE3€ G,..., FE) U--- UE, € G so that E° € G. This 
shows that G satisfies (2). Therefore G is an algebra of subsets of X. 


Unlike an algebra a semialgebra of subsets of a set is not closed under unions, or 
complementations, or differences. However as we shall show below, the collection of all 
finite unions of members of a semialgebra is an algebra. 


Lemma 21.3. Let G be a semialgebra of subsets of a set X. Then every finite union of 
members of © is equal to a finite disjoint union of members of G. 


Proof. Consider a finite collection {E; : i = 1,... ,m} in G. By 3° of Definition 21.1, 
foreach i = 1,... ,m, there exists a finite disjoint collection {F;,;, : jj =0,...,nj}in G 
such that Ei,9 = E; and '_» Ei, , = X. Then we have 


ny 


(1) x=(U Ein) O--0( v Em.in) = LJ. U (E1,j) +++ 0 Em, jin): 
0 


ji=0 Jm= A=0 — jm=0 


NowG is closed under intersections. Then by iteration G is closed under finite intersections. 
Thus £j,j,--: Em, j, € &. Consider the following subcollection of G: 


(2) a Oe Oe ee en eS nes ed ee 


Let us show that € is a disjoint collection. Let F and G be two distinct members of € given 
by F = Ey,5,0++:- Ems, and G = E14, ++: Enm,1,- Then since F and G are distinct, 
we have (s1,... , 5m) 4 (t1,.-. , tm). Thus there exists at least one i = 1,... , m such that 
5; #t;. Then since (Ej, ;j, : ji =0,... ,n;} is a disjoint collection we have E;,5, 0 Ei, = %. 
Since F is a subset of E;,;, and G is a subset of E;;,, we have FOG C Ej,s,N Ein, = @. 
This proves that € is a disjoint collection. 

Let us show next that each member of the collection {Ej : i = 1,...,m} is equal to 
a union of members of €. Take £| for instance. Recall that {£1,;, : j) = 0,...,m} isa 
disjoint collection in G such that E19 = E;. Thus we have Ey = E19 = E,,9M X and 
then by (1) we have 


ny Am 
B= Evo { UU Ena Emin) f 
A= Jjm=0 
n2 Nm 
= LJ oes UJ (E10 E2,j7,---NEm,jn)- 
2=0 — jm=0 
This shows that £; is equal to a union of members of €. Similarly for E2,... , Ey». Then 


Uj, Ei is equal to a union of members of €. Then since € is a finite disjoint collection of 
members of G, (j"_, Ej is equal to a finite disjoint union of members of G. # 


For an arbitrary collection € of subsets of a set X, let a(€) be the algebra of subsets 
of X generated by €, that is, the smallest algebra of subsets of X containing €. For any 
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collection € of subsets of X, w(€) always exists. Indeed the collection 93(X) of all subsets 
of X is an algebra of subsets of X containing €. The intersection of all algebras of subsets 
of X containing € is the smallest algebra of subsets of X containing €. 


Let o (€) be the o-algebra of subsets of X generated by €. Then o(€) = o(a(€)). This 
can be verified as follows. Since € C a(€) we have a(€) C o(a(€)). On the other hand 
a a-algebra is also an algebra so that o(€), as an algebra containing €, contains a(€) the 
smallest algebra containing €. Thus a(€) C o(€) and then a(a@(€)) C o(o(€)) = a (€). 
Therefore 0 (€) = o(a(€)). 


For a semialgebra G of subsets of X, a(G) has the following characterization. 


Theorem 21.4. Let G be a semialgebra of subsets of a set X. Then a(G) is the collection 
of all finite unions of members of ©. 


Proof. Let 2( be the collection of all finite unions of members of G. Let us show that 
2 = a(G). Now since w(G) is an algebra containing G, it contains all finite unions of 
members of G. Thus 2 C a(G). By the definition of 2f, we have G Cc 2. If we show 
that 2{ is an algebra, then it contains the smallest algebra containing G, that is, a(G) Cc Al, 
and therefore 21 = a(G). Thus it remains to show that 2 is an algebra. 

To show that 2{ is an algebra of subsets of X, note first that X € G and thus X € 2. If 
A, B € &, then A and B are each a finite union of members of G so that A U B is a finite 
union of members of G and thus AUB € 2. This shows that 2U is closed under unions. To 
show that 2 is closed under complementations, let us show first that 2{ is closed under finite 


intersections. Let {Aj :i = 1,... ,m)} be a finite collection in 2. Then Aj = Uiin1 see 
where {Fj, ;, : ji = 1,... , ni} is a collection in G. Then 

m m ny ny Nm 

M4 =1(U 8) =U LJ (Ej ++ 0 Emn,jn)* 

i=l i=1 \jj= j=l Jm=1 


Since G is closed under finite intersections, we have £j,j,9---1 Em,j, € ©G. Then 

et oo Ure (E14, 9-9 Em, jm) i8 a finite union of members of G and is therefore 
in 21. This shows that 2( is closed under finite intersections. To prove that 20 is closed 
under complementations, let A € 2. Then A = |_j/, E; where {EZ; :i =1,...,mjisa 
collection in G and A° = {)j_, Ef. By 3° of Definition 21.1, Ef is a member of 2l. Then 
since A is closed under finite intersections, (;_, Ef € 2, thatis, AC ¢ 2. Thus 2 is closed 
under complementations. Finally since X € 2( and 2 is closed under complementations 


we have @ = X° € 2. This completes the proof that 2( is an algebra of subsets of X. @ 


[It] Additive Set Function on a Semialgebra 


By Definition 1.19 a set function y on a collection € of subsets of a nonempty set X is said 
to be additive on € if 


E\,E,€€, FE, NE, =8,E;VE,€ €S y(Ey UV E2)=y(Ei) + vy (£2), 
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and finitely additive on € if 


m m m 
{E; :i=1,...,m}cé, disjoint , _) Ei e€> (Uz) = >> (Ei). 
i=1 i=l i=l 


If a set function y on an algebra 2 of subsets of X is additive on 2, then it is finitely 
additive on 2(. This follows by iterated application of the additivity of y on 2(. Indeed 
if {E; : i = 1,...,m} is a disjoint collection in 2, then by the fact that (es E; € 2 
fork = 1,... ,m, we have y(U", Ei) = v(U"! Ei) + (Em) = = Dy (ED). 
Thus the finite additivity of y on an algebra is derived from its additivity on the algebra. 


Since a semialgebra G of subsets of X is not closed under unions, the additivity of a 
set function y on © does not imply its finite additivity on G. For a disjoint collection 
{E; : i = 1,...,m)} in G such that aan E; € G, it is possible that E; UE; ¢ G for 
any pair in {Z; : i = 1,... ,m} and then the additivity of y on G does not apply. (As an 
example of this, consider the semialgebra of subsets of R? consisting of % and all rectangles 
in R? of the type (ai, bi] x (a2, ow Let E, = fe 2] x (0, 3], Eo = (3,1] x (0, $], 
Es = (3,1) x (3,1), Ba = (0, 3] x (3,1), Es = (3, §] x G, zy, and E = (0, 1] x (0, 11. 
Then {£;,i = 1,...,5} isa disjoint collection in the semialgebra and the union of the 
five rectangles is the rectangle E but the union of any two of the five is not a rectangle and 
hence not in the semialgebra.) Thus the finite additivity of a set function on a semialgebra is 
something to be postulated, not to be derived by assuming its additivity on the semialgebra. 


Lemma 21.5. Let jz be a nonnegative extended real-valued set function on a semialgebra 
© of subsets of set X with w(@) = 0. Suppose that yp is finitely additive on ©, that 
is, if {E; : i = 1,... ,m)} is a disjoint collection in G such that (Jj, Ei € ©, then 
uw (Ujey i) = Oy oC Ei). Let us define a set function ji on «(2) by setting 


fi(A) = )> n(Ei) 


if A € a(G) is given by A = (7), Ej where {E; :i = 1,... , m} is a disjoint collection in 
©. Then ji is a well-defined nonnegative extended real-valued set function on a(@) with 
(BD) = 0 and ff = pw on ©. We call ji the extension of from © to a(@). 


Proof. If A € a(2f) then A is a finite union of members of G by Theorem 21.4. Then A isa 
finite disjoint union of members of G by Lemma 21.3. Let us show that /z is a well-defined, 
that is, (A) does not depend on the expression of A as a finite disjoint union of members 
of G. Thus suppose A = (J, Ej as wellas A = Uja1 F; where {E; :i =1,... ,m)} and 
(Fj : j =1,...,n} are each a disjoint collection in G. Let us show that )7°7"_., u(Ei) = 
ee W(F;). Let Gig = Ein Fj. Then (Gj; :i = 1,...,m;j = 1,...,n} isa 
disjoint collection in G and E; = Uj_, Gi,j fori = 1,...,m and Fj; = U7, Gi,j for 
j =1,...,n. The finite additivity of ~ on G implies u(E;) = fi(E;) = ae UG; ;) 
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and w(Fj) = K(F;j) = >77_, u(Gi,;). Therefore we have 


Hed = > ([uG.a] = [aap = Vaep. 
i=l] j=l i=l j=l 


i=l j=l 


This shows that fi is well defined on a(G). In particular it implies that Z@(E) = (E) for 
EesS. i 


Proposition 21.6. Let u be a nonnegative extended real-valued finitely additive set function 
ona semialgebra © of subsets of set X with n(@) = 

(a) The extension ji of 1 to (©) as defined in Lemma 21.5 is finitely additive on a(@). 
(b) Moreover [i is countably additive on a(G) if and only if x is countably additive on ©. 


Proof. 1. Let us show first that {i is additive on a(G). Let A, B € a(G) be such that 
AN B = 9. By Theorem 21.4 and Lemma 21.3, we have A = Lj, Ej and B = L_y Fj 


where {£; :i = 1,...,m)} and {Fj : j = 1,... ,n} are each a disjoint collection in G. 
By the definition of ji on a(G), we have ji(A) = )7y_, w(E;) and ji(B) = i=l w(F)). 
Since A and B are disjoint, {E,,..., Em, Fi,..., Fn} is a disjoint collection in G and 


[Ui Ei] U [Uja1 Fi] = AU B € a(S). Thus by the definition of fi on a(G), we have 
(AU B) = 72) M(Ei) + as | A(Fj) = (A) + fi(B). This proves the additivity of ji 
ona(G). Since a(G) is an algebra, the additivity of 7 on a(G) implies the finite additivity 
of jt on a@(G) by iterated application of the additivity. 

2. If # is countably additive on a(G), then since G C a(G) and wp = fi on G, pis 
countably additive on G. Conversely suppose jz is countably additive on G. Let us show 
that ji is countably additive on a(G). Thus let (A, : n € N) bea disjoint sequence in a(G) 
such that Unen An € @(G). Let A = Une An- 

For each n € N we have A, € a(G) so that is Theorem 21.4 and Lemma 21.3 there 


exists a finite disjoint collection {Fy,;, : jn = 1,-..,4n} C G such that 
(1) ie. 

n=l 
Let 


F={Frjiin=l... kan ENE ce. 


Since (A, : n € N) isa disjoint sequence, ¥ is a disjoint collection. Now A € a(G) implies 
according to Theorem 21.4 and Lemma 21.3 that there exists a finite disjoint collection 
= {E; :i=1,...,m}C GS such that 


2) A=|JE. 


Since the semialgebra G is closed under intersections we have Fy, ;, 0 Ei € G. If we let 


= {i , NEY ia lense WEN TH 1,.02/m), 
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then by the disjointness of the collection ¥ and the disjointness of the collection €, © isa 
countable disjoint collection in G. Now by (1) we have 


(3) An 1 Ej = ( UJ Fri) NE: = (Fuj, Ei) 


and by the fact that Z; C A and by (3) we have 


(4) B=ANE=(UA 2) NEV = UYann-UU Fp, jy OE). 


neN neN néeN j,=1 


Since A, € a(G), E; € G C a(G) and a(G) is an algebra, we have A, M E; € a(G). 
By the definition of jz on a(G), by (3) and by the disjointness of the collection & we have 


kn 
(5) fi(AnO Ei) = > (Fa, Ei): 


Jn=l 


By (4), the disjointness of the collection © C G and the countable additivity of ~ on G 
and by (5) we have 


kn 
(6) mE) = >| wai, VED] = YO HAn A ED. 


neN  jn=t neN 


Then by (2) and by the definition of f@ on a(G), we have 


() MA) = Yauco = [Tau nE)| = Yr [Vata nen], 


i=l i=l neN neN i=l 


Since A, = An NA = A, N ( uy Ei) = Uy (An M Ej), the additivity of 77 on a(S) 
implies that }77".) (An M Ej) = (An). Substituting this in the last equality, we have 
P(A) = nen H(An). This proves the countable additivity of Z ona(G). wf 


Corollary 21.7. Let yu be a nonnegative extended real-valued finitely additive set function 

on a semialgebra © of subsets of set X with 4(@) = 0 and let ji be the extension of 1 to 

a(G) as defined in Lemma 21.5. 

(a) is monotone and finitely subadditive on a(@) and is monotone and finitely 
subadditive on ©. 

(b) If uw is countably additive on G, then jt is countably subadditive on a(G) and p is 
countably subadditive on ©. 


Proof. 1. By Proposition 21.6, jd is finitely additive on a(G). Since a(G) is an algebra, 
monotonicity and then finite subadditivity of jz on a(G) follows from the additivity of 
on a(@) by (a) of Lemma 1.22. Since G Cc a(G) and xp = fi on G, the monotonicity and 
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finite subadditivity of {4 on a(G) imply the monotonicity and finite subadditivity of on 
S. 

2. If 4 is countably additive on G, then / is countably additive on a(G) by Proposition 
21.6. Since a(G) is an algebra, the countable additivity of on a(G) implies its countable 
subadditivity on a(G) by (b) of Lemma 1.22. Then since G C a(G) and wp = fi on G, pw 
is countably subadditive on G. 


Theorem 21.8. Let uz be a nonnegative extended real-valued finitely additive set function 
on a semialgebra © of subsets of set X with u(@) = 0. Then yu is countably additive on © 
if and only if is countably subadditive on ©. 


Proof. If 4 is countably additive on G, then yz is countably subadditive on G by (b) 
of Corollary 21.7. Conversely suppose yz is countably subadditive on G. To show that 
2 is countably additive on G, let (E, : n € N) be a disjoint sequence in G such that 
nen E, € G. Consider the extension of 4 to a(G). For an arbitrary N € N, we have 

yt En C Unen En. Since UN; En € @(G) and since U,cy En € G C a(G), the 
monotonicity of /< implies 


w(U 2x) =2(U &n) = a(U es) 
neN neN n=1 
N N 
= DU iE) = Doon) 
n=1 n=1 


Since this holds for every N € N, we have yz (Unen En) > Drew (En). On the other 
hand by the countable subadditivity of u on G, we have u (Ucn En) < nen H(En). 
Thus we have “ (Un En) = Yonen (En). This proves the countable additivity of jz on 
cS. i 


[III] Outer Measures Based on Additive Set Functions on a Semialgebra 


Let yz be a nonnegative extended real-valued countably additive set function on a semialgebra 
G of subsets of set X with (@) = 0. The extension 7 of yw to the algebra a(G) generated 
by G is a nonnegative extended real-valued countably additive set function on a(G) by 
Proposition 21.6. Thus by the Hopf Extension Theorem (Theorem 20.5), 4 can be extended 
to a measure on a (a@(G)) = o(G) and therefore our set function . on G has an extension 
to a measure on a(G). Let us address the uniqueness question of extensions of ju to a 
measure. Now since a semialgebra of subsets of X is a covering class for X, the set function 
* on 38(X) defined by 


wr(E) = int | Dyer M(En) Eni n EN) CS, Une En > 


for E € §3(X) is an outer measure on X according to Theorem 2.21. Similarly the set 
function ji* on 93(X) defined by 


ji*(E) = int | Dent (An) : (Ani EN) CaS), Une An > E| 
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is an outer measure on X. Let us compare the two measure spaces (X, t(*), w*) and 
(X, MU*), jz"). 


Lemma 21.9. Let 4 be a nonnegative extended real-valued countably additive set function 
on a semialgebra © of subsets of set X with u(®) = 0 and let j& be the extension of 1 to 
the algebra a(@). For the two outer measures y* and j1* on X based respectively on the 
set function on © and the set function [i on a(G), we have n* = pt* on $B(X) so that 
Mt(we*) = Mt(ju*) and (X, MU(w*), w*) = (X, Dt(w*), W*). 


Proof. Let E € 93(X). Since G C a(G), the collection of all sequences in G covering E is 
asubcollection of the collection of all sequences in a(G) covering E. Then since fj = won 
G, we have ji*(E) < u*(E). On the other hand, every member of a@(G) is a finite union of 
members of G so that a covering of E by asequence in a(G) is acovering of E by asequence 
in G. Also for every A € a(G) there exists a finite disjoint collection {Ej :i = 1,... ,m)} 
in G such that (f(A) = )°7., w(E;). Thus u*(E) < *(E). Therefore p* = pi* on P(X). 
This implies that 99t(4z*) = MN(j*) and (X, Mt(u*), w*) = (X, DU"), w*). 


Theorem 21.10. (Uniqueness of Extension to Measure) Let pz be a nonnegative extended 

real-valued countably additive set function on a semialgebra © of subsets of set X with 

(8) = 0 and let jx* be the outer measure on X based on the set function |. 

(a) u* is a regular outer measure on X. 

(b) GS C Mt(u*) and p = p* on ©. 

(c) Let (X, &, v) be a measure space such that © C & C Mt(w*) and v = pon G. If wis 
a -finite on ©, then v = p* on §. 

(d) In particular, if is o-finite on ©, then an extension of j4 to a measure on o (©) is 
unique. 


Proof. 1. Let f@ be the extension of jz to o(G) and let 72* be the outer measure on X based 
on ft. By Lemma 21.9, w* = fi* on $8(X). Since f* is a regular outer measure on X by 
Proposition 20.9, y* is a regular outer measure. This proves (a). 

2. We have G Cc a(G). Now since ji is additive on the algebra a(G), we have 
a(S) Cc Mt(u*) by Theorem 20.1. Then since Dt(ji*) = M(u*) by Lemma 21.9, we 
have G C 97(u*). Since uw = ~ on SG by Lemma 21.5 and % = f* on a(G) by Theorem 
20.1 and i* = u* on $8(X) by Lemma 21.9, we have 4 = * on G. This proves (b). 

3. If ~ is o-finite on G, then # is o-finite on a(G). If G C F C Mt(y*), then since 
M(u*) = Mt") by Lemma 21.9 we have a(G) C F C Mt(fi*). If v = pw on G, then 
v = ff on a(G). Then by Theorem 20.12 (Uniqueness of Extension), we have v = 7i* on 
&. Since fi* = y* on $8(X) by Lemma 21.9, we have v = y* on §. This proves (c). 

4. (d) is a particular case of (c) wih F =o(G). 


Theorem 21.11. Let G be a semialgebra of subsets of a set X. Let 4, and j12 be two 
measures on the o-algebra o (©). If 41 = 42 on G and p and 12 are o-finite on G, then 
1 = M2 ona (6). 


Proof. If 4; and 2 are o-finite on the semialgebra G, then they are o-finite on the algebra 
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a(G). Since every member of a(G) is a finite disjoint union of members of G, if 4, = 2 
on G, then 4; = 2 ona(G). Then since o(G) = o(a(G)), w1 = p2 on o(G) by 
Theorem 20.14. @ 


The ,z*-measurability condition for an outer measure y* based on a countably additive 
set function ~ on a semialgebra G of subsets of a set X can be reduced to testing by the 
members of G only. 


Theorem 21.12. Let u be anonnegative extended real-valued countably additive set function 
on a semialgebra © of subsets of set X with u(B) = 0. Then for every E € 9B8(X), the 
p*-measurability condition 


(1) B*(B) = w*(BNE) + u*(BNE*) for every B € $(X) 
is equivalent to the condition 
(2) (PF) = w(FOE)+u*(FNE‘) forevery Fe GS. 


Proof. Since a semialgebra G of subsets of a set X is a covering class for X, this theorem 
is a particular case of Theorem 2.24. @ 
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(Ij Lebesgue-Stieltjes Outer Measures 


Let g be an arbitrary real-valued increasing function on R. For x € R, the left-limit 
g(x—) = limery g(&) and the right-limit g(x+) = limegy, g(&) exist and furthermore 
—00 < g(x—-) S$ g(x) < g(x) < Ov. 

Let us write g(—oo) = jim g(x) and g(0o) = im, g(x). Then —oo < g(—oo) < 
g (00) < oo. 

The function g is left-continuous at x € Rif and only if g(x) = g(x—) and right-continuous 
at x if and only if g(x) = g(x+). There exists a countable set E C R such that g is 
continuous at every x € E°. 


Definition 22.1. Let g be a real-valued increasing function on R. We define a function g, 
on R by g,(x) = g(x+) for x € R and call it the right-continuous modification of g. 


Observation 22.2. The right-continuous modification g, of a real-valued increasing func- 

tion g on R has the following properties: 

1° g, is a real-valued increasing function on R. 

2° gr = g except at countably many points in R. 

3° lime tx gr (€) = limesy 9 (€) and lime). gr (&) = limey, g(&) at every x € R. 

4°  g, is right-continuous on R. 

5° 8r(—00) = g(—0o) and g,(00) = g(oo). 

6° gr iS continuous at x € Rif and only if g is continuous at x. If g is continuous atx € R 
then g(x) = g,(x). 

7° There exists a null set E in the Lebesgue measure space (R, 0, u a such that the 
derivatives g’(x) and g/ (x) exist and g’(x) = g/(x) for every x € E°. 


Proof. 1. (a) is immediate from the definition of g,. 

2. gr(x) 4 g(x), that is, g(x+) ¢ g(x), if and only if g is not right-continuous at x. The 
set of points at which g is not right-continuous is a subset of the set of points at which g is 
not continuous. The latter set is a countable set since g is a real-valued increasing function 
on R. Thus g is not right-continuous at countably many points only. Then g, = g except at 
countably many points in R. 

3. Since g, and g are both real-valued increasing functions on R, the one-sided limits 
lime¢x 8r(), limesy 9 (&), lime yx g-(&), and lime), g(&) exist in R at every x € R. Then 
since g, = g except at countably many points in R by 2°, the equalities in 3° hold. (For 
instance, for x € R let (€, : n € N) be a decreasing sequence such that &, > x for every 
né Nandé&, | x. Then jim, &r(—En) = rte &r(&) and dim. g(En) = im g2(é). Then since 
&r = g except at countably many points in R we can select (&, : n € N) so that g,(&,) = 
g(En) forevery n € N. Then Jim, &r(En) = tim, g(&n) so that lime yx gr (€) = limes, g(&). 

4. To show that g, is right-continuous at every x € R, note that by 3° and by the 
definition of g, we have lime x g-(€) = lime, x g(€) = g(x). 

5. Let (&, : n € N) be a sequence such that &, | —oo. Then im, &r (En) = Br (—00) 
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and Jim, e(én) = g(—oo). By 2° we can select (&, : n € N) so that g,(E,) = g(En) 

for everyn € N. Then lim g,(&,) = lim g(&,). Thus g-(—oo) = g(—oo). We show 
n->OoO noo 

similarly that g- (00) = g(0o). 

6. Since g, and g are real-valued increasing functions on R, g; is continuous at x € R 
if and only if lime +x g-(E) = lime, g- (€) and similarly g, is continuous at x if and only if 
limg tx g(€) = lime, x @(€). Now by 3° we have lime, g-(€) = limg |x g,(&) if and only if 
limg sx g(€) = limgyy g(&). Thus g, is continuous at x if and only if g is continuous at x. 
If g is continuous at x, then g(x) = lime, g(€) = g(x+) = 2, (x). 

7. Since g and g, are real-valued increasing functions on R there exist two null sets Fy 
and E in the Lebesgue measure space (R, Nt, uw i) such that g is differentiable at every 
x € EF and g; is differentiable at every x € ES. Let E = E, U Ep. Then E isa null set in 
(R, 9t,, 4,) and both g and g, are differentiable at every x € E°. 

Let us show that g’(x) = g/(x) ateveryx € E°. Now differentiability implies continuity. 
Thus both g and g; are continuous at x. Then by 6° we have g(x) = g,(x). Let (& :n € N) 
be a decreasing sequence such that —&, > x foreveryn € N and &, | x. Since g and g, are 
differentiable at x, we have 

lim 8S” a ate: 


n-> 00 En = 


8r(En) — Br(x) _ 
En —X 
According to 2°, g = g, except at countably many points in R. Thus we can select 


(& +n € N) so that g(&)) = g,(&n) for every n € N. As we noted above, g(x) = g,(x) 
Thus we have 


= g (x) and jim, 


lim 8 (En) — B(x) fies &r (En) = Bre) 
n>0oo &, — x n>oo En ~ Xx 


Therefore we have g’(x) = gi (x) & 


Definition 22.3. Let g be a real-valued increasing function on R and let g, be its right- 
continuous modification. Let us define a set function €, on the semialgebra Joc of subsets 
of R by setting €g(@) = 0 and for (a, b] € Joc 


£e((a, b]) = gr(b) — gr(a), 


with the understanding that (a, 00] := (a, 00) and g,(00) = Jim, gr(x). Let Me be the 


outer measure on R based on the set function £g on Joc, that is, for every E € 9B(R), we 
define 


yh(B) = inf { Dyers Ce(ln) : Un 2 EN) C Boer nen In > EI. 


We call €g the set function on Joc based on g and Me the outer measure on R based on £¢. 


Theorem 22.4. Let g be a real-valued increasing function on R and let £4 be the set func- 

tion on the semialgebra Joc and Me be the outer measure on R based on Ly. 

(a) €, is a nonnegative extended real-valued countably additive set function on the semi- 
algebra Joc with £,(8) = 0. 
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(b) be is a regular outer measure on R. 
(€) Boe C Mus) (implying BR Cc Mus) ), and ly = Me On Joc. 


Proof. 1. Let us verify the countable additivity of the set function £, on the semialgebra 
Joc. Thus let (I, : n € N) be a disjoint sequence in 3,. such that nen In € Joc. Let 
In = (Gn, bn] forn € N and let J = Ucn In = (a, 5). 

Since the right-continuous modification g, of g is a real-valued increasing function on 
R, the ordering by < in the set {a, b} U {an, bn : n € N} is preserved by the mapping g,. 
In particular we have g,(a,) < gr(bn) for everyn € N. Let J, = (gr(Gn), &r (bn) | in 
case 27(dn) < gr(bn) and let J, = {g,(bn)} in case gr (an) = g,(bn) for each n € N. Let 
J = (g-(a), g-(b)|. Let J? be the interior of J, forn € N. Note that if Jn = {gr (bn)} 
then J? = @. Since g, preserves the ordering by <, {J, : n € N} is a disjoint collection. 
(This is easily verified by a contradiction argument. Let us note also that (J, :n € N} 
may not be a disjoint collection. For instance suppose a, < & < by < Gm < bm < & 
and the real-valued increasing function g, is constant on (&, 2). In this case we have 
Jn = (gr (an), &r (bn) | and Jm = {gr(bm)} = {gr (bn)} so that Jn ON Im = {8r(bn)}- ) 

The fact that g, preserves the ordering by < implies also J = Le Jn. (Note that while 
&r(In) © Jn, that is, g((dn, bal) C (gr (an), 8r(bn)], we may have g-(In) # Jn. This is 
the case if g- has a jump at some x € (dn, by ].) 

Now consider the Lebesgue measure space (R, 99t,, 4). We have 


12) =4.( U Wn) =m.(U sn) 


neN 


ne 
=o ua) = > Un), 


neN neN 


where the second equality is from the fact that ney Je C Une Jn and Ucn Jn\Unen Je 
is a countable set having Lebesgue measure 0 and the third equality is by the disjointness 
of the collection {J : n € N} and by the countable additivity of 4, . Since the Lebesgue 
measure of an interval is equal to its length, the last equality can be written as 


8r(b) — gr(a) = D> {gr (bn) — gr (an)}, 


neN 


that is, 
£(D=) 40h): 


neN 
This proves the countable additivity of £g on Joc. 

2. Since £, is a nonnegative extended real-valued countably additive set function on 
the semialgebra 3,,, the outer measure Me is a regular outer measure, Joe C Mus) and 
f= HE on Joc by Theorem 21.10. Since o(3o-) = Bp and since Mus) is a o-algebra 
containing Jo-, we have Br Cc Mus). | 


Definition 22.5. Let g be a real-valued increasing function on R. We call Me the Lebesgue- 
Stieltjes outer measure on R determined by g. Let {1g be the restriction of Me to the o-algebra 
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Di(us) of all [eg -measurable members of 38(R) and call it the Lebesgue-Stieltjes measure 


determined by g. We call (R, Mus), Le) the Lebesgue-Stieltjes measure space on R 
determined by g. 


Remark 22.6. By Observation 3.2, the Lebesgue outer measure j4* on R is also given by 


yS(E) = int | Doyen Un) Ini €N) C Foes Unen tn > E| 


for every E € §3(R). The identity function: on R is a real-valued increasing function on R 
and since it is continuous on R, it is identical with its right-continuous modification 1,. Then 
£((a, b]) = b — a = 1(b) — (a) = 7 (b) — (a) = &,((a, b)) for (a, 6] € Foc. Thus the 
Lebesgue measure space (R, Jt, 4, ) is a particular case of the Lebesgue-Stieltjes measure 
space (R, Dt(u%), 4g) with g =. 


Proposition 22.7. In a Lebesgue-Stieltjes measure space (R, IN Ma) g) determined by 
a real-valued increasing function g on R, we have 


(1) wg ((a, bl) = g(b+) — g(at), 
(2) Hg (La, b)) = g(b—) — g(a-), 
(3) pg((a, b)) = g(b—) — g(at), 
(4) 4g([a, b]) = g(b+) — g(a-), 
(5) e({c}) = g(ct+) — g(c—) force R. 


Thus [rg ({c}) = 0 ifand only if c € R is a point of continuity of g. If g is discontinuous at 
céR, then pg ({c}) = g(c+) —g(c—) > 0. 


Proof. Note that (a, b], [a, b), (a, b), [a, b], and {c} are all members of Bp. By Theorem 
22.4, BR C Mw). Thus these sets are all members of Mt(us). To show (1), note that 
by Theorem 22.4, £g = rg On Joc So that 


bg ((a, b]) = £5 ((a, 61) = gr(b) — g(a) = g(b+) — g(at). 
To prove (3), note that (a, b — +] t (a,b) asn > oo. Thus 
g(a, b)) = lim pg ((a,b — 5 ]) = lim {gr (6 — 5) — 8r(@)} 
= lim {g (6 — 7+) — g(a+)} = g(6—-) — g(at). 
To prove (5), note that {c} = (a, c] \ (a, c). Then by (1) and (3), we have 
te ({c}) = Me ((a, cl) — wg ((a,¢)) 
= {g(c+) — g(at)} — {g(c—) — g(at)} 
= g(ct+) — g(c—). 


§22 Lebesgue-Stieltjes Measure Spaces 509 
The equalities (2) and (4) are proved likewise. @ 


Theorem 22.8. Let (R, Mus), Le) be a Lebesgue-Stieltjes measure space on R deter- 
mined by a real-valued increasing function g on R. 

(a) (R, Mus), Le) is a o-finite measure space. 

(b) jug(R) = g(00) — g(—00). 

(c) (R, Mus), Lg) is a finite measure space if and only if g is a bounded function on R. 


Proof. {( —I,nJine Z} is a countable disjoint collection in 3g¢ C MT(us) with 
Unez (n —1,n] = R and Le ((n - 1, n]) = g,(n) — g-(n — 1) < oo. This proves (a). 
Since (—n,n] ¢ R, we have jzg(R) = Jim Hg ((-n, n]) = Jim, {e-(n) — gr(—n)} = 
g (co) — g(—00). This proves (b). By (b), 42(IR) < oo if and only if both g(oo) and g(—0o) 
are finite. Since g is an increasing function on R, this is equivalent to the existence of some 
M > Osuch that —M < g(—o0) < g(x) < g(oo) < Mforeveryx eR. w 


Theorem 22.9. Let g and h be two real-valued increasing functions on R. Suppose g =h 
ona countable dense subset D of R. Then (R, MU us), [Le) es (R, M7), Ln). 


Proof. Let x € R. Since D is dense in R, there exists a sequence (x, : n € N) in D such that 
Xn | x asn — oo. Since g and # are increasing functions, we have g(x+) = lim B(Xn) 
n 


and h(x+) = lim A(xn). Since g(x) = h(xn) for n € N, we have g(x+) = h(x+) for 
n—>oo 


every x € R, that is, g- = h, on R. Thus by Definition 22.3, £2 = £, on Joc and Me = Lj, 
on 93(R). Then Mus) = M(u;) and ug = Un. OB 


Note in particular that if g, is the right-continuous modification of a real-valued. in- 
creasing function g on R, then g, = g on R except at countably many points so that 
(R, DUH), He) = (R, DN(uz), Hg) by Theorem 22.9. 


[II] Regularity of the Lebesgue-Stieltjes Outer Measures 


The Lebesgue-Stieltjes outer measure 42 on R determined by a real-valued increasing 
function g on R is always a regular outer measure as we showed in Theorem 22.4. Beyond 
this, Me has the following regularity properties. 


Lemma 22.10. Let Me be the Lebesgue-Stieltjes outer measure on R determined by a real- 
valued increasing function g on R. Let E € $8(R). 
(a) For every € > 0, there exists an open set O in R such that O D E and 
ui(E) < u3(0) < us(E) +e. 
(b) There exists a Gs-set in R such that G D E and HA (G) = Me (E). 


Proof. 1. Let E € 9B(R). By the definition of HAE ) as an infimum, there exists a sequence 
Un : n € N) in Boe such that U, ey Jn D E and HA(E) < nen £eUn) < MA(E) + §. 
There is no generality lost if we assume that J, is a finite interval for every n € N. (If J, is 
an infinite interval, we decompose it into countable disjoint intervals in the class Jo.) Let 
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Ty, = (Gn, bn) forn € N. Then £,(Jn) = gr(bn) — gr(@n). By the right-continuity of g,, 
there exists c, > by, such that gr (cn) — 8r(bn) < s¢1- Then the open set O = L,en (Gn, Cn) 
contains FE and 


HEE) <= W5(0) = H5( (JG@nsen)) <1 5 (Gn end) 


neN neN 
rd ZB {g(cn—) >, g(an+)} = ae {gr (cn) < 8r(an)} 
neN neN 
< D> | 8r(bn) — Br(an) + saz} = Yolen) + 5 
neN neN 
< pA(E) +e. 


This proves (a). 


2. To prove (b), note that by (a) for every n € N there exists an open set O, > E such 
that u%(E) < u%(On) < Wz(E) + 2. If we let G = (\,ey On, then G is a Gs-set, G D E, 
and 42(G) < He(On) S Ha(E) + 4 for every n € N so that we(G) = we(E). w 


Theorem 22.11. Let (R, Mus), Le) be a Lebesgue-Stieltjes measure space on R deter- 
mined by a real-valued increasing function g onR. For E € 98(R), the following conditions 
are all equivalent : 

@ Ee Mus). 

(ii) For every € > 0, there exists an open set O D E with Me ( O\E) <e. 

(iii) There exists a Gs-set G D E with L(G \ E) =0. 

(iv) For every © > 0, there exists a closed set C C E with Ua(E \C) <e. 

(v) There exists an F,-set F C E with ME \ F) =0. 


Proof. This theorem is proved using Lemma 22.10 exactly in the same way as Theorem 
3.22 was proved by using Lemma 3.21. W 


Theorem 22.12. Let (R, Mus), Lg) be a Lebesgue-Stieltjes measure space on R deter- 

mined by a real-valued increasing function g on R. 

(a)A subset E of R is a member of IN(u;) if and only if E is of the type E = AUC where 
A € Bp and C is a subset of a set B € BR with w,(B) = 0. 

(b) The Lebesgue-Stieltjes measure space (R, Mus), mn ) is the completion of the measure 
space (R, Br, fg). 


Proof. This theorem is proved exactly in the same way as Theorem 5.7. In particular (a) 
is proved by using Theorem 22.11 in the same way that (a) of Theorem 5.7 is based on 
Theorem 3.22. 
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{IiI] Absolute Continuity and Singularity of a Lebesgue-Stieltjes Mea- 
sure 


Let us extend the notions of absolute continuity and singularity of a real-valued function 
on a finite closed interval to function defined on an arbitrary interval. Then we extend the 
Lebesgue decomposition for real-valued increasing functions on a finite closed interval to 
real-valued increasing functions defined on R. 


Definition 22.13. Let g be a real-valued function on an arbitrary interval J in R. We 
say that g is absolutely continuous resp. singular on J if g is absolutely continuous resp. 
singular on every finite closed interval contained in J. 


Note that since absolute continuity of a function on a finite closed interval as defined in 
Definition 13.1 implies its absolute continuity on any closed subinterval, Definition 22.13 
is consistent with Definition 13.1. Similarly Definition 22.13 is consistent with Definition 
13.10. 


Theorem 22.14. Let f be a real-valued increasing function on R. Then f = g +h where 
g is an absolutely continuous increasing function and h is a singular increasing function 
on R. The decomposition is unique up to constants. 


Proof. For every n € N, let f, be the restriction of f to [—n,n]. By Theorem 13.20, there 
exist an absolutely continuous increasing function g, and a singular increasing function 
hy on [—n,n] such that fr = gn + hn and moreover the decomposition is unique up 
to constants. Let us select g, so that g,(0) = 0. Consider the sequences of functions 
(gn in € N) and (hy, : n € N). Let us show that for every n € N, we have gn41 = gy, and 
Anti = hy on [—n,n]. Now frti = f = fr on[—n,n] and thus gn41 + Anti = 8n +hn 
on [—n, n]. Restricted to [—n, n], 8n41 + hn+1 is a Lebesgue decomposition of f,, so that 
by the uniqueness of decomposition up to constants, we have gn41 = gn +c on [—n, n]. 
Then since 2n+1(0) = 0 = gn(0), we have c = 0 so that g,4; = g, on [—n, n]. From this 
it follows that hn41 = hp on [—n,n] also. Let us define two functions g and A on R by 
setting g(x) = gn(x) and h(x) = hy(x) forx € [—n,n] forn € N. Then f = g =h; gis 
absolutely continuous on every finite closed interval in R so that g is absolute continuous 
on R and similarly h is singular on every finite closed interval in R so that A is singular 
on R. The fact that the function h is an increasing function on R and the uniqueness of 
decomposition up to constants follow by the same arguments as in the Proof of Theorem 
13.18. 


Consider two Lebesgue-Stieltjes measure spaces (R, 9t(u*), 4g) and (R, Mu), wa) 
determined by two real-valued increasing functions g and h on R. In general the two o- 
algebras Mtns) and 99t(i27) are distinct. However they both contain the Borel o-algebra 
Bp as a sub o-algebra by (c) of Theorem 22.4. Thus we can compare the two measures 1, 
and 4p at least on the common o-algebra Bp. In connection with this role played by Br, 
let us first extend and modify Lebesgue’s differentiation theorem for real-valued increasing 
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functions on a finite closed interval (Theorem 12.10) as follows. 


Theorem 22.15. Let f be a real-valued increasing function on R. Then there exists a null 
set E in (R, SBR, lb z) such that the derivative f' of f exists and is nonnegative at every 
point in R \ E and f' is Bp-measurable on R \ E. 


Proof. Let 5 > 0 be arbitrarily fixed. For every n € Z, consider the restriction of f to 
[n —1—6,n+6]. By Theorem 12.10 (Lebesgue), there exists a null set An in (R, wi, em) 
contained in [n — 1 — 6,n + 6] such that f’ exists and is nonnegative at every point in 
{n — 1 — 6,n + 6] \ A, and f’ is 99t,-measurable on [n — 1 — 6,n + 8] \ An. Let 
A = Unez An. Then A is a null set in (R, 9t,, 4,) and f’ exists and is nonnegative 
at every point in R \ A and f’ is 90t,-measurable on R \ A. Since (R, mM,. M,) is the 
completion of (R, Bp, 4,) by Theorem 5.7, there exists a null set B in (R, Br, “,) such 
that B > A by Observation 5.5. Then f’ exists and is nonnegative at every point in R \ B 
and f’ is 90, -measurable on R \ B. If we let gy = f’ on R\ B andy =0onB, thengisa 
nonnegative extended real-valued 90, -measurable function on R. By Proposition 5.9, there 
exist a null set C in (R, Sr, ) and an extended real-valued S$p-measurable function g 
on R such that g = gon R\C. Let E = BUC. Then E£ isa null set in (R, Be, 1,) 
and g = y = f’onR \ E. Since g is Bp-measurable on R \ E, f’ is Sp-measurable on 
R\E. 


{III.1] Absolute Continuity of Lebesgue-Stieltjes Measures 


Consider two Lebesgue-Stieltjes measure spaces (R, Dt(u*), 4g) and (R, Wtuj), un) 
determined by two real-valued increasing functions g and A on R. Since 9t(us) and 
DN(uj;,) may not be identical, Definition 11.4 for the absolute continuity of a measure with 
respect to another on the same o-algebra does not apply. Since both Mu2) and M(uz) 
contain Sp as a sub c-algebra, we define the absolute continuity of a Lebesgue-Stieltjes 
measure with respect to another as follows. 


Definition 22.16. Let 1, and un be two Lebesgue-Stieltjes measures determined by two 
real-valued increasing functions g and h on R. We say that wn is absolutely continuous 
with respect to {4g on Bp and write un K fg on Br if wy(E) = 0 for every E € Bp 
with Ue(E) = 0. 


Proposition 22.17. Let ug and 1, be two Lebesgue-Stieltjes measures determined by two 
real-valued increasing functions g and h on R. Suppose Up K Lg on Br. 

(a) Every null set in (R, 97(43), 4g) is a null set in (R, Dut), wn). 

(b) MWS) C Mu}. 

(c) th K Mg on MU(w4), that is, if E € M(w3) and wg(E) = 0 then py(E) = 0. 


Proof. 1. Let E be a null set in (R, Mie), jig). Since the measure space (R, Mus) Lg) 
is the completion of the measure space (R, Br, (4g) by (b) of Theorem 22.12, E is a subset 


of a null set B in (R, Bp, wg) by Observation 5.5. Since uz K pg on Bp and since 
[ug(B) = 0, we have 4,(B) = 0. Thus B is a null set in (R, Dt(u7), wn). Then E, being 
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a subset of a null set B in the complete measure space (R, IN uz), Ln); is a null set in 
(R, Dt(u;), wn). This proves (a). 

2. If Ee INC H3), then E = AUC where A € Sp and C is a subset of a null 
set B in (R, Bp, ug) by (a) of Theorem 22.12. Since wz K pg on Bp, B is a null set 
in (R, Bp, wz). Then we have E € 2t(u7F) by (a) of Theorem 22.12. This shows that 
Mus) C Mt(uj). This proves (b). 

3. (c) follows from (a) and (b). @ 


Theorem 22.18. if(R, M(u*), lg), (R, D(uz), wa), and (R, Mus)» [e+h) are three 
Lebesgue-Stieltjes measure spaces determined by real-valued increasing functions g, h, and 
gt+honR, then we have 

(a) bg K Ugtn and un K Lg+h on Br. 

(b) Mt(u*,,) C MUwe) N Mus). 


(C) Hedy = Hy + 1; on BCR). 


Proof. 1. Consider the semialgebra 3,- consisting of all intervals of the type (a, b] in R 
and %. For every I = (a, b] € Joc, we have by (1) of Proposition 22.7 


Me+h(1) = (g + A)(b+) — (g +h) (a+) = {g(b+) — g(at+)} + {A(b+) — h(at)} 
= pg (1) + wal). 


Thus the two o-finite measures f4g4p and (tg + ftp On the o-algebra Be are equal on 
the semialgebra 3,-. Then since Br = o(Jo-), we have tgin = Mg + Mn ON Bp by 
Theorem 21.11. Then 2(E) < g4,(E) for every E € Bp so that e4n(E) = 0 implies 
Hg(E) = 0. This shows that up K pth On Bp. Similarly wz K Ue+n on BR. Then 
by (b) of Proposition 22.17, we have Nien) Cc Mts) and DNs +1) C Mz). 
Therefore Mus +n) © Dus) 1 Wt(u;,). This proves (a) and (b). 

2. To prove (c), recall that by Definition 22.3 for every subset E of R, we have Me (E) = 
inf Donen £¢(In) where £¢((a, b]) = gr(b) — gr(a), gr is the right-continuous modification 
of g, and the infimum is on the collection of all sequences (J, : 2 € N) in Jo such that 
Unen In D E. Similarly for wf (E) and M44 (E). Note that (g +h), = g, +h, and 
Le+h((a, b}) = lg ((a, b]) + Ln ((a, b}). Now for an arbitrary sequence (1, :n € N) in yc 
such that LU), Jn D E, we have 


Do eeth(ln) = Do len) + D> Lan) 


neN neN neN 


> inf D9 le (In) + inf S> en (In) 


neN neN 
= H}(E) + uy (E). 


Thus we have 


() My gn(E) = int le sh(In) > h(E) + wh (E). 
neN 
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To prove the reverse inequality, let (7, : n € N) and (J, : n € N) be two arbitrary sequences 
in Joc such that ey In D E and Ue Jn D E. Then 


Me+n(E) < min Seen ln) fren | 


neN neN 
= min | Do a(n) + Dans Yo bg (In) + Deis} 
neN neN neN neN 


Now for any aj, a2, b1, b2 € [0, oo], we have min {a; +42, b} +b2} < 5 {a1 +a2+b, +53}. 
Thus we have 


Ui ,n(E) < > Deen) + Yo lan) + Yo be (In) + Dect}. 


neN neN neN neN 


Then by the arbitrariness of the sequences (J, : n € N) and (J, : n € N), we have 
(2) ayy (E) < 5 {uh(E) + wi(E) + WA(E) + uh (E)} = wh (E) + wf (E). 


By (1) and (2), we have Me +n(E) = Me (E) + 47,(E). This proves (c). i 


Theorem 22.19. Let g be a real-valued increasing function on R and let c > 0. Then for 
the Lebesgue-Stieltjes measure spaces (R, Mus), Le) and (R, WUue,), leg) determined 
by the two real-valued increasing functions g and cg, we have 


(a) Meg K fg and ug K [cg on BR. 

(b) D7U(u4,) = D(u*). 

(©) Ut, = cg on B(R). 

Proof. 1. For J = (a, b] € 3oc, we have by (1) of Proposition 22.7 


Meg (1) = (cg) (b+) — (cg) (at) = e{g(b+) — g(at)} = cug(I). 


Thus the two o-finite measures fzcg and cjg on the o-algebra Sp are equal on the semi- 
algebra Joc. Since BR = o(Foc), we have cg = cig on Bp by Theorem 21.11. Let 
E € Br. If ug(E) = 0, then weg(E) = cug(E) = 0. Thus pcg K pug on Bp. Conversely 
if Ucg(E) = 0, then cu,g(£) = 0 and thus (FE) = 0. This shows that wy K pcg on Bp. 
Now ficg X lg on Bp implies Mus) G M(ue,) by (b) of Proposition 22.17 and simi- 
larly Ug K eg on BR implies that M(Ue9) G Mt(3). Therefore Wi(Ue,) = W(us). 

2. Let E be an arbitrary subset of R. For every sequence (J, : n € N) in 3o- such 
that Ucn In D E, we have Dey leg(In) = € Vincn £g(In). From this it follows that 
Meg(E) = cus(E). Wl 


In Definition 22.3, the Lebesgue-Stieltjes outer measure LAE ) of a subset FE of R is 
based on sequences (J, : n € N) in the class Jo, such that Unen I, D E. We show next 
that the value of LE ) is unchanged if we restrict to coverings of E by disjoint sequences 
(J, :n € N) in the class Joc. 
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Lemma 22.20. For the Lebesgue-Stieltjes outer measure Le determined by a real-valued 
increasing function g on R, we have 


u5(E) = int | yen lgIn) : Un 2 €N) C Boe, disjoint, ers In > E 


for every E € 3B(R). 


Proof. Since the collection of all disjoint sequences (J, : 2 € N)in3,¢ such that cy Jn D 
E is a subcollection of all sequences (J, : n € N) in Jo¢ such that Unen I, D E, we have 
Ws(E) < inf {Donen 2¢(Jn) + Un in EN) C Foc, disjoint, Uney Jn D E}. It remains to 
prove the reverse inequality. 

Now Joc is a semialgebra of subsets of R. Thus a@(3,-), the algebra of subsets of 
R generated by Joc, is the collection of all finite unions of members of 3,- by Theorem 
21.4. Also a finite union of members of 3,, is always a disjoint finite union of members 
of Joc according to Lemma 21.3. Let (7, : n € N) be an arbitrary sequence in Jo. 
such that Ucn In D E. If we let Ar = ly and An = In \ Ufc} Ik for n > 2, then 
(A, :n € N) isa disjoint sequence in the algebra a(34-) and Ley An = Unen In. Since 
An € (Joc), An iS a disjoint finite union of members of 3,,-. Let An = Le Inky 
where {Jn,k, ? Kn = 1,... , pn} is a disjoint collection in 3,,. Let us rename the collection 
(Jiay eee s Itpys Ja. + J2,p93 J31, +++» J3,p33.-- } as (1, Ja, Js, ...}. Thus we have a 
disjoint sequence (Jn : n € N) in Joc such that Uc Jn = Une An = Unen In D E. 


Now 
Yen) = So te lJn) = Hg( LJ Jn) = #e( 40) 


neN neN neN neN 
= Yo He (An) = Yo Hen) = PACH: 
neN neN neN 


This shows that for every sequence (J, : n € N) in Joc such that Un en In D E, there 
exists a disjoint sequence (J, :n € N) in 3o- such that Unen Jn D E and Wien lg(In) S 
Yenen £¢ Un). Therefore we have 


inf [one L¢(Jn) : Un in € N) C Foc, disjoint, U,ey Jn D E} 
<inf (Den lg (In): Un in EN) C Foes Unen In D E} = uE(E). 


This completes the proof of the lemma. & 


Theorem 22.21. Let jr, be the Lebesgue-Stieltjes measure determined by a real-valued 
increasing function g on R. Then [1g is absolutely continuous with respect to the Lebesgue 
measure 1, on Bp if and only if g is absolutely continuous on R. 


Proof. 1. Suppose g is absolutely continuous on R. To show that jz» is absolutely continuous 
with respect to 4, on Sp, we show that if E € Bp and pw, (E) = 0, then p_(E) = 0. Let 
us show that for every N € N, if we let Ey = EN (—N, N] then pp(Ew) = 0. Let e > 0. 
The absolute continuity of g on [—N, N] implies according to Lemma 13.7 that there exists 
5 > 0 such that for any sequence of non overlapping closed intervals (Lan, by] ine N) 
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contained in [—N, N] with }°,,<y(bn ~ Gn) < 5, we have ) nen {8(bn) — 8 (an)} < &. Now 
Lt, (E) = 0 implies np, (En) = 0. By Lemma 22.20, valid for any Lebesgue-Stieltjes outer 
measure and in particular for the Lebesgue outer measure, there exists a disjoint sequence in 
Joc, SAY ((Gn, bn] : n € N), such that L),<21j (Gn, bn] D Ew and >, ey(bn — Gn) < 6. Then 
({an, baline N) is a sequence of non overlapping closed intervals contained in[—N, —N} 
with ) nen(bn — dn) < 6 80 that ney {8(bn) — g(an)} < €. Since g is continuous, it is 
identical with its right-continuous modification g,. Thus we have (En) = LAE nN) < 
Donen {8r (bn) — 8r(Gn)} = Donen {8 (bn) — 8(an)} < ©. By the arbitrariness of ¢ > 0, we 
have ug(En) = 0. Then jug(E) = fg ( lim Ey) = lim (Ew) = 0. 


2. Conversely suppose jg is absolutely continuous with respect to 4, on Bp. To 
show that g is absolutely continuous on R, that is, g is absolutely continuous on every finite 
closed interval in R, it suffices to show that g is absolutely continuous on [—N, N] for an 
arbitrary N € N. Let Bi_-w,y) = BRNA[—N,N] C Br. By the absolute continuity 
of 4g with respect to w, on Bp, we have ws(E) = 0 for every E € By_n,nj with 
ft, (E) = 0. Let us show that this implies that for every € > 0 there exists 6 > 0 such that 
Mg(E) < € for every E € B-n,n) with w,(E) < 6. Assume the contrary. Then there 
exists €9 > 0 such that for every n € N there exists E, € SB [n,n] with uw, (En) < i and 
He(En) = &0. Then >> en (En) < 00 So that 2, (lim sup En) = 0 by the Borel-Cantelli 

noo 


Lemma (Theorem 6.6). On the other hand, since ji, ({[-N ,N }) < 00 by (4) of Proposition 
22.7, we have [g(lim sup En) > limsup ug(En) = €0 by Theorem 1.28. Thus for our 
n— oo noo 
lim sup E, € Bl—w,n}, We have yw, (lim sup E,) = 0 and pg(limsup E,) > 0. This isa 
noo now 


noo . 
contradiction. 


Now for every ¢ > 0, there exists 6 > 0 such that (EZ) < ¢ for every E € By_n,n} 
with 1, (E) < 6. Let ([dn, bn] : n € N) be a sequence of non overlapping closed intervals 
contained in [—N, N] with )°ciy(bn — an) < 6. If we let E = U,en(Gn, bn], then 
E € Bi-n,ny and 4, (E) = Ypen(bn — Gn) < 6 so that g(E) < e. Thus for the right- 
continuous modification g, of g, we have ) nen {8r(bn) —8r (Gn) } = Donen He (Can, bn)) = 
lg(E) < e€. This shows that g, is absolutely continuous on [—N,N]. But the right- 
continuous modification of a function is continuous at a point if and only if the function 
itself is continuous at the point. Thus the continuity of g, on [—N, N] implies that g, is 
identical with g. Therefore g is absolutely continuous on[—N,N]. @ 


Theorem 22.22. Let wg be a Lebesgue-Stieltjes measure determined by a real-valued 
increasing function g on R. Suppose g is absolutely continuous on R. Then for the Radon- 
Nikodym derivative dig/du, of [4g with respect to the Lebesgue measure 14, on Sp and 
the derivative g' of g, we have dug/du, = g’ a.e. on (R, Br, h,). 


Proof. By Theorem 22.21, the absolute continuity of g on R implies that jz, is absolutely 
continuous with respect tow, on Br. Since w, and fg are o-finite measures on Bp, the 
Radon-Nikodym derivative of jz, with respect to 4, on (R, SR) exists by Theorem 11.14, 
that is, there exists a nonnegative extended real-valued 2S$p-measurable function djg/dp, 
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on R such that 


(1) Ug(E) = / dig du forevery E € Bp. 

E dp, 
Moreover the o-finiteness of ww, implies that dug/dy, is unique up to a null set in 
(R, Bp, 1,) according to Proposition 11.2. 

Since g is absolutely continuous on R, it is absolutely continuous on every finite closed 
interval [a, b] in R. Then the derivative g’ of g exists (20, “,)-a.e. on [a, b] by Corollary 
13.3 and moreover Sia,b) g’ dup = g(b) — g(a) by Theorem 13.17. 

Since g is areal-valued increasing function on R, there exists anull set Eoin (R, Br, pe i 
such that g’ is nonnegative and %3p-measurable on R \ Eo according to Theorem 22.15. If 
we let g = g’ on R \ Eg and gy = 0 on Ep, then ¢ is a nonnegative extended real-valued 
S8p-measurable function on R. If we define a set function v on Bp by setting 


(2) v(E) -/ gdp forevery E € Bp, 
E 


then v is ameasure on Bp. The restrictions of the two measures jz and v to the semialgebra 
Joc consisting of intervals of the type (a, b] and @ are nonnegative extended real-valued 
countably additive set functions on 3o-. Since 


v((a, b]) = / 


gdu= | gdp = g(b) — g(a) = wg ((a,5)), 
{a,b} [a,b] 


we have v = fg On 3g. Then by (d) of Theorem 21.10 (Uniqueness of Extension to 
Measure), we have 2 = v on BR = o (Foc). Thus by (2) we have 


[g(E) =| gdp forevery E € Bp. 
E 


This implies by the uniqueness of the Radon-Nikodym derivative of 4, with respect to , 
that p = dug/du, ae. on (R, Bp, w,). Then g’ = dug/du, ae. on (R, Br, u,). & 


Proposition 22.23. Let (R, Mus): tg) be a Lebesgue-Stieltjes measure space on R de- 
termined by a real-valued increasing function g on R. Suppose g is absolutely continuous 
on R. Then for every extended real-valued IN, -measurable function f on R, we have 


[ taue= team, 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. By Theorem 22.22, the absolute continuity of g on R implies that the derivative g’ is 
a Radon-Nikodym derivative of 4, with respect to 4,. Then the Proposition is a particular 
case of Theorem 11.21. 


{III.2] Singularity of Lebesgue-Stieltjes Measures 
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Theorem 22.24. Let y, be a Lebesgue-Stieltjes measure determined by a real-valued 
increasing function g on R. Then {1g and the Lebesgue measure 4, are mutually singular 
on (R, Bp) if and only if g is a singular function on R. 


Proof. 1. Suppose g is a singular function on R. Let us show that yw, L 4, on (R, Bp). 
Since g is singular on R, g is singular on every finite closed interval [a,b] in R. By 
Definition 13.10, g’ exists and g’ = 0, (90, 4,)-a.e. on [a, b]. Now since (R, 9, 14,) is 
the completion of (R, Sp, ,) by Theorem 5.7, every null set in (R, 9%,, 4.) is contained 
in a null set in (R, Br, i) by Observation 5.5. Thus g’ exists and g’ = 0, (Br, w,)-ae. 
on [a, b]. Then by Theorem 11.10 (Existence of Lebesgue Decomposition) and Theorem 
11.13 (Uniqueness of Lebesgue Decomposition), there exist two unique measures j4g and 
Ls on (R, Bip) such that 


(1) Hg =Mat Us, Ha K M, and ps 1 p,. 


If ag = 0, then rg = ps so that yg | uw, and we are done. Suppose Wa # 0. Let us 
show that this leads to a contradiction. Now tg # 0 implies zg(R) > 0 so that there exists 
an interval [«, 8B] C R such that pg (cx, B)) > 0. Let us define two real-valued increasing 
functions gq and g; on [a, f] by setting ga(a) = g5(a) = 0 and 


| 8a(x) = Ha((@,x]) + g(a) forx € (a, ], 


2 
. 8s(x) = Us((a, x]) for x € (a, B]. 


Let us assume that g is right-continuous on R. Then by (1) of Proposition 22.7 and by (1) 
above we have g(x) ~ g(a) = g((a, x]) = Ma((@, x]) + ws ((a@, x]) and then by (2) we 
have 


g(x) = Ma((a@, x]) + g(a) + Ms ((o, x]) = ga(x) + 95(x) forx € (a, B). 


Since g, ga, and g, are real-valued increasing functions on [a, 8], we have g’ > 0, g/, > 0, 
and gi > 0, (Br, “,)-ae. on [a, B] by Theorem 22.15. We have also g’ = g’, + gf, 
(Be, w,)-ae. on [a, B]. As we noted above, g’ = 0, (Bp, w,)-ae. on [a,b]. This 
implies that ¢, = 0, (Br, u,)-a.e. on [a, 8]. By (2) and by the fact that we K w,, we 


have 


dita 
(3) ga(x) — g(a) = pla( (or, x]) = / HM 


dp,. 
faxydu, 


Then by Theorem 13.15, we have gi = dita/du,, (Br, w,)-ae. on [a, BJ. Thus 
dpa/du, = 0, (Br, u,)-a.e. on (a, B]. On the other hand, since a([a, B]) > 0, 
(3) implies that dug/du, > 0 ona Bp-measurable subset of [a, 8] with positive Lebesgue 
measure. This is a contradiction. Therefore 4g = 0 so that uw, | pw, under the as- 
sumption that g is right-continuous on R. If g is not right-continuous on R, consider its 
right-continuous modification g,. The fact that g is a singular function on R implies that g, 
is also a singular function on R by 7° of Observation 22.2. Then by our result above, we 
have jig, 1 j2,. But according to Theorem 22.9, we have ug, = jg. Therefore wy 1 p,. 

2. Conversely suppose jig 1 yz,. Let us show that g is a singular function on R. Now 
since g is a real-valued increasing function on R, g = ga + gs where gq is an absolutely 
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continuous increasing function and g, is a singular increasing function on R by Theorem 
22.14. Let fg, and fg, be the Lebesgue-Stieltjes measures determined by the two real- 
valued increasing functions gq and gs. Then pg = fg, + Mg, Since gq is an absolutely 
continuous function, we have zr, < u, by Theorem 22.21. Now since wg 1 y,, there 
exist C), Cp € Br such that C} NC. = B,C} UC2 = BR, uw, (Ci) = 0, and pyg(C2) = 0 
by Definition 10.16. Since zg = fg, + Ue,, we have pg(C2) = Mg, (C2) + Mg, (C2). Then 
Hg(C2) = O implies g,(C2) = 0. This shows that wz, 1 «,. Therefore we have both 
He, K , and jg, | uw, and consequently zg, = 0 by Observation 11.12. Now pg, = 0 
implies that the increasing function gg is constant on R, say gg = c on R where c is a real 
number. Then g = c + gs. Since c and g, are both singular functions on R,soisg. & 


Example. Let r be the Cantor-Lebesgue function on [0, 1] as in Theorem 4.34 and let g be 
a real-valued function on R defined by 


0 for x € (—oo, 0), 
g(x) = 4 t(x) forx € [0,1], 
1 for x € (1, &). 


Then the Lebesgue-Stieltjes measure jzg determined by g and the Lebesgue measure j1, are 
mutually singular, that is, there exist C;, Cp € Bp such that C; NC, = B,C; NC2 =R, 
Mg (Cz) = Oand yw, (Ci) = 0. 


Proof. Let T be the Cantor ternary set contained in [0, 1] as in Theorem 4.33. Consider 
the open set G = [0, 1] \ T. Let {J, : n € N} be the countable collection of disjoint open 
intervals contained in [0, 1] and constituting G. The Cantor-Lebesgue function t is constant 
on each of these open intervals and so is g. Thus jug(Jn) = 0 by (3) of Proposition 22.7 
for every n € N and thus x,(G) = 0. Consider the four disjoint sets (—0o, 0), G, T, and 
(1, 00) in Sp whose union is R. Since g is constant on (—0o, 0) and on (1, 00), we have 
beg ((—00, 0)) = 0 and ug ((1, 00)) = Oalso. Thus g((—00, 0) UG U (1, c0)) = 0. On 
the other hand we have 2, (T) = 0 by Theorem 4.33. Let C} = T and Cz = (—0o, 0) U 
GU (1, 00). Then we have C), C2 € Br, Ci N C2 = G, C1} NC2 = R, eg (C2) = 0 and 
(C1) =0. 


[IV] Decomposition of an Increasing Function 


Our aim is to show that if f is a real-valued increasing function on R then f =h+o4+y 
where h is a real-valued, increasing and continuous function, 9 is a real-valued, increasing 
and right-continuous singular function, and w is a real-valued, increasing and left-continuous 
singular function on R. 


For a real-valued increasing function f on R the only kind of discontinuity at any point 
x € Ris a jump discontinuity, that is, f(x—) < f(x+), with ajump f(x+) — f(x—) > 0. 
Since there can be at most countably many jump discontinuities for a real-valued increasing 
function, if we let {&, : n € N} be an arbitrary enumeration of the points where a jump 
discontinuity occurs, then the sum )>,,-y { FGn+)-f (En—)} exists in (0, oo]. If we are to 
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sum the jumps as we move in the positive direction of R recording the result as real-valued 
increasing function on R, then since {&, : n € N} is an infinite set in (—00, 00) we start 
summing from an arbitrarily fixed point in R entering a jump in the sum as a positive number 
as we move in the positive direction and entering a jump in the sum as a negative number 
as we move in the negative direction of R. 


Let f be a real-valued increasing function on R. For x € R, let us call f(x) — f(x-), 
Sf (x+) — f(x), and f(x+)— f(x—) the left jump, the right jump, and the jump respectively 
of f at x. Then the jump of f at x is the sum of the left and the right jump of f at x. Also 
(a) f is left-continuous at x if and only if the left jump of f at x is equal to 0. 
(b) f is right-continuous at x if and only if the right jump of f at x is equal to 0. 
(c) f is continuous at x if and only if the jump of f at x is eual to 0. 


We show first that a real-valued, increasing and right-continuous singular function on R 
with preassigned left jumps can be constructed. 


Lemma 22.25. Let D = {&, : n € N} be a countable set in R and let (a, :n € N) bea 
sequence of positive numbers such that for every finite interval I in R, we have 


(1) Ss Qn < OO. 


{nen :€n,EL } 
Let us define a real-valued increasing function ~ on R by 


2 {ne :fne(0.x1} Gn. fore 2%, 


(2) g(x) = 
= LX {neN:fne02,0)} a, forx <0. 


Let pg be the Lebesgue-Stieltjes measure on R determined by gy. Then 

(a) ¢ is right-continuous on R. 

(b) D is the set of points of left-discontinuity of g and g({En}) = (En) — G(En—) = On. 
(c) 9 is a singular function on R. 

(d) Uy L pw, on Br. 

(e) Up (R) = Donen On: 


Proof. 1. By (1) and (2), ¢ is a real-valued increasing function on R. Let us show the 
right-continuity of g on R. Let us note first that the definition of g by (2) implies that for 
any x9 < x in R, we have 


(3) ge)-9o)= D> an 
{neN:&,€(x0.x1} 


This is easily verified by considering the three possible cases regarding the positions of xo 

and x in R, namely, the case 0 < x9 < x, the case x9 < x < 0, and the case x9 < O < x. 
Let us show next that for every x9 € R, we have 

(4) lim yo Ge = 05 


L 
hs {neN:E,€(x0,x1} 
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that is, for every ¢ > 0 there exists 5 > 0 such that for every x € (xo, Xo + 6) we have 


y On <&. 


{neN:&,€(z0,x1} 


Let x1 > Xo be arbitrarily fixed. We have Leng Bes ul} a, € [0, 00) by (1). This 


implies that for every ¢ > 0 there exists N € N such that >> { a, € [0,e). 


n>N: E,€(x0.x1]} 
Consequently if {n <N:&€ (xo, x1]} = @, then for any x € (xo, x1] we have 


> On = y on € [0,€). 


{neN: &,€(20,2]} {n>N: &.€(x0,2)} 
If{n<N : & € (xo, xi]} #9, let 
S8=min {& — x9: n<N,& € (xo, xi]}. 


Then for x € (xo, x9 + 5), we have 


) a, = ) An <€. 


{neN:,€(x0.x]} {n>N: E,e(x0,x1} 


This proves (4). By (3) and (4), we have the right-continuity of ¢ at xo. 


2. For arbitrary x < xg in R, we have y(xo) — g(x) = uf a, by (3). By 


neN:En€(x,x0]} 
the same argument as in deriving (4), we have 


5 li = 0, 
(5) be om a, = 0 
{néN: &, €(x,x0)} 


and then 
a, itfxo € Dand x9 = En, 
(6) lim Yo ap =y : 7 
xtxo | 0 ifxo dD. 


né€N: &,€(x,x0] 
Thus we have 


a, ifxg € Dand xp = &, 


7 li os se 
7) tin (eGo) | 0 ifxo gD. 


This shows that ¢ is discontinuous at xo if and only if xo € D. If xo = &, then by (5) of 
Proposition 22.7, we have g({xo}) = g(xo) — Y(xo—) = an by (7). This proves (b). 

3. To show that ¢ is a singular function on R, it suffices to show that wg L yu, on 
(R, Sp) according to Theorem 22.24. Let us show that for every M € N, we have 


(8) Ug ((—M, M] \ D) =0. 
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Now by (1) of Proposition 22.7 and by the right-continuity of g and then by (2) and (1), we 
have 


(9) Mo((—M, M]) = o(M +0) — g(—M +0) = g(M) — v(—M) 
- Dat Yo 
{neN:&,€[0,M1} {neN:€,<(—,0)} 


= ) an < OW. 


{neN:&,<(-M.M]} 
Now j1y((—M, M]) < oo implies that zy((—M, M]N D) < oo and thus 


Hy ((—M, M] \ D) = wg ((—M, M]) — wy ((—M, M] 1D) 


= tg ((—M, M]) — ME Ho ({En}) 
{neN:é,<(-M,M]} 
= py((—M, M}) — > an = 0, 


{neN:é,<(—M,M)} 


where the third equality is by (b) and the last equality is by (9). This proves (8). 
Since (—M, M]\ D t R\ D, we have py(R \ D) = im Ly ((—M, M)\ D) = 0 by 
00 
(8). On the other hand, since D is accountable set, D € Bp and ., (D) = 0. Thus we have 
two disjoint sets D and R \ D in Sg whose union is equal to R such that zy(R \ D) = 0 
and 4, (D) = 0. This shows that wz, 1 2, on Bp, proving (d) and (c). Finally 


Hy (R) = Wy(D) — Wy(R \ D) = Hg(D) = Yo (Ent) = Do an- 


neN neN 


This proves (e). 


We show next that for an arbitrary real-valued, increasing and right-continuous function 
g on R, a real-valued, increasing and right-continuous singular function y with the same set 
of points of left-discontinuity and the same left jumps as g can be constructed. Then g — g 
is a real-valued, increasing and continuous function on R. 


Proposition 22.26. Let g be a real-valued, increasing and right-continuous function on R. 
Let us define 


eon (8) — gt—-)} forx > 0, 
(1) =| Xrero.a | 


— View, {gO -— eG} forx <0. 
(a) 9 is a real-valued, increasing and right-continuous singular function on R and has the 


same set of points of left-discontinuity as g and o(&) — g(€—-) = g(&) — g(&—) at sucha 
point &, that is, the left jump of y is equal to that of g. 
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(b) ug L uw, on Br. 
(c)h = g — g is a real-valued, increasing and continuous function on R. 


Proof. Let D be the set of all points of discontinuity of g in R. Since g is a real-valued 
increasing function on R, D is a countable set. If D = @, then g is continuous at every 
x € R so that g(x) — g(x—) = 0 and therefore gy = 0 on R andh = g. Suppose D 4 @ 
and let D = {&) : n € N}. (Our argument below is valid if D is a finite set.) Since g is 
increasing on R and right-continuous at every x € R, g is discontinuous at x € R if and 
only if g(x) — g(x—) > 0. Thus g(&,) — g(n—) > Oforn € N. Leta, = g(&,) — g(En—) 
forn EN. Since g(x) — g(x—) = 0 for x ¢ D, the definition (1) of g can be transcribed as 


Df ne: €(0,x1} a, forx 20, 
(2) g(x) = : ‘ 
ss Sianeacsl dn forx <0, 


which is identical with (2) of Lemma 22.25. Consider an arbitrary finite closed interval in 
R given by [a, b] with a < b. Then we have 


YS m= YE (En) - 8En—)} S 8(b) — g(a—-) < 00. 
ne: frela,b]} {neN:€,€[a,b]} 


Thus our set D and sequence (a, : n € N) satisfy conditions (1) of Lemma 22.25. Then 
by Lemma 22.25, ¢ is a real-valued, increasing, and right-continuous singular function 
on R and D is the set of all points of discontinuity of g and by (7) of Lemma 22.25 we 
have y(n) — g(E&r—) = an = g(En) — g(&:—). For the Lebesgue-Stieltjes measure py 
determined by 9, we have py 1 2, on Bp by (d) of Lemma 22.25. Also by (3) of Lemma 
22.25, for any xo < x in R, we have 


3) ox)-90)= YD a= Yd {eb -8n—)}. 
{neN: §2€(x0,x]} {neN:§,€(0.21} 


Leth = g — g. It remains to show that h is an increasing continuous function on R. 
Now since both g and 9 have D as the set of points of discontinuity, the set of points of 
discontinuity of h is a subset of D. But at every &, € D, we have by (5) of Proposition 
22.7 the equality g(€,) — g(&:-) = a, = Mo ({En}) = (En) — g(&,—) and thus we have 
(En) — h(En—) = {8 (En) — 8(En—)} — {@(En) — G(En—)} = 0 80 that h is continuous at 
§,. Therefore h is continuous everywhere on R. To show that A is an increasing function 
on R, let x9, x € Rand xo < x. Then 


h(x) — h(xo) = {g(x) — g(xo)} — {g(x) ~ g(x0)} 
=(e@)-g@o}- >> {gn)-sGa—)} =, 
{neN:,€(x0.21} 


by 3). 
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We show next that a real-valued, increasing and left-continuous singular function on R 
with preassigned right jumps can be constructed. 


Lemma 22.27. Let D = {&, : n € N} be a countable set in R and let (a, :n € N) bea 
sequence of positive numbers such that for every finite interval I in R, we have 


(1) ob Qn < OO. 


{neN:&, el } 
Let us define a real-valued increasing function w on R by 


D nen: é,e10.x)} @, forx = 0, 


(2) v(x) = 
= DU {neN:éretx.0)} an forx <0. 


Let pty, be the Lebesgue-Stieltjes measure on R determined by yy. Then 

(a) w is left-continuous on R. 

(b) D is the set of points of right-discontinuity of and py ({En }) = W (Ent) — W (En) = On. 
(c) is a singular function on R. 

(d) zy L uw, on Br. 

(e) Hy (R) = Donen On. 

Proof. 1. By (1) and (2), % is a real-valued increasing function on R. For any x9, x € R 
such that x < x9, we have 


(3) Vao-va)= Do an. 
{neN:én€Lx,x0)} 


As for (3) in Lemma 22.25, this is verified by considering the three possible cases regarding 
the positions of xo and x in R, namely, the case 0 < x9 < x, the case x9 < x < 0, and the 
case x9 < 0 < x. By the same argument as in proving (4) in Lemma 22.25, we have for 
every xo € R, 
4 li =0. 
(4) ao », om 
{neN:n€Lx.20)} 

By (3) and (4), we have the left-continuity of y at xo. 

2. By (3), we have v(x) — (x0) = Ly 


argument as in deriving (4), we have 


(5) lim =} ) mm =0. 


1 
il {neN: En€(20.x)} 


neN:En€Lx0,x)} a, for any x9 < x. By the same 


Then 


a, ifxgo € Dandxo = &, 
(6) lim ye On = ; 
0 ifxo¢D. 


x1X0 
néN: &,€[x0,x) 
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Thus we have 
a, ifxg € Dandxo = &, 


li = = 
(7) lim {¥@) — ¥O0)] | is eco 


This shows that y is discontinuous at xo if and only if x9 € D. If x9 = &, then by (5) 
of Proposition 22.7, we have jzy ({xo}) = v(xo+) — (x0) = oy by (7). This proves (b). 
Finally, (c), (d), and (e) are proved in the same way as in Lemma 22.25. § 


We show next that for an arbitrary real-valued increasing function f on R, there exists a 
real-valued, increasing and left-continuous singular function y with the same set of points 
of right-discontinuity and the same right jumps as f. Then f — 7 is a real-valued, increasing 
and right-continuous function on R. 


Proposition 22.28. Let f be a real-valued increasing function on R. Let us define 


Drel0,x) {f+ - f(t)} forx >0, 
(1) Va) = 
= resb) {f(t+) - fo} forx <0. 


(a) w is a real-valued, increasing and left-continuous singular function on R and has 
the same set of points of right-discontinuity as f and (E+) — w(E) = f (E+) — f(é) 
at such a point &, that is, the right jump of is equal to that of f. 

(b) uy L uw, on Br. 

(c) g = f — w is a real-valued, increasing and right-continuous function on R. 


Proof. Let D be the set of all points of right-discontinuity of f in R. This set is a subset of 
the set of all points of discontinuity of f and is thus a countable set. If D = @, then f is 
right-continuous at every x € R so that y = 0 on R and g = f. Suppose D 4 J. Let D= 
{én € N}. Ifx ¢ D, then f isright-continuous at x so that { f (x+)—f(x)} = 0. Since f 
is not right-continuous at &,, we have { f (:+) — f(&n)} > 0. Letan = { f (E+) — f(En)} 
forn € N. Then (1) is transcribed as 


2 fneN:é,e10.9} On for x = 0, 


(1) Y@)= 


me D ne: trel,0)} a, forx <0, 


which is (2) of Lemma 22.27. For an arbitrary finite open interval (a, b) in R, we have 
2 {neN:r€(a,b]} i 2 {nen:f,¢(a,b)} [fGt) — FE} s £6) — F(@) < 00. Thus our 
set D and sequence (a, : n € N) satisfy condition (1) of Lemma 22.27. 

Then by Lemma 22.27, % is a real-valued, increasing, and left-continuous singular 
function on R and D is the set of all points of discontinuity of y and by (7) of Lemma 22.27 
we have w(&,+) — W(&n) = On = f(En+) — f (En). For the Lebesgue-Stieltjes measure 
{ty determined by w, we have wy 1 w, on Bp by (d).of Lemma 22.27. By (3) of Lemma 
22.27, for any xo, x € R such that x < xo, we have 


2 ¥oo-¥@)= So m= Yo {fG&H-fE)}. 


{neN:é,€Lx,20)} {neN:En€(x0.1} 
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Let g = f — w. It remains to show that g is an increasing right-continuous function on R. 
Now for every xo € R, we have 


lim {g(&) — g(x0)} = lim { f() — fo} — lim {W@) — ¥@o)} 


An —A =0 ifxo=&, 


~ |0-0=0 _ ifxo gD. 


This proves the right-continuity of g. To show that g is an increasing function on R, let 
xo, x € R be such that x9 < x. Then 


g(x) — g(xo) = { f(x) — Fo) } — {¥@) — ¥@o)} 


={f@-foo}- SY {fH -fE)} =, 


{neN:Enelx0,2)} 


by (3). 


Theorem 22.29. Let f be a real-valued increasing function on R. Then f =h+o+vw, 
where h is a real-valued, increasing and continuous function, ¢ is a real-valued, increas- 
ing and right-continuous singular function, and is a real-valued, increasing and left- 
continuous singular function on R. 


Proof. By Proposition 22.28, we have f = g + w where g is a real-valued, increasing and 
right-continuous function and y is a real-valued, increasing and left-continuous singular 
function on R. By Proposition 22.26, we have g = h + y where h is a real-valued, 
increasing and continuous function and ¢ is a real-valued, increasing and right-continuous 
singular functionon R. Thus f=h+g+y. @ 
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§23 Product Measure Spaces 


[I] Existence and Uniqueness of Product Measure Spaces 


Definition 23.1. Given n measure spaces (X1, 2h, 1), -.., (Xn, Mn, Un). Consider 
the product measurable space (X1 xX -+ xX Xn, o0(Qy x +--+ x A,)). A measure [4 on 
o (My x +++ x W,) such that 


BCE) = £1 (Aq) --+ Mn (An) for E = A, x--> x Ay € Mx --- x Wy, 
with the convention that 00-0 = 0-00 = 0 is called a product measure of 111, ... , sn and we 


write [41 X++ +X fy forit. The measure space (X\ x XX, 0 (Qh x+ + -xM,), yx -X Ln) 
is called a product measure space of (X1, Mh, 41), ---, (Xn, Wh, Mn). 


We shall show that for n arbitrary measure spaces (X1, 2), 41), ... , (Xn, Qn, Un), a 
product measure jj X--- X fy Of 41,... , Un always exists, and furthermore if the measure 
spaces (X1, 201, 1),--. , (Xn, An, Mn) are all o-finite, then py x --- X fy» is UNique on 


the o-algebra o (Qh x --- x Q,). 


Let us note that if (X1, 2;) and (Xz, 22) are two measurable spaces then the collection 
2; x M2 of subsets of X; x X2 need not be closed under complementations since the 
complement of a product set need not be a product set. Thus 2{; x 22 need not be an 
algebra of subsets of X; x X2. We show next that a finite cartesian product of semialgebras 
is a semialgebra. 


Lemma 23.2. Let G; be a semialgebra of subsets of a set X; fori = 1,...,n. Then 
G1 x +--+ x G, is a semialgebra of subsets of X1 x -++ X Xp. 


Proof. We have @ = @x---x @€ G, x--- x G, and X} x +--+ x X, € G1 X--+ X Sy. 
If Ey x ++. x E, € GX --- x G, and Fi x --: x Fy € Gi x +--+ X Gy, then we have 
(Ey xX -++ xX En)OCF, X +--+ x Fy) = (E19 Fi) X +++ X (En N Fy) € GS] x +++ X Gp. 
Thus G, x --- x Gy, is closed under intersection. 

Let us show that if Z] x --- x E, € G1 x --- X Gn, then (E, x --+ x E,)* is a finite 
disjoint union of members of G; x --- x G,. Now since £; € G; and G; is a semialgebra 
of subsets of X;, Ej is a finite disjoint union of members of G;. Thus there exists a disjoint 
collection {Ei,x, : ki =0,... , pi} in G; such that Ukizo Ej,x, = X; and Ej,9 = E;. Then 


Pi Pn Pi Pn 

Xx. xX, = ( 1 E14) XX ( UJ Ent) = {J --- LU Bis XX Engin): 
ki=0 kn=0 ki=0 k,=0 

Now {E1,4, X °°: X Eng, 2 ky =0,..., pis... 3 kn =0,... , pn} is a disjoint collection 


in G, x --- x Gy. Since FE] x --- x Ex = E1,9 X--- X Eno is amember of this collection 
and the union of this collection is the set X; x --- x Xn, (E x -+- x En)° is a finite disjoint 
union of members of G; x --- x G,. This completes the proof that G, x --- x G, isa 
semialgebra of subsets of X; x --- x Xp. I 
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Definition 23.3. Let €; be a collection of subsets of a nonempty set X; fori = 1,... ,n. 
Let us write €; @ --- @ €, for o(€; x --- x €,), that is, the o-algebra of subsets of 
X | x--+ x X, generated by €; x ++ X En. 


Lemma 23.4. Let €; be a collection of subsets of a set S; fori = 1,2. Then we have 
(a) o(€)) x 82 =o (E) x S2), 
(b) S} x o(€2) = a(S] x €2). 


Proof. To prove (a), let 21 be the projection of Sy x Sz onto Sj, that is, 71 (x1, x2) = x, for 
(x1, x2) € S, x So. Then m, '(a(€1)) = a(€;) x S2. On the other hand by Theorem 1.14, 
we have 2; '(o(€1)) = o (a; (€1)) = o(€1 x So). Thus o(€}) x Sz = o(€) x Sp). 
This proves (a). Similarly for (b). # 


Proposition 23.5. Let €; be a collection of subsets of a set X; fori € N. Then for every 
n > 2, we have 


(1) (--- (Er ® €2) @ €3) @++ @En-1) @En = C1 @--- @Ey, 
and 
(2) €1 @ (C2 @--- @ (Cn-2 @ (ECn-1 B En) ++) = Ei @+- @Ey. 


Proof. We prove (1) by induction on n. For n = 2, (1) is obviously true. Now suppose (1) 
holds forn = k for some k > 2, that is, 


(3) («++ ((€1 ® €2) ® €3) @-+- @Ee-1) OE, = Cj @ + OE. 


Let us show that under the assumption of (3), the equality (1) holds forn = k +1. For 
brevity, let us write € for the left side of (3). To show that (1) holds forn = k + 1, we show 
that 


(4) €@ Cx41 = €1 @--- OCe @ Egy. 


Now by (3), we have € = C1 @---@ Gj, =a(Ey x --: xX Ee) D Ey x +--+ x Ey. Thus 
EX Cea D Er X +++ K Ey K Egy) and then 


(5) o(€ x Exp1) D o(Ey xX +++ x Ke x Ck y1). 
On the other hand, with an arbitrary Ex41 € €x41, we have 
Cx Eps, = o(Ey xX --- x Ey) X Egg = a(Ey K +++ K Cy X Engi) 
Ca(€y X-++ x Ee x Kez), 


where the first equality is by (3) and the second equality is by (a) of Lemma 23.4. Since 
this holds for every Ex41 € €g41, we have € x Cx41 C o(Cy x ++» x Cy x E41). Thus 


(6) ao(€ x Cyy1) CO(Ey X ++ XK Ky xX Key). 
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By (5) and (6), we have o (€ x x41) = 7(E1 X++- KX Cy X Cp) = C1 @--- OE @Cgy. 
This proves (4). Then by induction on n, we have (1). The equality (2) is proved by similar 
argument. # 


Lemma 23.6. Given two measure spaces (X, A, 2) and (Y, B,v). Define a set function 
i on the semialgebra A x B of subsets of X x Y by setting A(E) = pw(A)v(B) for 
E = Ax B € & x B with the convention that coo-0 = 0-00 = 0. Then d isa 
nonnegative extended real-valued countably additive set function on the semialgebra A x B 
with 4(B) = 0. Moreover if (X, A, w) and (Y, B, v) are o-finite measure spaces, then d is 
a-finiteon A x B. 


Proof. 1. Let us prove the countable additivity of A on 2( x 8. Thus let (EZ, : n € N) be 
a disjoint sequence in 2 x %8 such that Unen En € A x B. Let us write FE, = An x By 
forn € N and Unen En = A Xx B where An, A € 2 and By, B € %B. We are to show that 


A (Unen En) = Vonen A(En), that is, 


p(A)v(B) = D> (An)v(Bn). 


neN 
For every x € X and y € Y, we have 
(1) 14()1a(y) = Laxa, Y) = Upon Anx By, Y) 
= 1A, xB, (%.¥) = D> {1s, (x)12,0}, 
neN neN 


where the third equality is by the disjointness of the sequence (A, x B, :n € N). With 
y € ¥ fixed, integrating 1,4(-)1g(y) as given by (1) on X with respect to yz and applying 
the Monotone Convergence Theorem (Theorem 8.5) to the sequence of partial sums of the 
series, we have 


(2) H(A) 1 p(y) = I 1402) u(dx) | 120) = I La(x)1 p(y) u(dx) 
Z / Ye (ta, @)1a,0) alan) =e I 14, (2)12,(9) (dx) 
X neN neN x 
25" / tanta) 1,9) = > w(An)15,(9)- 
neN x neN 


Integrating with respect to v and applying the Monotone Convergence Theorem, we have 
w(Ar(B) = nA) f taor~(ay) = f w(ArLa(rvldy) 
Y Y 


= | Daaotaoran =D f wAdte,orv@) 


neN neN 


=o mcAn) f 12969) (dy) = Yo wAndvBn), 


neN neN 
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where the third equality is by (2). This proves the countable additivity of A on 2 x B. 


2. Suppose (X, 2l, w) and (Y, B, v) are o-finite measure spaces. Then there exists a 
disjoint sequence (A, : n € N) in 2f such that Unen A, = X and u(A,) < oo for every 
n & N and there exists a disjoint sequence (B, : n € N) in such that ,<y Bn = Y and 
v(B,) < o for every n € N. Then {A,, x B, :m € Nand n € N} is a countable disjoint 
collection in 2 x B with U,e~ Unen (Am X Bu) = X x Y and we have (Am x Bh) = 
L(Am)v(Bn) < 00 form € Nandn € N. This shows that A is o-finite on 2x B. 


Theorem 23.7. For arbitrary n measure spaces (X1, 2, 1), -.., (Xn, Wn, Un), aproduct 
measure space (X1 Kee K Ky, O(QH X= xX Wh), MTX x Ln) exists. Moreover if the 
n measure spaces are all o-finite, then the product measure space is unique. 


Proof. 1. Consider (Xj, 2l1, 41) and (X2, 22, 42). According to Lemma 23.6, a set func- 
tion A on the semialgebra 2; x 22 of subsets of X, x Xz defined by ACE) = p41 (A1) M2(A2) 
for E = A, x Ag € QM); x Ay is a nonnegative extended real-valued countably additive set 
function with A(@) = 0. If we let A* be the outer measure on X| x X2 based on A, then accord- 
ing to Theorem 21.10, the complete measure space (X1 x X2, M(A*), A*) has the properties 
that 2, x Ay C MIMA*) andA = A* on Wy x Ay. Then o (Ay x Ay) C MT(A*). If we restrict 
A* to o (QA x lz), then the measure space (X1 x X2, 6 (Ay x Ay), r*) is a product measure 
space of (X1, 2M}, 41) and (X2, Bla, w2) since A*(A x Az) = ACAI x A2) = M1 (Al) H2(A2) 
for Ay x Ag € 2, x Wd. 


2. Suppose a product measure space (x, Kr x Xe, o(Ap XK K Ae), Wy K+ x Uk) 
of the &k measure spaces (X1, 2h, 441), ..., (Xe, Wk, we) exists for some k < n. For 
brevity let us write (Y, 8, v) for this product measure space. Consider the two measure 
spaces (Y, B, v) and (X441, We+i, 4x+1). If we define a set function A on the semialgebra 
BS x Mp41 of subsets of Y x Xg41 by ACE) = v(B) ure (Anyi) for E = Bx Agyi € 
B x Ay+1, then by Lemma 23.6, A is a nonnegative extended real-valued countably additive 
set function with A(@) = 0. If we let A* be the outer measure on Y x Xx+1 based on A, then the 
complete measure space (Y x Xx+1, 9t(A*), A*) has the properties that Bx Ay 41 C WeA*) 
and A = A* on B x Mx+1 by Theorem 21.10. If we restrict A* to 0 (B x Wis) C MtAa*), 
then the measure space (Y x Xi+1,0(B x %i+1), A*) is a product measure space of 
(Y, B, vy and (Xx41, Akar, He+1) since A*(Bx Agi) = ACB x Age) = V(B) ues (Ak+1) 
for B x Aga, € BX Ay. 


Consider a product measure space (Y x Xn, 6 (Bx Ake), vx Lk+1) whose existence 
we have just established. Since Y = X, x --- x X;, B= o(Qy x --- x Ay), and 
Vv = [41 X+++ X fg, We have a measure space 


(1) (X1 x +++ & Xn, 0 (6 (Ar x +++ x Mk) x Ae yr), MX ++ x Matt): 
Now by (1) of Proposition 23.5 we have 


o(Ay x +++ x Ay) = Ay @--- OA = (--- (Ay @ Az) ® Az) @ +++ @ Ak_1) @ A. 
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Then we have 


a (o (Hy x -++ x WM) x Axi) 
=((-+- (Qh @ Az) ® Az) @--- @Ak_1) @ Ak) @ Asi 
=2) @ ++: @ Ay @ Ak 4, =o (My x --- x Ae y1), 


where the second equality is by (1) of Proposition 23.5. Thus the measure space (1) is iden- 
tical with the measure space (X1 x +++ x Xe41, 0 (D1 X ++ X Aya), 1 X +++ X Meg). This 


shows the existence of a product measure space of (X1, 21, 1)...» (Xkaa, Wesr, Mk). 
Thus by induction a product measure space of (X 1, 21, #1),... , (Xn, Qn, Un) exists. 
3. Suppose the measure spaces (X1, 21, 41), --. , (Xn, Wn, Mn) are all o-finite. Then 


the set function 41 x --- X 4, on the semialgebra 2(; x --- x 2, of subsets of X1 x --- x Xp 
is o-finite. Thus by (d) of Theorem 21.10, the extension of jz; x --- X jy tO a Measure On 
o (2h, x +--+ x Q,) is unique. Thus our measure zy X --- X Ly ON a (Ay x --- xX Ay) is 
unique. @ 


[11] Integration on Product Measure Space 


Definition 23.8. Given two sets X and Y. Let E C X x Y and let f be an extended 

real-valued function on E. 

(a) For x € X we call the set E(x,-) :={y € Y : (x, y) € E} C Y the x-section of E. For 
y € Y we call the set E(., y) := {x € X : (x, y) € E} C X the y-section of E. 

(b) For x € X we call the function f (x, -) on E(x, -) the x-section of f. For y € Y we call 
the function f(-, y) on E(-, y) the y-section of f. 


Proposition 23.9. Consider the product measurable space (X x Y,a (Ql x %8)) of two 

measurable spaces (X, 20) and (Y, B). 

(a) IfE € ao (2x DB), then E(x, -) € B for every x € X and E(., y) € A for every y € ¥. 

(b) If f is an extended real-valued o (Ql x %8)-measurable function on E € o (QA x B), 
then f (x, -) is a %3-measurable function on E(x, -) € B for every x € X and f (., y) is 
a A-measurable function on E(-, y) € W for every y € Y. 


Proof. 1. Let ¥ be the collection of all subsets E of X x Y such that E(x, -) € ® for every 
x € X and E(., y) € 2l for every y € Y. To prove (a), we show that o (21 x 3) c F. Let 
us show that ¥ is a c-algebra of subsets of X x Y. Clearly X x ¥ € ¥. To show that ¥ is 
closed under complementations, let E € ¥. Then for every x € X, we have 


E(x, )={ye¥:(@,y)eE}=Y¥\{yeY¥:@, ye E}=¥\ EG, EB, 


since E(x,-) € %. Similarly E°(-, y) € 2l for every y € Y. Thus E° € §. To show that 
& is closed under countable unions, let (E, : n € N) be a sequence in ¥. Then for every 


532 Chapter 5 Extension of Additive Set Functions to Measures 


x € X, we have 


(Ut)@={yer:a@neU ar| 


neN neN 
=Ulver:@neBj= UG, €, 
neN neN 


since E,(x,-) € % for every n € N. Similarly (Unen En) (-,y) € 2 for every y € Y. 
Thus & is closed under countable unions. Then & is a o-algebra of subsets of X x Y. 

Let us show that 2 x Bc ¥F. Let E « A x B. Then E = A x B where A € A and 
B € &. Then for every x € X, E(x,-) = Bifx € Aand E(x,-) = Gif x € A*. In any 
case, E(x, -) € % for every x € X. Similarly E(-, y) € 2 for every y € Y. Thus E € §. 
This shows that 2 x B c ¥. Then since ¥ is a o-algebra containing 2 x 3B, it contains 
the smallest o-algebra containing 2( x 8B, namely o (2 x %B). Thus o (A x B) c F. 

2. Let f be an extended real-valued o (21 x 98)-measurable function on E € o (Ax B). 
Then for every a € R, we have F := {(x,y) € E: f(x,y) < a} € o (QM x B). This 
implies that F(x,-) € %8 for every x € X by (a). Then for every x € X, we have 
{fy € E(x,-): f(x, y) <a} = {y € E(x, -) : (x, y) € F} = FG, -) € B. This proves the 
%-measurability of f(x, -) on E(x, -) for every x € X. Similarly f(-, y) is 2l-measurable 
on E(-, y) foreveryyeY. 


Definition 23.10. A collection € of subsets of a set X is called a monotone class if for every 

monotone sequence (E, :n € N) in € we have lim | En € &, that is, if (En :n € N) isan 
n 

increasing sequence then nex En € € and if (Ey :n € N) is a decreasing sequence then 

hen En € €. 


Observation 23.11. (a) The collection §3(X) of all subsets of a set X is a monotone class. 

(b) A o-algebra of subsets of a set is a monotone class. 

(c) If {Cg : a € A} is acollection of monotone classes of subsets of a set X, then () 
is a monotone class of subsets of X. 


Cy 


aeA 


Proof. (a) and (b) are immediate. To prove (c) let (E, : n € N) be a monotone sequence 
in Olea €,. Then (E, : n € N) is a monotone sequence in €y for every a € A so that 


im, En € €q for every a € A. Thus fim, En€ (\eca Ca: © 


Observation 23.12. If a collection € of subsets of a set X is both a monotone class and an 
algebra, then € is a o-algebra of subsets of X. 


Proof. Since € is an algebra, to show that it is a o-algebra, we need only to show that € is 
closed under countable unions. Let (E, : n € N) be an arbitrary sequence in €. If we let 
Fy, = Uj_, Ex forn € N, then since € is an algebra, we have F, € € and thus (F, : n € N) 
is an increasing sequence in €. Since € is a monotone class, we have (),<y Fn € €. But 
Unen Fn = Unen En. Thus Unen En € €. This shows that € is closed under countable 
unions. 
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Let € be a collection of subsets of a set X. Then € is contained in the monotone class 
93(X). Let {Cy : a © A} be the collection of all monotone classes containing €. Then 
EC P\aca €a- By Observation 23.11, J <4 €a is a monotone class. Thus (),c4 €a is 
the smallest monotone class of subsets of X containing €. 


Definition 23.13. Let € be a collection of subsets of a set X. We call the smallest monotone 
class of subsets of X containing € the monotone class generated by €. 


Proposition 23.14. The monotone class generated by an algebra UA of subsets of a set X is 
equal to the o-algebra generated by A. 


Proof. 1. Let us show first that the monotone class ® generated by an algebra 2l of subsets 
of a set X is again an algebra of subsets of X. 

Now X € 20C &K. If we show that E\ F € & forevery pair E, F € Rthensince X ER 
we have E° = X \ E € & for every E € & so that & is closed under complementations. 
Thus to show that & is an algebra of subsets of X it remains to show 


(1) E\FeS& and EUF €8 forevery pairE,F €&. 
For every E € & let us define a subcollection Re of K by setting 
(2) Re={F eR: E\F,F\E,EUFe Sh}. 


Note that since 9 € 2 C Kforevery Ee RwehaveE\E=BeKandEVE=EER 
so that E € Kx. Note also that forevery E € RwehaveE\G=EECR,G\E=GE RK, 
and E U® = E € & so that 9 € Re. Another immediate consequence of the definition of 
Re by (2) is that 


(3) FeReoEeRr forevery pairE,F eR. 


Let us show that &¢ has the following properties: 
1° Ke is a monotone class for every E € KR. 
2° KC Ke forevery E € A. 
3° RKC Kr forevery Fe KR. 
To prove 1°, let E € & and let (F, : n € N) be a monotone sequence in Kz. Let us 
show that jim, Fn € Re. Now lim Fn = Unen Fn if (Fy : n € N) is an increasing 
> n> 
sequence and lim | Fn = (nen Fn if (Fn : n € N) is a decreasing sequence. In any 
n 
case, (E \ F, : n € N) is a monotone sequence and E \ ( lim Fy) = lim (E \ F,). 
. n—©o noo 
Now since F, € Ke, we have E \ F, € K. Then since & is a monotone class, we 
have fim (E \ Fn) € K. This shows that E \ ( lim F,) € K. We show similarly that 
> n= 
( lim Fx) \ E € Rand E U( lim F,) € &. This verifies lim Fy € Ae. 
n> 0oO noo noo 
To prove 2°, let E € 2c . Then for any F € 21, we have F € AC K. Also since 2 
is an algebra, we have E\ F, F\ E, EUF € 20C &. This shows that F ¢ &g. Therefore 


2 °C Ke. Since Ke is a monotone class by 1°, it contains the smallest monotone class 
containing 21, namely &. 
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To prove 3°, let F € &. Then F € &gz for every E € M by 2°. This implies that 
E € &r forevery E € 2 by (3) so that 2. C Kp. Then since fr is a monotone class by 
1°, it contains the smallest monotone class containing 2, that is, &. 

Now let E, F € &. By 3°, E € Rr and thus E\ F,F \ E,EUF € &. This proves 
that & is an algebra. 

2. Let us show that the monotone class € generated by an algebra 24 of subsets of a 
set X is equal to o (20). Since a o-algebra of subsets of a set is always a monotone class, 
o (21) contains the smallest monotone class containing 2f. Thus ¢(2) > &. Now & is 
a monotone class and an algebra of subsets of X by 1. Then by Observation 23.12, & is 
a a-algebra of subsets of X. Since K contains 2, K contains the smallest o-algebra of 
subsets of X containing 21. Hence K D o (Ql). Therefore we have K = a (Q). w 


Let {Aj :i = 1,...,n} and {B; :i = 1,... ,n} be collections of subsets of X and Y 
respectively. Consider the collection {A; x Bj :i = 1,... ,n} of subsets of X x Y. If at 
least one of the two collections {Aj : i = 1,...,n} and {B; :i = 1,... ,n} is a disjoint 
collection then {A; x Bj :i=1,...,n}isa oar collection. The converse of this is 
false, that is, the disjointness of {Aj x B; : i = 1,... ,n} does not imply that at least one 
of the two collections {Aj :i =1,... ,n} and {B; :i =1,... ,n} is a disjoint collection. 


For example consider the intervals Aj = (0, 2], A2 = (1, 3], A3 = (3, 4] in Ry and the 
intervals By = (0, 1], Bo = (1,3], Bs = (2,4] in Ro. Then {A; x B; : i = 1,2,3} isa 
disjoint collection of subsets of R; x R2 but neither {A; : i = 1, 2,3} nor {B; : i = 1, 2,3} 
is a disjoint collection in R. 


Lemma 23.15. Let 2( and 8 be algebras of subsets of sets X and Y respectively. Let 

{Aj x Bj :i = 1,...,n} be acollection in the semialgebra UA x B of subsets of X x Y 

and let E = \_j7_,(A; x Bj). Then we have 

(a) There exists a collection {Ai :j=l,..., p} in Wand there exists a disjoint collection 
{By : j =1,..., p} in B such that E =| Jf_,(Aj x Bj). 

(b) There exists a disjoint collection {Aj : k = 1,...,q} in & and there exists a 
collection {Bi :k = 1,... ,q} in 8 such that E = \jf_,(Aj x Bj). 


Proof. To prove (a), fori = 1,... ,n let B? = B; and B} = BE so that Y = ie BY ‘ 
Then since Y = YN---N Y, we have 


v=(U aha (U ah) = UU (ain), 


61=0 5,=0 8:=0 8,=0 
Now (Be Nee N Bo : 6) = 0,1;--- 56, = 0, 1} is a disjoint collection in 8. From 
this collection select only those which are subsets of B; for some i = 1,...,” and let 
{Bi :j =1,..., p} be the subcollection thus selected. Foreach j = 1,... , p, let us write 


Uri:8.58"} A; for the union of such A; that B; D Bi. Then we have 
:Bj>B, 


E= UJ [( U Ai) x Bi. 


J=l,..p  {i:BjDB') 
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Since 2{ is an algebra, we have Ui:a;38) Aj € 2. Then let Ai = Ugiai58%) A; for 
j = 1,...,p. Thus we have E = Ba (Ay x B‘) where {Ai :j=Hl,...,p}isa 
collection in 2¢ and {Bi : j = 1,..., p} is a disjoint collection in 8. This proves (a). 
Similarly for (b). 


Proposition 23.16. Let (x x Y, 0 (A x B), wx v) be the product measure space of two o- 
finite measure spaces (X, A, 2) and (Y, B, v). Then for every E € a (x B), v(E(x, )) 
is a U-measurable function of x € X and u(E (, y)) is a °8-measurable function of y € Y. 
Furthermore we have 


(ux ye) = f o(ees, utd) = f u(EC.»)v(@y), 


Proof. 1. Consider first the case where (X, 2l, 4) and (Y, %, v) are finite measure spaces. 
To prove the Proposition, let ¥ be the collection of all members of o (2 x 98) for which 
the assertion of the Proposition is valid. By definition we have F C a (2l x %3). Now if we 
show that o (20 x 3B) Cc ¥ then ¥ = 0 (Ql x B) and we are done. Thus it remains to show 
a (A x B) c F. 

1.1. Let us show that 2f x 8 c F. Suppose EF = A x B € A x B. Then 


B forxeA, 
® forx € A‘, 


E(x,-) = 


so that 
v(B) forx € A, 


0 forx € AS. 


v(E(x,+)) = | 


Thus v(E(x, )) is a 2{-measurable function of x € X. Furthermore we have the equality 
Sy V(E@, -))u(dx) = v(B)u(A) = (u x v)(A x B). Similarly u(E(, y)) is a B- 
measurable function of y € Y and ty u(EC, y))v(dy) = (ux v)(A x B). This shows that 
Ax Bc F. 

1.2. Next we show that a(2l x B) c F. Let E € a(Q x B). By Lemma 21.3 and 
Theorem 21.4, E is a finite disjoint union of members of 2 x 8, say E = Ji_,(Ai x Bi) 


where A; € 2( and B; ¢ B fori = 1,...,n. Now the disjointness of the collection 
{Aj x Bj : i = 1,...,n} implies neither the disjointness of the collection {Aj : i = 
1,... ,} nor the disjointness of the collection {B; : i = 1,... ,n}. However according to 
Lemma 23.15, E can be expressed as EF = UP (A; x Bi) where {A}: i =1,..., pj isa 
collection in 2¢ and (B; :i=1,...,n} is a disjoint collection in 8. Similarly E can be 
expressed as E = Uf, (AY x BY) where {A;’ : i = 1,... , g} isadisjoint collection in 2 and 
{B;/ :i =1,...,q} is acollection in 8. The disjointness of {B; : i = 1,... ,n} implies 


the disjointness of {A; x B}:i=1,..., p}. Thus (w x v)(E) = Foe x v)(Aj x Bi). 
Now for every x € X, we have 


Be.) = (Uta, x ap). = LD B. 


i=1 {i:Ajax} 
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Since {Bj :i = 1,... ,n} is a disjoint collection, we have 
P 
VE) = U B= YO vB) = ry eoresd. 
{i:A/>x} {i:Alax} i=l 


Thus v(E (x, )) is a 2{-measurable function of x € X and 
Pp 
I v(E(x,-))u(dx) = iA Yo 1a) v(BD (dx) 
i=] 
Pp 
=> I ly ocd) v(Bi) =D) a(Ajv(B)) 
i=1 


Pp 
= 0 x vA x BY) = (Hx v)(E). 


i=] 


Similarly ae (, y)) is a %$-measurable function of y € Y and we have the equality 

iy u(EC, y))v(dy) = (u x v)(E). This shows that E € %. Therefore a(2 x B) c F. 
1.3. Let us show that ¥ is a monotone class. Let (E, : n € N) be a monotone 

sequence in § and let E = im, En. We are to show that E € §. Now E = Unen En 


or E = ()\neq En according as (E, : n € N) is an increasing sequence or a decreasing 
sequence. Since E, € & C o(M x B), we have E € o (Ql x %B). For every x € X, we 
have E,(x,+) ¢ E(x, -) or E,(x, -) | E(x, -) according as E, t or E, |. In any case, since 
v is a finite measure, we have 


jim v(En(x,-)) = v( lim En(x,-)) = v(E(,-)). 


Since E, € , v(En(x, -)) is a 2M-measurable function of x € X. Thus the limit function 
v(E (x, )) is a 2{-measurable function of x € X. The sequence of 2{-measurable func- 
tions of x € X, (v(En(x,-)) : n € N) is uniformly bounded on X by a constant since 
v(En(x,-)) < v(¥) < o forall x € X andn € N. Since u(X) < 00, the Bounded 
Convergence Theorem (Theorem 7.16) is applicable and we have 


3 v(E(x,-))e(dx) = him iA v(En(x,))u(dx) 


= him (u x v)(En) = (Hx v)( lim, En) = (u x v)(E), 


where the second equality is by the fact that FE, € & and the third equality is by the fact that 
(E,, :n € N) is a monotone sequence and y x v is a finite measure. Similarly LEC, y)) 
is a S-measurable function of y € Y and fy HEC, y))v(dy) = (ux v)(E). This shows 
that ¥ is a monotone class. 

1.4. We have shown above that the algebra a(2f x 58) is contained in ¥ and § is 
a monotone class. According to Proposition 23.14, the smallest o algebra containing an 
algebra a (21 x B) is equal to the smallest monotone class containing the algebra a(2l x B) 
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and is hence contained in the monotone class ¥ containing a(2l x 3). Thus we have 
a(a(A x B)) c ¥. But c(a(A x B)) = o (A x B). Thus we have o (2 x B) c F. 
This completes the proof of the Proposition for the case that (X, 2, .) and (Y, 38, v) are 
finite measure spaces. 

2. Let (X, 2, 4) and (Y, B, v) be two a-finite measure spaces. Then there exists a 
disjoint sequence (A, :n € N) in 2( such that Ucn An = X and u(A,) < o0 forn Ee N 
and there exists a disjoint sequence (B, : n € N) in B® such that Unen Bn = Y and 
v(Bn) < coforn € N. Then {A; x B; : i € N and j € N} isa disjoint collection in 2 x B 
and U); ey Ujen(Ai x Bj) =X x Y. Let A; = AN A; and B; = BN Bj. Consider the 
product measure space (Aj x Bj, o (A; x Bj), x v) of the two finite measure spaces 
(A;, Wj, “) and (B;, Bj, v). Now 2; x Bj = (QINA;) x (BNB;) = (A« B)N(Aj x B;) 
and 

o (2; x Bj) = 0 ((A x B)N (A; x Bj)) = o (A x B)N (Aj x Bj) 
by Theorem 1.15. Thus we have 
(Ai x Bj, 0 (2; x Bj), w x v) = (A; x By, o (A x B) (A; x By), wx v). 


Let E € o (QM x %) andlet Ej; = EN(A; x Bj) € o (A B)N(A; x Bj) = o (A; x Bj). 
Then by our result in 1, v(E;j,;(x, -)) is a 2(;-measurable function on Aj, (Ej, ;(-, y)) is a 
8B j-measurable function on B;, and 


Cen I Eye Stan I p(B j())o@y). 


i i 
Let x € X. Then x € A; for some i ¢ N. Thus v(E(x,-)) = jen v(Eij(x,-)). 
Since v(Ej, ;(x, -)) is 2;-measurable and hence 2{-measurable, the sum v(E(x, -)) is 2- 
measurable. Also 


(ux v)(E) = Ye xmen= DY fi v1 (E,j@, ))w(dx) 


ieN jeN ieN jeN 
=r f, do» (Eig) w(dx) = yf (E(x, -))m(dx) 
ieN * ' jeN ieN 


= ie v(E(, -))u(dx). 


Similarly LEC, y)) is %$-measurable and (uw x v)(E) = i u(EC, y))v(dy). E 


Theorem 23.17. (Tonelli’s Theorem) Let (X x Y, 0 (Ax B), x v) be the product measure 
space of two o-finite measure spaces (X, A, 4) and (Y, B,v). Let f be a nonnegative 
extended real-valued o (QU x 58)-measurable function on X x Y. Then 


(a) F(x) := Se f(x, -) dv is a M-measurable function of x € X. 
(b) F?(y) := ty f(y) dp is a B-measurable function of y € Y. 
(©) fyxy fd(u x v) = fy Fld = fy F? dv, thatis, 


[.,fawxne [ [fseoa|aan= [Tf ronan] v(dy). 
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Proof. Note that by Proposition 23.9, the o (2 x 9%8)-measurability of the function f on 
X x Y implies the %3-measurability of the function f(x, -) on Y for every x € X and the 
2-measurability of the function f(-, y) on X for every y € Y. 

1. Consider first the case f = 1¢ where E € o (2( x B). In thiscase, f(x, -) = leg, 
and F!(x) = fy lea, dv = v(E(x,-)), which is a &-measurable function of x € X by 
Proposition 23.16. Similarly F?(y) is a 8$-measurable function of y € Y. This verifies (a) 
and (b). Now 


(1) / faiuxvy= f l_ed(u xv) = (ux v)(Z). 
XxY xXxY 


On the other hand, we have 


(2) / / Fes ya | pdx) = / | 1865 av | was) = I v(E(x, ))u(dx) 
Xx Y xX Y x 


and 


(3) [Uf fey)an| vay = f lf te au] vidy =f u(Ee.»)v(ay. 
Y LUX y Lx y 


According to Proposition 23.16, the right sides of (1), (2), and (3) are all equal. Thus the 
left sides of (1), (2), and (3) are all equal. This verifies (c) for this case. 

2. If f is a nonnegative simple function on X x Y, then f = )-h_) ae1z, where 
{Ex :k =1,...,n} is a disjoint collection in o(2 x B) and a > O fork = 1,...,n. 
Then (a), (b), and (c) hold for f by our result in 1 and by the linearity of the integrals. 

3. If f is anonnegative extended real-valued o (2( x 98)-measurable function on X x Y, 
then there exists an increasing sequence (fp : n € N) of nonnegative simple functions on 
(X x Y, 0 (2 x B)) such that f, ¢ f on X x Y by Lemma 8.6. By our results in 2, (a), 
(b), and (c) hold for f,, for each n € N so that F} (x) = de fn(x, -) dv is a 2-measurable 
function of x € X, Fy) = fy Jn(, y) dp is a B-measurable function of y € Y, and 


(4) Fad(u x n= | If fats, )dv] wax) = | if fate») ar] wld) 
xXxY X Yi Y xX 


For each x € X, (fn(x,-) : n € N) is an increasing sequence of nonnegative simple 
functions with fnr(x,-) + f(x,-) on Y. Thus by Theorem 8.5 (Monotone Convergence 
Theorem), we have 


(5) Play = [fan dav= lim [ face rav, 
y nC Y 


Since ify Sn, -) dv is a 2(-measurable function of x € X for every n € N by our result in 
2 and since (hy Tr(x,-)dvine N) is an increasing sequence, F!(x) is a 2-measurable 
function of x € X by Theorem 4.21. This proves (a). Similarly for (b). 

To prove (c), note that by Theorem 8.5, we have 


(6) lim, f fod(uxvy= f faQex v9. 
XxY XxY 


noo 
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Since (fy fn(x,-)dv:n €N) is an increasing sequence of nonnegative extended real- 
valued 2{-measurable functions of x € X, applying Theorem 8.5 we have 


(7) lim | r(x, ) av| u(dx) = i. lim / Sn(%,°) av] p(dx) 
noo xX Y x nro Y 


= [ Fos, av | yd) 


by (5). Applying (6) and (7) to (4), we have fy,» fd(u xv) = fy [fy f@, ) dv] u(dx). 
Similarly fy.y f d(u x v) = fy [fy fy) du] v(dy). 


Theorem 23.18. (Fubini’s Theorem) Let (X x Y,o (2 x 38), u x v) be the product 
measure space of two o-finite measure spaces (X, A, w) and (Y, B,v). Let f bea pw x v- 
integrable extended real-valued o (20 x 58)-measurable function on X x Y. Then 


(a) The 8-measurable function f(x, -) is v-integrable on Y for -a.e. x € X and the 
A-measurable function f (-, y) is w-integrable on X for v-ae. y EY. 


(b) The function F' (x) := ty f(x, -) dv is defined for p-a.e. x € X, A-measurable and 
L-integrable on X. 
The function F?(y) = if I (, y) dp is defined for v-a.e. y € Y, B-measurable and 
v-integrable on Y. 


(c) We have the equalities: fy. f d(u x v) = fy F'du = f, F* dv, that is, 
[faux | ff fos, yav| was) = f ce FC.» du] vay). 
Xx¥ x Ly y LJx 


Proof. 1. Let f = ft — f~. Then f* and f~ are nonnegative extended real-valued 
a (2{ x 93)-measurable functions. The w x v-integrability of f on X x Y implies that f+ 
and f~ are 4 x v-integrable on X x Y. Applying (c) of Theorem 23.17 to ft and f~ , we 
have 


(1) frdx) = I | f*0, av] wld 
XxY xX Y 


=f ff fondu] vay <0 
y LYXx 
and similarly 


(2) fae eto re | | fae av] wax) 
XxY xX Y 


ap I rovau| v(dy) < 00. 
Y X 


Since fy [fy f*(@,-) dv] w(dx) < 00, we have fy ft(x,-)dv < 00 for u-ae. x € X 
by (a) of Lemma 8.2, that is, f*(x, -) is v-integrable on Y for p-ae. x € X. Likewise 
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Sx Uy f7@,-) dv] (dx) < co implies that f~(x, -) is v-integrable on Y for y-ae. x € X. 
Thus f(x,-) = f*(x,-)—f7(, -) is v-integrable on Y for p-a.e. x € X. Similarly f(-, y) 
is {-integrable on X for v-a.e. y € Y. This proves (a). 

2. fy ft (@,-) dv and f, f~(x,-) dv are &-measurable functions of x € X by (a) of 
Theorem 23.17. Since f, f(x, -)dv < ooand fy f(x, -) dv < 00 for p-ae. x € X, the 
function F'(x) = fy f(x,-)dv = fy £7 @, dv — fy f- (x, -) dv is defined for p-a.e. 
x € X and 2{-measurable on X. Therefore, recalling Definition 9.11, we have 


(3) / Fi@u@x) = / : PCAn= i fo, av] wld) 
Xx X Y Y 


=f) Fea] was) — [f fend] u(dx) ER, 


by (1) and (2). Thus F! is y-integrable on X. Similarly F? is 83-measurable and v- 
integrable on Y. This proves (b). 
3. Finally since f is u x v-integrable on X x Y, we have 


| fauxvy= | stax) — f fr d(u xv) 
XxY XxY XxY 
= | pres, yao] can — f / Fo ydv] aids) 
xX Y X Y 
= Fayuds = f L/ fos, av] wa), 
Xx Xx Y 


where the second equality is by (1) and (2) and the third equality is by (3). Similarly we 
have fy» fd(u x v) = fy [fy fC, y) du] v(dy). This proves (c). 


Combining Theorem 23.17 and Theorem 23.18, we have a particularly useful theorem. 


Theorem 23.19. (Fubini-Tonelli) Let (X x Y, 0 (2 x 98), w x v) be the product measure 
space of two o-finite measure spaces (X, A, w) and (Y, B,v). Let f be an extended real- 
valued o (x %8)-measurable function on X x Y. If either fy | f,|f|dv| du < 00 or 
ty ae lf du] dv < oo, then f is u x v-integrable on X x Y and furthermore 


fyraoene [re] [Lr] 


Proof. | f | is anonnegative extended real-valued o (2{ x 98)-measurable function on X x Y. 
Thus by Theorem 23.17 (Tonelli), we have 


fj iniawx =f] frida] an= ff f rian] i, 


Thus if either fy [f,|fldv] du < oo or fy [fy lfldu] dv < oo, then |f] is 4 x v- 
integrable on X x Y. This implies that f is uw x v-integrable on X x Y. Thus by Theorem 


23.18 (Fubini), we have fy,» fduxv)=fy[fp fav] du=f, [fy fdu]dv. a 
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According to Theorem 23.18 (Fubini), the integrability of f on X x Y, that is existence 
and finiteness of the integral f,, » f d( x v), implies that the integral fy f d(u x v) 
is equal to both of the two repeated integrals f, [fy f dv] du and f, [fy f du] dv. We 
show in the next theorem that actually the semi-integrability of f on X x Y, that is, the 
existence of f xxy J d(u X v) as an extended real number, is sufficient for this. This is an 
important point. The possibility of calculating the integral f,, » f d(u x v) as a repeated 


integral fy [fy f dv] du or fy [fy f du] dv without knowing that fy,» f d(u x v) is 
finite presents a way to determine whether or not ff yxy J du X v) is finite. 


Theorem 23.20. (Fubini) Let (X x Y,o(2l x B), w x v) be the product measure space 
of two o-finite measure spaces (X, A, 4) and (Y, B,v). Let f bea w x v semi-integrable 
extended real-valued o (21 x 938)-measurable function on X x Y, that is, f xxy f d(u xX v) 
exists in R, then 


[fawx= ff rar] au= [ [frau] av. 


Proof. If f is 4 x v semi-integrable on X x Y, then at least one of fy .y f*d(u x v) and 
Syxy f- Au x v) is finite. Let us consider the case Sexy £* d(u x v) < 00, By (c) of 
Theorem 23.17 (Tonelli), we have 


(1) [fro] au= [| f raul dv= age BUCO) 


and 


(2) [fre] au= [ff rau] dv= ff de xv) € [0,00] 


Now fy [fy ft dv] du < co implies that fy f*(x,-)dv < 00 for p-ae. x € X. Thus 
the difference i ft, -)dv— ty f(x, +) dv exists in R for p-a.e. x € X. This implies 
according to (c) of Corollary 9.15 that 


(3) [ieod=f rood f purer for p-a.e. x € X. 
Y Y Y 


Now the difference fy [f, ft dv] du — fy [f, f- dv] du exists in R since according to 
(1) we have fy [f, f* dv] du < oo. Thus 


[[f rere] a= ff rer f ro oav| du 
=[[[ store] auf sora] du 
=|. taux») - | f~ d(u x v) 
x XxY 


=f fd(uxv), 
XxyY 
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where the first equality is by (3), the second equality is by (c) of Corollary 9.15, and the third 
equality is by (1) and (2). We show similarly that fy [fy fC, y)dv| du = fy y fd(uxv). 
The case fy» f~ d(u x v) < oo is handled similarly. 


Reduction of integrals on a product measure space of two measure spaces to repeated 
integrals can be extended to integrals on a product measure space of any finite number of 
measure spaces. 


Theorem 23.21. Let (X1 Xo XX, o (Ql Xx--- x An), wrx: -X Hn) be the product measure 
space of o-finite measure spaces (Xi, Uji, uj) fori = 1,...,n. If f is a nonnegative 
extended real-valued o (21; x «++ x 2l,)-measurable function on X\ x --- X Xp, then 


fd(uyX-+xX Mn) = foo: fduy| du2}--+dpn 
XxX Xp n X2 xX 
=fe[f. FF tn | tetnt] de 


The equalities hold also if f is a 4, X +++ X fn semi-integrable extended real-valued 
o(Qy xX +++ x Wy)-measurable function on X, x -+-- X Xp. 


Proof. By Proposition 23.5, we have 
a (Qj x --- xX Ay) = Wy @--- @ Ay 
=(--+ (QL ® Az) @ Az) @ ++» @An-1) @ An 
=A @ (Az @ +++ @ (Mp—2 @ (An-1 @ An)) ++). 
By the uniqueness of the product measure space (Theorem 23.7), we have 
(X1 x +++ x Xp, o (Ay X +++ X Wn), My X +++ X Mn) 
=(X x +--+ x Xny (+++ (2H @ Az) @ Az) @--- @An-1) @ An, M1 X +++ X Un) 
=(X1 x +++ x Xp, Wi @ (Aa @ ++ @ (An-2 @ (An-1 @ An) +=), WX +++ X pn): 


If f is nonnegative, then by repeated application of Theorem 23.17 (Tonelli), we have the 
equalities for the integrals. If f is 41 x-- - x 4, semi-integrable, then by repeated application 
of Theorem 23.20, we have the equalities for the integrals. f™ 


Theorem 23.22. Let (X1 x +++ x Xn, (Qi x +++ X An), Mi X +++ X Mn) be the product 
measure space of o-finite measure spaces (X;,2;, wi) fori = 1,...,n. Let f be an 
extended real-valued o (Qy x «++ X Wy)-measurable function on X\ x +--+ x Xp. If either 


fol [meen] ames 
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or 


Sea ileal iad 
(2) - fe Lf, een |e ( eae 


then f is {41 X +--+ X fn-integrable on X\ x --» X X, and thus 


@) fog Patera = fp Lf Ef tao] dia] cin 
=f ft | inna) din. 


Proof. If one of (1) and (2) holds, then by the equalities in Theorem 23.21, then || is 
py X +++ X py-integrable on X, x --- x Xp and thus f is 1 X --- X f4,-integrable on 
X, X--- x X,. The integrability of f then implies (3) by Theorem 23.21. 


(111] Completion of Product Measure Space 


Let (X, 2, 2) and (Y, %, v) be two measure spaces. As we have shown in Lemma 23.6, 
the set function A on the semialgebra 2 x B of subsets of X x Y defined by setting 
ACE) = “(A)v(B) for E = A x B € A x B is a countably additive set function on the 
semialgebra. Let A* be the outer measure on X x Y based on A. With the o-algebra IIt(A*) 
of A*-measurable subsets of X x Y, we have a complete measure space (X x Y, Nt(A*), A*) 
by Theorem 2.9. Restricting 4* to o (2 x B) Cc Mt(A*), we have a product measure space 
(X x Y,o (2 x B), wu x v) of (X, A, w) and (Y, B, v). Unlike (X x Y, MMA*), A*), the 
measure space (X x Y, 0 (2 x %B), wu x v) may not be complete even when (X, 2, 2) and 
(Y, %, v) are. Below is such an example. Now if we let (X x ¥, 0 (2 x B), u x v) be the 
completion of (X x Y, (2 x 9B), w x v), then since (X x Y,o(M x B), u x v) is the 
smallest extension to a complete measure space, we have 0 (2l x B) Cc Mt(A*). 


Example. Let (X, 2, 4) = (R, Dt,, u,) and (¥, B, v) = (R, Mt,, u,) also. Consider 
the product measure space (X x Y, o (2 x B), wx v) = (RXR, o (Mt, x Mt), w, x H,). 
Let E be a non 99t,-measurable subset of R and let F be a 9%, -measurable subset of R 
with 2, (F) = 0. Then R x F € o (D0, x Mt,) and (wu, x w,)(R x F) = 0. Thus R x F 
is a null set in (R x R,o (Dt, x Dt), uw, x Lt,). Consider E x F CR~x F. Letye F. 
Then the y-section of E x F is E which is not in St,. Then by (a) of Proposition 23.9, 
E x F isnotino(t, x Mt,). This shows that (R x R, o (Mt, x 9T,), uw, x L,) is not 
a complete measure space. 


Theorem 23.23. Consider the product measure space (X ak ia(x 7-1 2ki), x sath) 

of n measure spaces (X;, 2, wi) fori = 1,...,n and the product measure space 
Oo n > — 

(X jar Xi, oC XK 5 Wi), XK j=, Hi) of the completions (X;,Ai, wi) of (Xi, Wi, wi) 

fori = 1,...,n. The completions of these two product measure spaces are identical, 

that is, 


(X ja Xi, 0X FM), X jai) = (X ja Xi 0 (X 7M), X jattti): 
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Proof. Recall that by Theorem 5.4 and Definition 5.2, if (X, 2, 12) is the completion of a 
measure space (X, A, jz), then Mis the collection of all subsets E of X of the type E = AUC 
where A € 2( and C is a subset of a null set in (X, 2, 2). 

To prove the Proposition, we show that 


(1) o( X ja) =o(Xj_)M). 

Since A; C A; fori = 1,... ,n, we have o (X j_ Mi) C o( X j_, Ai). This implies then 
a(X 712i) c o(Xj_) Aj). Thus it remains to show that 

(2) o( X ji) Co (X FA). 

If we show that 

G) 0 (X j= Ahi) Co (X j,i), 

then since o( x 7-124) is already complete with respect to X 4 4;, its completion with 


respect to X 7a 14; is identical with itself. Hence completing both sides of (3) with respect 
to X j_, 14; we have (2). To prove (3), since (X 712i) is ao-algebra, it suffices to show 


(4) X jai Co ( X FAs). 


Let X 7) E; € X j2, Rj. Since E; € M;, we have E; = Aj U C; where Aj € 2; and C; is 
a subset of a null set B; in (X;, 2lj, w;). Fori = 1,... ,n, let 


Aj; UC; forj €i, 
Pm Fax Fig wee Fy =| ; : 


C; for j =i, 
and : 
Aj;UB; for j #i, 
Qi = Gi. X +++ X Gin Where Gj,j = 4 
B; for j =i. 
Then 
(5) X jar Bi = X jay (Ai U Ci) = (X ja Ai) U (Uy Bi). 


Now Xp Ai € x 7 Ai. We have P; C Qj and since 4;(G;,;) = i(B;) = 0 we have 
(X je1Hi)(Qi) = £1(Gi,1) +--+ + Un(Gi,n) = 0. Thus P; is a subset of a null set O; in the 
measure space (X pare ee o( x 7-12), x j-1Ki) and then J{_, P; is a subset of a null 
set Ufa1 Q; in the measure space. Thus according to (5), X pak is the union of a set 
X j-1Ai in o ( X j_12;) and a subset )}_, P; of a null set ){_, Q; in the measure space 
(X ja Xi. 0 (X p12), X j-1Hi). Therefore X j_, E; is in the completion o ( X j=, 2/) 
of o( x 7-124) with respect to X ae 4;. This proves (4). @ 
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Observation 23.24. Consider the product measure space (x x Y,o (QA x B), we x v) of 
two measure spaces (X, A, 2) and (Y, B,v). Let E be a null set in the product measure 
space. Then 

1° E(x,-) is anull set in (Y, B, v) for u-ae. x € X, 

2° E(, y) isa null set in (X, A, w) for v-ae. y EY. 


Proof. We have fy v(E(x, -))u(dx) = fy u{EC, y))v(dy) = (u x v)(E) = 0 by Propo- 
sition 23.16. The fact that v(E(x,-)) > 0 and fy v(E(,-))u(dx) = 0 implies that 
v(E(x,+)) = 0 for w-ae. x € X. Similarly u(E(-, y)) =O forv-ae. ye Y. 


Regarding Observation 23.24 let us note that for a null set E in the product measure 
space (X x Y, (2 x %B), wz x v) there may be x € X such that v(E(x, -)) > 0 and there 
may be y € Y such that B(E C, y)) > 0. For instance consider the product measure space 
(R x R,o(OM, x M,), uw, x w,). Let E = {c} x [a,b] where c € R and [a,b] C R. 
We have E € IN, x Mt, C o(Mt, x Mt,) and (u, x m,)(E) = uw, ({c})u, ([a, b]) = 
0-(b—a) = 0 s0 that E is a null set in the product measure space. Now E(c, -) = [a, b] 
and 1, (E(c,-)) = u,([a,b]) =b-a>0. 


Proposition 23.25. Let (X x Y, 0 (A x B), ux v) be the completion of the product measure 

space (x x Y,0(Ax B), wx v) of two complete measure spaces (X, A, 2) and (Y, B, v). 

(a) IfE € o(A x B), then E(x,-) € B for w-ae. x € X and E(.,y) € W for v-ae. 
yey. 

(b) If f is an extended real-valued o (2 x 8)-measurable function on X x Y, then f(x, -) 
is a %8-measurable function on Y for -a.e. x € X and f(-, y) is a A-measurable 
function on X for v-a.e. y € Y. 


Proof. Let us prove (b) first. Now if f is an extended real-valued o (2 x 98)-measurable 
function on X x Y, then by Theorem 5.6 there exist a null set E in (xX xY, 0 (Ax B), wx v) 
and an extended real-valued o (2 x 98)-measurable function g on X x Y such that f = g 
on E°. Then we have 

1° f(,-) =g(,-) on E(x, -)* forx € X, 

2° fC, ¥) = aC, y) on E(-, y)° fory € ¥. 

Now g(x, -) is %$-measurable on Y for every x € X by Proposition 23.9. By Observation 
23.24, E(x, -) is a null set in (Y, B,v) for p-ae. x € X. The fact that g(x,-) is B- 
measurable on Y and f(x, -) = g(x,-) on E(x, -)* where E(x, -) is a null set in a complete 
measure space (Y, %3, v) implies that f(x, -) is %-measurable on Y by Observation 4.20. 
Thus f(x, -) is a 83-measurable function on Y for u-ae. x € X. Similarly f(, y) isa 
(-measurable function on X for v-a.e. y € Y. 


To prove (a), let E € 0 (QU x B). The o (2 x B)-measurability of E is equivalent to the 
o (24 x %B)-measurability of 1z by Observation 4.3. Thus 1g is a 7 (Ql x %B)-measurable 
function on X x Y. Then by (a), 1lz(x,-) is a S-measurable function on Y for p-a.e. 
x € X. Since the B-measurability of 1z(x, -) is equivalent to the 8-measurability of FE by 
Observation 4.3, we have E(x, -) € ®B for yu-a.e. x € X. Similarly E(., y) € 2 for v-ae. 
yey. @ 
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Theorem 23.26. (Tonelli’s Theorem) Let (x x Y,o (2 x B), uw x v) be the completion 
of the product measure space (x x Y,o (A x B), pu x v) of two complete and o -finite 
measure spaces (X, 2A, 4) and (Y, B,v). Let f be a nonnegative extended real-valued 
o (20 x B)-measurable function on X x Y. Then 

(a) Le i (, -) dv is defined for p-ae. x € X and A-measurable. 

(b) fy fC, y) dy is defined for v-a.e. y € Y and B-measurable. 

© Syxy fu xv) = fy Ly fav] du = fy [fy fav] dv. 


Proof. Since f is an extended real-valued o (2 x 98)-measurable function on X x Y, by 
Theorem 5.6 there exist a null set E in (X x Y,o (2 x B), w x v) and an extended real- 
valued o (2 x 58)-measurable function g on X x Y such that f = gon E°. Redefine g on 
E by setting g = 0 on E. We still have f = g on E* but g is now a nonnegative extended 
real-valued o (21 x 98)-measurable function on X x Y. Thus by Theorem 23.17 (Tonelli), 
dy g(x, -) dv is a -measurable function of x € X. By 1° of Observation 23.24 and 1° in 
the Proof of Proposition 23.25, we have fy f(x,:)dv = fy g(x,-)dv for w-ae. x € X. 
Then by the completeness of the measure space (X, 24, j), te f(x, -) dv is a 2(-measurable 
function of x € X. Similarly i FC, y) dy is a B-measurable function of y € Y. 

Finally since f = g on E¢ and E is anull set in (X x Y, 0 (QM x 9B), uw x v), we have 


facuxe) = f gd(uxv)= | [ [ea] au= | i fis, yao] is 
XxY XxY X Y xX Y 


where the second equality is by Theorem 23.17. Similarly we have 
i faux=f[f fos. as] du. i 
XxY¥ x Ly 


Theorem 23.27. (Fubini’s Theorem) Let (X x Y,o (QA x B), yw x v) be the completion 
of the product measure space (X x Y,a(2l x B), uw x v) of two complete and o -finite 
measure spaces (X, A, w) and (Y,B,v). Let f be an yw x v-integrable extended real- 
valued a (2b x %8)-measurable function on X x Y. Then 


(a) f (x, -) is v-integrable on Y for u-a.e. x € X. 
FG, y) is u-integrable on X for v-ae. y € Y. 

(b) i Ff (x, -) dv is defined for p-a.e. x € X, A-measurable and y-integrable on X. 
ty SC, y) du is defined for v-a.e. y € Y, B-measurable and v-integrable on Y. 


(©) yxy fd(u x v) = fy Ly f dv] du= fy Lx f du] dv. 


Proof. Since f is an extended real-valued o (2 x 38)-measurable function on X x Y, 
Theorem 5.6 implies that there exist anull set E in (x x Y,o (Ax B), ux v) and an extended 
real-valued o (2¢ x 58)-measurable function g on X x Y such that f = g on E*. Being a 
null set in (X x Y, 0 (QM x B), wx v), E is anull setin (X x Y, 0 (QA x B), wx v) also. The 
function g is o (2 x %3)-measure and hence o (2 x %)-measurable. Since g = f on E* 
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and f is j x v-integrable on X x ¥, we have fy, y Ighd(u xv) = fyyy [fld(u xv) < 00 
so that g is wu x v-integrable on X x Y. Thus by Theorem 23.18 (Fubini), g(x, -) is v- 
integrable on Y for p-a.e. x € X. Since f(x, -) = g(x,-) on E(x, -)° for every x € X and 
since E(x, -) is a null set in (Y, B, v) for w-ae. x € X, f(x, -) is v-integrable on Y for 
p-ae. x € X. Similarly f(-, y) is ~-integrable on X for v-a.e. y € Y. This proves (a). 
Then (b) and (c) are proved by the same argument as in the Proof of Theorem 23.26. ® 


Combining Theorem 23.26 and Theorem 23.27, we have 


Theorem 23.28. (Fubini-Tonelli Theorem) Let (xX x Y,o (QQ x B), ux v) be the comple- 
tion of the product measure space (x x Y,o (QA x B), pw x v) of two complete and oa -finite 
measure spaces (X, A, w) and (Y,B,v). Let f be an extended real-valued o (Qi x B)- 
measurable function on X x Y. If either fy [f,\f\dv] du < coor fy [fy |fldu] dv < 
00, then f is 4 x v-integrable on X x Y and furthermore we have 


avn [Lf] oe fr] 


[IV] Convolution of Functions 


Consider two sequences of real numbers (a, : n € Z+) and (b, : n € Z4) and the 

1/2 1/2 
sequence (dnbn :n € Z4). Then Ynez, lanbnl < [ Vnez., |anl?] : [ Mnez., (onl?] ? by 
Proposition 17.22. If the two series }°,<7,, 4n and )’,<7,, bn are absolutely convergent, that 
8, Vez, |@nl < co and Ynez, |bn| < 00, then Ynez, lanl? < oo and Dnez, |Pn|? < 00 
by Theorem 17.21 so that the series Donezs Anby is absolutely convergent. 


The Cauchy product of (a, :n € Z4) and (b, : n € Z4) is the sequence (cy, : n € Z+) 
where Cn = >) p=9 An—Kbe, that is, Cp = aobn + aibn—1 + A2bn—2 + +++ +anbo, forn € Zy. 
If eneZ 4 ay and Desens bp are absolutely convergent, then so is nee Cy, and furthermore 


Ynez, on = [Lnez, 2n][ Dnez., bn]. (For a proof, see R. C. Buck [5].) 


The convolution f * g of two extended real-valued 93t, -measurable functions f and 
g on R is defined by (f * g)(x) = te f( — y)g(y) wu, (dy) for x € R in analogy to the 
Cauchy product of two sequences. We shall show that if f and g are y, -integrable on R, 
then (f * g)(x) is defined fora. x € R, f * g is t,-measurable and furthermore we 
have the equality fp fx gdu, =[fe fdu,|[fe gdu,]- 


Convolution of functions with higher order integrability will be treated. For this we 
define the following notations. 


Definition 23.29. For p € [1, 00), we write LP (R, Mt, , l,) for the linear space of equiv- 
alence classes of extended real-valued IN, -measurable functions f on R with \\f\lp = 
{ te \fl? du, UP 00, the equivalence relation being that of 2, -a.e. equality on R. 

We write L?°(R, t,, w i) for the linear space of equivalence classes of extended real- 
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valued IN, -measurable functions f on R with essential supremum \\f \loo < 00, the equiv- 
alence relation being that of 1.,,-a.e. equality on R. 
[IV.1] Convolution of Integrable Functions 
Definition 23.30. Let f and g be two extended real-valued IN, -measurable functions on 
R. We define the convolution f * g of f and g by setting 

(Free = ff fo -ve0) may) 


for x € R for which the integral exists in R. 


Proposition 23.31. If f and g are two extended real-valued IN, -measurable functions on R 
and if (f * g)(x) exists for some x € R, then (g * f)(x) exists and (f * g)(x) = (g* f)(x). 


Proof. By definition 


(Fxaer= f fe-ne0r mld =f £e- 0 +0) +9) mld) 
= [ F(-y)aly +) u,(dy) = a FOdg(-y + x) u, (dy) 


= (g * f)() 


where the second equality is by Theorem 9.31 (Translation Invariance) replacing y with 
y +x and the fourth equality is by Theorem 9.32 (Linear Transformation) replacing y with 
-y. a 


Lemma 23,32. Let (R xR, mM, hy Xp i) be the completion of the product measure space 
(R x R,o (Ot, x WN), uw, x ,), that is, me = o (2, x Mt_), the completion of the 
o-algebra a (20, x IN,) with respect to the measure 1, x p,. Let f be a real-valued 
Nt, -measurable function on R, that is, f is a IN, /Bp-measurable mapping of R into R, 
and define a real-valued function h on R x R by setting 


(1) h(x,y)= f(x—y) for(x,y)ERXxR. 


Then h is a real-valued mm? -measurable function on R x R, that is, a mm? /Br-measurable 
mapping of R x R into R. 


Proof. According to Theorem 24.31, for every non singular linear mapping S of R x R 
onto R x Rwe have S(E) € mm? forevery E € mm? Then since S~! is also anon singular 
linear mapping of R x R onto R x R, we have S~!(E) € IM? for every E € mM. Thus S 
isa mm? /me -measurable mapping of R x R onto R x R. 

Let 1 be the projection of Ry x R2 onto Ry. Then for every F € 23t, we have 


m,'(F) = F x Ry € Mt, x Mt, c M?. 
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Thus zr isa ne /9t,,-measurable mapping of R; x Rz onto R. 

Now let f be a real-valued 99t, -measurable function on R and consider the real-valued 
function h on R x R defined by (1). Let S be a non singular linear mapping of R x R onto 
R x R defined by 


S(x,y) =(x-—y,x+y) for@,y)ERXxR. 


(This non singular linear mapping is represented by rotating the xy-plane by an angle 7 
and then multiplying by a scalar ./2.) In terms of the mappings S and m, the function h is 
expressed as 


h(x, y) =(f om 0 S)(x,y) for(x,y) Ee RxR. 


Since S is a IM? /IN?-measurable mapping of R x R onto R x R, m is a MN? /M, - 
measurable mapping of R; x R2 onto R, and f is a 3, /BpR-measurable mapping of R 
into R, Theorem 1.40 (Chain Rule for Measurable Mappings) implies thath = fo 0S 
isa om? /Sp-measurable mapping of R x RintoR. w# 


Theorem 23.33. Let f, g € L}(R, 9, u,). Let us define a function f * g on R by setting 
() (fester =f foe- 80) may) 


for x € R for which the integral exists in R. Then (f * g)(x) is defined and real-valued 
for ,-a.e. x € Rand f x g is Dt,-measurable. For x € R for which the integral in (1) 
does not exist, we set (f * g)(x) = 0. Then the function f * g is 0t,-measurable and 
2, integrable on R and we have 


(2) [iresian, <| firian,|  fisian,]. 


Thus f *g € L;(R, N,, u,) with || f * glli < lI fllillgll. Furthermore we have 
(3) [pxedu.=|f rau] [ [eam]. 
R R R 


Proof. Since f,g € BE (R, Nt, , fi): f and g are real-valued y,-a.e. on R. On the 
null set of (R, Mt, 4,) on which f is not real-valued redefine f to be equal to 0. Thus 
redefined, f is real-valued and 90t,-measurable on R. Redefine g similarly. Then the 
product f(x — y)g(y) is defined and real-valued for every (x, y) ¢ Rx R. 

Since f is a real-valued Ot, -measurable function on R, the function f(x — y) for 
(x, y) € R x Ris a real-valued IN? measurable function on R x Rby Lemma 23.32. Since 
g is a real-valued 9), -measurable function on R, the function g is trivially a real-valued 
9? -measurable function on R x R. Thus f(x — y)g(y) for (x, y) € R x Risa real-valued 
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a -measurable function on R x R. Now 


(4) ke [ Ife — yeni (ds) |, (ay) 


2 | ieo!| [ ire — pia, (as) | Hy 
R R 


2 [ gO) [ sent an| ws, (dy) 
R R 


Z / LF), iax)] i le@)Iu, an] 
R R 


=(lfllillgll < 0%, 


where the second equality is by Theorem 9.31 (Translation Invariance). Thus by Theorem 
23.28 (Fubini-Tonelli), the function f (x — y)g(y) for (x, y) € R x Ris yw, x 4, -integrable 
on R x R. Then by Theorem 23.27 (Fubini), f(x — y)g(y) is u, (dy)-integrable on R for 
4,-a.e. x € R and the function (f * g)(x) is St, -measurable and yz, (dx)-integrable on R. 
The 2, -integrability of f * g on R implies that (f * g)(x) € R for w,-ae. x ER. 

To prove (2), note that 


[isesian, = [ LL eee ONCE 
R RivJR 
< [ [ Ire deoolau(ay)| PACES) 
R R 


= [ ui ire = aco an(ar) | uy (ay) 
R R 


2 [ eniae(as)] [ le(x)| 1, (dx)] 
R R 


where the second equality is by Theorem 23.26 (Tonelli) and the last equality is by (4). 
Similarly we have 


rf CF * g)(x) m,(dx) = [ [ Fle~ a0) u(d9)| pr, (dx) 
R R R 


=f I! fes~ yao) ny (as)] uu, (dy) 
R R 
= i: ely) [ fa-y) H(as)] pn, (dy) 
R R 
= [ aly) [ Fea) uy(ds)| ad) 
R R 


a [ F(x) pu(as)| | [ res uy(ax)] 
R R 


where the second equality is by Theorem 23.27 (Fubini) and the fourth equality is by 
Theorem 9.31 (Translation Invariance). This proves (3). & 


Ht, (dx) 
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Observation 23.34. Let f ¢ L}(R, 9,, 4,) be such that f ¢ L?(R, Mt, w,), that is, 
te LfI? dy, = oo. Assume further that f is an even function, that is, f(—x) = f(x) for 


x € R. By Theorem 23.33, f € L} (R, 9, u,) implies that (f x f)(x) € R for py, -ae. 
x € R. However, we have 


fF * f= [ FED /OG N= [ IFO)? m1, (dy) = 00. 


This shows that f * f is not real-valued at 0 € R and hence f * f is not continuous at 
OER. 


Theorem 23.35. Let f, g € pA (R, m,, i): Then for any p € [1, ©] we have 


(1) If * 8llp < Wf llpligth. 


Proof. 1. For p = 1 the inequality (1) was proved in Theorem 23.33. 
2. According to Theorem 23.33, for 4,-a.e. x € IR we have 


KFxnol=|f te-neorn.ta)| < [Fe - »ileorlactay 
= [Wf lte(o)| (dy) = I flolleh 
It follows from this that || f * glloo < |l flloollglli. 


3. Consider the case p € (1, 00). Let g be the conjugate of p, that is, 44+ + = 1. Let 
us assume that f and g are nonnegative so that f * g is nonnegative. Now 


2) eels =f \r+e co!” aldo 
= [| [ Fe - eon tay|? uy(as) 
R'/JR 
=f | [re - ygiv)!/Pg(y)!4u, (dy) |" yu, (dx). 


For the inner integral above, we have by the non-negativity of f and g and by Theorem 
16.14 (Holder) 


(3) | [te - va(y)"/Pa(y)/4u, (dy)| 
= fo — y)g(y)'/Pe(y)'/4u, (dy) 


<{ [ ree-»reorncan)}"{ [ cornea). 
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Substituting (3) in (2) we have 


/ 
ivesig< ff { [ ro-»'eormtn}{ f sorta?” uycan 
R R R 
/ 
={feormean}™ [ff fo -n?sorncan} ucan 
R R R 
= wei? [free tdx fo) aula) 
R R 


= [Faria ala = WFP gilt 


where the second equality is by Theorem 23.17 (Tonelli), the third equality is by Theorem 
9.31 (Translation Invariance), and the last equality is by e + 1= p. Taking the p-th roots 


we have (1) for f,g € L}(R, Mt,, 4,) such that f > O and g > 0. 
For f,g € L}(R, Dt,, 4), we have 


(a) Ks eaeol=| fF neo u,(ay) 
< [ire ~ yy lg(o)1 a, (dy) = (If 1 « lel). 
Now | f|, 1g] € L1(R, 9, u,) and | f| > 0 and |g| > 0. Thus we have 


If *sllp < |lfl*lell, <IfIl,Mlell, = Ifllplighs, 


where the second inequality is by our result above for f,g € L} (R, MN, , us a} such that 
f > Oand g > 0. This completes the proof. # 


Consider the Banach space L}(R, 90,, 4) of extended real-valued 99%, -measurable 
and 2, -integrable functions on R. By Theorem 23.33, for any f,g € L}(R, 9%, 4) 
we have f * g € L}(R,90t,,,). Thus we regard * as a multiplication defined on 
i (R, Mt, zB) We show next that commutative law, associative law, and distributive 
law hold for this multiplication. 


Theorem 23.36. Let f,g,h € L}(R, 9,, u,) anda, B € R. Then we have 


(1) Distributive Law: (af + Bg)*h=a(f *h)+ B(g *h), 
(2) Commutative Law: fxg=g* f, 
(3) Associative Law: (f *g)*h= f *(g*h). 


Proof. (1) follows from the linearity of the integral. (2) follows from Proposition 23.31. 
Let us prove (3). According to Theorem 23.33 if f, g € L} (R, Mt,, w,), then we have 


(f *g)(x) = fe f(x—y)g(y) uw, (dy) € R for ,-ae. x € Rand f xg € L}(R, M,, u,). 
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Thus if f,g,h e L1(R, Mt,, w,), then f xg € L}(R, Mt,, w,) so that for p,-ae. x ER 
we have 


(4) (fess [ (f «g(x — y)h(y) 4, (dy) 
= i i (G9 Dew uy(d2)] 40) md 


= [| ff - a0 -»n.lao] Aor may 


where the last equality is by Theorem 9.31 (Translation Invariance) replacing the variable 
of integration z with z — y. Similarly for w,-a.e. x € R we have 


(5) Lf *(g a W)Ix) = a F(x — y)(g *h)(y) mw, (dy) 
= [f —y) ii gly — z)h(z) u(a2)| Lt, (dy) 


= i f(x -2z) | Le — y)h(y) uu(ay)| Lt, (dz) 


where the last equality is obtained by relabeling the variable y as z and the variable z as y. 
To prove (3), it remains to show that the last member of (4) is equal to that of (5) for 2, -a.e. 
x ER. This is done by applying Theorem 23.28 (Fubini-Tonelli). Indeed we have 


i i ex dete phone (ay) | PCr 
E i. [ Ite ~ y)1MmGd1 4 (dy) | Lf — dled 
= f (isl* im) @ise -diu,(as) 

R 


a [irl * (isi * ial) (x) ER forp,-ae.x ER. 


Thus by Theorem 23.28 (Fubini-Tonelli), the last member of (4) is equal to that of (5) for 
u,-a.e. x € R. Therefore (f * g)*h = f*x(g*h). O 


Differentiability of one of the two factor functions f and g implies differentiability of 
f * g. To show this, let us consider differentiation under the integral. 


Proposition 23.37, Let I and J be two open intervals in R. Let h be a real-valued function 

of (x,y) € I x J such that the partial derivative a exists on I x J. Suppose 

1° A(x, -) is Nt, -measurable on J for every x € I, 

2° h(xo,-) is 4, -integrable on J for some xo € I, 

3° there exists a nonnegative extended real-valued IN, -measurable and 1, integrable 
function w on J such that [$2 (x, y)| < ¥(y) for(x,y)Eelx J. 

Then we have 
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(a) EO -) is 2, -integrable on J for every x € I, 

(b) $4 gh (x, -) is D0, -measurable and yw, -integrable on J for every x € I, 

(c) a real-valued paneer | Honl, bie by H(x) = f phx, -) dp, forx € I, is 
differentiable on I and 4 tl (x) = 7 3 Sh (x ‘)d,. 


Proof. 1. To prove (a), let x € I be arbitrarily chosen. To prove the jz, -integrability of the 
function h(x, -) on J let us note that by the Mean Value Theorem applied to the function 
h(-, y) on I foreach y € J we have h(x, y) —h(xo, y) = ah 9 (y), y)(x — xo) where 3 (y) 
is a point in J intermediate to xo and x. Thus we have 


|x — xo| 


oh 
lh(x, y)| < |hQo, y)| + Zeon, y) 


< |h@o, y)1 + WO) x — xo! 


by 3°. Then pince h(xo, :) and y are yz, -integrable on J, h(x, -) is w,-integrable on J. 
2. Since 4 ox hex, y) exists at every (x, y) € I x J, we have 


h(x + Ax, y) — h(x, y) 
kim A 


at y= Ax 
h Z —h y 
= lim bGt19) - hey) F oy) 
n—>Oo i 
n 
= lim n {h (x +4, —h(x, y)}. 


Since h(x, -) is 99, -measurable on J for every x € 1, h a + 4,-) is 99t,-measurable on 

J forn € N so large that x + 4 € I. Thus n {h (x + L)- idee, -)} is 99t, -measurable on 

J for sufficiently large n € N. Then lim 7» {a (x +4,-) — A(x, +)} is t,-measurable on 
n> 


J. This shows that Shey, -) is 99, -measurable on J for every x € IJ. Then by 3°, oh ax oh (x, ‘) 
is 44, -integrable on J for every x € I. 
3. To show that H is differentiable on 7, we show that lim 


x30 
for every x € I. It suffices to show that for each fixed x € J there exists a real number A 
such that for every sequence (x, : n € N) in J such that tim, Xn =xandx, 4x forne N 


H(x+Ax)—H (x) : : 
Sa exists in R 


we have lim | Hele) = i. Let us show that f; aa (x, did is such a real number. This 
n=. 


then shows not aly the differentiability of H at x € J but also dH (x) — f ] oh (x, ‘)dp,. 


Now 
H (xn) — H(x) =f h(n, JAG) 
J 


i 
Xn — Xx 


Xn —X 
By the Mean Value Theorem and by 3°, we have 


h(xn, y) — h(x, y) 
Xn —X 


oh 
= [57 On), | = vO) 
x 


where 0,,(y) is a point in / intermediate to x and x,. Since y is 4, -integrable on J 


lim Hn) — A(x) =i lim Colac iy =f So au, 
pine J Ox 


n> 0o Xn —X Xn —X 
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by the Dominated Convergence Theorem (Theorem 9.20). This completes the proof. 


Definition 23.38. (a) Let C(R) be the set of all real-valued continuous functions f on R. 
Forn & N, we write C" (IR) for the subset of C-(R) consisting of every member f of C(R) 
such that the derivative D* f exists and is continuous on R fork = 1,...,n. 

We write C®(R) for the subset of C-(R) consisting of every member f of C(IR) such that 
the derivative D" f exists and is continuous on R for every n € N. Thus we have 


c™(R) = ()c"(R). 


neN 


(b) We write C.(R) for the subset of C(IR) consisting of those members f of C(IR) whose 
supports supp{ f} are compact sets in R. We define 


Ch(R):= C"(R)NC.(R) forneN, 
Co°(R) = C™(R)NC.(R). 


Thus we have 
CH (R) = () C2(R). 
neN 


The set C.(IR) as defined above is equal to the set of every real-valued continuous 
function f on R that vanishes outside of a finite closed interval. This can be shown as 
follows. Suppose f € C;(IR). Then supp{ f} is a compact set in R and thus it is a bounded 
closed set in R. Then there exists a finite closed interval 7 such that J D supp{f} and then 
I° C supp{ f}°. Then since f vanishes on supp{f}*°, f vanishes on I°. Conversely suppose 
f is areal-valued continuous function on R and f vanishes outside of a finite closed interval 
I. Then supp{ f} = {x € R: f(x) 4 0} C J so that supp{ f} is a bounded closed set in R, 
that is, supp{ f} is a compact set in R. This shows that f € C,(R). 


Theorem 23.39. Consider the class C? (IR) of real-valued continuous functions with com- 
pact support and having continuous derivatives D* f of order k = 1,--- ,nonR. 

(a) If f € C2(R) and g € LR, MN, , L,), then D*(f * g) exists on R and 

(1) D'(f xg)=D*' fxg forké {l,...,n}. 

(bf fe ji (R, MN, L,) and g € C?(R), then D‘(f * g) exists on R and 

(2) D‘(f *g)= fx D'g fork {l,... ,n}. 

(c) If f € C™(R) and g € C®(R), then D'**(f * g) exists on R and 


(3) DK" (Cf x g) = (Dk f) x (D°g) fork € {1,...,m},£€{l,... ,n}. 
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Proof. Suppose f € C”(R) and g € L}(R, M,, u,). Then fplgldu, < oo and this 
implies that g(x) € R for w,-a. e. x € R. Let us redefine g to be equal to 0 on the null set 
in (R, 99t,, 4.) on which g is not real-valued so that g is real-valued and MT, -measurable 
on R. Consider a real-valued function h on R x R defined by A(x, y) = f(x — y)g(y) 
for (x, y) € R x R. Let us verify that h satisfies conditions 1°, 2°, and 3° of Proposition 
23.37. Now since f(y) for y € R is a St,-measurable function of y € R, f(—y) for 
y € Ris a $0, -measurable function of y € R by Theorem 9.32 (Linear Transformation). 
Then for every x € R, f(—y +x) is a 90, -measurable function of y € R by Theorem 9.31 
(Translation Invariance). Thus h(x, y) = f(—y + x)g(y) is a MN, -measurable function of 
y € R foreach fixed x € R. This verifies condition 1° of Proposition 23.37 for h. 
Next by (4) in the Proof of Theorem 23.33, we have 


Lif wer, Nhs (dy) wea) = if Fee — deco ay(ay) | my lds) <0. 
R R R R 


This implies that Te lh, y)| 4, (dy) < 0 for u,-a.e. x € R. This verifies condition 2° 
of Proposition 23.37 for h. 

Since h(x, y) = f(x—y)g(y) and f is differentiable on R, ah(x, y) = (Df)(x—y)g(y) 
for (x, y) € R x R. Since f € C7(R), Df is a bounded real-valued function on R. If we 
let M > Obea bound of Df on R, then | $4 (x, y)| < M\g(y)| for x, y) € R x R. If we let 
vy = M({g|, then w is a yz, -integrable function on R. This shows that A satisfies condition 
3° of Proposition 23.37. Thus by Proposition 23.37, H (x) = Jr h(x, -) dp, is areal-valued 
function of x € R, differentiable with derivative 44 (x) = Se HA, -)du,. Now 


(4) H(x) = [ A(x, du, = i F(x —y)g(y) u, (dy) = (f #8)(2) 
and 
dH oh 
6 “w= i aha, = [ (Df) (x — yg(y) u, (dy) = (Df #8)() 
x R Ox R 


since Df € L}(R, 9,, 4,). By (4) and (5), we have D( f * g) = Df * g. Repeating the 
argument we have D?(f xg) = D(Df *g)= D? g and so on. This proves (1). 

We have D*( f * g) = D*(g * f) = D‘g « f = f * D‘g by (2) of Theorem 23.36 and 
(1) above. This proves (2). The equality (3) follows from (1) and (2). 


[IV.2] Convolution of L?-Functions 


Lemma 23.40. With y € R let us define a transformation Ty of an extended real-valued 
function f on R into an extended real-valued function on R by setting 


(1) Tyf@)=farty) forxeR. 


Let us define a transformation R of an extended real-valued function f on R into an extended 
real-valued function on R by setting 


(2) Rf(x) = f(—x) forx eR. 
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Let p € [1, 00]. Then for any extended real-valued function f € L? (R, N,, 4), we have 


(3) Ty fllp = RF lp = IICTy 0 RDF llp = If lip < 09, 
and therefore 


(4) Ty f, Rf, (Ty oR) f € L?(R, Mt, u,). 


Proof. 1. It follows immediately from the definition of || - |loo in Definition 16.31 that 
for any extended real-valued 99%, -measurable function f on R, ||Ty filo, IRF loo, and 
(Ty © R) f lloo are all equal to || flo. If f € LO°(R, Mt, u,) then || flloo < 00 so that 
we have ||Ty f lloo, || Rf lloo, Il(Zy o R) flloo < 00 and consequently Ty f, Rf, (Ty o R)f € 
LY(R, M,, M,)- 

2. For p € [1, 00), we have 


(5) [ IT, f(x)? p, (dx) = [ Lf +9)? wm, (dx) = [ If (eI? w, (dx) 


by Theorem 9.31 (Translation Invariance) and 


(6) / IRF (x)? jw, (dx) = [ f(x)? w, (dx) = if IPP? m, (dx) 


by Theorem 9.32 (Linear transformation), and then by (5) and (6) we have 


(7) il \(Ty 0 R) f(x)I? w, (dx) = [ IRF (x)? w, (dx) = [ Ife)? uw, (dx). 
R R R 


Taking the p-th roots of (5), (6), and (7) we have the equalities (3). The finiteness of 
ITyfllp. IRF llp, and ||(Zy o R) fllp implies that T, f, Rf, and (Ty o R) f are elements of 
LP(R, Mt,,u,). of 


Lemma 23.41. Let p € [1, 00) and f € L7 (R, 9, 4). For y € R, consider the function 
Ty f(@) = f(x + y) forx € R. Then T, f € L?(R, MN, , 7) with \|Ty f lp = llfllp and 


(1) lim Ty f — fllp =. 
y0 


Proof. By Lemma 23.40, we have T, f € L? (R, Dt,, u,) with ||Ty f lp = If llp. Thus it 
remains to prove (1). 

1. Consider first the case f € C,(IR), that is, f is a real-valued continuous function on 
R and supp{ f} is a compact set in R. Since every compact set in R is a bounded closed set 
in R, we have supp{ f} C [—a, a] for sufficiently large a > 0. Since f = 0 on supp{ f}* 
and since supp{f}° > [—a,a]°, f = 0 on [—a,a]°. Thus f is uniformly continuous 
on [—a, a]*. Now [—a — 1,a + 1] is a compact set in R. Then the continuity of f on 
([-a — 1,a + 1] implies uniform continuity of f on [—a — 1,a + 1]. Then the uniform 
continuity of f on [—a,a]° and the uniform continuity of f on [—a — 1,a + 1] imply 
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the uniform continuity of f on [—a — 1,a + 1] U[—a,a]° = R. Now that f uniformly 
continuous on R, for every ¢ > 0 there exists 5 > O such that 


x,y € Rand |y| <8 > |f+t+y)— f@)| <e. 
We may assume without loss of generality that 6 € (0, 1). Now 
x €[-a—68,a+6] and|y| <8 >x—ye [-a,a]. 


Since f = 0 on [—a, a]°, we have f(x — y) = 0 for x — y € [—a,a]© and f(x) = 0 for 
x €[—a —46,a+ 6] Cc [—a, a]°. Thus for y € R such that |y| < 6, we have 


If — fk = a Ifa +y) — FOO? w, (dx) 

=f LF +y) — FOI? de) 
[-—a—8,a+é6] 

< | e? w, (dx) < 2(at l)e?. 
[-a—8,a+6] 

Therefore for every ¢ > 0 there exists 5 > 0 such that for y € R where |y| < 6 we have 
1 
IT) f — filp < (2@+1))?e. 


This proves im IT, f — filp =0. 
yr 


2. Now consider the general case f € L?(R, 9t,, 4.) where p € [1, 00). According 
to Theorem 17.10, C,(IR) is dense in L?(R, 9%,,4,) when p € [1,00). Thus for any 
fe L?(R, Mi, ,) and € > 0 there exists g € C,(R) such that || f — gllp < ¢. Now 


If —Tyfllp < If — 8llp + lls — Ty8llp + IITyg — Ty fillp- 
By Lemma 23.40 we have ||Tyg — Ty fllp = IITy(g — Alp = lle — fllp. Thus we have 
If — Ty fllp < 2 f — gllp + Ig — Tyllp < 2€ + lle — Tygilp. 


For g € C,(IR) we have lim lg — Tyg|lp = 0 by our result in 1. Thus we have 
yr 


lim sup || f — Ty f llp < 2¢ + lim |lg — Tygllp = 2e. 
y>0 


y0 
By the arbitrariness of € > 0 we have limsup || f — 7y/||p = 0. This then implies 
0 


yo 
lim inf || f — Ty fllp =O andthen lim ||f—Tyfllp=0. & 
y0 y0 


Theorem 23.42. Let p € [1,00]. Let f € L?(R, Dt, u,) and g € L}(R, Mt,, w,). Let 
us define a function f x g on R by setting 


(1) ((pw= [ AG = yeas 
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for x € R such that the integral exists in R. Then (f * g)(x) is defined and real-valued for 
p,-ae. x € Rand f * g is Dt, -measurable. For x € R such that the integral in (1) does 
not exist, we set (f * g)(x) =0. Then fxgeé LP(R, Mt, . iL,) and 


(2) If *8llp < filpligh. 


Proof. 1. For the case p = | the theorem has been proved as Theorem 23.33. Thus consider 
the case p € (1, oo]. 

If f € LP(R, Mt, 4,) for some p € (I, oo] and g € L}(R, Mt,, w,), f and g are 
real-valued jz, -a.e. on R. On the null set of (R, Mt, we ‘) on which f is not real-valued, 
redefine f to be equal to 0 so that f is real-valued and 99, -measurable on R. Redefine g 
similarly so that g is real-valued and 99t, -measurable on R. By Lemma 23.32, f(x — y) 
for (x, y) € R x R is real-valued and Mt? -measurable on R x R. Let g € [1, 0) be 
the conjugate of p € (1, 00], that is, 4+ 4 = 1. Leth € L?(R, Mt, w,) be such that 
h(x) € (0, oo) for every x € R. Then the function h(x) f(x — y)g(y) for (x,y) ERxR 
is a real-valued om? -measurable function on R x R. Now 


3) [wcorf [ire - neon a tdyy} a (as 
R R 
= feo Fee = 801 Ga, x (404,99) 
= frei fire —»rcol nan} aca 
R R 
=f eoni{ firs scone aya} aay) 
R R 
< [leD1IT Flot ae(@y) 


=llellilfllpliallg < 00 


where the first and the second equalities are by Theorem 23.17 (Tonelli), the inequality is 
by Theorem 16.14 (Holder) for p € (1, 00) and by Theorem 16.40 (Hilder) for p = 00, 
and the last equality is by (3) of Lemma 23.40. The finiteness of the integral in (3) implies 
that we have for yz, -a.e. x ER 


woof f irc — ye udy)} < OO. 


Since h(x) € (0, 00) for every x € R, we have for n,-a.e.x ER 


[ire — y)g(y)| (dy) < cw. 


Thus we have for w,-a.e. x €R 


(f *g)() = id F(x —y)g(y) u,(dy) ER. 
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The 99t, -measurability of f * g on R follows from (a) of Theorem 23.17 (Tonelli). 

2. Let us show that f * g € LP(R, 9,, u,). Let q € [1, 00) be the conjugate of our 
Pp & (1, ov], that is, 7 + ; = |. With the extended real-valued 90, -measurable function 
f *g onR, let us define a functional L +g on h € L?(R, 9, ,) by setting 


(4) Lag) = f OIF * 8)(0) wy (dx), 
Clearly L fg is a linear functional on L?(R, 90, , u,). By (4), (1), and (3) we have 
(5) epee Ol =f WGOICS + 8)0)| (ae) 

< [mca [ire —»eorlu.an} uid) 


< Wf llplig ill. 


Thus L xe is a bound linear functional on L?(R, 9%, 4,) with norm 


(6) IL saglle < ll fllpligth. 


Now L fxg is a bounded linear functional on L7(R, 9,,4,) and q € [1,00). Then by 
Theorem 18.6 (Riesz Representation Theorem), there exists a unique y € L? (R, Mt, 1) 
such that 


(7) L fag (h) = i hgdp, 
and 
(8) lPllp = ILyag lle < If llplighh. 


Thus, to show that f * g € L?(R, 0t,, 4,) and || f * gilp < Il filpllgili, it suffices to 
show that f * g = 9, that is, (f * g)(x) = g(x) for w,-a.e. x € R. Since both f * g 
andg € LP (R, Mt, , ,) are real-valued w,-a.e. on R, f * g — is defined y,-a.e. on 
R. Thus to show that f * g = 9g, ,-a.e. on R, it suffices to show that ~, (D) = 0 where 
D v= {x ER: (f * g)(x) — p(x) F 0} € Mt,. Suppose w,(D) > 0. Now D is the 
union of two disjoint 9), -measurable sets D; = {x € R: (f * g)(x) — g(x) > O} and 
Dz = {x € R: (f * g)(x) — g(x) < O}. If u,(D) > 0, then at least one of uw, (D1) 
and 4, (D2) is positive. Consider the case 4, (D1) > 0. Since (R, Mt, ue “) is a o-finite 
measure space, there exists a 9Jt, -measurable subset E of D, such that 4, (E£) € (0, 00). 
Let ho = 1g. We have ||h|l3 = fp (Wel? du = f, 1du < 00 so that ho € L?(R, M,, 1). 
Now by the definition of L fx by (4), we have 


Lyag(ho) ~ [ howdn, = f hol(f*8)— oldu, = | {F*8)-e} dn, >0 


since (f *g) —-g > Oon E C Dj and yp, (E) > 0. This contradicts (7). Similarly the 
assumption that 4, (Dz) > 0 leads to a contradiction of (7). This shows that 4,(D) = 0. 
Therefore f *g =, w,-ae.onR. 
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Lemma 23.43. Let p,q,r € (1, co) be such that i + : =1+ I Let s € (1, &) be the 
conjugate of r, that is, 1 + 1 = 1. Then there exist E,n,€ € (1, 00) such that 


a i Gt 
Eon p 
11 1 
(2) ~+5=-, 
n ¢ @ 
(3) Doge 
an er 
(4) Lact ae 
Es ye CE 


Proof. Equations (1), (2), and (3) constitute a system of linear equations in three unknowns 


re = and 7 Solving this system we have 


Wp eS pe or] 

ll 
~fpR 

fa) 

mm 

S 

_ 

— 


Thus &, 7, ¢ € (1, 00). Also 


so that (4) is satisfied. 


Theorem 23.44. (Young’s Convolution Theorem) Let p,q,r € (1, 0) be such that 


fe 1 
(1) Sethe, 
P 4 r 


Let fe LP(R, Mt Bt) and ge Li (R, Mt, vbee)s Let us define a function f * g on R by 
setting 


(2) (f *g)(x) = [ fle ~y)e() ny) 


forx € R for which the integral exists in R. Then (f * g)(x) is defined and real-valued for 
}t,-a.e. x € Rand f * g is IN, -measurable. For every x € R for which the integral in (2) 
does not exist, we set (f * g)(x) =0. Then fxge LF(R, M,, 7) and 


(3) If * ally < If llpligile- 
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Proof. 1. If f € L?(R, 9t,, u,) and g € L7(R, Mt, u,), then f and g are real-valued 
,-a.e. on R. On the null set in (R, 99t,, 4) on which f is not real-valued, redefine f to 
be equal to 0 so that f is real-valued and 90t, -measurable on R. Redefine g similarly. Then 
by Lemma 23.32, f(x — y)g(y) for (x, y) € R x R is real-valued and 2? -measurable on 
RxR. 

Let s € (1, &) be the conjugate of r, that is, 1 + 4 = 1. Lethe L5(R, Mt, u,) 
be such that h(x) € (0,00) for every x € R. Then the function h(x) f(x — y)g(y) for 
(x, y) € R x R is real-valued and om -measurable on R x R. Let us show that 


(4) [ gre — y)g(y)| (4, x Hy )(d@, y)) SWF iipligiig Alls 


Now p,q,r € (1, 00), i+ +=1+1}and++44=1. Then by Lemma 23.43, there exist 
&,n,& € (1, co) such that 


2 


1 1 1 1 1 1 Eis Pa ary 
ae ae mee, Mes ei’ eae ee i a ee 
Let ay, a2, b1, bz, ci, c2 > O be defined by 
s s p p q q 
(5) a= 7, M=-, h= =, b=, a==, Q== 
g g § UT n g 


Then we have 
1 1 1 1 1 

a ta={>+—]}s=1, b+ ={-+-|p=1, ata={-+—]¢=1. 
g ¢ fo on 

Thus the integrand in (4) can be written as 


lax) Fe — yg = (IA@ IMF — WIP YL FG — IPB" } {lg OIF 1k )|"}. 


Now &,7,¢ € (1, 00) and F + ; + 7 = |. Then applying Theorem 16.56, an extension of 
HGlder’s inequality, we have 


©) [teaser = 2001 G4, x a dae») 
1/§ 
ff tocar ree — yy Gn, x H)(a»9)} 
RxR 
l/ 
{fi tree srnleonen Ga, x mace.) 
RxR 


We 
{{ Ig(v)I25 Aa) (He, x u,)(ax, »))| 
RxR 
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Substituting (5) in (6) we have 
(7) [ UG) F% = yogOoD1 (Hy, % 14,)(€Cs 9) 
1/é 
eff imcori fee — yi? a x u,)(aCe, »)} 
RxR 
1/ 
{fife -sileort Ga, x wd(aen yy)" 
RxR 


W/t 
{ff isoritircnr Ge, x ma(aes yf". 
RxR 


For the first of the three integrals on the right side of (7), we have 
i n(x) PIF — yl? Ge, x H,)(d@, y)) 
RxR 
=f mcoe{ f ite - 0 way} acca 
R R 


= [iO Lg ae (as) = AUEILS UB, 


where the first equality is by Theorem 23.17 (Tonelli) and the second equality is by Theo- 
rem 9.31 (Translation Invariance) and Theorem 9.32 (Linear Transformation). By similar 
computation the second integral on the right side of (7) is equal to || f Al gllZ and the third 
integral is equal to || gil |Z||§. Substituting these results in (7) we have 


[ ne) F(x — yey) (i, x ,)(d(x, y)) 
Rxbbr 


s B B 4 a £ sfigl p Piva q 141 
SAMS US lp fllp lglg lglg Walls = nytt aA heigl ‘} 
SKlAlls lf llpllgllg- 


This completes the proof of (4). 
Now for f € LP(R,9M,,4,), g € LI(R, Mt,,u,), and h € L5(R, Mt,, w,), we 
have 


[woof [re -neoriatay} alan 
R R 
=[ shore: — yg) (Hz, x M,) (a, y)) 


SIAllsllFllpligllg < 2%, 


where the equality is by Theorem 23.17 (Tonelli) and the first inequality is by (4). This 
implies that |h(x)|{ fo lf — y)e(y)| u,(dy)} < 00 for w,-ae. x € R. Since h(x) € 
(0, co) for every x € R, we have te | f(x — ye) 4, (dy) < co for w,-a.e. x € R. Thus 
Gf *«g(x)= Ie f( — y)eQ) uw, (dy) € R for p,-ae. x € R. The 9, -measurability of 
Ff * g on R follows from (a) of Theorem 23.17 (Tonelli). 
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2. Let us show that f x g € L'(R,9t,,4,). With our extended real-valued 9, - 


measurable function f * g on R, let us define a functional L feg on Le (R, Dt, 1) by 
setting forh € L'(R, M,, 4) 


8) Lyaglh) = f ROVE 8)(8) wy (dx), 
Then L fxg is a linear functional on L$(R, 99, , 4.) and moreover by (4) we have 
(9) |L pag (h)| < i lh(x)I|Cf * 8)(x)| w, (dx) 
< f wolf [ire -nsorlu@} nla 
R R 
=) 2 tore — yg) (u, x w,)(d(, y)) 


SW Filpligig lls. 
Thus L fxg is a bounded linear functional on L$(R, 9, w,) with norm 
(10) IL pag lle < flip liglia- 


Now s € (1, 00) is the conjugate of r € (1,00). Thus by Theorem 18.6 (Riesz Rep- 
resentation Theorem), there exists a unique g € L’ (R, Nt, l,) such that for every 
he Li(R, 9t,, u,) we have 


(11) Lyagih) = f ho du, 
and 
(12) Ile = IL jeglle < Uf plist. 


By (8) and (11) we have for all h € L5(R, Mt, , ,) 


(13) i AG e8G@) nj = iE hodu,. 


By the same argument as in the last paragraph in the Proof of Theorem 23.42, we show that 
the equality (13) implies that f +g = yg, “,-a.c. on R so that f *g € L'(R, 9, ,) and 
If * llr =Ilellr < WF ilpllsllg. 


Definition 23.45. (a) For an extended real-valued function f on R, we define 


I fllu = sup | f(x)| € [0, oo]. 
xeR 


Let Cp(R) be the linear space of all bounded real-valued continuous functions on R. Then 
lf llu € [0, 00) for every f € Cpy(R) and indeed || - ||, is anorm on the linear space Cy(R). 
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We call this norm the uniform norm. 
(b) Let Co(R) be the collection of all real-valued continuous functions f on R satisfying 
the condition _ f(x) =0. We have Co(R) C Cy (R). 

|X |—> 00 


Theorem 23.46. Let p € [1, 00] and gq € [1, 00] be conjugates, that is, ; + i = 1. Let 
feé L? (R, NN, L,) andgé Li (R, Dt, , Lt,). Define a function f * g on R by setting 


(1) (f *g)(x) = [ Fle — y)g(y) (dy), 


forx € R for which the integral exists in R. Then we have: 

(a) The integral Je f(x — y)g(y) wu, (dy) exists in R for every x € R. 
(b) f * g is a real-valued uniformly continuous function on R. 

(c) For p € (1, 00), we have f * g € Co(R). 

(d) Wf * ella < WF ilpllelia. 


Proof. 1. Let f € L?(R, Mt,, 4,) and g € L?(R, Mt, w,). Let us show first that f * g 
is a real-valued function on R and is bounded by || f||p{lgllg on R. Let x € R be arbitrarily 
fixed. With the translation operator T, and the reflexion operator R as defined in Lemma 
23.40, we have (Tx o R) f(y) = f(—y +x) for y € R. Then for (f * g)(x) defined by (1) 
we have 


(2) (f *g)(0) = [ (Tx 0 R) f(y) g(y) u, (dy). 
By Lemma 23.40 we have 
(3) (T, oR) f € LP(R,M,,u,) with I(T, R)fllp = Iflly- 


With our g € L?(R, 9, 2,), let us define a functional Ly onh € LP(R, M,, 4,) by 
(4) Ly(h) = [ hedn,. 
R 


According to Theorem 18.1, Lg is a bounded linear functional on LP (R, MT, , ae Thus 
L,(h) € R for every h € L?(R, 9, 4). Then by (2), (4), and (3) we have 
(f * g)(x) = Le((T, 0 R) f) ER. 


Thus we have (f * g)(x) = te f(x—y)g(y) u, (dy) € R for every x € R. This proves (a). 

2. Let us prove the uniform continuity of f * g on R. Let us restrict ourselves first to 
the case p € [1, 00) to which Lemma 23.41 is applicable. Let x € Rand y € R. Using the 
expression (2) for f * g, we have 


(5) Cf * g(x +y)— (f *8)(x)| 
< ih |(Tety © R)f(2) — (Lr 0 R) FO) le(@)| uw, (dz) 


SilTe+y 0 R)f — (Teo R) flip iigilg 
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by Theorem 16.14 (Hilder) for p € (1,00) and by Theorem 16.40 (Hélder) for p = 1. 
Now Ty+y = Ty4x = Ty 0 Ty. Thus 
(6) I(Tx+y 0 R)f — (Tx 0 R) fF llp = ITy(Tx 0 R) f — (Tr 0 R) f Ilp- 
Since (T, o R) f € L?(R, Mt, w,), Lemma 23.41 implies 
lim IITy(Tx 0 R)f ~ (Te R)S lp = 0. 
Thus for every ¢ > O there exists 5 > 0 such that 
(7) Ty oR) f — (Tr oR) flip <€ for |y| < 5. 
By (5), (6), and (7), for every € > 0 there exists 6 > 0 such that 


(fxg) +y)— Ff *8)(*)| < ellgllg for |y| <4. 


This proves the uniform continuity of f * g on R for the case p é€ [1, oo). 
Now consider the case p = oo. Inthiscase wehaveq = landthusg € L} (R, It, , 1). 
Thus by our result above g « f is uniformly continuous on R. As we showed above we have 


(f*g)(x) = te f@—y)g(y) u, (dy) € R forevery x € R. Then (g * f)(x) = (f *g)(x) 
for every x € R by Proposition 23.31. Thus the uniform continuity of g * f on R implies 
the uniform continuity of f * g on R. 
3. Let us show thatif p € (1, 00) thenf'*g € Co(R), that is, | lim (fa) = 0. Now 
x\> 


for p € (1,00) we have q € (1,00). Then f € L?(R, Mt,, w,) and g € L?(R, Mt, 1,) 
imply 
(8) [irirdu, <00 and [tel dy, <0. 

R R 


Now (c) of Proposition 8.11 implies that yim Ji-um fl? du, = felfl’du,. Then 
(8) implies that yim Siem My |f|? du, = 0. The same holds for |g|?. Thus for every 
00 , 


&€ > O there exists M > 0 such that 


(9) [ \fl?du, <e and i lgl?du, <e. 
[-M,M]° [-M,M]¢ 


Now for every x € R we have 


(10) If * g)(0)| <[ 


[f(x — y)gQ)| uw, (dy) 
M] 


7 | \f@ — yay) Hy) 
[-M,M}° 
1/ 
<{f | ite—yir utd} "ley 
[-M,M] 


1/4 
+ UF lol fy. Orr meta) 
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by Theorem 16.14 (Hilder). Let x € R be such that |x| > 2M. Then we have 
(uy) [er man = f f(y)? m, (dy) 
{-M,M] [x—M,x+M] 


= IFO? m, (dy) < / IFO? m, (dy) 
[-x—-M,—x+M] [-M,+MI¢ 


where the first equality is by Theorem 9.31 (Translation Invariance), the second equality is 
by Theorem 9.32 (Linear Transformation) and the inequality is by the fact that |x| > 2M 
implies [—x — M, —x + M] c [—M, M}°. Substituting (11) in (10), we have for x ¢ R 
such that |x| > 2M 


\/p 
wreoe@mls(f foray} tel, 
[-M,M]° 
/ 
+istel fe teorit aca} 
[-M,MI° 


<e/Pligia tev Mf ilp < {ifllp + llgllg}e- 


Thus for an arbitrary ¢ > 0 there exists M > 0 such that 


If *g)@)1< {If llp t+ ligig}e for |x| > 2M. 
This shows that | ae (f * g)(x) =0. 
|X|—> OO 
4. To prove (d), note that for every x € R we have by (2) 


If * g)(x)| < [|e RFOd|leoI H.C) 


Sx oR) F lpia ila = WF lip llgila 


where the second inequality is by Theorem 16.14 (Hélder) for p € (1, 00) and by Theorem 
16.40 (Holder) for p = 1 and p = oo and the last equality is by (3). Then we have 


If *8llu = sup I(f * )()| < WF llplisila- 
xE 


This completes the proof. 


Remark 23.47. In the foregoing existence theorems for the convolution product f * g, 
(that is, Theorem 23.33, Theorem 23.42, Theorem 23.44, and Theorem 23.46), for f € 
L?(R, 9t,, 4,) and g € LP (R, MT, u,) with various combinations of p € [1, co] and 
p’ € [1, oo], we defined (f * g)(x) := te F(x — y)ge(y) &, (dy) for x € R for which the 
integral exists in R and (f * g)(x) := 0 for x € R for which the integral does not exist. In 
Theorem 23.46, we showed that if p € [1, co], g € [1, ~] and ‘ + 7 = 1, then for f € 


L?(R, Mt, w,) andg € L7(R, M,, w,) theintegral f, f (x—y)g(y) w, (dy) does exist in 
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R for every x € R and thus (f *g)(x) = fo f (x—y)g(y) u, (dy) forevery x € R. Insome 
questions, for instance for the convergence of a sequence ((f * gn)(xo) : n € N) in R with 
a fixed xo € R, it is pertinent to know that (f « gn)(xo) = Je F (xo — y)an(y) u, (dy). The 
next theorem gives a sufficient condition for having (f * g)(x) = te f(x —y)g(y) u, (dy) 
foreveryx € R. 


Theorem 23.48. Let f € L? (R, Dt, .,) for some p € [1, oo]. Let 
) ce () 1 (R.m,.u). 
p'e[1,co} 


Then we have 


(2) (f «g)(x) = : F(x —y)e(y) 4, (dy) € R foreveryx eR. 


Proof. Let q € [1, 00] be the conjugate of p € [1, oo], that is, i+ 7 = 1. Now (1) implies 


that g € L?(R, 9,, w,). Then by Theorem 23.46, the integral f, f(x — y)g(y) (dy) 
exists in Rforeveryx € R. @ 


The following propositions show examples of functions in ()y¢[1,00] LF (R, 9, 4,). 


Proposition 23.49. (a) [fg € L}(R, Mt,, u,) NL&(R, Mt, u,), then 
gE () L?(R, M,, 4). 
pé[l,co] 
(b) Let g be a bounded real-valued 3N, -measurable function on R with a compact support, 
that is, supp{g} = {x € R: g(x) 4 0} is a compact set in R. Then we have 


g € LI(R, 9,11.) 0 L3°(BR, WR, H,). 


Proof. 1. Let us prove (a). Let p € [1,00). Since g € LO°(R, M,, u,), we have 
IIglloo < 00 and |g] < [Iglloo #,-ae. on R. Let E = {x € R: |g(x)| = 1}. Then since 


g € LI(R, M,, w,), we have 1, (E) = 1-4, (E) < frlgldu, < felgidu, = lish < 
oo. On E* we have |g| < 1 so that |g|? < |g| for p € [1, 00). Then we have 


fieran, = f ieirdu.+ f tela, < tetdan,()+ fi Ilan, <oo. 
R E Ee Ee 
This shows that g € L? (R, 9, u,). Thus g € M)per1,00) Lr (R, Wt, H,)- 
2. Let us prove (b). Since g is bounded on R we have |[glloo < oo so that g € 


L&(R, 9,, 4,). Since supp{g} is a compact set in R, it is a bounded set in R. Thus 
u.,(supp{g}) < oo. Then we have 


loli = lgldu, =| lgidu, < lIglloou,(supp{g}) < 00. 
R supp(g} 
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Thus g ¢ LI(R, 9, w,). Therefore g ¢ LI(R, Mt,, 4,) ALO(R, Wt, 4,). Wl 


Proposition 23.50. (a) With c > 0 and6 > 0, let h be a nonnegative real-valued IN, - 
measurable function on R defined by 


(1) A(x) =c{|x[-9) Al} forx ER. 
Then 
(2) I[hlloo = ¢ < 00, 
(3) Ally =2"?cf{1+ {U+4)p—1} |}? <00 for pe [1,0), 
(4) he ( EPR tas ta): 
pell,oo 


(b) Let g be a real-valued IN, -measurable function on R such that |g| < h on R. Then 


(5) ge () LP(R, Mt, u,). 
pe[1,oo] 
Proof. 1. We have 0 < h < conR. Now we have 
u(x ER:h(x)=c} =n, {x eR: jx) at=1} 
=p, {x eR: |x|-O* > 1} 
=p,{x eR: |x| <1} =2. 
Then for any a € [0, c) we have {x € R: h(x) > a} D {x € R: A(x) =c} so that 
bi {x eR:h(x)>a}> p,{x Ee R:h(x) =c}=2>0. 


This shows that any a € [0,c) is not an essential bound of h by Definition 16.35 and 
therefore ||/||o0, the infimum of all essential bounds of h, is equal to c. This proves (2). 
For p € [1, 00) we have 


yaig= f nrau, = 20 ffx O ary yas) 
R [0,00) 


= 20° f 1n,(dx)+ [ x7 (1+8)p u,(dx)} 
[0,1) {1,00) 


= 20° {1 + {0 +8)p — 1} "fx Orr ty} | 


= 20? {1+ {+p — 1) 


Taking the p-th root we have (3). By (2) and (3) we have ||A||» < 00 for all p € [1, oo}. 
Thus A € LP(R, 9t,, 4.) for all p € [1, oo]. This proves (4). 
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2. To prove (5), note that the condition |g] < h on R implies ||g||p < ||Allp < © for all 
p € [1, 00] so that g € LP(R, M,, w,) forall p € [1,00]. w 


[IV.3] Approximate Identity in Convolution Product 


Let p € [l,oo]. Let f € LP(R, Mt,,u,) and g € L}(R, 9t,,u,). We showed in 
Theorem 23.42 that the convolution product f x g is defined and f x g € L?(R, Dt, ,). 
We show next that the identity of multiplication in convolution product does not exist. 


Proposition 23.51. Let p € [1,00]. Let f € L?(R, Dt, u,) and g € LI(R, M,, w,) 


and consider the convolution product f * g. Identity of multiplication for the convolution 
product does not exist, that is, there does not exist g € fee (R, Nt, 2) such that 


(1) fxg=f forevery f € L?(R, M,,u,). 


Proof. Suppose there exists g € L}(R, 99, 4,) such that (1) holds. Let us show that 
this leads to a contradiction. Now since g € L}(R, 9t,, 4.) is w,-integrable on R, by 
Theorem 9.26 there exists 6 > 0 such that 


1 
(2) / Ig(y) lu, (dy) < > 
{—26,25] 
Let f = 1,~s,3}. Then f € LP(R, Mt,, u,). Thus by (1) we have for jz,-a.e. x ER 
3) fe) = (fF #9) = (4 fx) = [ g(x — y) f(y) oy (dy) 
z: | g(t —y) u,(dy) = / e(y — x) 1, (dy) 
[--6,8] [-6,6] 


= | g(y) wu, (dy), 
[x-6,x+6] 


where the second equality is by Proposition 23.31, the fifth equality is by Theorem 9.32 
(Linear transformation) and the last equality is by Theorem 9.31 (Translation Invariance). 
Since the equality (3) holds for jz, -a.e. x € R and since y1, ([—4, 6]) = 26 > 0, there exists 
xo € [—6, 6] for which (3) holds. For xo € [—8, 8], we have f(xo) = 1. Thus 
(4) 1= f(xo) = / g(y) MH, (dy). 

[xo-8,x0 +4] 


Then by (4) and by (2) we have 


i=|f so) H(dy)| = f Iga (dy) 
[xo —8,x0 +5] [xo—8,%0 +5] 


1 
ef isolmdy) <5. 
[-28,28] 
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This is a contradiction. § 


Definition 23.52. Let p € [1,00]. Let f € LP(R, 9, u,) and g € L}(R, M,, u,) and 
consider the convolution product f * g. A collection of functions { ge ie € (0, co)} Cc 
Be (R, MT, , pe a) is called an approximate identity of the convolution product if 


(1) lim f *g = f in some sense for every f € LP(R, 9, 1,). 


In particular we call { ge:e €(0, oo)} an approximate identity of the convolution product 
with respect to norm convergence if 


(2) lim || f *g — fllp =0 forevery f € L?(R, Mt,, u,). 
Examples of approximate identities of the convolution product are constructed below. 


Definition 23.53. Let y be an extended real-valued function on R. Fore > 0, the €-dilation 
of ¢ is a function on R defined by 


Q(x) = ~0(=) forx eR. 


Observation 23.54. Let v, be the e-dilation of an extended real-valued function g on R. 
Then we have 


1 
(L) sup |@-| = = sup lel. 
Unless ¢ is the identically vanishing function on R, we have 
(2) lim sup |g-| = 00. 
670 
Regarding the supports of the functions g and g,, we have 


(3) supp{y-} = € supp{¢}. 


Thus as € — 0 the set supp{y,_} becomes smaller and moves toward 0 € R. 
If supp{¢} is a compact set then so is supp{y,} and moreover we have 


(4) lim 4, (supp{ye}) = 0. 


Proof. 1. The equality (1) follows immediately from the definition of g, in Definition 
23.53. If g is not identically vanishing on R then sup |g| > 0. Then (2) follows from (1). 

2. Let us prove (3). Now by definition we have supp{g} = {x € R: g(x) 4 0} and 
supp{@-} = {x € R: g(x) 4 0}. Observe that 


(x eR: 9.) £0} =[reR:-9(=) 40} 
={x ¢R:0(=) £0] = [ex eR: p(x) 40} 


=e{x eR: g(x) 40}. 
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Then 
supp{g.} = {x ER: g(x) £0} = e{x ER: g(x) £0} 


=e{x €R: g(x) £0} = e supply}. 


3. If supp{¢} is a compact set, that is, a bounded closed set in R, then so is supp{y,} by 
(3). Moreover if supp{y} is a compact set then jz, ( supp{y}) < 00. Then 


lim 1, (supp{ve}) = lim y, (¢ supp{y}) = lim ex, (supp{y}) = 0, 


where the second equality is by Theorem 3.18 (Positive Homogeneity). This proves (4). & 


Proposition 23.55. Let g € L} (R, 98,, u,). For € > 0 consider the ¢-dilation ye of ¢. 
Then for every D € Dt, we have 


(1) | Pe(X) MW, (dx) = I p(x) u, (dx), 
D Lp 

and in particular we have 

Q) [ocoucax = f 9) u(r. 
R R 

Moreover for every M > 0 we have 

(3) lim / Ge (x) Uw, (dx) = 0. 
£0 J {xeR:|x|>M)} 


Proof. 1. Let D € It, and ¢ > 0. Then by (1) of Theorem 9.32 (Linear Transformation) 


we have 1 2 
[ ge(2) 1, (dx) = = Be o(=) H.(dx) = I 8) Hy (a. 


This proves (1). When D = R we have iR = R. Thus (2) is a particular case of (1). 
2. Let us prove (3). Let M > 0 and let D = {x € R: |x| > M}. Then we have 


LD = {x ER: |x| > My. By (1) we have 
/ p(x) h, (dx) 
{xeR:|x]>¥ 


i eC) M, (dx)| = 
{xéR :|x|>M} € 


< / Iv(e)| w, (dx). 
{reR:|x|>4} 


Now since te |y(x)| w, (dx) < 00, we have im, Jove -|x|>B} lo(x)| #, (dx) = 0. With 


(4) 


M > 0 fixed, if we let e > 0 then M — oo. Thus we have 


(5) lim lo(x)| m, (dx) = 0. 


20 (xeR:|x|> 4} 
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Applying (5) to (4) we have lim | Sever -txl>-m) Ge (X) Ly, (dx)| = 0 which implies (3). @ 
&—> 


Proposition 23.56. Let y be an extended real-valued IN, -measurable function on R. For 
& > 0 let y, be the €-dilation of g. Then we have 


J\ 2 

a) Ivell> = (=)? Wwllp for p € L100), 
1 

Q) IWelloo = = Illoo 


Thus, for p € [1, co], ify € LP(R, Ni, , ,) then pe € LP(R, MN, , lL,). 
Proof. 1. Let p € [1, 00). Then we have 


lol = ff iwel” au, =f (2)’o(E) man) 
= (<)’* [ ee bi, (dx) = (=) ‘isi. 


where the third equality is by Theorem 9.32 (Linear Transformation). Taking the p-th roots 
we have (1). The equality (2) is immediate from the definition g(x) = 1o(2) forx €R. 

2. Let p € [1, oo]. If gy < LP(R, 9, u,) then ||gllp < oo. Then by (1) and (2) we 
have |||» < 00 and thus g, € LP(R, M,, Lt). | 


Theorem 23.57. Let p € [1, oo]. Ler f € L?(R, Dt, u,) and let y € L!(R, Wt, w,) 
be such that p > 0 on R and |g|\1 = 1. Then for every e-dilation ~, of g we have 
f * Ge € LP(R, Mt,, ,) and furthermore 


(1) lim If * ¢ — fllp = 0. 


Proof. 1. The nonnegativity of g implies the nonnegativity of g, for every ¢ > 0. Then by 
(2) of Proposition 23.55, we have 


(2) [reetan, = [eau =f eau, =f ldu, = lel = 1. 
R R R R 


This shows that yg, € L} (R, mM, H,) and ||@.||1 = 1. Then by Theorem 23.42, we have 
f «ge. € L?(R, M,, w,) and thus f «gy. — f € LP(R, M,, u,). 

2. Let us prove (1). Let g € [1, 00] be the conjugate of our p € [1, oo]. Let us define a 
linear functional L, on g € L7(R, Dt, ,) by setting 


(3) L(g) = [or +e.- pean, 


According to Theorem 18.1, Le is a bounded linear functional on L7(R, 99, 4,) with 
norm given by 


(4) [Lelle = If * Ge — fillp- 
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Thus, to prove (1) we show that lim ||Z-||.4 = 0. To show this convergence we show that 
=> 
for every 7 > 0 there exists 6 > O such that 


(5) Lelle <n fore € (0,64). 


Let us estimate L,(g) as defined by (3). Note first that ie Ge duu, = 1 by (2) so that for 
every x € R we have f(x) = f(x) fp Ge(y) 4, (dy) = fy f &)Ge(y) 4, (dy). Then since 
(f * Ge)(x) = fp f(& — y)Ge(y) du, (dy) for w,-a.e. x € R, we have 
6) (Fe vote)~ Fee) = f {fee -y) = Fo} ee) mld, 
for 4,-a.e. x € R. Then we have 
M — Udell =| f {Fx ¢000)— Fe}aG wx) 

=I ff { [ (te -»- reroeo utd) }oeo asta 
R'JR 
<ff{ [le —»- reload flee (a 
R'JR 
= [ oc){ [ |f — y) — F@)|lg@)| u,(dx)} Lu, (dy) 
R R 
by Theorem 23.17 (Tonelli). For the inner integral in the last member of (7), we have 
[irc — y)— f@)|lg)| u, (dx) = i. |(T_y f)(x) — fx) |l¢@)| w, (dx) 


< ||T7-»f - f\pllallg 


by Theorem 16.14 (Hélder) for p € (1, 00) and by Theorem 16.40 (Holder) for p = 1. 
Substituting this in (7) we have 


(8) ios { [ vor|trf- Fi, m4} Nel 
By (3) of Lemma 23.40 we have 
(9) |7-»f — fl], <7» fla + IF llp = 21 fle. 


According to Lemma 23.41 we have a IT) f — fllp = 0. Thus for every n > 0 there 
err 
exists M > 0 such that 


(10) If —fllp < ; for y € (—M, M). 


For our M > 0, by (3) of Proposition 23.55 there exists 6 > 0 such that 


(11) fllp y gely) H(dy) <4 fore € (0,8). 
[-M,M}* 
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Then by (8) we have for € € (0, 4) 
(12) ILe(@)l < | / ve()|T-yf - F], a.) fell 

{-M,M] 


+{f erltot Flpu(a>)}lte 
[-M,M]° 


For the first integral on the right side of (12), we have 


n 
as) fonts spn) s 5 f 


n 
ge(y) 4, (dy) < >" 
M,M] 


where the first inequality is by (10) and the second inequality is by the fact that 


| Ge (Y) Hy (dy) < I ge(y) b, (dy) = [ o(y) H (dy) =1 
[-M,M] R R 
by (2) of Proposition 23.55. For the second integral on the right side of (12), we have 


a) f  wnltof-fl,mldy) s2iflp f  veodusdy) 3 
([-M,M]¢° ic 


[-M,M] 
by (9) and (11). Substituting (13) and (14) in (12), we have for e € (0, 8) 


(15) ILe(g)| < nilgllg- 


This shows that for ¢ € (0,8), Le is a bounded linear functional on L7(R, 99, 4,) with 
norm ||Le||x <1. This proves (5). 


Observation 23.58. We can apply Theorem 23.57 to obtain an approximation theorem for 
approximating a function f in the class L? (R, Mt, ) by functions in a more restricted 
class. For instance, if f € L}(R, 9t,, u,) andy € C}(R), then g, € C}(IR) and then we 
have f * @, € c} (R) by Theorem 23.39. Then Theorem 23.57, ies lf — f *@ell1 = 0, 


approximates f by continuously differentiable functions f * g-. The next theorem is an 
example of approximation theorems derived from Theorem 23.57. 


Theorem 23.59. C2°(R) is dense in LP(R, ,, u,) for p € [1, 00), that is, for every 
feé L?(R, Mt, H,) and 8 > 0 there exists g € C°(R) such that || f — gllp < 4. 

Proof. 1. Let p € [1, 00) and f € L?(R, Dt,,u,). Then fy | f(x)|? (dx) < 00 and 
this implies that for every 7 > 0 there exists M > 0 such that 


(1) / [fx)IP uw, (dx) < n?. 
{xeER:|x|>M} 


Let us define a function fy on R by setting 
Ff) forx €[-M, MJ 


2 = 
- su) | 0  forx €[-M, MI. 
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Since |fu| < |f| on R, we have fp |ful? du, < felflPdu, = IfIld < 00, we have 
fu € LP (R, 9t,, u,) and moreover we have 


Wf — ful = fs ful? de, = f flP du, <a. 
R {xeER :|x]>M} 
Thus we have 


(3) If — fullp <n. 


Let us show that 
(4) fu € L}(R, Mt,, ,). 


According to Theorem 17.4, if p > 1 and (X, 2, 2) is a finite measure space, then for every 
extended real-valued 2{-measurable function g on X we have 


1 1 
5 oT pie | =) ig? 
(5) <p | le ws fel au] 


Our function fy on R vanishes outside of the finite closed interval [—-M, M]. The restriction 
of fu to [—M, M] is a function on the finite measure space ((—M, M], 9t,, 4,). By (5) 
we have 


1 


P 


1 


1 if 1 P 
— ful dp <|aa/ ful? du | 


Then we have 


1 


[isin =} lfuldu, <(2M)!-> [f ul? du, | 
R {-M,M] ([-M,M] 
< (2M)'~> [ [urea] = (2M)'~? || fIlp < 00. 


This shows that fy €¢ L!(R, 9, u,). 
2. Let g € C2°(IR) be such that g > 0 on R and te yd, = 1. Now since ¢ is bounded 


on R and vanishes outside of a compact set in R we have g € LP (R, Mt, w _) for every 
p’ €[1, co]. Thus we have 


(6) ge (| LP(R,M,,u,). 
p’e€[1,00] 


For ¢ > 0, let ge be the e-dilation of g. Then ge € Co°(R), ge = OonR, |l@ell1 = 1 by 
Proposition 23.55 and moreover 


(7) ve [} LP (R,M,,u,). 
p’e[1,co] 
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3. Let us consider fy * ve. Since fy € LP(R, Mt,, w,) and g € L}(R, Mt, u,), 
we have by Theorem 23.42 
(8) fu * Ge € L?(R, M,, u,). 


Now since g, € C2°(R) = (en C7 (IR), we have g, € C7 (IR) for every n € N. We have 
also fu € i} (R, Nt, , H,) by (4). Then by Theorem 23.39, we have fi * ge € C”(R). 
Since this holds for every n € N, we have 


(9) fu * Ge € (| C7(R) = C?(R). 


neN 


Let us show that fi *~- has acompact support. To show this, it suffices to show that fiy* 
@ vanishes outside of some finite closed interval in R. Now since fy € LP(R, 9, u 1) 
and (7) holds, Theorem 23.48 is applicable to our fy * g-. Thus for every x € R we have 


(10) (ego @e [ ful ~ ypaly) 1, (dy) 


1 y 
= = fh fut - »yo(2) Ht, (dy). 


Now since g has a compact support, ¢ vanishes outside of a finite closed interval in R. Thus 
for sufficiently large a > 0 we have y(y) = 0 for y € [—a, a]°. This implies that (2) = 0 
for y € [—ea, ea]°. Using this fact in (10), we have for every x € R 


1 
(11) Guxooa= -/ 


[-ea,ea] 


ful — yo(=) n, (dy): 


Consider a finite closed interval J = [-M — ca,M + ea]. If x € J° then we have 
x — y € [—M, M¥ for all y € [—ea, ea] so that f(x — y) = 0 for all y € [—ea, ea]. 
Applying this fact to (11), we have (fy * ¢-)(x) = 0 for x € J°. Thus fiz * Ye vanishes 
outside of the finite closed interval J. This shows that fiz * ge has a compact support. 
Therefore we have 


(12) fu * Ge € C°(R). 
4. Now we have 
If — fu *Gellp < If — fullp + lf — fu * Gellp <0 + Il fu — fu * Gellp- 
By Theorem 23.57, we have lim ll fu — fu * Gellp = 0. Thus we have 


HSU If — fu * Gellp <n. 
6 


Since this holds for every 7 > 0, the limit superior is equal to 0. This implies that the limit 
inferior is also equal to 0 and then the limit exists and is equal to 0. Thus we have 


Jim If — fa * Gellp = 0. 
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Thus for every 6 > O there exists g := fy * Y € C2°(R) such that ||f — gllp <6. © 


{1V.4] Approximate Identity Relative to Pointwise Convergence 


Consider LP (R, 99t,, 4) wherep ¢€ [1, 00]. We showed in Theorem 23.57 that there exists 
ge zt} (R, Mt, uw 1) such that for its e-dilation g, we have 


lim If *%e — fllp =O forevery f € LP(R, M,, u,). 
o> 


Next we construct g € L} (R, Mt, , ,,) so as to have pointwise convergence 
lim(f * ¢-)(x) = f(x) forx € A, 
e>0 


where A is a subset of R which may depend on f/f. 

By our definition of convolution product, we have (f * g,-)(x) = oe f(% — y)Ge(y) by, 
for ,-a.e. x € R and not necessarily for every x € R. However, in considering the 
pointwise convergence lim {(f * Ge)(x) — f (x)} = 0, it is pertinent to know whether or 


not we have (f * @-)(x) = Ie S(x — y)¢e(y) uw, for the point x € R in question. The next 
lemma is related to this question. 


Lemma 23.60. Let p € [1,00]. Let f € L?(R, 9, 1) and let g ¢ L1(R, Mt,, 1,) be 
such that g > 0 on Rand |\g||1 = 1. Then we have: 
(a) For w,-ae. x € R, we have 


(1) (f #2)(x) — f&) = a [fx —y) — FO) }e0) uw, (dy). 


(b) If fp f(% — y)g(y) 4, (dy) exists for every x € R, then (1) holds for every x € R. 


(c) If g satisfies the additional condition that g € (| p’e[l,co] LE : (R, MN, , oe, ys then (1) holds 
for everyx ER. 


Proof. 1. Since g > 0 on R and ||g||1 = 1, we have Seg) 4, (dy) = 1. Thus for every 
x € R,wehave f(x) = fp f(x)g(y) wu, (dy). Now (f *8)(x) = fp f(x — y)g(y) u, (dy) 
for ,-a.e. x € R according to Theorem 23.42. Subtracting the first equality above from 
the second, we have (1). This proves (a) as well as (b). 


2. If g € MN prettoo) Lr (R, Mt, w,), then (f *g)(x) = fo f(x — y)g(y) m, for every 
x € R by Theorem 23.48. Then by (b), (1) holds foreveryx e R. 


Theorem 23.61. Let f ¢ L°(R, M,, u,). Lety € L}(R, M,, 4) be such that y > 0 

on R and ||y||; = 1. For ¢ > 0 let gy, be the e-dilation of g. If f is continuous at xo € R, 

then lim (f * Ge) (x0) = f (xo). Thus if f is continuous on R, then lim(f *QYe)(x) = f(x) 
é> é—> 

foreveryx ER. 


Proof. 1. We have te ged, = Spe du, = |l¢lli = 1 by Proposition 23.55. Note also 
that since g > OonR, we have gy, > OonR. If f € L°(R, Mt, w,), then forevery x € R 
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we have 
| [re —nreeo uray] = ff [ree = »)| 60) He (a) 

< If lloo [eo b, (dy) 
= [I flloo < 00. 

Then by (b) of Lemma 23.60 we have for every x € R 

a) Fv) Fa) = f {Fe —»)- £0} oe) mC. 

2. If f is continuous at xo € R, then for every 7 > 0 there exists M > 0 such that 

(2) | f(xo - y) — f(xo)| <n for ly| < M. 

Now (1) holds for every x € R so that it holds for our xo € R. Then 

(3) (Ff * e)(x0) — f (x0)| < | f (x0 — y) — F(x0)| Ge(y) w, (dy). 

Applying (2) we have 


(4) |Cf *ge)(x0) — F(x0)] < if 


{veR:yisa} 


+ J | f(x0 — y) — f (x0) | ve(y) u, (dy) 
{yeR:yl>m} 


| f (xo — y) — f(x0)| Ge(y) H, (dy) 


< nf Ge Ap, + 2|I flloo ge(y) M, (dy). 
R {yeR:|y|>M} 


According to Proposition 23.55 if we let e — 0 then the last integral above converges to 0. 
Thus letting ¢ — 0 in (4), we have 


(5) lim sup |(f * Ge)(xo) — f (xo)| <n. 


Since this holds for every 7 > 0, we have lim sup \( SF *c)(xo) — f (xo)| = 0. This implies 
0 


&> 
lim inf |(f * Ge)(xo) — f (xo)| = 0 and then lim I(f * Ge)(x0) — f(x0)| = 0, which is 
é—> é—> 
equivalent to lim (f * Ge)(xo) = f(xo). 
E> 


Theorem 23.62. Let p € [1, oo]. Let f € L?(R, Mt, u,) andlety € L}(R, M,, u,) be 

such that p > 0 on Rand ||g||1 = 1. Assume further that 9 is bounded and has a compact 

support in R. For ¢ > 0 let g, be the €-dilation of gy. If f is continuous at xp € R, then we 

have seg *Qe)(X0) = f (xo). Thus if f is continuous on R, then lim (f *Qe)(x) = f(x) 
&> &> 

foreveryx ER. 
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Proof. 1. If g is bounded and has a compact support in R then for every €¢ > 0, ¢¢ is 
bounded and has a compact support in R by Observation 23.54. Then g, € L}(R, 9, “,) 


and y € L?°(R, Mt, 4,) also. This implies that ye € Mpret1,00} LP (R, Mt, , w,) by 
Proposition 23.49. Then by (c) of Lemma 23.60, we have for every x € R 


a) (F* 90) ~ F00) = [ {F-y ~ FO} ve) my. 
2. If f is continuous at x9 € R then for every 7 > O there exists M > 0 such that 


(2) | f(xo — y) — f(xo)| <n for |y| < M. 


Now (1) holds for every x € R and in particular for our xo € R. Recall thatg > OonR 
implies y, > 0 on R. Thus we have, applying (2), 


@) ——_|(F « g)G0) — fr) | < i, | Fx0 — y) — F0)| vey) m,(dy) 
<n f ge (y) M, (dy) +f | f (xo — y) — f (x0)| Ge(y) H, (dy). 
R (yeR:ly|>M) 
For the last integral above, we have 
(4) | |F(x0 — y) — f&x0)| ve) H,(dy) 
{yeR:|y|>M) 
_! Sofie bd 
=- / perpen ZO Fe o(=) uy) 
= | f (xo — ey) — f(x0)| 9(y) Hu, (dy) 
{yeR:ly|>%4) 


where the last equality is by Theorem 9.32 (Linear Transformation). Substituting (4) in (3), 


6) fev —foolsn+ f 


| f (xo — ey) — f (xo)| oy) #, (dy). 
(veR:lyl>-4) 


Now since supp{¢} is a compact set in R, there exists B > O such that supp{¢} C [~B, B]. 
For our fixed M > 0, there exists 6 > 0 such that u > B fore € (0,5). Then we have 


—,™] > [-B, B] D supp{y} and then {y € R: ly] > 4} =[-%, “]° c supp{g}¢ 
for € € (0,5). Thus for e € (0, 5), we have 
(6) | | f (xo — ey) — f(x0)| 9) H, Gy) 
{yeR:|y|>4) 


< / | f(xo — ey) — f(x0)| 9(y) w, (dy) = 0. 
supp{y}° 


Substituting (6) into (5), we have lf * Qe) (x0) — f (x0)| <n fore € (0,5). This shows 
that lim(f * Pe)(xo) = f(xo). I 
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Lemma 23.63. Let g € zy} (R, MN, , L,) be such that g > 0 on R and |\e||, = 1. Suppose 
gy satisfies the condition that for some c > 0 and 6 > 0 we have 


(1) g(x) <ef|x[-OT) v1} forx ER. 


For € > 0, let ¢¢ be the ¢-dilation of g. Then we have 
(2) vee [) LP(R,M,,1,). 
pé[l,oo] 


Moreover for every p € [1,0©) and M > 0 we have 


(3) lim Ge (x)? w, (dx) =0. 
20 {xeR:|x|>M} 


Proof. 1. Condition (1) implies that ¢ € J) ,cf1,00} L? (R, 9, 4,) by (b) of Proposition 
23.50. This then implies that g. € J ,c{1,00) Lr (R, Dt, “,) by Proposition 23.56. 
2. To prove (3), let p € [1, 00) and M > 0. We have 


1\P /x\P 
4 € P d. -/ - _ d. 
“ er, le ae ana) (3) eae 
1\P-! 
fs (<) I exes, 900" B® 
= I(e), 


where the second equality is by Theorem 9.32 (Linear Transformation). 
Let us estimate J(€). Let € > 0 be so small that u > 1. Then by (1) we have 


1\P-1 
= P —(1+4) P 
(5) 1e)<(5) pes {lx 0 1? pw, (dx) 
1\?-1 
={- AcP —(1+6)p d 
(<) € | oe Mt, (dx) 


€? 


= (=)""'20e ! Erde 
€ (1+6)p—1 00 


bp 2cP M—(i+8) pt 
(i+46)p-1— 


os 


By (4) and (5) we have 
: QcP M- (+8) p+1 
lim e(x)? (dx) < lim SP Se ey =0. 
£0 J (xeR:|x|>M} e>0 (1+6)p—-1 


This proves (3). 
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Theorem 23.64. Let p € (1, 00]. Let f € L?(R,9,,u,). Lety € L}(R, Mt,, p,) be 
such that p > 0 on R and ||\g||1 = 1. Assume further that 9 satisfies the condition that for 
somec > Qandd>0 


q) glx) <e{Ixi7"*9 Al} forx ER. 


For € > 0 let @, be the e-dilation of yg. If f is continuous at xo € R, then we have 
lim(f * ~e)(X0) = f (xo). Thus if f is continuous on R, then lim (f * De)(x) = f(x) for 
&> &> 

everyx ER. 


Proof. 1. If y satisfies (1), then 9 € J yef1,c0) LP (R, Mt, , 4,) by (b) of Proposition 


23.50. Then for every ¢ > 0, we have ge € (pref1,00] EP: (R, Mt, 4.) by Proposition 
23.56. This then implies by (c) of Lemma 23.60 that for every x € R we have 


Q) (F #90) — fe) = f (fF -») ~ FO} v0) dy. 
2. If f is continuous at x9 € R then for every 7 > 0 there exists M > 0 such that 


(3) |f(xo— y) — f(x0)| <n for |yl < M. 
By (2) and (3) we have 


IGF # ge(X0) — f%0)| < [ | fo —y) — FCz0)| eC) (Ay) 


<n / ve(y) (dy) + y | f (xo — y) — f (x0) | Ge(y) 2, (dy) 
{yeR:|y|<M} (yeR:|y|>M} 
<n + | (x0)| Gey) te, (dy) + i ifGo=ieso)ng Gy). 
{yeR:|y|>M} (yeR:|y|>M} 


Let us estimate the last integral above. For the case p € (1, 00), let g € (1, 00) be the 
conjugate of p. In this case we have 


(4) / LF Geo — y)| Gey) #4 (@y) 
{yeR:|y|>M} 


l/ 1/ 
-{ | Lro— yi avian} "| f geo)! w, (dy) } 
{yeR:]y]>M)} {yeR:]y|>M} 


1/ 1/ 
=|} ro an tayy}"{ f ely)? u,(dy)} 
{yeR:|yl>M)} {yeR:|y|>M} 


1/ 
ist | gly)? (dy) }™, 
(yeR:lyl>M) 


where the first inequality is by Theorem 16.14 (Hélder) and the equality is by Theorem 9.31 
and Theorem 9.32. For the case p = 00, we have 


(5) / Feo pes) i; (dy)-< IF lice 7 oe) by ldy): 
{yeR:|y|>M} y 


{yeR:|y|>M} 
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Substituting (5) in (4), we have for the case p € (1, 00), 


(6) ICf * Ge(xo) — f(xo)| <n + If @o)| ge(y) wu, (dy) 
{yeR:|y|>M} 


1/q 
+iFto{ ety) (ay) } 
{yeR:|y|>M) 


Similarly substituting (6) in (4), we have for the case p = ov, 

(1) |(f * Ge(x0) — f(xo)| <n + {If 0] + IS lo} f ge (y) MH, (dy). 
{yeR:|y|>M} 

By Proposition 23.55 we have iim Jyerstyt>my 9e0) ft, (dy) = 0 and by Lemma 23.63 

we have lim Jiyer:lyis my Pe)? pt, (dy) = 0. Thus for p é€ (1, oo], letting ¢ > 0 in (7) 


and (8) we have lim sup lf * De(X0) — f (xo) | <n. By the arbitrariness of 7 > 0, we have 
0 


&—> 
lim sup |(f * Ge (xo) — f (xo)| = 0. This then implies lim(f * Ye)(xo) = (x0). 
e—0 a 


Lemma 23.65. Let w be a positive valued IN, -measurable function on R such that 


(1) lim w(x) =0. 


|x| 00 


Letgeé zr} (R, MT, pe 4) be such that g => 0 on R with ||y||; = 1 and satisfies the condition 
that with some c > 0 we have 


(2) g(x) < e{v(x)[x|7 A 1} forx ER. 
Fore > 0, let y,¢ be the ¢-dilation of p. Then we have 
(3) gee () LP(R, Mt, 1,). 
pe[l,o] 
Moreover for every M > 0 we have 
(4) lim [ sup v(x) | an): 
soe {reR:[x|>%} 
and for every p € (1,00) and M > 0 we have 


(3) lim ge (x)? w, (dx) =0. 
£0 J {(xeR:|x|>M} 


Proof. 1. To prove (3), note that since g is bounded on R wehaveg € y € L®(R, 90, 11). 
Thus we have y € L}(R, Dt, u,) M L2°(R, Mt,, w,) and then by Proposition 23.49 we 
have 9 € (pef1,co} Lr (Rs Wt, #,) . Then we have Ye € Mpeti,co) L? (Rs Wt, ,) by 
Proposition 23.56. 
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2. To prove (4), let M > 0 be arbitrarily given. Since lim w(x) =0, forevery 4 > 0 


|x| 00 
there exists B > 0 such that w(x) < n for |x| > B. Let € > 0 be so small that M > B. 
Then {x € R: |x| > 4} c {x ER: |x| > B} and hence 


sup—_ w(x) <_ssup_— W(x) <0. 
(xeR:|x|>%4) {xeR :|x|>B) 


Since this holds for sufficiently small « > 0, we have 


lim sup | sup v(x) | <7. 


20 (xeR :[x}>4) 


By the arbitrariness of n > 0, the limit superior is equal to 0. This implies that the limit 
inferior is also equal to 0 and then the limit exists and is equal to 0. This proves (4). 

3. Let us prove (5). Let p € (1,00) and M > 0. Let us write p = 1+ 6 where d > 0. 
Now 


(6) | Ge (x)? ww, (dx) 
{xeR:|x|>M)} 


: eo (=)’o(=)" wstaey 
=()"" fgee PONE) 


1 yf = 
<(- cP (x)? |x|? w, (dx) 
(<) {xeR:[x|>4} . 


1 


3 
=(-) as | v(x) x) O49) pe, (dx), 
€ {xeR:|x|>%) 


where the second equality is by Theorem 9.32 (Linear Transformation). In view of (6), to 
prove (5) it suffices to show 


1\6 = 
(7) iim (2) [ W(x)! ]x|- OF p, (dx) = 0, 
é {xeR:|xl> 4} 


e>0 
Let 7 > 0 be arbitrarily given. Since ey w(x) = 0, there exists B > 0 such that 
xj Co 


v(x) <n for |x| > B. Let e > 0 be so small that “ > B. Then 


1\4 = 1\6 as 
(-) / U(x) !F8 xj 0+8) i, (dx) < (-) / nit8)¢)-G+8) wu, (dx) 
é€ {xeR:|x|>¥ é {xeR :|xj>4) 


1\é = 
=2()at fy ee alan) 


€ 
M 


é # 00) 
= (2) [2] = 2n!+85-1 8, 
& 5 Joo 
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Since this holds for sufficiently small ¢ > 0, we have 


i\s 
lim sup (-) / Hx) 8|x|- O49) pp (dx) < 2n 8571, 
20 é {xeR:|x|>¥ 


€ 


Then since this holds for every 7 > 0, we have 


1\3 
lim sup (-) d w(x)! x|- O49) (dx) = 0. 
evo XE (xeR:|x|>4} 


This implies that the limit inferior is also equal to 0 and then the limit exists and is equal to 
0. This proves (7). & 


Theorem 23.66. Let p € [1,00). Let f € L?(R, Mt, u,). Lety € L}(R, Mt,, w,) be 
such that g > 0 on R and |\g||, = 1. Assume further that 9 satisfies the following condition 


(1) g(x) <c{w(x)|xl' Al} forx eR 


where c > Oand jf is a positive valued IN, -measurable function on R and ie w(x) = 0. 
Xx} 00 


For € > 0, let ge be the e-dilation of y. If f is continuous at xo € R then 

(2) lim(f * Ge) (x0) = f (x0). 

Thus if f is continuous on R then lim (f * De)(X) = f(x) for every x ER. 
&—> 


Proof. We have y, € LP (R, Mt, , 4,) for all p’ € [1, 00] by Lemma 23.65. Then by (c) 
of Lemma 23.60 we have for every x € R 


(3) (F * pe)(x) — f(x) = [ {fe — y) — f@)}ee() wu, (dy). 


If f is continuous at x9 € R then for every 7 > 0 there exists M > 0 such that 


(4) |f(@o— y) — f(xo)| <n forly| < M. 
By (3) and (4) we have 
(5) ICf * @e)(x0) — f(xo)| < id | f (xo — y) — f (x0) |ge(y) w, (dy) 
<n [ Ge di, +f lf (0 — y)lge(y) H, (dy) 
R tyeR:lyl>M) 
+1fGr0)| i yely) 1, (dy) 
{yeR:ly|>M) 


=n + K(e) + |f (xo) hle). 
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By Proposition 23.55 we have 


(6) lim /4(e) = lim G.(y) #, (dy) = 0. 
e>0 é>0 {yeR:|y|>M} 


Let us show that 


(7) lim 41(e) = lim lf (xo — y)|Pe(y) H, (dy) = 0. 
ae E>" J(yeR:|y|>M} 


Now f € L?(R, 9t,, 4,) where p € [1, 00). We argue for (7) separately for the case 
p = 1 and for the case p € (1, 00). For the case p = 1 we have 


(8) Loe | LFCxo — y) Ivey) #4, (dy) 
{yeR:]y|>M} 
<{ sup ec} [ Ifo y)l me dy) 
(yeR:|y|>M} {yeR:|yl>M} 


<{ sup gi fli. 


{yeR:|y|>M} 
By (1) we have 
1 vy 1 y I | Y\ 1 
= -j<- —)i-— Alt= a . 
ge(y) =o(2) < <e{v(2) [2 cv (2) by 
Then we have 
y as 
sup ¢(y)< sup ¥(2)iy7" 
{yeR:|y|>M) {yeR:|yl>M} SE 
1 1 
<p ¥(2)=—> sup ve). 
(yeR:lyl>M} SE M (rer :|x|>™} 
Substituting this in (8) we have 
1 
ne<>{ sp weft. 
{xeR:|x|>4 


E 


Then by (5) of Lemma 23.65, we have _ I,(e) = 0. This proves (7) for the case p = |. 
&> 
For the case p € (1, 00), let g € (1, 00) be the conjugate of p. Then 


0) hte)= / toa vieowea 
{yeR:|y|>M} 


l/ 1/ 
< (/ | f (xo - yl w,(ay)| eel ely)? u,(dy)} : 
{yeR:|y|>M} {yeR:lyl>M} 


1/q 
<iifile{ [ ge)" wy (dy) 
{yeR:ly|>M} 
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By Lemma 23.65 we have lim Siyersyiemy 9)? u, (dy) = 0. Applying this to (9) we 
have lim I\(€) = 0. This completes the proof of (7). 
Ea 
Letting ¢ > 0in (5) and applying (6) and (7) we have lim sup |(f *@-) (xo) — f (xo)| < 7. 
e>0 
Since this holds for every 7 > 0 we have lim sup |(f * %-)(%o) — f(xo)| = 0. This then 
230 
implies lim inf Cf * Ge) (xo) — f (xo)| = 0 and hence lim ICf * Ge) (xo) — f (xo0)| = 9, that 
a &> 

is, lim(f * G)(%o) = f(xo). I 

630 


[V] Some Related Theorems 
We include here several theorems related to product measure spaces. 
[V.1] Cavalieri’s Formula and Extensions 


Theorem 23.67. (Cavalieri’s Formula) Let (X, 20, 1) be a o-finite measure space. 
(a) If f is a nonnegative extended real-valued 2t-measurable function on X, then we have 


Q) J toowan =f ule x: fo) > e}uan, 
xX [0,00) 


(b) Let f be anonnegative real-valued A-measurable function on X. Let v be ao-finite 
measure on the measurable space ([0, 00), Bj0,00)) where Bio,c0) is the o-algebra 
of Borel sets in [0, 00). Let y be a function on [0, 00) defined by setting y(t) = v((0, t]) 
fort € [0, 0). Then we have 


(2) [ereoymas =f mix eX: fG) 2 1} vide) 


Proof. 1. Let us prove (2) and derive (1) from (2). Thus let v be a o-finite measure on the 
measurable space ([0, 00), Bj0,00)). Then g(t) = v([0, t]) fort € [0, 00) is real-valued 
increasing function on [0, 00) and is therefore a 8[0,90)-measurable function on [0, 00). 
Consider the product measure space (X x [0, 00), (2 x Bjo,00)), # x v) and a subset of 
X x [0, oo) defined by 


(3) E = {(x,t) € X x [0, 00): f(x) > 1}. 


The 2{-measurable function f on X may be regarded as a o (2 x Bj0,00))-measurable 
function on X x [0, 00). Now g(t) = 1 fort € [0, 00) is a Byjo,oo)-measurable function on 
[0, oo) and thus it can be regarded as a o (21 x Bj0,00))-measurable function on X x [0, 00). 
Then E = {(x,t) € X x (0,00): f(x) = g(t)} € o (M x Byo,cc)) by Theorem 4.16. Now 


@: Wx) = / 


[0,00) 


u(E(-,t)) v(dt) = {x EX: faz t} v(dt) 


(0,00) 
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by Proposition 23.16 and similarly 


(5) (wx v)(E) = I v(E@,-)) w(dx) = }. v{t € (0,00): f(x) >t} w(dx) 


= if v([0, F(x))) w(dx) = ip o(f (x) (dx). 


By (4) and (5) we have (2). 

2. Let us prove (1). Consider first the case that f is a nonnegative real-valued 2{- 
measurable function on X. Let v = w,. Then we have g(t) = pw, ([0, t]) = tfort € [0, co) 
and hence g( f(x)) = f(x). Thus (2) reduces to (1). 

Consider the general case that f is a nonnegative extended real-valued 2-measurable 
function on X. Let A = {x € X : f(x) = ow}. Consider first the case that 4(A) = 0. Let 
us define a function h on X by setting h(x) = f(x) for x € A° and h(x) =O forx € A. 
Then h is a nonnegative real-valued 2{-measurable function on A andh = f ae. on X so 
that Ai y fdu= f y 4 du. Since h is nonnegative real-valued, (1) holds for A as we pointed 
above. Thus 


(6) [ tea wan - [aco mas =f u{x eX: h(x) >t} pw, (dt). 


[0,00) 
The fact that h = f a.e. on X implies also 
(7) u{xeX:h(x)>th=pf[xeX: fix)ze} 
for every t € [0, 0). By (6) and (7), we have (1). Finally for the case w(A) = a > 0, we 


have ty fdu = oo. Also for any ¢t € [0, 00), we have {x eX: f(t)= t} > A so that 
u{x eX: f(t) >t} > (A) =a and then 


i u{x eX: f(x) >t} u,(d1) > | 
[0,00) [0 


Thus (1) holds trivially for this case. = 


ap, (dt) =o. 
) 


300 


Theorem 23.68. Let (X, 2, 4) be a o-finite measure space and let f be a nonnegative 
real-valued A-measurable function on X. Let g be a nonnegative real-valued increasing 
and absolutely continuous function on [0, 00) such that p(0) = 0. Then we have 


(1) ie o( F(x) wldx) = [, abr X: $0) = 1} 9 O mad. 
In particular for p = 1, we have 
(2) [ (r)" wan = rf. se eX: f(x) >t} u,(dt). 


Proof. 1. Let g be a nonnegative real-valued increasing and absolutely continuous function 
on [0, 00) such that (0) = 0. Let us extend the domain of definition of g to R by 
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setting g(t) = 0 fort € (—oo,0). Then ¢ is a real-valued increasing and absolutely 
continuous function on R with g(0) = 0. Let v be the Lebesgue-Stieltjes measure on 
(R, Sp) determined by the increasing function g on R. By Theorem 22.8, v is a o-finite 
measure on (R, Sp) and by Theorem 22.22, v is absolute continuous with respect to 1, 
with Radon-Nikodym derivative ie = g’ ae. on(R, Br, 1). Also by Proposition 22.7, 


we have v([0, ¢]) = y(t) — (0) = y(t) fort € [0, oo). Let us restrict v to the measurable 
space ([0, oo), Bi0,00)). Then v and ¢ satisfy the conditions in (b) of Theorem 23.68 and 
consequently we have 


[ elreo) man = fee Xf) = 4} ved 
dv 
= X: > — L(d 
[i ne eX: f(x) =1(F_)ou (dt) 
= [, ta eX: f(x) =the’ @ pu, (dt) 


where the second equality is by Theorem 11.18. This proves (1). 

2. For p > 1 the function g(t) = t? fort € [0, 00) is a nonnegative real-valued 
increasing and absolutely continuous function on [0, 00) such that g(0) = 0. We have 
g'(t) = ptP~! fort € [0, 00). Thus (2) follows from (1). & 


[V.2] Minkowski’s Inequality for Integrals 


Theorem 23.69. (Minkowski’s Inequality for Integrals) Let (X x Y, 0 (2 x B), w x v) 
be the product measure space of two o -finite measure spaces (X, 2, 4) and (Y, 8B, v). Let 
f be anonnegative extended real-valued o (A x B)-measurable function on X x Y. Then 
for p € [1, 00) we have 


1/p 1/ 
i { | fee va ]” nas| < i { i fox, y)? w(dx)} °* vidy). 
xX Y Y X 


Proof. For p = | the equality holds by Theorem 23.17 (Tonelli). Consider the case p > 1. 
Let q be its conjugate, that is, - + 5 = |. Let us define a function of x € R by setting 


J(x)= [te v(dy). 


By Theorem 23.17, J is a 2l-measurable function on X. Now 
P -1 
Of {[ re»vanfuan=f {fren van|seor nan 
x Jy x'Jy 


=f {f fe.nse0r wan fovea 
Y x 
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by Theorem 23.17. Now p — 1 = ’ so that by Theorem 16.14 (Hélder) we have 
@ f reysorr wan =f fe." wan 
x 


< { f tener ncan}!?{ [ soo? aca} 


Substituting (2) into (1) we have 


[Lf ren van}’ wan <{ [serra] [{ f ro. aan}! vay 
x i, xX Y X 


1/q tf 
-| | { [, re.» ayy}? wean] [Lf soon? wax} ” v(dy). 
Kody y 'Jx 


Dividing both sides by the first factor in the left side and recalling 1 — ; = + we complete 


the proof. & ‘ 


For p € [1, 00), let ||fllp = he [flP du}? for an extended complex-valued 2{- 
measurable function f on a measure space (X, 2,4). In Theorem 16.17 we proved 
Minkowski’s Inequality for the function || - || p, thatis, || f + gllp < IIfllp + llgllp. Actually 
this inequality is a particular case of Minkowski’s Inequality for Integrals, provided that 
(X, 2, 4) is ao-finite measure space. We show this in the next corollary to Theorem 23.69. 


Corollary 23.70. Let (X, 2, w) be ao-finite measure space. Let f and g be two extended 
complex-valued A-measurable functions on X such that | f\,|g| < co ae. on (X, A, pw). 
Then for p € [1, 00), we have 


If + 8llp < Filly + Ilgllp- 


Proof. Consider a measure space (Y, 8, v) where Y is a set with two elements, that is, 
Y = {y1, y2}, B is the o-algebra of all subsets of Y, and v is the counting measure on 3, 
that is, v(@) = 0, v({yi}) = 1, v({y2}) = 1, and v({y1, y2}) = 2. 

Consider the product measure space (x x Y,o (2x B), wx v). Let h be a nonnegative 
extended real-valued o (2{ x 98)-measurable function on X x Y defined by 


h(x, = fi xX, 
(1) | (x,y) =|f(@)| forx € 


h(x, y2) =|g(«)| forx € xX. 


For p € [1, 00), we have by Theorem 23.69 


I/p ij 
@ [f[{frcenvan]? wan] < ff [acne man}? vay. 
xX Y y x 
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Now by (1) we have 
Pp \/p ‘ \/p 
(3) [fA fae» -an| was] =| f {roi isco] wias)| 
= |Ifl+ lil, 
and 


1/ 
4 ff { ff wees” was}? vay) = flip +1 + lallp 1 = Illy + Helle 
Substituting (3) and (4) in (2), we have 
(5) Ii + Igill, < Uf llp + llslle- 


Since [f|, |g| < co ae. on (X, MW, w), f +g is defined ae. on (X, 2, w) and we have 
If +gl <lfl+lgl. Then 


= l/p Pp Vp 
© Wftelo={firrerau}’? <{ f (iri+tell? an} =ti+ ll, 
By (5) and (6), we have If + gllp < If llp + Isllp- 


[V.3] Approximation by Product Simple Functions 


Theorem 23.71. Let (X, 2, 4) and (Y, 8, v) be two finite measure spaces. Consider the 
product measure space (x x Y,o (2 x B), uw x v). Let P be the collection of nonnegative 
functions on X x Y of the type 


k 
w(x, y) = jl a,(x)13)(9) 


j=l 


where cj > 0, Aj € 2, and B; «€ Bforj =1,... ,k. Thenfor every nonnegative extended 
real-valued o (24 x 3%3)-measurable function f on X x Y, there exists an increasing sequence 
(Wn: n €N) inP such that vy, t+ f ae. onX x Y. 


Proof. By Lemma 8.6, there exists an increasing sequence (gy, : n € N) of nonnegative 
simple functions on (x x Y,o (BA x 3)) such that g, t f on X x Y. Let g, be given by 


Pn 
(1) Pn = > on, f1e,,; 
jal 


where cp,j > O and En; € o(2l x B). Let a(2l x BB) be the algebra generated by the 
semialgebra 2% x 3. Then o(a(2 x B)) = o(MW x B) and Ey; € o(a(A x B)) so 
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that by Theorem 20.15 for an arbitrary ¢ > 0 there exists F,,; € (20 x %8) such that 
(x v)(En, j AFn,j) < Ti: Let 


Pn 
(2) Yn = > cay le, ;- 


j=l 


Let us show that lim yw, = lim g, = f ae. on X x Y. Now we have 
no now 


Pn Pn 
{Xx Y= ln — Wal > 0} Cc LJ {Xx ¥: [z,; —1r,;1> 0} = Bnjd%n,j- 
j=l j=l 
This implies 
Pn e 
(ux v){X x ¥ lon ~ Wal > Of < DOH x v)(EnjAFn,j) < 55: 
j=l 
Then 


€ 
Siu x v){X x ¥ lon — Val > O} <\ig<” 
neN neN 

so that by Theorem 6.6 (Borel-Cantelli), we have 


(uw x v)(lim sup{X x Y : |g — Wn > 0}) = 0. 


noo 


By Lemma 1.7, this is equivalent to 
(u x v){X x Y : Gn # Wn for infinitely many n € N} = 0. 


Thus lim %, = lim g, ae. on X x Y andthen lim % = fae. onX x ¥Y. 
no noo n—>0o 
To complete the proof, it remains to show that y, € P forn € N. By Theorem 21.4 
and Lemma 21.3, every set F € a(2f x %) is a finite disjoint union of members of the 
semialgebra 2 x %, thatis, F = (A; x By)U---U(Ax x By) where {A} x Bi,... , Ak x By} 
is a disjoint collection in 2( x 33. Then 


k k 
Ir(x,y) = Do Vajxaj(%, y) = D> Lay) 1a,(9). 


j=l j=l 


This shows that wy, given by (2) is amemberof P. 


Problems 


Prob. 23.1. Consider the product measure space (R x R,o (Bp x Br), My, x u ,)- Let 
D={(x,y)€RxR:x =y}. Show that D € o (Ber x Bp) and (uw, x “,)(D) = 0. 


Prob. 23.2. Given the product measure space (R x R,o (Br x Br), wy, xX w ey Let f be 
areal-valued continuous function on R. Consider the graph of f which is a subset of R x R 
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defined by 
G={(,y)€RxR:y= f(x) forx eR}. 
Show that G € 0 (Bp x Br) and (wu, x “,)(G) = 0. 


Prob. 23.3. Given the product measure space (R x R,o (Be x Br), wy, x wh es Let f be 
a real-valued function of bounded variation on [a, b]. Consider the graph of f defined by 


G= {(x, y) ERxR: y= f(x) forxe [a, b]}. 
Show that G € o(®p x Bp) and (wu, x w,)(G) = 0. 


Prob. 23.4. Let (X, 20, 44) be a finite measure space and (Y, B, v) be anono-finite measure 
space given by 

X=Y=(0, 1], 

A = B = Bjo1), the o-algebra of the Borel sets in [0, 1], 

= uw, and v is the counting measure. 


Consider the product measurable space (xX x Y,o (A x 38)) and a subset in it defined by 
E={(x,y)@XxYix=y}. 
(a) Show that E € 0 (2 x B). 
(b) Show that 

Sel fy led} duF fy [Sy ledu} dv, 
thereby showing that the o-finiteness condition on (X, 2, ~) and (Y, B, v) in Theorem 
23.17 cannot be dropped. 


Prob. 23.5. Given two o-finite measure spaces (X, 2, 2) and (Y, B, v) where 
x = Y = Zu, 
A = B = YZ), the o-algebra of all subsets of Z4, 
and v are the counting measures. 
Consider the product measure space (X x Y, 0 (2l x 38), w x v). Define a function f on 
Xx Y by 
142~* when x = y, 
f@,y)=% ~-1-—27~* whenx=y+1, 
0 otherwise. 
Show that 
(a) fyly favdu t fylfy f du dv, 
(b) fyyy [fl d(u x v) = 0, 
(c) fy,y £ d(u x v) does not exist. 


Prob. 23.6. Consider the product measure space (X x Y, 0 (2 x B), ux v) of two o-finite 
measure spaces (X, 2l, jz) and (Y, B, v). Let f be an extended real-valued 2f-measurable 
and y-integrable function on X and g be an extended real-valued 9$-measurable and v- 
integrable function on Y. Let 
F(x)g(y) for (x, y) € X x ¥ for which the product exists, 
h(x,y= : 
0 otherwise. 


(a) Show that h is o (Q x %3)-measurable on X x Y. 
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(b) Show that h is 4 x v integrable on X x Y and 
Sxxy hd(u x v) = [fy f du} {fy adv}. 
Prob. 23.7. Let D be a set contained in [a, b] x [c, d] C R x R defined by 
D={(x,y)eRxR:y € [81(x), g2(x)] for x € [a, b]}, 
and suppose that D can also be given as 
D={(x,y)eRxR:x € [hi(y), A2(y)] for y € [c, d]}, 
where g; and go are real-valued continuous functions on [a, b] such that c < g)(x) < 
g2(x) <dforx é [a, b], and h; and hz are real valued continuous function on [c, d] such 
that a < hi(y) < hay) < b for y € [e, d}. 
(a) Show that D € a(Bp x Bp). 
(b) Show that if f is a real-valued continuous function on D, then f is 4, x 4, -integrable 


on D and furthermore 
ts fd, xXe,) = Sia.b) { Sier@.2201 f(y) ue, (dy)} bt, (dx) 


= feat { Simo)haoy £ Y) Hs (dx) } te, (dy). 


Prob. 23.8. Evaluate the following integrals: 


(a) ie if? y? sin xy dy dx 
(b) Io fe dy dx 

(c) of ie cos(x?) dx dy 
(a) fo fy Pe dx dy 
(e) So She sar ay ax 
(f) [2 fo? Se dy dx. 


Prob. 23.9. Let f be areal valued o (29, x 99t, )-measurable function on R x R satisfying 
the condition fp { fo lf (x, yu, (dy) } u, (dx) < 00. Suppose 
1° f is continuous on R x R, 
2° forevery x € R, the improper Riemann integral g(x) = (ee. F(x, y) dy exists as a real 
number, 
3° gis acontinuous function on R, 
4° the improper Riemann integral fiers g(x) dx exists as a real number. 
Show that 
Sex f Moy x My) = Soo (Iro0 FO y) dy} dx 


that is, fp yp f d(m, x #,) can be evaluated as an iterated improper Riemann integral. 


Prob. 23.10. From the improper Riemann integral [ a ee dx = /m we have 
S0,00) enw” bt, (dx) = 1/2 fora € (0, 0). 
(a) Differentiating the integrand with respect to a n times, we have 
fe = Cage = aye for a € (0, 00) and x € [0, 00). 
Note that je" ( —x?)"|< e-®*” 2" Show that 


So.c0) e7 8X? 2n be, (dx) < 00 fora € (0, 00). 
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(b) Show that for a € (0, co), we have 
—ax? 1 1 3 5 2n-1 ee 
S000) @* (— x7)" (4x) = 5(- 3) (-2)(— 3) (- A) Ver, 
and then 
Sio.00) eet? 2 yy (dx) = 2-H) 01.3.5... (Qn — DN fma- 2, 
and in particular 
Fresco) O22" ey (dx) = 2-4) «1.3. 5+. Qn — 1). 
(Hint: Apply Proposition 23.37.) 


Prob. 23.11. Let f € L1(R, 20,, ,). Show that 
So Lie Fx — y) Fy) H, y)} wu, (dx) > 0. 


Prob. 23.12. Let f € L1(R, Dt,, w,). Suppose 
So {So fax — y) f (By) Hu, (dy)} H, (dx) = y 
where a, 8B, y € Randa #0, 8 # 0. Show that y > Oand fp fdu, = +v/laBly. 


Prob. 23.13. Let f € L! (R, Mt, , L,). With h > 0 fixed, let us define a function g, on R 
by setting 
n(x) = a Ste—b.xeny SO) MH, (at) forx € R. 


(a) Show that @» is a real-valued continuous function on R. 
(b) Show that g, € L'(R, 9, w,) and |Igalli < Il flli- 


Prob. 23.14. Let (X, 2{, 4) be a o-finite measure space. Let D € and let f bea 
nonnegative real-valued 2(-measurable function on D. Consider the o-finite measure space 
(R, Sp, “,) and the product measure space (X x R,o (2x Bru x u,). Let E bea 
subset of X x R such that 

E(x,:)=@ for x € D*, 

E(x,-) =[0, f(x)) forx e€ D. 


Show that E € o(2f x Sp) and moreover (u x pw, )(E) = I f(x) u(dx). 
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§24 Lebesgue Measure Space on the Euclidean Space 


[I] Lebesgue Outer Measure on the Euclidean Space 


Let R” be the Euclidean n-space. The topology on R” is the metric topology derived 
from the Euclidean metric d(x, y) = {j=1 Ixj — yj 2}? for x = (x],... ,%,) and 
y = ()1,---, Yn) in R”. To fix the notations, let us repeat part of Definition 3.21. 


Definition 24.1. Let 3, be the collection of all open intervals and 9 in R. Similarly let 
3c, Joc, and Ico be the collections of all closed intervals, all intervals of the type (a, b], 
and all intervals of the type (a, b) respectively, and 9, where —co < a < b < © with 
(a, 00] := (a, 00) and [—o0, b] := (—00, b]. Let I = Jp UIe U Toe U Teo, the collection 
of all intervals and ©. 


Notations. (a) Given n sets E,..., En, we write X ja Ei for the Cartesian product 
E, x--+ x En. We write X a E for the n-fold Cartesian product of a set E. 
(b) For x classes of sets €1,... , En, we write X i ¢; for 


€,x-+-x Ey = {Ep x x Ey EE Gi,i=1,... ,n}. 


We write X hae for the n-fold Cartesian product of a class € of sets, thatis, €x---x €= 
{Ey x---x E,: Ej €€,i=1,...,n}. 


Definition 24.2. We define classes of subsets of R” by letting 
We = KixToe. Woo = Xju1Fcor y= KjuiJo. W= XjuTo 


i= 


and 
Y= TUT UIUT. 


597 


598 Chapter 6 Measure and Integration on the Euclidean Space 


Proposition 24.3. 3%. and 3”, are semialgebras of subsets of R". 


Proof. It is obvious that 3?, satisfies conditions 1° and 2° of Definition 21.1. Let us 
verify 3° for 3),. Take an arbitrary member of J”. given by R = X jai Gj bj]. We 
let Ij, = (—00, aj], Ij,1 = (aj, bj], and Ij,2 = (bj, 0] with (—co, —co] := @ and 
(00, 00] := B for j = 1,...,n. Then {Ij x +--+ x Inj, : fire. jn =, 1,2} isa 
disjoint collection of members of 3}. whose union is equal to R". Since R = 11,1 X---X Int, 
R¢ is a finite disjoint union of members of 3). This shows that 3”. is a semialgebra of 
subsets of R”. By similar argument, 3”, is a semialgebra of subsets of R”. 


Note that 37, and 3% fail to satisfy condition 3° of Definition 21.1. 


Proposition 24.4. 0 (3%,.) = Br», that is, the smallest o -algebra of subsets of R" contain- 
ing 3”. is equal to the smallest o-algebra of subsets of R" containing the open sets in R”. 
Similarly o (3%,) = Bre, o (37) = Bre, o (32) = Brn and o(3") = Bre. 


Proof. Let us prove o (3%) = BpR«. To show that o (37...) C Br», take an arbitrary member 
R= X j-1(aj, bj] of By. Fork € N, let Ox = Xv (aj, bj + Z). Then (Og : k € N) is 
a decreasing sequence of open sets in R” and een Ox = R. Thus R € Bpz. This shows 
that 33. C Brx. Consequently we have o(37.) C Brn. 

Let us prove the reverse inclusion Br» C o(3},). If we let 9 be the subcollection of 
37. consisting of members X jel (js bj] of 35, with rational aj and b; for j =1,...,n, 
then A is a countable collection. Let be the collection of all open sets in R”. Now if 
O € Mand O # Y, then every point in O is contained in a member of 9% which is contained 
in O. Thus O is equal to a union of members of $8. Since §K is a countable subcollection 
of 3f,, O is a countable union of members of 34,. Thus O € o(3%.). Then 9 C o(3%,). 
This implies that Bpx = o(M) C o(F},). Therefore Br» C o(3’7,.). 

The equalities o (3%) = Brn, o (32) = Bre, ando(3") = Be are proved by similar 
arguments. Finally from 3%. C 3” C Bpx, we have Bex = a (F?.) C o(3") C Bra so 
thato(3”) = Be. w 


Each one of the four classes 3},., 37, 3, and J? is a covering class of subsets of R”. 


We define the Lebesgue outer measure on R” as follows. 


Definition 24.5. Let us define a nonnegative extended real-valued set function v on 3” = 
F7,.UB,, UI" UI by setting v(B) = Oand v(E) = |]i_\ (bj —aj) for E = X5_4(aj, bj), 
x jel [aj,bj), X j=l (aj, bj), or X = [a;, bj]. With the set function v restricted to 3}, 


let us define an outer measure (un)* on R" by setting for every E € (R") 
(ut)"(B) = int | Deen MCRD): Re EN) CI, Upew Re DE} 


Let us call (u)" the Lebesgue outer measure on R". (The fact that (u")* is indeed an 
outer measure on R” is by Theorem 2.21.) 
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We refer to a member E of 3” = 3?.U 3%, U 3% U 3 as a box in R” and v(E) as the 
volume of E. We show next that 3”. in the definition of (un)" may be replaced by 3’, or 
3, or Jr. 


Proposition 24.6. For every E € 8(R"), we have 

(1) (w")*(E) = inf {Spey (La) : (Le EN) CM, sew Le D E}, 
(2) (wt)"(E) = inf {pen v(Ox) + (On 2k EN) CI, Upen Or D E}, 
(3) (u")*(E) = inf {Dpen v(Ck) : (Ce 2K EN) CI, pen Ck D Ef. 


Proof. To prove (1), let us write A(£) for the right hand side of (1). Let ¢ > 0 be arbitrarily 
given. Let (Ry : k € N) be an arbitrary sequence in 37, such that J,cy Re D E. Let 
(Ly : k € N) be an arbitrary sequence in 3”, such that Ly D Ry and v(Lyx) < v( Ry) + e/2k 
fork € N. Then ) yey v(Le) < Spey v(Re) + €. Thus by the definition of A(£) as the 
infimum in (1), we have A(E) < }oyey v( Re) +8. Since this holds for an arbitrary sequence 
(Ry : k € N) in 3%, such that U,cy Re D E, we have A(E) < (u")"(E) +e. By the 
arbitrariness of ¢ > 0, we have A(E) < (a?) (2: Interchanging the roles of 3”. and 3”, 
in the argument above, we have (u")*(B) < A(E). Thus A(E) = (u")*(B). This proves 
(1). The equalities (2) and (3) are proved likewise. & 


Let us observe that the expression (2) has the advantage that the covering Uren O, DE 
is an open cover. If E is a compact set, then the open cover has a finite subcover. 


Proposition 24.7. For every E € 3" = 32,U 3%, U3" UT, we have (u")*(E) = v(E). 


Proof. 1. Let us consider first the case that E € 3” is a finite box, that is, every edge of the 
box is a finite interval, or equivalently, v(E) < oo. 

If E € 3%,, then (£) is a one-term covering sequence of E in 3”... Thus by Definition 
24.5, we have (u")*(E) < v(E). If E € 3%,, then (£) is a one-term covering sequence 
of E in 3%. Thus by (1) of Proposition 24.6, we have (u")"(E) < v(E). Similarly if 
E¢€ 7 orif E € 3, then we have (u")*(E) < u(E) by (2) or (3) of Proposition 24.6 
respectively. Thus for every finite box E € 3”, we have (”)"(E) < v(E). It remains to 
prove the reverse inequality: 


(1) v(E) < (ui) "(E). 


If E € 3, let (Og : k € N) be an arbitrary sequence in 3% such that U,-ny Ox D E. 
Since E is a compact set in R”, there exists N € N such that eae Ox, D E. Then 
E = EN (Ug Oc) = UM (E29 O{) and v(E) < Dy (ENO) < DM, (Op). 
Thus by the arbitrariness of the sequence (O; : k € N) in 33, we have 


v(E) < inf {yey v(Ox) : (On: k EN) C3, Upen Ox D E} = (u")"(E), 


where the last equality is by (2) of Proposition 24.6. Thus (1) holds in this case. 
If E € 3, let E be given by E = X F_1(ai, bi) where —0oo < aj < b; < o6 for 
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i=l,...,n. Fork € N,letC, = Xie [ai + 4,8; — }]. Then (Cy : k € N) is an 
increasing sequence in 37% and v(C,) t v(E). Since Cy € 3”, we have v(Cx) = (u)* (Cx) 
by our result above. Since Cy C E, we have (u)* (Ck) < (u")*(E ) by the monotonicity 
of the outer measure (un)*. Thus we have v(E) = jim v(Cy) < (u")*(E), which proves 
(1) for this case. vs 

If E €¢ 3", and E is given by E = Xj_,(a;,bj] where —co < aj; < bj < 00 
fori = 1,...,n, we prove (1) by the same argument as above using the same sequence 
(Cy : k € N) as above. Similarly for E € 37. 

2. If E € 3” is an infinite box, then v(E) = oo and for every k € N there exists a 
finite box E, € 3” such that E, C E and v(E;) > k. Since Ex is a finite box, we have 
v(Ex) = (u")* (Ex) by our result in 1. Since Ex, C E, we have (u")* (Ex) < (u")*(E) by 
the monotonicity on (un)*. Thus k < (u")*() for every k € Nand hence (u")*(E) = 00. 
Therefore (u")*(E) =v(E). OW 


Definition 24.8. Let 9yt"” = Mt ((u")*), the o-algebra of subsets of IR" consisting of the 
(u")*-measurable subsets of R”, and call it the Lebesgue a-algebra of subsets of R". We 
call the members of IN" the Lebesgue measurable subsets of R". Let y" be the restriction 
of (u")* to 99t" and call it the Lebesgue measure on R". We call (R", Mt) the Lebesgue 
measurable space and (R’, mm, un) the Lebesgue measure space on R”. 


Thus defined, the Lebesgue measure space (R", Mt, pn) is acomplete measure space 
by Theorem 2.9. We show next that the Lebesgue outer measure (j.”)* on R” is a metric 
outer measure. This then implies that Bp. C mm by Theorem 2.19, that is, every Borel 


set in R” is a Lebesgue measurable set. 


Let us note that while R”, 35,, 32,, 33 and 3? are defined as n-fold Cartesian products 
of R”, Joc, Jeo, Jo and J, respectively, Dis is not defined as the n-fold Cartesian product 
of 99, . It will be shown that 9" is the completion of the n-fold Cartesian product of It, 


with respect to the measure j2’. 


Theorem 24.9. The Lebesgue outer measure (u)" on R” is a metric outer measure. In 
particular the Borel o-algebra Bx is contained in the Lebesgue o -algebra IN?. 


Proof. To show that (u)* is a metric outer measure we show that if E,, E2 € §8(R”) are 
such that d(E}, Ez) > 0, then (w)*(Ey U Ea) = (w")"(E1) + (u")*(E2). Since (u")* is 
subadditive, it suffices to show 

(1) (u)*(E1 U Ez) = (w")"(E1) + (u?)" (Ea). 

Let us show that for every sequence (Rx : k € N) in 3%. such that pen Re D Ei U E2, we 


have 


(2) Yo v(Re) = (wt) (Ev) + (W122). 


keN 
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Now if v(Ry) = oo for some k € N, then (2) holds trivially. Thus consider the case that 
v(Ry) < 00 for every k € N. Let 6 = d(E\, Ez) > 0. Now for each k € N, Rx can be 
decomposed into a finite collection {Rx1,--. , Rk,p, } in 37. in such a way that 


1° {Ryi,.-- , Rk,p, } is a disjoint collection and Ry = Rx, U---U Rep, 
2° the lengths of the edges of Ry,1,... , Rk,p, are all bounded above by 8/ (2,/n). 


Note that 1° implies that u(R,) = v(Rz,1) +--+: + v(Rx,p,). Let the countable collection 
WA = {Re jt ik = 1,... , pes & € N} be arbitrarily enumerated as 91 = {Fin : m € N}. 
We have U,,en Fm D E1 U E2 and 


Pk 
(3) Y > U(Fm) = D> Yo v( Re, ie) = D5 vCRe).- 


meN keN jg=l keN 


Let us show that no member of 9% = {F,, : m € N} can intersect both E, and E7. Assume 
the contrary, that is, forsome m € N the set F,, intersects both £) and E2. Then FP, NE, 4 @ 
and Fy, NE, # ®. Let x1 € Fy OE) and x2 € Fi, M Ex. Then 6 = d(Ej, E2) < d(x1, x2). 
Now since x1, x2 € Fy, and every edge of F,, has length < 6/ (2Vn), we have d(x, x2) < 
[n(3/ (2,/n) ‘eae = g Thus we have 6 < d(x, x2) < 8/2, a contradiction. This shows 
that no member of SR = {F,, : m € N} can intersect both E, and E2. Let us classify 
{Fin : m & N} into three subclasses: {F/, : m € N} consisting of those F,, which intersect 
E, {Fj : m € N} consisting of those F, which intersect E2, and {F,” : m € N} consisting 
of those Fy, which are disjoint from both EZ; and E2. Then we have E; C U,,en Fy, and 
Er C Umen Fy and therefore 


(4) Y vCFin) = DO FA) + Sv) + ore) 


meN meN meN meN 
> >> (Fh) + D> u(Fn) 
meN meN 


> (u2)"(E1) + (u")*(E2). 


By (3) and (4), we have (2). Now since (2) holds for every sequence (Rx : k € N) in 34. 
such that Len Rk D £1 U Ep, we have (u™)*(Ey U E2) > (u")*(E1) + (u")*(E2). This 
proves (1) and completes the proof that (un)* is a metric outer measure. Then by Theorem 
2.19, we have Bpx C It((u")*) =O". of 


L 


The following decomposition of a nonempty open set in R” into countably many disjoint 
binary cubes is often useful. 


Proposition 24.10. For k € N, let 2, be the subcollection of 3. of n-dimensional binary 

cubes of the form (3, art] XX (2, at where Z1,...,2%n, € Z. The classes Qx, 

k EN, of members of 3, have the following properties: 

(a) For each k € N, Q, is a countable disjoint collection of members of 3”. and the union 
of all members of Qs is equal to R". 


(b) If Ri € 2g and Rz € Ne where k, 2 ¢ Nandk < £, then either Rj 0 Rp = Bor 
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Ri D R». Also every member of 2x is the union of (2&*)" members of Qe. 
(c) Every nonempty open set in R” is a countable disjoint union of members of 3’, in 
OF ny £24 where N is an arbitrarily chosen positive integer. 


Proof. (a) and (b) are immediate from the definition of Q, for k € N. To prove (c), let 
N é€N be arbitrarily chosen and let V be an arbitrary nonempty open set in R”. Then for 
every x € V, there exists an open ball B containing x and contained in V. For sufficiently 
large k > N, there exists R € QQ, such that x € R C B. Thus V is a union of members of 


Use Dz. Since ,. y 2x is a countable collection of members of 3”, V is a countable 


union of members of 3”... In the collection of those cubes in (J,. y £2, whose union is V, 
select those which belong to 9 and drop those which are in ken 41 $9); and are contained 
in any of the cubes that have been selected. In the collection of the remaining cubes, select 
those which belong to Qy41 and drop those which are in L),.. y +7 Q, and are contained 
in any of the cubes which have been selected. Thus proceeding we show that V is a disjoint 
union of members of L,.y Qk. 


[II] Regularity Properties of Lebesgue Measure Space on R” 


Lemma 24.11. (Borel Regularity of the Lebesgue Outer Measure on R”) 
The Lebesgue outer measure (un)* on R" has the following properties. 
(a) For every E € 98(R") and e > 0, there exists an open set O in R” such that O D E and 


(ut)"(E) s (ut)*(O) < (#2)"E) +. 

(b) For every E € SB(R”), there exists a Gs-set G in R” such that G D E and 
* x 
(ui) (G) = (ui) (E)- 
(c) (un)* is a Borel regular outer measure. 
Proof. 1. Let E € 98(R”). By Proposition 24.6 we have 
(u")*(E) = inf (Dye v(On) + (Ox k EN) C3, pen Or DE}. 

Thus for every € > 0 there exists (Ox, : k € N) C 3) such that Uren Ox D E and 
(1) (u")"(E) < >> v(Ox) < (u")"(E) +. 


keN 
Let O = Uxen Ox. Then O is an open set and E C Len Ox = O. Thus by the 
monotonicity of the outer measure (un)* we have 
(2) (u")"(E) < (u")"(0). 


Also, by the countable subadditivity of the outer measure (1”)" we have 


(3) (u2)*(O) = (ut)*(U %) sO HOw 


keN keN 


= )0 (Oi) < (ut) +e, 
keN 
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where the second equality is by Proposition 24.7 and the last inequality is by (1). By (2) 
and (3) we have (a). 

2. Let E € 93(R”). By (a), forevery k € N there exists an open set Ox such that O, D E 
and (")"(E) < (u")*(Og) < (ut)"(E) + f. Let G = Mey Ox. Then G is a Gs-set and 
G > E. Since G C Oy for every k € N, we have (u")"(E) < (u")"(G) < (u")"(Ox) < 
(u")"(E y+ i by the monotonicity of the outer measure Ca¥ Since this holds for every 
k € N, we have (u")*(E) < (u")*(G) < (u")*(E) and therefore (u")*(E) — (u")*(G). 

3. By Theorem 24.9 and Definition 24.8, we have Bp: Cc Mt = I((u")*). Thus 
(u")* is a Borel outer measure on R". Since a G5-set is a member of Bx», we have 
G € Bn. Then by (b), (un) is a Borel regular outer measure. 


Theorem 24.12. For E € 98(R"), the following conditions are all equivalent : 
@) Ee M((u")") 

(ii) For every e > 0, there exists an open set O > E with (u")*(O \E) <e. 
(iii) There exists a Gs-set G D E with (u")"(G \ E) = 0. 

(iv) For every € > 0, there exists a closed set C C E with (u")"(E \C) <e. 
(v) There exists an F-set F C E with (ut)"(E \F)=0. 


Proof. The equivalence of these conditions can be shown in the same way as in the Proof 
of Theorem 3.22, with Lemma 24.11 replacing Lemma 3.21. 


Proposition 24.13. If E ¢ mm", then E = F UN where FON = &, F is an Fy-set and 
N is a subset of a Gs-set Go with wu" (Go) = 0. 


Proof. If E € my, then by (iii) and (v) of Theorem 24.12, there exists a Gs-set G > E 
with “7(G \ E) = 0 and there exists an Fo-set F C E with uI(E \ F) = 0. Then 
FCECGandG\F =(G\E)UCE \ F) where (G\ E)Q(E \ F) = @ so that 
HiG\ FP) =pi(G\ E)+ei(E\ F)=0. NowE = FU(E\ F)andE\F CG\F. 
Let N = E\ F andGo = G\ F. Since F is an F,-set, F° is a G3-set. Then Gop = GN F° 
being the intersection of two G5-sets is a Gs-set. 


Definition 24.14. Given the Lebesgue measure space (R", MN, un) on R". Consider the 


restriction of ue to Brrr. Let us call (R", Bre, un) the Borel measure space on R", or 
simply the n-dimensional Borel measure space. 


Theorem 24.15. The Lebesgue measure space (R", mM, un) is the completion of the Borel 
measure space (R”, Br, un). 


Proof. Let Ban be the completion of Sp- with respect to 7, that is, Bp is the collection 
of all subsets E of R” of the type E = AUC where A € Spz and C is a subset of a 
null set in (R", Bp, un). Then since (R’, wt, un) is a complete measure space and 
since Bx C Mtl by Theorem 24.9, we have E ¢€ Dt". This shows that Br c mM. 
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Conversely, if E is a member of 99", then E is a member of Bp by Proposition 24.13. 
This shows that mt C Bpn. Therefore mt = Sp. Ol 


Proposition 24.16. 
(a) Every F,-set and in particular a closed set in R" is ao-compact set, that is, a countable 
union of compact sets. 
(b) For every E € 0}, there exists an increasing sequence (Kj; : j € N) of compact sets 
contained in E such that lim pl (Kj) = BME). 
I7w 


(c) For every E € om, we have "(E) = sup {u"(K) : K C Eand K is acompact set}. 
(d) For every E € mM, we have wu (E) = sup {u"(C) :C Cc EandCisa closed set}. 


Proof. 1. Let C be a closed set in R”. Consider an increasing sequence of compact sets 
(B; : j € N) defined by B; = {x € R": |x| < j} for j e N. Since Ujen B; = R", we 
have C = CN Ujen Bj = Ujen(C Bj). Since C is a closed set and Bj is a compact 
set, CM B; is acompact set for 7 € N. Thus C is a countable union of compact sets. If F 
is an F,-set then F is a countable union of closed set. Since every closed set is a countable 
union of compact sets, F is a countable union of compact sets. This proves (a). 

2. If E © 2t7, then there exists an F,-set F C E with LICE \ F) = 0 by Theorem 
24.12. By (a) there exists a countable collection of compact sets (C; : j € N} such that 
F= Ujen Cj. For every j € N, let Kj = (ie; C;. Since a finite union of compact sets 
is a compact set, (Kj; : j € N) is an increasing sequence of compact sets and we have 

lim Kj = Ujen Kj = Ujen Cj = F. Thus wi (F) = jim #7 (Kp. Now since E is 


jroo 
the disjoint union of F and E \ F, we have 


wy (B) = wy (P) + (EN F) = wi (F) = Jim. 41 (K)). 


This proves (b). 

3. We have u?(E) > sup {uw (K) : K C E and K is compact } by the monotonicity of 
the measure yc" . Since there exists an increasing sequence (Kj : j € N) of compact sets 
contained in E such that Pao WK p= Mi(E) by (b), the equality in (c) holds. 


4, We have sup {u7(C) : C C E and C is a closed set} < yx (E) by the monotonicity 
of 4". By (c), we have 


wi (E) = sup {wi(K) :K C Eand K is acompact set} 
< sup {2 (C) :C C E and C is aclosed set}. 
Therefore (d) holds. # 
Proposition 24.17. (u)*(E) = inf {u" (0) : E CO, O is open} for every E € (R"). 


Proof. If O is an open set and O D E, then by the monotonicity of (u")*, we have 
(u")*(E) < (ut)*(O) = u"(O). Thus (u")"(E) < inf {u"(O) : E Cc O, O is open }. 
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To prove the reverse inequality, note that for every « > 0 there exists an open set O such 
that O > E and u"(O) < (u")*(E) + & by Lemma 24.1. This implies that 


inf {u"(O) : E C O, O is open} < (u")"(E) +. 
By the arbitrariness of ¢ > 0, we have inf {u"(O) : E C O, O is open} < (u")*(E). | 


{111] Approximation by Continuous Functions 


Proposition 24.18. Let E € mt with ut (E) < oo. For every € > 0, there exists a disjoint 
finite collection {O,,... , Op} in 3G such that 


un(EA UJ 0;) <é 
j=l 


Proof. If E € mm and 7 (E) < oo, then for an arbitrary ¢ > O there exists a sequence (Ry: 


kKeN) ins such that Unen Re D E and Deen HER) — § S MME) S Veen HeCRE): 
Since wt n(E) < 00, we have Yen ui "(Re) < co and thus hehe exists N e N such that 


een wi (R) —-§ < Lien nu" (Rk), that is, )oy.y #7 (Re) < 5. Consider the finite 


collection {Ri,... , Rv} in 3G. Since 3. is a semialgebra of subsets of IR”, there exists 
a disjoint finite collection {S1,... , Sp} in 3%, such that [oye Ry = Us) S; by Lemma 
21.3. Now 


P P P 
un (EO S)) =2X(E\ U5) +o"(U5)\ 2). 
j=l j=! j=! 
Since E \ UF _1 Sj C Usen Re \ per Re C Use w Re, we have 


ur(E\Us)) < Do NR) < 5. 


j=l k>N 


We have also 
ut(U5\ 8) = ut (UR \ 8) < u"( UR \£) 
j=l k=l keN 
=ui(U Re) ~ wi) < Dut Rd — WEB) = 5. 


keN neN 


Thus we have 
1 ni e C2" 6 
(1) BABA Ss 5g" 


By the triangle inequality for symmetric differences, we have AAB C (AAC)U(CAB) for 
any three sets A, B, and C. If A,B,C € mM, then HI (AAB) < wt (AAC) + pl (CAB). 
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Let Oj = S¥, the iad ee =1,...,p. Then O; € 3% and {O1,..., Opjisa 
disjoint collection since {Sj,... , Sp} is. Also ui (S; \ Oj) = 0. Now 
P P P P 
LJsAljlo;= Js. Uo] GiV.0p 
j=l j=l j=l j=l j=l 
so that 
Pp P P 
(2) u'(U sa 0;) =e "(Sj \ Oj) =0. 
j=l j=l j=l 


Thus by (1) and (2) we have 


weal 0) < wi(eatss) +u"(U salJ 0;) <e 
j=l j=l 


j=l j=l 


This completes the proof. 


Theorem 24.19. Let f be a y''-integrable extended real-valued 9? -measurable function 
on R". Then for every € > 0, there exists vy = Be ajlo, where aj € R, O; € 33 with 
B"(O;) < oo fori =1,...,N, such that fon|f — wld <e. 


Proof. 1. Let us consider first the case that f is nonnegative. According to Lemma 
8.6, there exists an increasing sequence (yz : k € N) of nonnegative simple functions on 
(R”, Dt? 7) such that g t f on R”, By Theorem 8.5 (Monotone Convergence Theorem), 


we have fry ged” t Ips f dp". Now fpn f du" < oo implies Son Pk du” < oo forevery 
k € N. Thus for an arbitrary ¢ > 0, there exists ky € N such that 


E 
[ipod =f sane [om dui S35 


For brevity, let us write g for y,. Let us express the nonnegative simple function ¢ as 
g= yy ale, where aj > 0 and E; € amt fori = 1,...,N. Then Jargdpr < 


co implies that Hi (Ei) < o fori = 1,...,N. Foreachi = 1,...,N, Proposition 
24.18 implies that there exists a disjoint finite collection {O;,1,... , Oj Pi } in 3) such that 

ME AUS: ©, 01.) = e/(2a;N). Let a Dea Uj O70 50 yeas d 1410, ;} 
by the disjointness of the collection {O;,1,... , Oj,p,} for each i i=1,...,N. To show that 


San |f —¥|dut < e, let us observe that for any pair of sets A and B * R", we have 
14 — 1g = {lane + aya} — {Vane t+ 1aya} 
= Lap — aya < layp t+ Lava 


= Laap. 
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Interchanging the roles of A and B, we have 1g—1,4 < laagz. Therefore |14—1g| < Laas. 
Applying this inequality, we have 


I, 


n 
ailz, — ail ri ca du" <a; fdeaup, 0,,; Fe 


= ain" (EA U 01.3) < aN 
j= 
and 
N N ; 5 
[ie- wlan =1, date ~ Dayo, dui = Non 3 
Then 


[oir-wiauts f ip olduts [ w-widur < 545 =e 
Rk" L~ R" L R" L 2 2 

2. Now consider the general case that f is a z?-integrable extended real-valued ti 
measurable function on R”. Let f = f+ — f~. By our result above for nonnegative 
functions, there exist yy = )-?_, ajly, and ¥2 = aa bilw, where aj, b; > 0, Vi, Wj € 
3% with 27 (V;), #E(W;) < cosuchthat fon|ft—wildu? < Fand fpnlf~—waldu” < §. 
If we let wy = Wi — v2 = D7, ailv, — D4_) bilw,, then 

€ 


= n + n = = n é ae 
[iit vl dul <[iu vildut+ fs y2| dp" <5+5=e88 


Let (X, d) be a metric space. The distance between a point x € X andaset A C X is 
a nonnegative real-valued binary function defined by d(x, A) = infge4d(x,a). If Aisa 
closed set, then d(x, A) = O if and only if x € A. 


Observation 24.20. Let (X, d) be an arbitrary metric space. Then 
(a) |d(x, A) — d(y, A)| < d(x, y) for any x,y € X and AC X. 
(b) For a fixed set A C X, d(x, A) is acontinuous function of x € X. 


Proof. Let x,y ¢ X and A C X. Fora € A, we have d(x, a) < d(x, y)+d(y,a). This 
implies infgca d(x,a) < d(x, y) + infgc4 d(y, a), that is, d(x, A) < d(x, y) + d(y, A), 
and thus d(x, A) — d(y, A) < d(x,y). Interchanging the roles of x and y, we have 
d(y, A) — d(x, A) < d(x, y). Therefore |d(x, A) — d(y, A)| < d(x, y). This proves (a). 
(b) follows from (a). # 


Proposition 24.21. Let (X, d) be a metric space. If C; and C2 are two disjoint closed sets 
in X, then there exists a real-valued continuous function f on X such that 

1° f(x) € [0, l] forx € X. 

2° f(x) = lforx eC. 

3° f(x) =Oforx € Co. 
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Proof. Given two disjoint closed sets C) and C2 in a metric space (X, d), let us define a 
real-valued function on X by 
d(x, C2) 
f@= d(x, Ci) + d(x, G) forx € X. 

By Observation 24.20, both the numerator and the denominator of f are nonnegative real- 
valued continuous functions on X. Since C] NC2 = GY, no pointx € X canbe in both C) and 
C2. Since C; and C2 are closed sets, this implies that for any x € X not both d(x, C}) =0 
and d(x, Cz) = 0 can hold. Thus the denominator of f is never equal to 0 at any point 
x € X. Therefore f is continuous on X. Property 1° follows from the fact that d(x, A) > 0 
for any x € X and A C X. Properties 2° and 3° follow from the fact that if A C X isa 
closed set, then d(x, A) = Oifandonlyifx eA. @ 


Theorem 24.22. Let f be a yu" -integrable extended real-valued 31? -measurable function 
on R”. Then for every ¢ > O, there exists a real-valued continuous function g on R” 
vanishing outside a bounded set in R” such that Frn lf —gladpt <e. 


Proof. Let ¢ > 0 be arbitrarily given. By Theorem 24.19, there exists y = ee ajlo, 
where a; € R, O; € Jj with 2"(O;) < cofori = 1,... _N, such that fp, |f—wldu” < 5. 
For each Oj € 3G with “?(O;) < 00, there exists C; € 3? such that C; C Oj and 
ui (Oi) — €/(2\|aj|N) < ui (Ci) < ui (Oj). Now since C; and OF are two disjoint closed 
sets in R”, Proposition 24.21 implies that there exists a real-valued continuous function h; 
on R” such that 

1° Ay(x) € [0, 1] forx € R". 

2° hi(x) = 1 forx € CG. 

3° hi(x) = Oforx € OF. 

Let g = 0M, ajhj. Since each h; is a real-valued continuous function on R” vanishing 
outside the bounded set O;, g is a real-valued continuous function on R” vanishing outside 
the bounded set Oe) O;. From the fact that h; = 10, on C; and on Of and the fact that 
0 <h; < lo, on R" , we have 


E 
—hj\dp" = lo, — hildpt < pi(0; \ Ci) < —— >. 
[li hi|dw, : | 0; il Be <p, i\ Cj) < Dai |N 
Then 
N N 
fsa [Pana Beale 
Re R™ j=1 i=l 
N N € E 
, n fe 
<Yiat fo, —hildp? < > saan ary 
i=] R i=] 
Therefore 


é€ co 
[ir-eiaut s [ ir-viaurs fl iv elan <5 45-00 
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[IV] Lebesgue Measure Space on R” as the Completion of a Product 
Measure Space 

We show that the Lebesgue measure space (R", mm, yu) on R”, as defined by Definition 
24.5 and Definition 24.8, is the completion of the n-fold product measure space of the 


Lebesgue measure space (R, 99, 4.) on R. Let us show first that Bpx = o( X j_; Br). 
This is based on the following lemma. 


Lemma 24.23. Let €; be a collection of subsets of a set X; fori =1,...,n. Then 

(a) Xj_,0(€i) Co( Xj Gi), 

(b) o (X70(G)) = 0 (XSi). 

In particular, we have 

(ce) o (Xj) Br) = o(3",). 

Proof. 1. Let Ez € Co, ... ,En € €, be arbitrarily fixed and let 2; be the projection of 
X1x X j_,E; onto X. Then by Theorem 1.14, we have c (o(€))) = a(x, 1(€1)), that 


is, 0(€1) x Xj_5Ej = o(€1 x X jE) Cc o(Xj_1Gi). Thus by the arbitrariness of 
Ex€ @o, ..., En € En, we have 


(1) o(€1) x Xj€i Co (Xi). 
Next, let Fi) € o(€1), £3 € €3, ..., En € En be arbitrarily fixed. By (1) we have 
(2) F\ x €2 x Xj_3B; C o(X hy E). 


Let zz be the projection of Fj x X2 x X AE onto X2. Then by Theorem 1.14, we have 
13 '(a(€2)) = o (x3 !(€)), that is, 


Fi x o(€2) x Xj_3Ei =a(Fi x 2 x X jana Ei) co(Xp14i), 


where the last set inclusion is by (2). From the arbitrariness of F; € o(€)), £3 € ©3, ..., 
En € En, we have 0(€)) x o(€2) x X ae co(X j-1€i). Thus proceeding we have 
finally o(€1) x o(€2) xX --- x 0(E,) C o( x 7-1€i). This proves (a). 

2. Now (a) implies o (X 7-19 (€i)) ca(X ai €;). But X 719 (Ei) > xX page and 
then a (X j-19 (Gi) Da(X i). Therefore we have o (X j-17 (Ei) =a(X rt i). 
This proves (b). 

3. Consider the case €; = 3,- fori +1,...,n. Now a(3o-) = Bp by Proposition 
24.4 for the case n = 1. Then by (b) we have o( X ;-1Br) = o(X) al = oO"): 
This proves (c). & 


Theorem 24.24. For the Borel o -algebra of subsets of R", we have Bp = o ( x er Bp). 


Proof. We have o( x ;-1Be) = 0(35,) by (c) of Lemma 24.23. But o(3",.) = Bre by 
Proposition 24.4. Thus o( Xj_,%8r) = Bre. wf 
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Theorem 24.25. Let (R”, o( Xx aie x seed be the n-fold product measure space 
of the Lebesgue measure space (R, mM, , L,). Let o(Xj_,9t,) be the completion of 
a( x 1t,) with respect to the measure X a ft,. Then the Lebesgue measure space 
(R’, mM, un) is identical with the measure space (R",o(X pnt); x ee: 

Proof. Let Sp» be the completion of the Borel o-algebra Bp» with respect to the measure 


” on it. According to Theorem 24.15, we have (R”, mt", pu”) = (R’, Bp, un), Thus it 
remains to show 


(1) (R", Bre, wil) = (RY o(X jay 9t,), X jaitt,). 


For an arbitrary R € 3). given by R = x t 1 (ais b;], we have 
n 
n 
u™(R) = v(R) = |] (bi — ai) = (Xj H,)(B). 
i=l 


Therefore 4” = X ;-1/,, on the semialgebra 3”. Now 8px = o(3".) by Proposition 
24.4, Then by the uniqueness of extension (Theorem 21.11), we have x? = X a , on 
Bpx. Thus we have (R”, Bex, u) = (R”, Bree, X iit;) and the completion Bxn of 
Bp with respect to yz? is identical with the completion of Bx with respect to x aye re 
Therefore to prove (1), it remains to show 


Bar = o(Xj-1M,). 


Now we have Bn = o ( X ;.,%3R) by Theorem 24.24. Then by Theorem 23.23 we have 
Ben = o(Xj_)Br) =0(X 7-1BR). But Br = Mt, by Theorem 5.7. Therefore we 
have Ber = o(Xj_,Mt,). 


[V] Translation of the Lebesgue Integral on R” 


Lemma 24.26. The Lebesgue outer measure (u)" on R” is translation invariant, that is, 
(u")"(E +x)= (u")"(E) for every E C R" and x € R”. 


Proof. Let x € R” be arbitrarily fixed. Let us define a mapping 7, of the collection 
§3(R”) of all subsets of R” into itself by setting 7,(E) = E +x for E € $(R"). T, 
maps §8(IR”) one-to-one onto §8(IR”) with its inverse mapping given by T7_,. Consider 
Boo C F(R"). Our T, maps 35, one-to-one onto 3%. Also 7 (Tx (R)) = pw) (R), that 
is, "(R +x) = 47(R) for every R € 3,. Indeed if R is given by R = X ji where 
I; € Voc fori =1,... ,n, then R+x = Xj_\(i + xi) where x = (x1,... Xn). Then 
ui (R+x)= Ms Bw,Ui + xi) = Thea #4, (i) by Theorem 3.16 (Translation Invariance 
of the Lebesgue Measure on R). Thus pi (R +x)= wn (R). Now let E € $3(R"). Then 
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since (u")"(E) = inf [pen M7 (RE) | (Re sk EN) Che, Ugens Re D E}, we have 


(ut)*(E +2) = inf (Dpen MCR : (Re k EN) CT, Upen Re DE +2} 
= inf {Dye we" (Re): (Re kK EN) CT, Upen(Re — x) DE} 
inf {Yen H(Sk +x) 2 (Sk KEN) CTH, Uke Sk DE} 
inf {Dopey M2 (Sk) : (Sek EN) CT. Uke Se D E} 


= (u")*(B), 


where the third equality is from the fact that T; is a one-to-one mapping of 37. onto 37... i 


Theorem 24.27. (Translation Invariance of the Lebesgue Measure Space on R”) The 
Lebesgue measure space (R", mm, ut) is translation invariant, that is, for every E € mr 
and x € R", we have E + x € D0! and uw (E +x) = wi (E). 


Proof. The o-algebra 9? = Mt((u")") consists of all subsets E of R” satisfying the 
Carathéodory condition (u")"(A) = (ur)*(A NE)+ (u")"(A M E°) for every subset A of 
R", (See Definition 2.2.) Suppose E € 99t((w")") and x € R". Then for E + x we have 
(ui) (AN (E +x)) + (ui) (AN (E+2)) 
=(ui) {AN (E+x)}-x) 4+ (2 Ji ({A0 E +2)°} - x) 
=(u1)" ((A— x) NE) + (u2)* ((A—x) + E°) 
=(ui) (A —x) = (#1)" (A), 
where the first equality is by Lemma 24.26, the third equality is by the fact that E satisfies 
the Carathéodory condition with A — x as a testing set, and the last equality is by Lemma 
24.26. This shows that if E € 9t((u")"), then E +x € Mt((u")"), that is, if E € Mt", 
then FE + x € Mt. Then BIE + x) = wi (E) by Lemma 24.26. 


Theorem 24.28. (Translation Invariance of the Lebesgue Integral on R”) Consider the 
Lebesgue measure space (R", mM, un). Let f be an extended real-valued function on a 
set D € I. Leth € R" and let g be a function on D —h defined by g(x) = f(x +h) for 
xeD-—h. 

(a) If f is 99t!-measurable on D, then g is 3W!-measurable on D — h. 

(b) If f is DN! -measurable on D, then 


(1) | f(x) wh" (dx) = | fe th) u" (dx), 
D D-h 


in the sense that if one of the two integrals exists then so does the other and the two are 
equal. In particular if f is nonnegative, then (1) always holds. 
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(c) If f is defined and IN" -measurable on R", then 


2) [feomran = [fot munan, 
in the same sense as above. 


Proof. This theorem is proved by using Theorem 24.27 in the same way Theorem 9.31 was 
proved using Theorem 3.16. 


[VI] Linear Transformation of the Lebesgue Integral on R"” 


Let T be a linear transformation of R” into R”, that is, 7 is a mapping of R” into R” 
satisfying the conditions: 

1° T(ax) =aT (x) forx € R" anda ER, 

2°) Tix+y)=TX)+T(y) forx,y € R’. 

It is a well known fact in linear algebra that if T is one-to-one, then T maps R” onto R” so 
that its inverse transformation T ~! is defined on R” and is a linear transformation of R” onto 
R”. Let us call such linear transformation non-singular. Let {e,,... , é,} be the standard 
basis for R” and let Mr be the matrix of T with respect to the standard basis. Thus Mr is an 
n X n matrix whose columns are the column vectors T(e1),... , T(€,). T is non-singular 
if and only if det Mr 4 0. 


Observation 24.29. It is well known in linear algebra that every non-singular linear trans- 
formation T of R” into R” is a finite product of non-singular linear transformations of the 
following three types: 


I? F.Gas pXjreee Kh eee) Sue Kk ,Xj,°++) forsome j,k = Vr ecy BF SR: 
2° T (x1, %2,.-- »Xn) = (@X1, X2,.-. , Xn) forsomea € R,a £0. 
3° T (x1, X2,-.- Xn) = (41 + 2,2, ..- Xn). 


For type 1°, Mr is the matrix obtained by interchanging the j-th and k-th columns of the 
n X nidentity matrix so that det Mr = +1. 

For type 2°, Mr is the matrix obtained by multiplying the first row of the n x n identity 
matrix by @ so that det M7 =a. 

For type 3°, Mr is the matrix obtained by adding the second row to the first row of then xn 
identity matrix so that det Mr = 1. 


Proposition 24.30. Consider the n-dimensional Borel measure space (R”, Bri, un), Let 
T be anon-singular linear transformation of R" into R". Then 


(a) T(E) € Bp- for every E € Bp. 

(b) u"(T(E)) = |det Mr|2" (E) for every E € Bre. 

(c) (u")*(T(E)) = | det Mr\(u")"(E) for every E € 38(R”). 

Proof. 1. Let ® = {E Cc R”: T(E) € Bpz}. To prove (a), it suffices to show that 


Bri C ¥. Now7(R") = R” € BpxsothatR” € F. Suppose FE € F. Then7T(£) € Br-. 
Since T maps R" one-to-one onto R”, we have T(E°) = (T(E))° € Bre so that E° € F. 
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Thus & is closed under complementations. If (E, : n € N) is a sequence in §, then 
T(En) € Bre for every n € N so that T (U,en En) = Unen T(En) € Bx. Thus F is 
closed under countable unions. Therefore ¥ is a o-algebra of subsets of R”. Let be the 
collection of all open sets in R”. Since T is a homeomorphism of R”, for every O € 9 
we have T(O) € 9 C Bpz. Thus O Cc §F. Then since F is a o-algebra of subsets of R” 
containing all the open sets in R”, we have ¥ D BpRx. This shows that T(E) €¢ Bx for 
every E € Bre. 

2. Let us prove (b). As the first step, let us show that if T is one of the types 1°, 2°, and 
3° in Observation 24.29, then 


(1) un (T(E)) =|det Mr|u"(E)  forevery E € 3%. 


Let E € 3", be given by E = Xj_,]; = Xj_) (ai, bi]. Now if T is type 1°, then we have 
T(E) = xX +++ xX x +++ x Tj X +++ xX Ty So that 


wt (T(E)) = oy a) = ey Ue) hy) In) = Te) = (2). 


i=1 


Since det My = +1 for type 1°, | det My| = 1 so that (1) holds in this case. If T is type 2°, 
then T(E) = al, x y GH so that 


wt (T(E) = wy (at) |] a, Ue) = bela, dT] 2,2) = bal (2) 
i=2 i=2 


where the equality w, (@l;) = ||, (11) is by Theorem 3.18 for the linear transformation 
of the Lebesgue measure space on R. Since det Mr = a for type 2°, we have (1) in this 
case. Finally, if T is type 3°, then T(E) = P x X ick where P is a parallelogram in R? 
with the same area as the rectangle 1; x J, that is, u2(P) = bw, (1), (2). Thus 


wi(T(E)) = 22 (P)[ [edd =] e.) = 22(é). 


i=3 i=1 


For type 3°, we have det Mr = 1. Thus (1) holds in this case. 
3. As the second step toward proving (b), we show that if T is one of the types 1°, 2°, 
and 3° in Observation 24.29, then 


(2) ui (T(E)) = | det Mr|ui (E) for every E € Braz. 
Let us define two set functions jz and v on the o-algebra Br by setting 


u(E) = wu" (T(E)) for E € Brn, 
v(E) = |det Mr|ui(E) for E ¢ Bp. 


(3) 


Being a positive constant times the measure 7 on Rx, v is a measure on Bz. To verify 
that yz is a measure on Bpz, note that u(E) € [0, oo] forevery E € Bra and u(B) = Oas 
immediate consequences of the definition of yz by (3). If (Z, : n € N) isa disjoint sequence 
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in Bp-, then (T(E,) : n € N) is a disjoint sequence in BR» by (a) and by the fact that the 
mapping T is one-to-one. Then 


w(t) = t(r(=)) =ut( Ure) 


= DU ei (T (En) = D3 aE). 


neN néeN 


This shows that jz is countably additive on Spx and completes the verification that jz is a 
measure on Brn. By (1), the two measures yz and v on Bx are equal on the semialgebra 
3%... Then since Brx = o (3%,..) by Proposition 24.4 and since yu and v are o -finite measures, 
we have ¢ = v on Bex by Theorem 21.11. This proves (2). 

4. To complete the proof of (b), let T be an arbitrary non-singular linear transformation 
of R” into R”. By Observation 24.29, we have T = TpTp-1---T, where each Ty, k = 
1,..., p, is of type 1°, 2°, or 3°. Now forevery E ¢ Bre, T(E) = TpoTp_i0---0 T(E). 
By repeated application of (a), we have Ty o Ty_1 0--- 0 T}(E) € Bp» fork =1,..., p. 
By repeated application of (2), we have 


wi (Ti(E)) = |det Mr, | w7(E), 
"(Tz 0 Ti(E)) = |det Mz,| w” (Ti(E)) = |det Mz,| |det Mr, | u"(E), 


and so on and finally 


P P 
wu" (T(E)) =] ] | det My [a (2) = TI det My, 
k=1 k=1 


ul (E) = |det Mr| 7 (E). 


This proves (b). 
5. To prove (c), let us find (u")*(T(B)) for an arbitrary E € 98(R"). According to 
Definition 24.5, for every E € §8(IR”) we have 


(u")*(E) = int { Dey CRD | (Rei k EN) C Boer pert Re > Ef. 


Let T (3%,.) = {T(R) : R € 3%,}, the collection of all parallelopipeds in R” that are images 
of members 37. by the mapping T. Let us show that for an arbitrary countable collection 
{Rx :k € N} C 34, and ¢ > 0 there exists a countable collection {Px : k € N} c T(3%,) 
such that 


(4) LJ Rec LJ Pe and S*u(Ry) = SY v( Pe) ~ «. 


keN keN keN keN 


Now for Rx there exists a finite disjoint collection {Pais ix =1,..., me} C T(3%,) such 
that 


mE mg 
Rec J Pyi, and > o( Prix) < v( Ry) + sr 


izp=l ip=1 
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Then {Pxi, : ik = 1,...,mx;k € N} is a countable collection in T(3’,) such that 
ken Rec Uken Uae Px,ig, and 


Mr 
do oes) s foe +S} = Vvcre) +e. 


keN ig=1 keN keN 


If we renumber {Px,i, : ig = 1,... , mg; k € K} as {Py : k & N} then we have (4). We show 
similarly that for an arbitrary countable collection {Px : k € N} c T(J.) and € > 0 there 
exists a countable collection {Rx : k € N} Cc 3%. such that 


(5) L) Pec LJ Re and So v(m) > Sv Ry) —e. 


keN keN keN keN 


Now for an arbitrary FE € 98(R”), let 
a(E) = inf {| Spey v(Re) | (Re K€ N) C Fes sew Re > E} 
B(E) = inf | Seen (Pe): (Pek EN) CT (3".), pen Pe 2 E}. 
Let ¢ > 0 be arbitrary given. By (4) we have a(E) > B(E) — e. Thus a(E£) > BE). 


Similarly (5) implies that 6(E) > a(E) — e forevery ¢ > Oandhence B(E) > a@(£). Thus 
a(E) = B(E). Therefore we have 


(6) (ut)"(B) = inf | Dyer VCRe) : (Re EN) CIs sew Re > E} 
= inf | Deen VPA): (Pek EN) CTS), gen Pe 2 E}. 
Let E € $8(R"). Let us estimate (u")"(T(B)). By (6) for an arbitrary ¢ > 0 there exists 


(Pe :k € N) C T(3Z,) such that yey Pe D T(E) and (u")"(T(E)) +e = Vyen v(Pe)- 
Let Ry = T~'(Px) fork € N. Then (Ry: k EN) C %, and pen Re D E. Now by (b), 


v(Pk) = (Pp) = w" (T(Re)) = [det Mr |" (Ry). 


Then we have 


(uit) (T(E) +e = Do v( Pp) = [det Mr| D> uw" (Rx) = | det Mr|(u")*(E). 
keN keN 


Since this holds for every ¢ > 0, we have 
(7) (u")"(T(E)) = |det Mr|(u")"(E). 


Now (7) holds for every non-singular linear transformation T of R” into R” and every 
E € $8(R”). Applying (7) to the non-singular linear transformation T~! and the set 
T(E) € $B(R"”), we have 


(ui)"(TO'(T(E))) = Idet Mp-s|(u7)" (TB). 
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Now T~!(T(E)) = E and det My-1 = (det Mr)~!. Thus the last inequality reduces to 


(8) |det Mr|(u")"(E) > (u")"(T(B)). 
By (7) and (8), we have (c). 


Theorem 24.31. (Linear Transformation of the Lebesgue Measure on R”) Consider 
the n-dimensional Lebesgue measure space (R", mm, ut). Let T be a non-singular linear 
transformation of R” into R". Then 


(a) T(E)e Dt! for every E « IM. 
(b) yu" (T(E)) = | det Mr|u"(E) for every E € IN". 


Proof. By Theorem 24.15, mt is the completion of BS with respect to 47. Thus if 
Ee mM, then E = AUC where A € Spo and C is a subset of a set B € Bpn with 
u(B) = 0. Then T(E) = T(A) UT(C) and T(C) C T(B). Since A € BR», we 
have T(A) € Spx and w"(T(A)) = |det Mr|u"(A) by Proposition 24.30. Similarly 
T(B) € Bp. and un (T(B)) = |det Mr|u?(B) = 0. Then since T(E) = T(A) U T(C) 
where T(A) € Spx and T(C) is a subset of T(B) € Bra with oe (T(B)) = 0, we have 
T(E) € mM. This proves (a). (b) follows from (c) of Proposition 24.30. & 


Theorem 24.32. (Linear Transformation of the Lebesgue Integral on R”) Consider the 
Lebesgue measure space (R", It, wt). Let f be an extended real-valued function on a 
set DE mm. Let T be a non-singular linear transformation of R” into R". 

(a) If f is 20! -measurable on D, then f o T is It? -measurable on T—(D) and 


a) [foo unas = tact Mri ff oT wr, 
D T-"(D) 


in the sense that if one of the two integrals exists then so does the other and the two are 
equal. In particular if f is nonnegative, then (1) always holds. 
(b) If f is defined and Di -measurable on R", then 


(2) is f(x) wh (dx) = | det Mri f (fe T)(x) uw" (dx), 


in the same sense as above. 


Proof. If T is a non-singular linear transformation of R” into R”, then the inverse transfor- 
mation of T exists and is a non-singular linear transformation of R” into R”. Let us write § 
for the inverse transformation of T. Applying (a) of Theorem 24.31 to the non-singular linear 
transformation S, we have S(E) € 99t! for every E € Mt! . Thus T(E) = S(E) € Bai 
for every E € 9)t!. This shows that T is a 90? /9It!'-measurable mapping of R” into R". 

If f is an extended real-valued 9t? -measurable function on a set D € 907, then for the 
function f o T defined on the set T~!(D) € mt we have for every c € R, 


(f oT)! ([-00, e]) = T7'(f7!([-00, el) € 0 
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by the fact f~'([—00, c]) € 99” and the fact that T is a 99t? /D0" -measurable mapping. 
This shows that foT isa Sot" -measurable functionon T~!(D). To prove (1), let us note first 
that if D, E € 99t!, then since the inverse transformation S of T is a one-to-one mapping, 
we have S(DN E) = S(D)N S(E) = T~!(D) NT~!(E). Then by (b) of Theorem 24.31, 
we have "(DM E) = u"((T 0 S)(DNE)) = | det Mr|u"(S(DNE)). Thus for f = 12, 
we have 


a fx) w(dx) = ip Le (x) pu" (dx) = w(DN EB) 
= | det Mr|u"(T"'(D) NTE) 


= jdet Mr f 1p-1(¢)(X) ue" (dx) 
T-"(D) 

= jaet mrt f 1¢(T(x)) uw" (dx) 
T-\(D) 

a |det Mr f (f oT)(x) u(dx), 
T—(D) 


proving (1) for this case. Then by the linearity of the integrals with respect to their integrands, 
(1) holds for nonnegative simple function f on D. Applying Lemma 8.6 and Theorem 8.5 
(Monotone Convergence Theorem), we have (1) for every nonnegative extended real-valued 
mt -measurable function f on D. If f is an extended real-valued 99t? -measurable function 
on D, then we decompose f = f* — f~ and apply the result above to f+ and f~. # 


We call a mapping T of R” into R” of the form T (x) = ax forx € R” with fixeda € R 
a dilation with factor a. For a dilation T with factor a € R, we have 


T (yx) =a(yx) = y(ax) =yT(x) forx € R" andy ER, 
T(ixt+ty)=a(x+y)=ax+ay=T(x)+T(y) forx, y € R". 


Thus a dilation of IR” is a linear transformation of R” into R”. 


Corollary 24.33. (Positive Homogeneity of the Lebesgue Measure Space on R") Let T 
be a dilation on R" given by T(x) = ax for x € R" where a € Randa # 0. Then for 
every E € IN, we have T(E) = aE € IN! and 


() HM) (@E) = |e", (EB). 


If f is a Di -measurable extended real-valued function on a set D € Mtl, then f oT is 
Dt" -measurable on iD and 


(2) [fe Mi (dx) = jal” [Flax unas) 


in the sense that the existence of one of the two integrals implies that of the other and the 
equality of the two. 
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Proof. A dilation T(x) = ax forx € R” witha € R,a ¥ 0, is a linear transformation of 
IR” into R” whose matrix Mr is equal to a/ where J is the n by n identity matrix. Since 
det Mr = a” #0, T is non-singular. Thus (1) follows from Theorem 24.31 and (2) follows 
from Theorem 24.32. @ 


Proposition 24.34. For x € R" andr > 0, let B(x,r) = {y € R”: |y —x| <r}. 

(a) For x’ € IR", we have B(x',r) = B(x,r) +(x’ — x) and oh (B(x’, r)) =p (Ba, r)). 
(b) For a > 0, we have aB(x,r) = B(ax,ar) and ui (B(x, r)) — oc” pu" (B(x, r)). 

(c) For a > 0, we have 1” (B(x, ar)) = any" (B(x, r)). 


Proof. 1. Let us prove (a). To prove B(x’, r) = B(x,r) + (x’ — x), we show that for any 
y € R", y € B(x’,r) if and only if y € B(x, r) + (x’ — x). Now we have 
ye Bau,n+(x’—-x) Sy—(x’—-x) € Ban 
ely —Q' -—x)-x] <r e@ly—-x'| <reye Br). 


This proves B(x’, r) = B(x, r)+(x’—x). Then by Theorem 24.27 (Translation Invariance), 
we have j.” (B(x',r)) = uw” (B(x,r)). 
2. To prove (b), note that 


y € B(ax,ar) © |y—-ax| <are |4y —x| <r 
and 
y €aB(x,r) & ty € Bix,r) & |ty—x| <r. 


This shows that @B(x,r) = B(ax,ar). Then u"(B(ax,ar)) = a"w" (B(x, r)) by (1) of 
Corollary 24.33. 
3. By (b), we have B(x, cr) = B (wix, ar) = aB (4x,r). Then we have 


un (Bex, ar)) = ar («B(4x,r)) = au" (B(4x, r))= au" (B(x, r)) 


where the second equality is by (b) and the last equality is by (a). This proves (c). & 


Observation 24.35. It is an elementary fact in linear algebra that the following three 
conditions on a linear transformation T of R” into R” are equivalent: 


(i) T preserves the inner product, that is, (T(x), T(y)) = (x, y) forx, y € R”. 

(ii) If {e1,... , én} is an orthonormal basis for R”, then so is {7 (e1),... , T (én)}. 

(iii) If My is the matrix of T with respect to an orthonormal basis for R”, its transpose Mj. 
satisfies the condition M- Mr = Mr Mi = I. 


If T satisfies any of the three conditions above, then T is called an orthogonal transformation. 
If T is an orthogonal transformation, then by (iii) we have det Mj.Mr = det J = 1 so that 
(det Mr)* = 1 and thus det Mr = +1. 


Corollary 24.36. For the Lebesgue measure of linear subspaces of R", we have : 
(a) If E is a k-dimensional linear subspace of R" and k <n, then ue (E)=0. 
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(b) If S is a singular linear transformation of R" into R", then 1" (S(R")) = 0. 
In particular, we have S(E) € Ds with (S(E)) = 0 for every E € $(R"). 


Proof. 1. Let E be a k-dimensional linear subspace of R” with k < n. If k = 0, then 
E is a singleton so that 4”(E) = 0. Suppose 1 < k <n. Let {fi,..., fe} be an 
orthonormal basis for E. Extend the set to an orthonormal basis { f1,... , fr} for R”. Let 
{e1,... , @n} be the standard orthonormal basis for R”. Consider the linear transformation 
T of R” into R” determined by T(f;) = e; fori = 1,... ,n. Then T is an orthogonal 
transformation by condition (ii) of Observation 24.35 and T(E) = R*. Thus T is a non- 
singular linear transformation of R” into R” with det Mr = +1. Then by Theorem 24.31, 
we have w"(E) = w"(T(E)) = nw" (R*). But u"(R4) = [n,(R)]‘[u, (C0) ]"~* = 0 by 
our convention oo - 0 = 0 in the definition of product measures. Thus px} (E) = 0. 

2. If S is a singular linear transformation of R” into R”, then S(R”) is a k-dimensional 
linear subspace of R” with k < n so that ”(S(R")) = 0 by (a). If E € 9B(R"), then 
S(E) C S(R"). Since S(R") is a null set in the complete measure space (R”, 97", 1”), we 
have S(E) € Sot? with u"(S(E)) =0. w 


Problems 


Prob. 24.1. Let O be an open set in R”. 

(a) Show that if O 4 @, then Hi (O) > 0. 

(b) Show that if O is a bounded set, that is, it is contained in a ball with finite radius, then 
pi (O) < OO. 


Prob, 24.2. Given R”*! where n € N. Let us identify R” with the subset of R”+! given by 
R” x {0}. Show that 2”*!(R”) = 0. 


Prob. 24.3. Let v be a measure on the measurable space (R”, Bx). Suppose v is translation 
invariant, v(O) > 0 forevery nonempty open set O in R” and v(K) < oo forevery compact 
set K in R” . Show that there exists a constant c € (0, 00) such that v = cu? on Bre, and 
indeed c = v((O, 1] x --- x (0, 1]). 


Prob. 24.4, By a curve in R”, we mean a mapping C = (%,... , @n) of an interval [a, b] 
into R” where g; is areal-valued function on [a, b] fori = 1,... ,n. The graph of the curve 
C is the image of [a, b] by the mapping C, that is, F = C([a, b}) = (g1,... , gn) (fa, 5). 
Show that if y; satisfies a Lipschitz condition |g;(s) — gj (t)| < aj|s — t| for s,t € [a, b] 
where a; > Ofori =1,... ,n, then € Bpx and wT) =0. 
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[I] The Lebesgue Differentiation Theorem on R” 


Notations. For x <¢ R” andr ¢€ (0,00), let B(x,r) = {y € R" : ly —x| < r}, let 
Bix,r) = {y € R": ly —x| <r}, and let S(x,r) = [y ER’: jy — x| =r} where | - | 
is the Euclidean norm on R”, that is, |x| = {é? feet g2)1/2 for x = (€1,... ,&:) € R”. 
We refer to these three sets as an open ball, a closed ball and a spherical hypersurface 
respectively with center at x and radius r. We write B(x, r)°, Bix, r)°, and S(x, r)° for the 
complements of these sets. Recall that a point x in a topological space X is a boundary point 
of a set E in X if every open set containing x contains at least one point of E and at least 
one point of £° and the boundary of Z, denoted by @£, is the set of all boundary points of 
E. Thus 0E = (E° U (E‘)°)°. The spherical hypersurface S(x, r) is the boundary of the 
open ball B(x, r) as well as that of the closed ball B(x,r). Note that B(x, r), B(x, r), and 
S(x,r) are members of Bx. 


A subset E of R” is called a bounded set if E C B(O,r) forsomer € (0, 00). If E € mt 
is a bounded set then there exists r € (0, 00) such that E c B(0,r) Cc X i [—r, r] so that 
wM(E) < w"(X jal-nr]) = (2r)" < 00. 


Since B(x, r) is a bounded set we have 4”"(B(x,r)) < 00. We postpone the compu- 
tation of wi(B, r)) to §26. By the translation invariance and the positive homogene- 
ity of u", we have n"(B(x,r)) = u"(B(O,r)) = w"(rBQ,1)) = r"u"(BOO, 1) as 
in Proposition 24.34. As a rough estimate for ye (B (0, 1)), consider the n-dimensional 
closed cube inscribed in B(0, 1) given by C1 = Xj_, [—n7!/?, n-'/2) © B(O, 1) with 
wn(Cy) = (2n-/ 2\" | For the closed n-dimensional cube C2 = X l—-1, WD BOO, 1), 
we have y"(C2) = 2". Thus 4" (B(0, 1)) € [(2n7-/?)" , 2"]. 


Definition 25.1. Let f be an extended real-valued SW} -measurable function on R". We say 
that f is locally yt -integrable if f is j)-integrable on every bounded set E € om. We 


write £} (IR, It”, w") for the class of all locally "integrable functions on R". 
L L L 


loc 


Observation 25.2. (a) If f is an extended real-valued 9)t!-measurable function on R”, 
then f € £/,,.(R", 9", w”) if and only if | f| € £/,.(R", Dt, w”). 


loc loc 
(b) £'(R", Dt", w") C Li, (R", Dt, 1"). 


(c) If f,g € £),,(R", Mt, w") anda, B € R, thenaf + Bg € L),.(R", My, uw") . 


loc loc 
(d) If f is a real-valued 99t? -measurable function on R” and f is bounded on every bounded 
subset of R", then f € £/,.(R", mM, i) 


loc 


(e) If f is a real-valued continuous function R”, then f € L} (R", Ne pe). 


loc 
(If fe L} (R’, Mts jn). then {R” : | f| = 00} is a null set in (R", wt, bn). 


loc 


Proof. (a) - (ce) are immediate from Definition 25.1. Let us prove (f). Thus assume that 
fe} (R", mM, pr). Now R” = Uen B(O,&). Since B(O, k) is a bounded set in 


loc 


mM, f is py integrable on B(O,k) and this implies that |f| < co ae. on B(0,4), that 
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is, there exists a null set Ey in (R”, mM, pn) contained in B(0, k) such that | f| < oo on 
B(O,k) \ Ex. Let E = yen Ex, a null set in (R”, 990", 4). Now we have 


If|<oo on |) {B0,6\ Ex} =) 80,0\ J & =R"\E. 
KeN neN keN 
This implies that {R” : |f| = co} C E. Then since £ is a null set in the complete 
measure space (R”, 99t”, w"), an arbitrary subset of E is a null set in (R”, 9", 1”). Thus 
{R" : | f| = 00} isa null set in (R”, 90”, 2”). 


Definition 25.3. Let f € Die (R", mt, un). For eachr € (0, 00), we define a real-valued 
function A, f on R” by setting for x € R” 


(i) (Ar fx) = f(y) Hi (dy). 


un(B(x,r)) Jaen) 
We define a function Af on R" by setting for x € R"” 


(2) (Af) (x) = lim (Ar fx), 
provided the limit exists. 


( (A; f)(x) is the mean value of f over an open ball of radius r centered at x. (Af)(x) is 
the limit of the average functions (A; f)(x) as r > 0.) 
We shall show that for every f € £/,.(R”, Mt, wn), (Af)(x) = lim (Ar f(x) exists 


loc 


and is equal to f(x) for ae. x in (R", mm, un). As the first step we show that this is the 
case at every continuity point of f. 


Lemma 25.4. Let f € L/,,(R", Dt", wu”). If f is continuous at xo € R", then (Af) (xo) 


i 
exists and moreover (Af) Ga) = f (x0). 


Proof. Since f € £/,,(R", Dt”, un), f is u”-integrable on B(xo, r) for every r € (0, 00). 
If f is continuous at xg, then forevery € > 0 there exists 6 > O such that | f(x) — f(xo)| < € 


for x € B(xo, 5). Thus for r € (0, 5), we have 


1 
A, aa = | "dy) — 
(Ar New) — P00 = | RTT Ioeg ny OME ~ £60) 
1 
——— = neg 
= ED) Inu 2 ~ FEO HLA) 


<6. 


This shows that lim (Ar f) (xo) = f(xo). # 
> 


Observation 25.5. Let c = ”(B(0,1)). Then c € (0,00). For any x € R” and any 
r € (0, 0), we have 
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(a) ph (B(x, r)) =r"e. 

(b) we (B(x, r)) =r"ec. 

(c) u" (S(x,r)) =0. 

(d) For fixed x9 € R” and ro € (0, 00), we have lim 1g¢x,79)(y) = 1p(x9,r9)(y) for 
XX 

y ¢ S(xo, ro). Thus Jim 1B¢,r9) = 1B (0,179): ph -ae. on R”. 

(e) For fixed 7p € (0, 00) and xo € R”, we have lim 1g(,r)(y) = 1B (4,79) (Y) for 

r>ro 


y € S(xo, ro). Thus lim 1g¢o,r) = 1B (49,79); ph -a.e. on R”. 
r->ro 


Proof. 1. Note that we have X heat LS e] Cc BO,INC X a 1] for sufficiently 
small ¢ > 0. Then we have un(X it~es e]) < un(BO, 1)) <p" (X leit 1}) by the 
monotonicity of the measure Be, Thus c € [(2e)”, 2”] and hence c € (0, 00). 

Since B(x, r) isatranslate of B(O, r) and B(0, r) = rB(O, 1), we have by Theorem 24.27 
and Corollary 24.33 the equalities u”(B(x,r)) = u"(BQ,r)) = r"u" (BO, 1)) = r'c. 
This proves (a). Since (B(x, r + 4) : k € N) isa decreasing sequence of sets in By» with 
finite ui measures and since B(x, r) = nen B(x, r+ t)s we have 


u"(Bx,r)) = jim, un(B(x,r+})) = Jim, (r+7)"c=r"e. 
This proves (b). Since B(x, r) U S(x,r) = B(x, r) and B(x,r) M S(x,r) = @, we have 
Hw" (B(x, r)) = wt (Bx, r)) + wit (SQ, r)). 


Then since 2” (B(x,r)) = “"(B(x,r)) = r"c by (a) and (b), we have 4.” (S(x,r)) = 0. 
This proves (c). 

2. Next let us prove (d). Let x9 € IR” and ro € (0, 00) be fixed. Let us show that 
Si 1B¢,r9)(¥) = 1B(49,r9)(y) for every y € S(x0, 10)° = B(xo, ro) U B(xo, ro)°. First, 
let y € B(xo, ro) be arbitrarily chosen and fixed. Let 6 = ro — |y — xo| € (0,70). Then 
for any x € B(xo, 5), we have |y — x| < |y — xo| + |xo — x] < ro so that y € B(x, 7). 
Thus 12(x,,5)(y) = 1 for every x € B(xo, 5). Then im, 13 ¢%,79) (9) = 1 = 1Bc,r0)). 


Next, let y € B(xo, ro)° be arbitrarily fixed. Let 6 = |y — xo9| — ro € (0, ©). Then for any 
x € B(xo, 4), we have |y —x| > |y —xo|—|xo —x| > ro +6 —45 = 79 so that y ¢ B(x, rp). 
Thus 1a(x,79)(y) = 0 for every x € B(xo, 5). Then im 13(%,r9)(Y) = 9 = 1B 649,79) (Y)- 
This proves (d). 

3. To prove (e), first let y € B(xo, ro) be arbitrarily fixed. If y = xo, then y € B(xo, r) 
for every r € (0, 00) so that 1gqx,r)(y) = 1 for every r € (0, 00) and this implies that 
jim 1B (9,7) (Y) = 1 = 1B (20,79) (). If y € B(xo, ro) \ {xo}, let 5 = ro — |y — yol € (0, ro). 

>To 
Then y € B(xo,r) for every r € (79 — 5, 00) so that Jim 1B¢,r)(y) = 1 = LB.) ()- 
ro 


Next, let y € B(xo, ro)° be arbitrarily fixed. Let 6 = |y — xo| — ro € (0, 00) so that 
y € B(xo,r) for every r € (0,79 + 5). Thus 13 ¢x9,7)(y) = 0 for every r € (0,79 + 5) and 
then jim 1 8¢%,7)(Y) = 0 = 1Bcp,r9) (y). This proves (e). & 
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Lemma 25.6. For every f € L} (R’, mr, ey; the function (A; f)(x) for x € R” and 


loc 
r € (0, &) has the following continuity properties: 


(a) For every r € (0, 00), (Ar f) (x) is a continuous function of x € R". 
(b) For every x € R”, (A; f)(x) is a continuous function of r € (0, 00). 


Proof. 1. Let ro € (0,00) be fixed. To show that (A,, f)(x) is a continuous function 
of x € R"”, we show that for every x9 € R” we have jim (Ary f(x) = (Ary f)(X0)- 
I> 2X9 


Since u"(B(x,r0)) = “"(B(xo,70)) > 0 for every x € R", it suffices to show that 
lim faa) fae, = hi nn) f du". Let 8 > 0 be arbitrarily fixed and let R > 
x>X0 , , 


Ixo| + 6+ ro. Then for every x € B(xo,5), we have B(x,ro) C BO, R). Since 
f € £7,.(R”, 9", uw), f is w*-integrable on B(O, R). For every x € B(x, 5), we 
have 


() / fap" = / Laanyf du. 
B(x,ro) B(O,R) 


Now |1a¢x,r5) f| < [18(0,z) f| which is #7 -integrable on B(O, R) and by (d) of Observation 
25.5 we have lim 12 (x,r9) = 1B (x9,79), #7 -a-€. On R”. Thus by the Dominated Convergence 
X> XO 


Theorem (Theorem 9.20), we have 


(2) lim I fdu" = lim / Laceroyf au 
B(x,ro) B(O,R) 


xX—>x0 xX>Xx0 


=) 1B Gi,ro) f diet - | faut. 
B(O,R) B(x0,70) 


2. Let xo € R" be fixed. To show that (A, f)(xo) is a continuous function of r € 
(0, 00), we show that for every ro € (0, 00), we have lim (A; f)(xo) = (Ary f) (Xo). Since 
r—>ro 


jim 47 (BGo,r)) = jim ru} (BGo, I) = ro" Hu] (Bo, 1)) = M(B, 70) > 0, it 
suffices to show that jim J BG.) fdpr = howe fd". Let 6 € (0, ro) be arbitrarily 


fixed. Let R > r9+6+ |xo|. Then foreveryr € (ro—45, 9 +4), we have B(xo, rr) C B(O, R) 
so that 


3) / fd" = / latent dat. 
B(xo,r) B(O,R) 


Then since we have |1(x9,r) f| < |1B0,r) f| which is yt integrable on B(O, R) and since 
lim 1B(x9,r) = 1B(x0,r9); ph-ae. on R” by (e) of Observation 25.5, we have 
r>fo 


lim fdpi = I fap" 
B(xo,ro) 


r10 J B(xo,r) 


by the Dominated Convergence Theorem. # 


We introduce the Hardy-Littlewood maximal function which will serve in estimating 
the family of averaging functions {A, f : r € (0, 00)}. 
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Definition 25.7. For f € L},,(R", Dt", 4”), the Hardy-Littlewood maximal function Mf 


loc 
of f is anonnegative extended real-valued function on R" defined by setting for x € R"” 


1 
(Mf)(x) = sup (Ar|fl)(x) = sup rere h lai 


r€(0,00) re(0,00) HF 


Observation 25.8. Note that if f < £/,,(R", Dt", uw), then | f| € L/,.(R", Mt", u") 
also, and Mf is defined in terms of | f| rather than f itself. Thus Mf = M|f|. By (a) of 
Lemma 25.6, for every r € (0, 00), A;|/| is a real-valued continuous function on R”. As 
the supremum of a collection of continuous functions on R", Mf is a lower semicontinuous 
function on R” by (a) of Theorem 15.84. Then for every a € R, {R” : Mf > a} is an open 
set in R” by (d) of Observation 15.81 and so that Mf is a S$p2-measurable function on R". 

Let us note also that according to (b) of Lemma 25.6, for each fixed x € R’, (Ar lf l) (x) 
is a continuous function of r € (0, oo). Thus for an arbitrary countable dense subset D of 
(0, 00), we have 


(Mf)(x) = sup (4,|f|)(~) = sup (Ar lf 1) (x). 
reé(0,00) reD 

Then Mf, as the supremum of countably many continuous and hence S8pn-measurable 

functions on R”, is a Spn-measurable functions on R” by Theorem 4.22. 


Let f be an extended real-valued 2(-measurable function on a measure space (X, 2f, 2). 
Fora € (0, 00) consider the set {X [fl > a} € 2. The set decreases as a increases. Thus 
u{X : |f| > a} decreases as a increases. Let us consider the behavior of wu{X : | f| > a} 
as a increases. We show that if f in j.-integrable on X then lim ap{X:|f| >a} =0. 


Observation 25.9. (a) Let (X, 2, j1) be a measure space and let f € £!(X, 2, w). Then 


(1) an{x:1fl>a} sf Ifldu <0 for a € (0, ~) 
X 
(2) jim on(X fl >a} =0. 


(b) If fe L!} (R", mM, Heys then there exists a constant C > 0 such that 
(3) ap"{R”:|f| >a} <C fora € (0, ov). 


Iffe Ey (R", mM, un) and f ¢ L'(R", mt, is such aconstant C > 0 may not exist. 
(c) Let f be an extended real-valued oti -measurable function on R”. The existence of a 
constant C > 0 such that au"{R”: |f| > a} < C for a € (0, 00) does not imply that 
fe fH (R", Ou), 


loc 


Proof. 1. If f is a u-integrable extended real-valued 2{-measurable function on a measure 
space (X, 2l, jz), then for every a € (0, 00) we have 


fisiqus fo fldw = amtx sisi >a}. 
x {X:|f|>a} 
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This proves (1). To prove (2), let F = {X : |f| < co}. Then F° = {X : | f| = 00}. The 
p.-integrability of f on X implies that f is finite -a.e. on X by (f) of Observation 9.2. Thus 
we have (F°) = 0. Fora € (0, 00), let Dy = {X : | f| > a}. Then DE = {X : |f| <a}. 
Thus we have F = Jez ia:s) Dé and Jim, 1p: = 17 on X. Now we have for a € (0, co) 


(4) [ipiau =/. iflan+ JP fidu. 


For the second integral on the right side of (4), we have 
lim i ifldue = tim, f Angi fd = f tim, togl tau 


= frriside= [ipians frien 
=f isfiaw 


where the second equality is by the Dominated Convergence Theorem and the fourth equality 
is by the fact that w(F°) = 0 and Vine |f\|dp = 0. Thus letting a — oo on the right side of 
(4), we obtain 


(5) im, f Ifldu =0. 
a—->oo Dy 


Then since SD, |fldu > ap(Dze) = 0, (5) implies Jim, ajt( Da) = 0. This proves (2). 
2. If f e £1 (R", mM", un), then by (1) we have 


au" {R":|f|>a}<C fora € (0, 00) 


where C = fpn|f|du” > 0. This proves (3). 

Let us construct a function f on R” such that f € £/,,(R", 9t7,u") and f ¢ 
£1(R", MN, w™) and (3) does not hold. Let y > 1 and let f be a constant function 
f =yonR". Then fy, | fldu” = yu"(R") = oo so that f ¢ £1(R", N,v"). On 
the other hand since f is bounded on R” so that f is locally y-integrable and hence 
f € Li,,(R", Dt, uw). Now consider a = + € (0, 00). We have 


ap {R": |f| >a} = Sun{R": y > 3} = tyr(R”) = 00. 


Thus (3) does not hold. 
3. To prove (c), we construct a function f ¢ L),.(R", 990”, 4") for which (3) holds. 


loc 
We do this for the case n = 1. Let f be a real-valued 99t, -measurable function on R defined 
by 
4 forx € (0,1), 


as | 0 forx e€ (0, 1)°. 
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We have Sor \fldu, = So.) thy, (dx) = oo. Thus f is not jz, -integrable on the bounded 
set (0,1) and hence f ¢ £/,.(IR”, 90”, 4”). Let us show that f satisfies (3) with C = 1. 


Now for a € (0, 1), we have {R : | f| > a} c (0, 1) so that we have 
au, {R:|f| >a} <ap,((, 1)) =a<l. 


Fora é€ [1, oo), (R: [f| >a}={xe(0,1):1>a} = {x € (0,1): x <t}=( +) 
so that we have 
aw (R: |f| >a) =a, (0,2) =a =1. 


Thus we have shown thatay, (R:|f| >a} <1 fora € (0,00). & 


The Hardy-Littlewood Maximal Theorem shows that if f € £'(R", 99t", ”), then its 
maximal function Mf satisfies condition (3) above with the constant C = 3”|| f|[;. To 
prove this we need the following lemma. 


Lemma 25.10. Let € be an arbitrary collection of open balls in R". If c € R is such that 
0O<c< ut (Usee B), then there exists a finite disjoint subcollection {B,... , Bp} of € 
such that c < 3" YYR_, 4" (Bx). 


(Thus if 2” (pce B) = 00 then we can choose a finite disjoint subcollection such that the 
sum of the measures is as large as we wish and if 47 (Ugee B) < co then for any positive 
number ¢ < oh (U Bee B) we can choose a finite disjoint subcollection such that the sum 
of the measures is greater than 7.) 


Proof. Note that ),.¢ B may be an uncountable union but it is an open set so that it is 
a member of Br» C Mt". Letc < uw” (Ugeg B). By (b) of Proposition 24.16, there 
exists an increasing sequence (Kj; : j € N) of compact sets contained in |),-@ B with 
Parte un (Kj) = wt (Upee B). Thus there exists a compact set K C Upee B such that 


w(K) > c. Since Unce B > K, there exists a finite subcollection {Bi,..., By} of € 
such that LJ, B; D K. Let B; = B(xi,r;) fori = 1,...,N. Renumber B},... , By if 
necessary so thatr; > --- > ry. From the finite sequence (Bj; :i = 1,... , N), we select a 


disjoint subsequence as follows. Let i; = 1. Discard all B; that intersect B;, and let B;, be 
the first of the remaining ones if there are any. Discard all B; that intersect B;, and let B;, 
be the first of the remaining ones if there are any, and so on. The process stops after a finite 
number of steps, say p steps. Consider the finite disjoint collection {B;,,... , Bj, }. Every 
discarded B; intersects some B;, with r;, > rj so that Bj = B(xj,r;) C BOi,, 3r;,). Thus 
we have J, B; C Up_, B(xi,, 37ri,). Then 


c<pur(K) < n(U a) < “(U Bi, 37)) 


i=l k=1 
Pp P. 
= yy Lr (Bi, 3ri,)) =a" > HBG, fig): 
k=1 k=1 


This completes the proof of the lemma. & 
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As an estimate for the Hardy-Littlewood maximal function we have the following: 


Theorem 25.11. (Hardy-Littlewood Maximal Theorem) /f f ¢ £! (R", mm, ur), then 
for the maximal function Mf of f we have 


37 
WIR": Mf >a} < = [fleet fora € (0, 00). 


Proof. For a € (0,00), let De = {x € R" : (Mf)(x) > a} € Bp. (Recall that 
Mf is nonnegative valued so that |Mf| = Mf and that Mf is SB px-measurable on R” by 
Observation 25.8.) Since (Mf)(x) = SUP,<@,00) (Ar If) x) for every x € R", for each 
x € Dg there exists rx € (0, 00) such that 


(1) (Ar, | FI) @) >a. 


The collection € = {Bo, ry) Ix € Da} of open balls covers Dag, thatis, Used, By ry) D 
Dz, so that x"(De) < 2? (Lips: B(x, A): Thus for any c € R such that c < uw? (Da), 
we havec < u"(U,ep, B(x, rx)). Then by Lemma 25.10, there exists a finite disjoint col- 
lection of open balls {B(xx, rg) :k = 1,... , p}in such thatc < 3")? _, un (Bex, rk). 
By Definition 25.3 for A,,| f| and by (1), we have 


(2) [, Wldw, = 1 (Bx, re) (Arg Lf 1) x) > an! (Bre, re))- 
Xk Tk 


Thus we have 


P p 
an 38 
c< 3" u"(Bos.n)) <= | ifldu" < =f flan”, 


where the last inequality is by the disjointness of B(xz, 7), k = 1,... , p. Since this holds 
for every c < "(Da), we have 2" (Dy) < = fon \fldut. 


a 


loc 


a.e. on (R", Da ep ur"), that is, for a.e. x in (R’, Bu ep un) we have 


Theorem 25.12. For every f € £/,.(IR", Dt, uw"), Af = lim A, f exists and Af = f 


lim ————— "(dy)= : 
i) an (Ber) pagan MES y) = f(x) 


In particular D(Af) € Di, wt (B(Af)*) = 0, and Af is a DS} -measurable function on 
D(Af). 


Proof. 1. Consider first the case f € L1(R", Dt, pn). Then for every € > 0, there exists 
a "integrable real-valued continuous function g on R” such that rn |f -gldul < «by 
Theorem 24.22. Now for every r € (0, 00) and x € R”, we have 


|(Ar f(x) — fx)| = |Ar(f — g(x) + (Arg) (x) — g(x) + g(x) — f(x) 
< (Arlf — gl)(@®) + |(Arg) (x) — g(x)| + |g) — f@)|. 
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The continuity of g implies lim (Arg)(x) = g(x) by Lemma 25.4. Thus we have for 
te 

x eR’ 


(1) lim sup | (A, f(x) — f(x)| < aup (ArLF — al) + le — f|@) 
rm ré(0,00 


< M(f —8)(x)+|g¢— f|@). 
For a € (0, 00), by (1) we have 
(2) Eq i= {IR” : lim sup |A, f — f| >a} 

r>0 


c {R": M(f — 8) +1e- fl >a}. 
Now 
{R": M(f -—g) <3} O{R": |g - fl <$} Cc (R": M(f—8) tle - fl se}. 
Taking complements we have 
{R": M(f —g) > S}U{R":\g— fl> 3} > {R": M(f —g) + 1g — fl >a}. 
Thus we have 


(3) Wi (Ea) < wi{R": M(f — g)+1g— fl >a} 


<u) {R": M(f — 8) > Z} +i {R": lg— fl> §}- 


By Theorem 25.11, we have 
n n Qa 2 n n 2 rn 
wi{R" : M(f — g) > $} < =3 If —gldul < ~3%e. 
a R" a 
Also 


SHR" ls-fl>§}< | 


le— flan <[ lg - fldu" <e. 
{R"\g—f\>$} R" 


Using these estimates in (3), we have wi (Ea) < 2(3" + l)e. By the arbitrariness of ¢ > 0, 
we have ju (Eq) = 0 for every a € (0, 00). Now since 


{R" lim sup |A, f — f1# o| =Ue. 
r>0 keN 


we have 


un {R: lim sup 4, f — f| #0} < Yiu" (E1) =0. 


keN 
Therefore i sup |A; f — f| =0a.e. on R”. This implies lim i inf |Ar f — f| =O ae. on 


0 
IR” and thus tim |A, f — f| =Oae. on R”. This shows that “im A, f = fae. onR”. 
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2. Now let f € £/,,.(R", 7, 4"). Then for every k € N, f is ?-integrable on 

B(O, k). If we define a function f; on R” by setting f; = f on B(O,k + 1) and fy =O on 

B(O,k + 1)%, then fe € £1(R”, mt", Te) and thus by 1 we have lim Ay fe = fe ae. on 
tr 

R”. Now for every x € B(O, k), we have B(x,r) C B(O,k +1) as longasr ¢€ (0, 1). Then 

since f = f; on B(O,k + 1), we have f = f, on B(x,r) forr e€ (0, 1) so that 


1 
(4, fe) = ‘he i, sep FMM = Ar HG. 


1 
pu (B(x, r)) - eal u"(B(x,r)) 
Since this equality holds for all r € (0, 1), we have for a.e. x € B(0, k) 
(Af) (x) = lim (A, f)() = lim (Ar fc) () = f(x) = f(x). 


Since this holds for every k € N and since L,<y B(O, k) = R", there exists a null set E in 
(R", 99t”, 2”) such that (Af)(x) = f(x) forx € E°. This implies D(Af) D E% and then 
D(Af)° c E. Since (R", Mt", u”) is a complete measure space, D(Af)° € Mt? and 
then D(Af) € M7. Since f is Nt!-measurable on R" and Af = f ae. on the complete 
measure space (R", IM", un), Af is Qt" -measurable on D(Af). Wt 


According to Theorem 25.12, if f € £/,,(R”, 9”, 2”), then lim (Ar f)(x) = f(x) 
r-> 


loc 
for a.e. x € IR” and thus for a.e. x € R” we have 


1 
lim —————— = (dy) =0. 
ee ut (Bix, r)) Ff spol His u 


We show below that actually we have the stronger result that for a.e. x € R” 


li —— = n d = 0. 
3 un (BGn) i If(y) — f@)| ui (dy) 


Definition 25.13. (Lebesgue Point and Lebesgue Set) Let f € £/,.(R", D0”, an). A 
point x € R” is called a Lebesgue point of the function f if 


1 
lim. ———————_ _ "(dy) =0. 
30 u" (B(x, r)) fos ed ONE 


We call the set of all Lebesgue points of f the Lebesgue set of f and write A(f) for it. 


Observation 25.14. If f ¢ £}.(R"”, Mt", 2”) and f iscontinuous atx € R thenx € A(f), 
that is, every continuity point of f is a Lebesgue point of /. 
Proof. Let f € £/,,(R", 9", 1”) and let x € IR” be a continuity point of f. To show that 


loe 
x is a Lebesgue point of f we show that for every ¢ > 0 there exists 6 > 0 such that 


(1) If(y) — f@)|wi(dy) <«€ forr € (0,6). 


pe (B(x, r)) i 
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Let ¢ > 0 be arbitrarily given. By the continuity of f at x, there exists 6 > O such that 
| f(y) — f)| < ¢ for y € B(x, 5). Then forr € (0, 5) we have B(x,r) C B(x, 8) so that 


1 1 
—_____ — "(dy) < ——_—__—_ "(dy)= «. 
un (B(x, r)) le OS PONE a nu" (B(x, r)) [ets ial 


This proves (1). Therefore x € A(f). BJ 


We show next that for every f € L£/,.(R", 9”, 2”), almost every point in R” is a 
Lebesgue point of f. 


Theorem 25.15. For every f € £} (R”, mm", un), we have the Lebesgue set A(f) € i 


loc 


and moreover for A°(f) := R"\ A(f) we have u"(A°(f)) = 0. 


Proof. If f € Li (R", om", un), then for every k € N, f is y”-integrable on B(0, k) 
so that | f| < oo ae. on B(O,k). Then since R” = Uzen B(O, 4), | f| < co ae. on R". 
Thus if we let F = {R” : |f| = oo}, then F is a null set in (R”, 9%", 2”). For each 
— € R, let us define a function gg on R” by setting g(x) = | f(x) — &| forx € R”. Then 
ge € £/,,(R", 7, 2”) so that by Theorem 25.12 there exists a null set Ez in (IR", 9", 2”) 


such that Age (x) = ge(x) for x € E;, that is, 


(1) If) — lui (dy) = If (x) — él. 


1 
———— | 
r>0 uw" (B(x, r)) Jaan 


Let D be an arbitrary countable dense subset of R. Then E = Uren Ex is a null set in 
(R”, mm", pe) Consider the null set F U E. We have (F U E)* = F°N( Meo Ef). Now 
ifx € (F U E)*, then f(x) € R. Thus for an arbitrary ¢ > 0, the denseness of D in R 
implies that there exists € € D such that | f(x) — &| < e. Then for any y € R”, we have 


(2) If(y) — F@)| < |fO) — €1 +1 — FO) < IFO) — El +e. 
By (2) and then by (1) which is applicable since x € E;, we have 


lim sup 


1 
oe = nd 
mu TR) if _FO)= Feolanay) 


<lim sup 


1 
r>0 pu" (B(x, r)) Doce 
<|f(x) — El te < 2e. 


f(y) — élui(dy) +e 


By the arbitrariness of ¢ > 0, we have for every x € (F U E)* 


lim sup 


ee - "(dy) =0. 
rs0 #7 (B(x,7r)) Jaen f(y) — f£@)| Hi (dy) 


This implies that for every x € (F U E)°, we have 


lim ——————_ - "(dy) =0. 
lin HE) fc ptf = Fenlunlay) 


§25 Differentiation on the Euclidean Space 631 


Therefore (F U FE)° c AC(f) so that AS(f) C F UE. Then since F U E is a null set in the 
complete measure space (R’, mt, pe), its subset A°(f) is in mt with ch (A°(f)) = 0. 
Then AS(f) € mm implies A(f) € Dt. & 


Definition 25.16. A collection E = {E, (x): re (0, oo)} in Bpn is said to shrink nicely 
tox € R® if it satisfies the following conditions : 

1° E,(x) c B(x,r) for everyr € (0, ov). 

2° There exists a constant a > 0 such that 1? (E-(x)) > apt (B(x, r)) forr € (0, ov). 


(Note that £,(x) need not contain x for any r € (0, 00). Condition 1° implies that E, (x) 
shrinks to {x} as r — O and condition 2° ensures that this shrinking is not too fast for 
differentiation purposes.) 


Examples. (a) For every x € R”, {B(x,r) :r € (0, 00)} is acollection in Bx that shrinks 
nicely to x with the constant @ in Definition 25.16 being equal to 1. 


(b) For x = (€1,... , &) € R” andr > 0, let E,(x) be an open cube inscribed in B(x, r), 
that is, E,(x) = (& — n'/2y, & + n—'/?7) Xs) &X (En — nr & + nor): Then 
E,(x) C B(x,r) with 1" (E,(x)) = (2n7'/?)"r"_ Since w"(B(x,r)) = rc where c = 
un (B(O, 1)), if we let w = 4(2n-1/2)" then we have ap” (B(x,r)) = u"(E,(x)) for every 
r € (0, co). Therefore {E, (x): re (0, 00)} is a collection in Bp- that shrinks nicely to x. 


(c) Let F be an arbitrary member of Spx such that F c B(O, 1) and LI(F) > 0. Let 
a= ue” (F)/u" (BOO, 1)) € (0, 1]. Foran arbitrary x € R” andr > 0, let F,(x) =x +rF. 
We have E,(x) C x + rB(O, 1) = B(x,r). By the translation invariance of oH and by 
Corollary 24.33, we have 


MI (Er(&)) = WEF) = rei (F) = ar" ut (BO, 1) 
= apn" (BO,r)) = ap" (BOx,r)). 


This shows that {Er (x): re (0, oo)} is a collection in Ba that shrinks nicely to x. If 
we choose F = B(0,1) \ B(0, 4), then E,(x) = x +rF = B(x,r) \ B(x, $) so that 
x ¢ E,(x) for any r € (0, 00). 


Theorem 25.17. (Lebesgue Differentiation Theorem) Let f € L} (R”, mt, pe): Then 


loc 
for every collection E = {E, (x): re (0, oo)} in Bpz that shrinks nicely to a point x in 
the Lebesgue set A(f) of f, we have 


(1) f(y) — fQ)| wi(dy) = 0, 


1 
lim ean | 
r0 pn (Er(x)) Jeo 


and in particular 


(2) f(y) wi dy) = fF). 


lim —————- 
r>0 pw? (Er(x)) Je,@ 
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Proof. Let x € A(f) and let {E-(x) :reé (0, oo)} be an arbitrary collection in Bra 
that shrinks nicely to x. Then there exists a constant a > O such that apr (B(x, r)) < 
ue (E-(x)) <u" (Ba, r)) for all r € (0, 00). Thus 


1 
———— = "qd 
T(E; ()) i f(y) — f@)| Hi (dy) 


1 
<—_-—__ - "(d 
Tay [ _plfOd= Fealunay) 
2 eee 

aur (B(x, r)) Br) 


Since x € A(f), the last member of the inequalities above converges to 0 as r > 0. Thus 
(1) holds. (2) is implied by (1). 


f(y) — fe" (dy). 


The Lebesgue differentiation theorem above is not about differentiation of real-valued 
functions on R or R". Rather it is related to differentiation of indefinite integrals. This point 
will be discussed later. 


[II] Differentiation of Set Functions with Respect to the Lebesgue Mea- 
sure 


Definition 25.18. We write (px), for the subcollection of Bx consisting of those members 
of Bp» that are bounded sets in R". 

(Note that if E and F are two members of (Bp-), then EUF, ENF, and E \ F are members 
of (Bpx)py. However (BpRx), is not an algebra of subsets of R” since R” ¢ (Bpn)p.) 


Definition 25.19. Let (px), be the subcollection of BR. consisting of all bounded Borel 
sets in IR". Let v be an extended real-valued set function on a collection € of subsets of R” 
containing (Bp)py. For x € R" and a collection E— = {Er(x) :r € (0, o0)} in Bien that 
shrinks nicely to x, we define 


V(E-(x 
(Dev)(x) = lim wr). 
r>0 pt (E, (x)) 
provided the limit exists in R. We call (Dev)(x) the derivative of v with respect to the 
Lebesgue measure j1? along E at x. In particular for the collection S = {B(x,r) : r € 
(0, co)}, the limit 
v{Bix,r 
eign. 
r+0 1" (B(x, r)) 
if it exists in R, is called the symmetric derivative of v with respect to the Lebesgue measure 
pt at x. 


Theorem 25.20. Let v be an extended real-valued set function defined on (Bpn)p. Let 
x € R". Suppose for every collection E in Bp that shrinks nicely to x the derivative 
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(Dev) (x) exists. Then (Dev)(x) does not depend on E, that is, if &’ and E” are two 
collections in Spon that shrink nicely to x then (Dev)(x) = (Dev) (x). Thus for every 
collection € in Spo that shrinks nicely to x we have (Dev) (x) = (Dgv) (x). 


Proof. Suppose that for every collection € in Bp. that shrinks nicely to x the derivative 
(Dev) (x) exists. Let us show that for any two collections €’ and €” that shrink nicely to x, 
we have (Dev) (x) = (Dev) (x). _ 
Assume the contrary. Then (De-v)(x) = y’ and (Devv)(x) = y” where y’, y” € R 
and y’ # y”. Let &’ and €” be given respectively by €’ = {EL (x) :r € (0, oo)} and 
&" = {E!'(x) :r € (0, 00)}. By Definition 25.16, E}(x) C B(x, r), E(x) C B(x, r), and 
there exist a’ > 0 and a” > O such that w”(E}(x)) > o/"(B(x,r)) and u"(E/(x)) >= 
a2" (B(x,r)) for r € (0,00). Consider a collection € = {E,(x) : r € (0,00)} where 
E,(x) is defined by letting E,(x) = E/(x) if r is a positive rational number and E,(x) = 
E}'(x) if r is a positive irrational number. Then E,(x) C B(x,r) forr € (0, 00) and if 
we let « = min {a’, a} then w"(E,(x)) > ay" (B(x, r)) for r € (0, 00). Thus € shrink 
nicely to x. Let (qx : k € N) be a sequence of positive rational numbers such that gq, | 0 
and let (px : k € N) be a sequence of irrational numbers such that py | 0. Then we have 


v(Eq,()) _ ¥(Eq,(*)) ' 
1 = lim —— = 
k-00 "(Eq (x)) K-00 uw" (El, (x)) 
and 
v(Ep,(x)) : YEO) (x)) ” 
eS lim . 
K-00 1" (Epy(x))  &>00 "(EY (x)) 


Thus (Dev)(x) = lim =e) does not exist. This contradicts the assumption that 
pn 
(Degv)(x) exists for every collection € that shrinks nicely tox. # 


Definition 25.21. Let v be an extended real-valued set function defined on (BpRx)p. Let 
x € R". If for every collection E in Bn that shrinks nicely to x the derivative (Dgv)(x) 
of v with respect to the Lebesgue measure x! at x along € exists, then we say that v is 
differentiable with respect to the Lebesgue measure jx", at x. We call (Dev)(x), which does 
not depend on E according to Theorem 25.20, the derivative of v with respect to [ul at x 
and we write (Dv) (x) for it. 


As an exemple of the derivative of a set function with respect to the Lebesgue measure, 
let fe ee (R", mM, un) and consider a set function v on (px), be defined by setting 


vey = fi fant for E € (Bpr)p. 
E 


Let x € R” and let € = {E,(x) : r € (0, 00)} an arbitrary collection in Bye that shrinks 
nicely to x. Then for every x € A(f), we have by (2) of Theorem 25.17 


v(E-@)) 


DERG) = oe ayy ate aN 
( ev)(x) Be un (E, (x)) ~ rs pt "(E,(x)) E, (x) 


f(y) widy) = f(x). 
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Thus we have 


(Dv)(x) = f(x) forx € A(f). 


As further examples of differentiation of set functions, we consider below differentia- 
tion of indefinite integrals of locally integrable functions, density of measurable sets, and 
differentiation of Borel measures with respect to the Lebesgue measure. 


[III] Differentiation of the Indefinite Integral 


Let f be a w,-integrable extended real-valued 0%, -measurable function on [a,b]. By 
Definition 13.12, an indefinite integral of f is a real-valued function F on [a, b] defined by 
F(x) = Stax) f du, +c for x € [a, x] where c is an arbitrary real number. To extend the 
notion of indefinite integral to functions defined on R”, Jet us replace the function F defined 
on [a, b] by aset function ®(£) = f,, f du, for E € BRN [a, db]. 


Definition 25.22. Let f € L/,,(R", 907, 4”). Let us call the real-valued set function ® 


loc 


defined on (“Bigr)p by (LE) = de fdui for E € (‘Bpx)p the indefinite integral of f. 


Theorem 25.23. Let ® be the indefinite integral of a function f € Lj,,(R", 9", uw"). 


Then for every point x in the Lebesgue set A(f) of f and for every collection € = {E;(x): 
r € (0, 00)) in BR« that shrinks nicely to x, we have 


(1) (De ®)(x) = lim (EW) = f(x). 
10 1" (E-(x)) 


In particular for the symmetric derivative Dg® of ®, we have 


(2) Oishi OO 55 
x)= MN OO Or = xX). 
. r>0 1" (B(x, r)) 


Proof. Let x < A(f). Then by (2) of Theorem 25.17 (Lebesgue Differentiation Theorem), 
we have ( ) 
O(E-(x) ‘ 1 | 
lim ———~ = lim —_, f(y) wi (dy) = f). 
r+0 un (E,(x)) r—0 un (E;(x)) E, (x) - 
This proves (1). Since § = {B(x, r):re€(0, oo)} is a collection in Bp- shrinking nicely 
to x, (1) implies (2). 


Let f be an extended real-valued 90t, -measurable and jz, -integrable function on [a, 5]. 
Consider the function F defined by F(x) = Sia.) f du, for x € [a,b]. According to the 
Lebesgue Differentiation Theorem for the indefinite integral (Theorem 13.15), the derivative 
F'(x) exists and is equal to f(x) for a.e. x € [a, b]. Let us show that this result is contained 
in our Theorem 25.23 as a particular case. 
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Corollary 25.24. Let f be an extended real-valued IN, -measurable and 1, -integrable 
function on (a, b]. Let a function F on [a, b] be defined by 


F&)= I £0) HACdy) fore € la, bl 


Then the derivative F’(x) exists and is equal to f(x) for a.e. x € [a, b]. 


Proof. To show that the derivative F’(x) exists and is equal to f(x) for a.e. x € [a, b], we 
show that the right-hand derivative and the left-hand derivative of F exist and are equal to 
f(x) for ae. x. 

Let us extend the definition of f to R by setting f = 0 on R \ [a, b]. Then we have 
fe L} (R, mM, i: )- As in Definition 25.22, let us define a set function ® on (Bp), by 


: loc 
setting 


P(E) = [to u,(dy) for E € (Br). 


To find the right-hand derivative of F atx € R, let E,(x) = (x,x +r) forr € (0,0). 
Then E,(x) C B(x,r) and w,(E,(x)) =r = 5m, (B(x, r)) for r € (0,00) so that 
€ = {E,(x) : r € (0, 00)} isa collection in Bg that shrinks nicely to x. Let x € A(f). 
Then we have 


oul ae 
tin FG + - Fed} tins | Forman 
Signe 
0 4, (Er()) 


by Theorem 25.23. This shows that the right-hand derivative of F exists and is equal to 
f(x) atx € ACf). 

To find the left-hand derivative of F atx € R, let E}(x) = (x —r,x) forr € (0, ov). 
Then €’ = {E/ (x): r € (0, 00)} is acollection in Bg that shrinks nicely to x. Now 


= f(x) 


lim [F(x —r)—F(x)}= lim ~{F(x) — F(x —r)} 


r>-0 -r 
Ae _ &(E/(x)) 
= lim — 1 Ons (ELG). 
a0 Y J(x—r,x) hol Hak ” 50  (EL(x)) st 


by Theorem 25.23. This shows that the left-hand derivative of F exists and is equal to f(x) 
at x € A(f). Therefore the derivative of F exists and is equal to f(x) at every x in the 
Lebesgue set A(f) of f. Since ,(A°(f)) = 0, the derivative of F exists and is equal to 
f(x) forae. x € [a,b]. 


[IV] Density of Lebesgue Measurable Sets Relative to the Lebesgue Mea- 
sure 


Definition 25.25. For E € 99}, consider a set function v on (%Bg")p defined by setting 
v(B) = HT (ENB) for B € (Bpra)p. Forx € R” andacollection€ = {E,(x) :re (0, co) } 
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in Spe that shrinks nicely to x , let us define 5¢(E, x) = (Dev) (x), that is, 
v(E-(~)) WEEN E,(x)) 


6 = =li PUN Ne 
Se ee ae G)Y ee Ede) 


provided the limit exists. We call 5g (E, x) the density of E at x with respect to the Lebesgue 
measure ue along E. In particular for the collection § = {Bo, r):re (0, co)}, the limit 


7 _.. v(B,r)) nae un(E A Bix, r)) 
d8(E, x) = (Dgv)(x) = lim i (B@.n) = lim u(BG.r) 


if it exists, is called the symmetric density, or the Lebesgue density, of E at x with respect to 
the Lebesgue measure 1". If 6s(E, x) = 1, we call x a density point of E. Ifs(E, x) = 0, 
we call x a dispersion point of E. 


Observation 25.26. Let E € 90". Let x € R” and let € = {E,(x) : r € (0,00)} bea 
collection in Spx that shrinks nicely to x. If d¢(E, x) exists, then d¢(E, x) € [0, 1]. 


Proof. Since ENE, (x) C E,(x), we have u” (ENE,(x)) < u"(E;-(x)) forallr € (0, 00). 
By Definition 25.16, there exists @ > 0 such that w”(E,(x)) => au"(B(x,r)) for all 
r € (0, 00) so that 4” (E,(x)) > 0 for all r € (0, 00). Thus we have 


un(E E-(x)) 
nu" (E,(x)) 


Then if the limit of the quotient exists as r —> 0 then the limit is in the range [0, 1], that is, 
if de (E, x) exists, then de(E,x) € [0,1]. 


€ [0,1] forallr € (0, 0). 


Remark 25.27. Let E € BT Let x € R” and let € and €’ be two collections in Bra that 

shrink nicely to x. 

(a) Existence of 5¢(E, x) does not imply that of dg/(E, x). (See Example 1 below.) 

(b) Existence of both 5¢(E, x) and d¢'(E,, x) does not imply 5¢(E£, x) = d¢/(E, x). (See 
Example 2 below.) 


Example 1. In this example, 5¢ (£, x) exists for some collection € in Bp that shrinks nicely 
to x but g(E, x) does not exist. In R let x = [sa¢e7. sar] with w, Ue) = sarqt fork € Zy, 
that is, 


o=[dd) h=[5 d) b=[5.d) b= (5-3) 


QI 


with 


1 1 1 1 

4, Uo) = 1? B,C) = 33” Be, (h) = 75” “, U3) = 37 tee 
Let E = Ukez, Ik. 

1. If we let € = {(-r, O):re, oo)}, then € is a collection in Bp that shrinks nicely 


to 0. Now for € we have 


. Be (E N(-r, 0)) . By, (®) 
5¢(E, 0) = im —_--———— = he 
a ) reo by, ((-r, 0)) oD Ly, ((-7, 0)) 
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2. Next let us show that 5s(E,0) does not exist. Now for every k € Z+4, we have 
EN B(0, an) = [,U Ing U Ingo U--+ So that 


1 1 1 41 
u(E 0 BQ. a) = peat + pes + pees + = 3 poe 


On the other hand E' 9 B(O, sit) = Ip41 U Tepe U [py3 U--- so that 


1 1 1 1 4 1 
by (E q B(0, wut) q2k+3 es QIK+5 + Q2k+7 sl Da 3 y2k+3° 


Thus we have 
wi (ENBQO,5)) 4 1 2 1 


and 
H(EN BO, xr) 4 1 2H 


#,(BO. pir) 324 2 6 


Therefore the quotient 2, (EM B(0,r))/u,(B(O,r)) assumes the value ; forr = aie and 
the value 2 for r = syp7. This shows that 5s (E, 0) = lim {u, (EN BO, r))/u, (BO, r))} 
does not exist. I 


Example 2. Let E = (0,00) C R. Consider two collections € and €’ in Sp that shrink 
nicely to 0 € R given by € = {(—r, 0) : r € (0, 00)} and €’ = {(0,r) : r € (0, 00)}. Then 


r>0) pb, ((-r, 0)) r>0 u((-r, 0)) 
u(EN@O,r))  . 2,((0,7)) 


be(E,0) = li = 
BE) eu AGP) > H,(0.9) 


Theorem 25.28. Let E € 99! and x € R”. Suppose for every collection € in Bp that 
shrinks nicely to x the density §g(E, x) of E with respect to Ht at x along € exists. Then 
5¢(E, x) does not depend on E, that is, if E’ and &” are two collections in Brn that shrink 
nicely to x then 3¢:(E, x) = d¢”(E, x). Thus for every collection E in Bn that shrinks 
nicely to x, we have d¢(E, x) = 53(E, x). 


Proof. By Definition 25.25, 5g(E,x) = (Dev)(x) where v is the set function on (Bp-)p 
defined by v(B) = ut (EO B) for B € (BR«),. Thus our theorem is a particular case of 
Theorem 25.20. @ 


For every E € mM, we have lg € £}.(R", mM, wey: Consider the Lebesgue set 
A(1£) of the function 1g. We show below that if x € A(1zg) then for every collection € in 
Bp that shrinks nicely to x the density 5¢ (EZ, -) exists. 
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Lemma 25.29. Let E € 90". Then 
(a) E°U (E*)° c A(z). 
(b) OE D A“(1g). 
(c) If E is a null set in (R", Dt", p"), then E C AC(1g). 
Proof. By Observation 25.14, if f € £/,,(R”, 9", 4”) is continuous at x € R” then 
xeA(f). LetEe mt. If x € E°, then 1¢ is continuous at x so that x € A(1f). Thus 
E° Cc A(z). Similarly if x € (E°)°, then 1¢ is continuous at x so that x € A(1g) and 
thus (E°)° Cc A(1g). Therefore E° U (E°)° Cc A(1z). Since OE = (ze u) (Boe), we 
have JE > A‘(1g). 

Suppose £ is a null set in (R", mm", bh"). If EF = G, then E Cc A‘%(1g) holds trivially. 
If E #9, letx ¢ E. Thenlg =Oae. on R” and 1g(x) = 1 so that 


1 


lin eee) doen \1e(y) — 1z(x)| ue (dy) 


= in a | lu"(dy)=140. 
r>0 wn (Bex, r)) Bir) © 


This shows that x € A°(1¢). Therefore E C A°(1g). W 


Theorem 25.30. Let E € DT and x € A(1g), the Lebesgue set of the function 1¢. Then 
for every collection € = {E,(x) :re (0, o0)} in Bpn that shrinks nicely to x, the density 
be (E, x) exists. Moreover we have 


mies ig Ee | L ifxe EN ACs), 
: TsO” ynlEbOe > 


un (E,(x)) 0 ifx € ESN ACs). 


Proof. If E € St", then 1g € L} (R", gm", 44"). By (2) of Theorem 25.17, for every 
point x in the Lebesgue set A(1,) and every collection {£,(x) : r € (0, 00)} in Bix that 
shrinks nicely to x, we have 


pe (E a E,(x)) 


1 
A. = lim —_——_ 1 "(dy) =1 ; 
lim Ww (E-@)) lim u(E-Go) Jee E(Y) H, (dy) = 1k) 


Thus d¢ (EF, x) exists and d¢(E, x) = 1g(x). Therefore d6¢(E,x) = 1 forx € EN A(A gz) 
and dg(E,x) =Oforx € E°NA(1z). OF 


Corollary 25.31. Let E € Di andx € R". Then for every collection {E, (x): re (0, oo)} 
in Be that shrinks nicely to x, we have 


TEN E-X 1 ifxe E°, 
b¢(E,x) = 0g ET | 
re 


un (E-(x)) 0 ifx €(E%). 
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Proof. By Lemma 25.29, if x € E° then x € EM A(1g) and similarly if x € (E°)° then 
x € E©M A(1g). Thus the Corollary follows from Theorem 25.30. 


Corollary 25.32. (Lebesgue Density Theorem) Let E ¢ 20t!. Then for the symmetric 
density 5s(E, -) of E, we have 


1 forx €ENAQe), 
(1) ds(E, x) = 
0 forx € E°N A(z), 
and therefore 
1 forae xe, 
(2) b3(E, x) = ; 
0 forae xe E*. 


Proof. Since {B(x,r) : r € (0, 00)} is a particular case of a collection in Spo that shrinks 
nicely to x, (1) is a particular case of Theorem 25.30. Then since wt (Ac E)) = 0 by 
Theorem 25.15, (2) follows from (1). In fact if we compare E with its subset EM A(1£), 
then E\ (EN A(1g)) = EN(ENA(g))° = EN (ECSU AS(1g)) = EN AS(1g) so that 
un (E\ (EN A(1z))) = 0. Similarly 1” (E°\ (E°O A(1z))) =0. 


Remark 25.33. Let E ¢ S0t? andx € A(1z). According to Theorem 25.30, for an arbitrary 
collection € = {E,(x) :re(O, co)} in Bp that shrinks nicely tox, d¢(E, x) always exists 
and is equal to 1 or 0 according as x € E orx € E°. Ifx ¢ A(1z£), 5¢(E, x) may still exist 
for some particular collection € = {E, (x): re (0, oo)} in pz that shrinks nicely to x. 


Example 1. (In this example 5¢(E, x) exists for some x ¢ A(1¢).) InR, let E = [0, 00). 
Then R \ {0} = E° U (E°)° c A(1g) by Lemma 25.29. On the other hand we have 


lim ——_——— 1e(y) — 1£(0)| uw, (d 
Li: SR ETORS) Ho E(y) ~ 1£(0)| (dy) 


1 
=lim — bea d 
lim 5- iss eE(y)} m, (dy) 


1 1 

=li {2 -f[ d |= 0. 
eae 2r [0,r) HC y) 2 a 

Thus 0 ¢ A(1z) according to Definition 25.13. Nevertheless for the collection in Bpx, 

S = {B(,r) :r € (0, 0) |, that shrinks nicely to 0, we have 


6s(E, 0) = lim ui (EN BO.) = lim oe 
r>0 yt, (B(O,r)) r-+0 2r 


: a 

5 

Example 2. Let a € (0, 1) and let & € (0, 27) be such that a = a. Let E be a sector of 
the plane R? sustaining an angle at 0 € R2. Then we have 

u2 (EN BOO, r)) 


83(E,0) = lim —4 


De 
= lim — =a. 
r>0 2 (BO, r)) r>0 20 
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Since @ is neither 1 nor 0, we have 0 ¢ A(1g) by (1) of Corollary 25.32. 


Proposition 25.34. Let E be the Cantor ternary set in R. Then we have A(1g) = E‘ and 
6s(E, x) exists and 53(E, x) = 0 for everyx € R. 


Proof. By Theorem 4.31, E is aclosed set in R and is also a null set in (R, Sr, Tea Thus 
E° is an open set and therefore E“° = (E°)° C A(1g) by (a) of Lemma 25.29. Since E 
is a null set in (R, mM, , L,); we have E C A‘(1g) by (c) of Lemma 25.29. This implies 
E° > A(1g) and therefore A(1¢) = E*°. 

Since E is anull set in (R, Dt,, u,), EO B(x, r) is anull set in (R, 9, 4, ) for every 
x € Randr > 0. Thus p,(E NM B(x,r))/m, rae r)) = 0 and consequently we have 
b3(E, x) = lim {4,(E9 B(x,r))/u,(B,n))} =0. & 


Theorem 25.35. Let E € 99". Let D(5s(E, -)) be the domain of definition of 53(E, +). 
Then D(5s(E, )) E om, 68(E, -) is Mt? -measurable on D(ss(E, -)) and 


de ds(E, y) wi (dy) = wi (EB). 


Proof. 1. We have D(5s(E, -)) = {x € R” : 5s(E, x) exists}. By Theorem 25.30, 5s(E, x) 
exists for every x € A(1z). Thus we have 


(1) D(ss(E,-)) > A(z). 
Let 
(2) A= D(és(E, -)) MN A°(1g). 


Then A(1z) NA = @ and 
(3) D(ss(E,-)) = A(z) UA. 


By Theorem 25.15, A(1z) € mM and A‘(1,) is a null set in the complete measure space 
(R’, MN, un). Thus the subset A C A‘(1g) is a yt? -measurable set. Then by (3), 
D(5s(E, -)) is a t?-measurable set. 

2. Let us show that dg(E, -) is 99t/-measurable on D(5s(E, -)). By (3), D(5s(E, -)) 
is the union of two disjoint St? -measurable sets A(1z) and A. Thus it suffices to show 
that D(5s(E ; )) is yt -measurable on each of these two sets. Now A(1z) is the union 
of two disjoint Dt -measurable sets EM A(1g£) and ESM A(1z) and 5s(E, -) assumes the 
constant value | on the first of these two Dt? -measurable sets and the constant value 0 on 
the second according to Theorem 25.30. Therefore 5s (£, -) is ti -measurable on A(1z). 
Since A is a null set in the complete measure space (R”, Mi, bn), every subset of A isa 
MT! -measurable set and then every extended real-valued function on A is Mi -measurable 
on A. In particular 6g(E, -) is Sti -measurable on A. 
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3. We have R” = {E nN A(1z)} U {E° a A(1z)} U A‘(1g), a union of three disjoint 
Mt" -measurable sets. Now A°(1,) is a null set in (R", mt, ar ). Thus we have 


(4) i ds(E,-) du? 2, b8(E, pawn + | ds(E,:) dul 
R" ENA(1g) ENA (1g) 


= i ldui +f Odp" 
ENA(1g) E°nA(e) 


= ph (EM A(1z)). 


Now EM A(z) = E \ A°Ug) = E \ (EM AC(1z)) and since EM A‘(1g) is a null 
set in (R”, 9%", uw") we have w"(EM A(1g)) = w(E) — w(EN AS(1g)) = wn (E). 
Substituting this in (4), we have toa bs(E, y) wi (dy) = Mi (EE). § 


[V] Signed Borel Measures on R” 


Definition 25.36. 

(a) We call a measure on the o-algebra BR» of subsets of R" a Borel measure on R". 

(b) We say that a Borel measure v on R" is outer regular if for every E € Brn we have 
v(E) = inf {v(O) : O D E and O is an open set}. 

(c) We say that a Borel measure v on R” is inner regular if for every E € Brn we have 
v(E) = sup {v(K): K C E and K is acompact set } . 

(d) We say that a Borel measure v on R” is regular if it is both outer and inner regular. 

(e) By a signed Borel measure on R" we mean a signed measure on BR. 

(f) We say that a signed Borel measure v on R" is outer regular, inner regular, or regular 
if both its positive part vt and its negative part v~ are outer regular, inner regular, or 
regular respectively. 


If we restrict Lebesgue measure ut on Mt to Bpr-«, then we have a Borel measure on 
R” which is outer regular by Proposition 24.17 and inner regular by Proposition 24.16. Note 
also that j./ is finite on the compact sets in R” since a compact set in IR” is a bounded set 
in R”. 


Observation 25.37. Let v be a signed Borel measure on R” which is finite on the compact 
sets in R”. Then we have: 
(a) v is o-finite signed measure on Bn. 
(b) If v < uF on (R", Bp), then every version fi of the Radon-Nikodym derivative of 
L 
v with respect to 2” is in Li,-(R", Br, pen). 


Proof. 1. For every k € N, the closed ball B(O,k) is a compact set in R” and thus 
v(B(O, k)) € R. Then since R? = Un B(O, k), v is a o-finite signed measure. 

2. Suppose v < HT on (R”, Bex). Since uw? is a o-finite positive measure, v < pu? 
implies the existence of the Radon-Nikodym derivative of v with respect to ue by Theorem 


11.16. Take an arbitrary version of the Radon-Nikodym derivative i . Then for every 
L 
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k € N, we have fro. an du” = v(B(0,k)) € R since B(O, k) is a compact set in R’, 


Since every bounded Borel set FE in R” is contamed in some B(0, k) with sufficiently large 
k and since v Ae (0, k)) € R, we have f, dur dui, = v(E) € R by (a) of Lemma 10.5. This 


lnc (R” Br, wu"). | | 


Definition 25.38. Let v be a signed Borel measure on R" which is finite on the compact sets 
in R". We define the maximal function Mv of v by setting for x € R" 


[y1(8@.n) 
M B bal  teeeaed A 
LS Oe BG) 


where |v | is the total variation of v, that is, |v] = vt + v7 and v* and v~ are the positive 
and negative parts of v. 


Proposition 25.39. The maximal function Mv of a signed Borel measure v on R" which is 
finite on the compact sets in R" is a lower semicontinuous function on R” and in particular 
it is a Bpn-measurable function on R". 


Proof. Since Mv is a nonnegative extended real-valued function on R”, to show that it is 
lower semicontinuous on R” it suffices to show that the set Dy = {(R” : Mv > a} is an open 
set in R” for every a > 0. To show that Dg is an open set, we show that for every x € Dy 
there exists 5 > 0 such that B(x, 6) C Dy. Nowif x € Dg, then (Mv)(x) > @ so that there 
exists p > 0 such that |v] (B(x, p)) = Bu" (B(x, p)) for some B > a. Let 5 > 0 be so 


small that (1 + £) < < (2), or equivalently, (o + 6)" < pre. Consider B(x, 5). To show 
B(x, 6) C Da, fet y € B(x, 5) be arbitrarily chosen. Then By, p +64) > B(x, p) so that 
by the translation invariance of 4? and by Proposition 24.34 we have 


1I(BO, o +4) =] vE(BG, »)) = Bx" (BG, p)) 
= B(—<)"u" (BO, p +8) 


> an" (By, p +4), 
and therefore 
lv 1(BQ.7)) 
+ >a 
re(0,00) "(B(y, r)) 
This shows that y € Dy. Thus B(x,5) C Dy. Of 


(Mv)(y) = 


Theorem 25.40. (Maximal Theorem for a Signed Borel Measure) For the maximal 
function Mv of a signed Borel measure v on R” which is finite on the compact sets in R", 
we have 


n 
pi {R” :Mv>a}< > phir’) fora € (0,0). 
a 
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Proof. For a € (0, 00), let Dy = {IR”: Mv > a}. Then for every x € Da, we have 


(Mv)(x) = sup PIBGD) 


re@,co) #” (B(x, r)) 


so that there exists 7, € (0, 00) such that [v[(B(x, rx)) > ap” (B(x, rx)). Consider the 
collection of open balls € = {B(x,r,) : x € Dg}. Since UveDs B(x, ry) is an open 
set, it is a Bpr-measurable set. By Lemma 25.10, for every real number c such that 
c< 2" (ven, Bix, rx))s there exists a finite disjoint subcollection {B},... , Bp} of € 
such that 


P 3n Pp 3n P 3n 
<3" U8 (B) <= blo = [PIL Be) < SPI". 
k=1 k=] k=1 


Since this holds for every c € R such that c < py? (U xeD, BOX; re))s the inequality above 
implies Hi (Uren, B(x,rx)) < LyppR”. Then since Da C Uxen, B(x, rx), we have 
u'(Da) < = |v[(R"). 


[VI] Differentiation of Borel Measures with Respect to the Lebesgue 
Measure 


Let v be an arbitrary o -finite signed measure on (R”, Bpx). Ifv << oh ison (R”, By), that 
is, V(E) = 0 forevery E € Bp» such that BNE) = 0, then the Radon-Nikodym derivative 
of v with respect to jz? exists, that is, there exists an extended real-valued S»-measurable 
function on R”, denoted by ia such that v(£) = Ie die dr forevery E € Bpz. (See 
Definition 11.1.) Since te dar ae = v(E) € R for every E € Sp, tar is a wt semi- 


integrable function on R”. Since the Radon-Nikodym derivative is unique up to a null set 
in (R”, Brz, ut ), we speak of versions of the Radon-Nikodym derivative. 


The Radon-Nikodym derivative dan of v with respect to yz was not defined as the 


derivative of a set function (and in particular a signed measure) on 283 with respect to the 
Lebesgue measure ,.? in the sense of Definition 25.19. In the next theorem we show that 
if vy is a signed Borel measure which is finite on the compact sets in R" and ifv « py 
on (R”, Bx), then the symmetric derivative Dsv of v with respect to jz” exists a.e. on 
(R", Bre, un) and moreover Dgv = Fe ae. on (R", Bre, un) for an arbitrary version 
of the Radon-Nikodym derivative. = 


Theorem 25.41. Let v be a signed Borel measure on R" which is finite on the compact 


sets in IR". Suppose v K qt on (R", Br») and let in be an arbitrary version of the 
L 
Radon-Nikodym derivative of v with respect to 4" on (R", Bp). Then for every point x in 


the Lebesgue set A( Ti ) and for every collection E = {Er(x) :r é€ (0, oo)} in Br that 
L 
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shrinks nicely to x, we have 


v({E-(x)) dy 


1 — 
(1) (Dev)(x) = jim un(E, @)) - aun 


In particular for every x € Aan 


v(B(x, r)) dv 


2 D = mene 
(2) (Dgv)(x) = lim 1 (B(x.r)) age a 
and therefore 

dv y ? 
(3) Dgv = aun a.e. on (R , Br, pn). 


L 


Proof. If v is a signed Borel measure on R” which is finite on the compact sets in R” and 
ifve ut on (R”, Bx), then by Observation 25,37, v is a o-finite signed measure on 


(R", BR»), and + a, loc (R", Br, un). This implies according to Theorem 25.17 that 
for every x € At and every collection € = {E,(x) : r € (0, 00)} in Bye that shrinks 


nicely to x, we have 


dv 1 v( E,(x)) 
= lim ————~ d = lim 
aus x) fea 2" (E-(x)) Je) an ye" (dy) im in (E-e)) 


This proves (1). 
With § = { B(x, r): re (0, oo)} as a collection in jx that shrinks nicely to x, we 
have (2) from (1). By Theorem 25.15, A‘ i ) is a null set in (R”, 99", uw”). By Lemma 
L 


24.11, there exists a Gs-set G D A°(7#4-) such that 2"(G) = 0. Now G* fir). Thus 
L L 
by (2) we have (Dsgv)(x) = . Since G € Bra, (3) holds. w 


Theorem 25.42. Let v be an outer regular signed Borel measure on R” which is finite on 
the compact sets in R". Ifv 1 wt on (R’, Bre), then for a.e. x in (R", mM, pn) and for 
every collection E = {E, (x): re (0, o0)} in Be that shrinks nicely to x, we have 


v(E,(x)) 
(1) (Dev) (x) = lim San n(E,(x)) 
In particular for a.e. x in (R", I", uw"), we have 
= v(B(x, r)) _ 
(2) (Dsv)(x) = lim ny at (BG.n) ~ feo) 


and therefore 


(3) Dgv =0 ae. on (R", Bp, jr) 
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Proof. Let |v| be the total variation of v, that is, Jv] = vt + v~ where vt and v™ are 
the positive and negative parts of v. Now v 1 x? on (R’, Bp) implies Jv] L “7 on 
(R”, 8px) by Proposition 10.27. Thus there exists a set A € Bpx such that Jv] (A) = 
pe? (AS) = 0. Since v is an outer regular signed Borel measure on Spx, vt and v™ are outer 
regular positive Borel measures on px and then so is [v]. 

For brevity, let us write 


[y1(B@.r)) 


(2-1) @ = pu" (B(x,r)) 


so that 


ee 1(BG./) 
1" (Bx,r)) 
To prove (1), let us show first that for a.e. x in (R”, mM, Bey, we have 


(Ds[v1)@) = lim = lim (Q, |v [)(@). 


(4) Ds(IvI)@) = lim (2, |vI)@) = 

To prove (4), it suffices to show that for a.e. x in (R”, Dt Hee); we have 

(5) lim su vi)\@)= lim su QO, |r|) = 
msup (Or | IN ) er r| I) 


Note that supo <, <1/m Qr |v] is a lower semicontinuous function on R” so that it is a Bre- 


measurable function by Proposition 25.39 for every m € N. Thus limsup Q,[v| is a 
r>0 
Bp-measurable function on R”. Now since 47(A°) = 0, to prove (5) it suffices to show 


(6) un{xeA: lin sup (Q-[v1)@) £0} =0. 


Fork € N, let i = {x € A: lim sop (Q-|v])(~) > Z}. Since the set in (6) is equal to 


the union Uken Fx, to prove (6) it suffices to show that ui ” (Fy) = 0 for every k € N. Now 
since |v] (A) = 0 and since |v] is an outer regular Borel 1 measure on Bpz-, there exists an 
open set O, > A such that Jv](O,) < ¢. Foreach x € Fe C A C Og, there exists an open 
ball B, with center at x such that B, C O, and [v](B,x) > t ue" (Bx) by the definition of 
the set F,. Consider the collection € = {B, : x € Fy}. Since sce: B, is an open set, 
User, Bx € Bre. Ife e Randec < py" (Uxer, B,), then by Lemma 25.10, there exists a 
disjoint subcollection {B,,,..., B,,,} such that 


c< aC yt (Bx,) < “ey v|(Bz,) = 3"k|v KU Br) 


j=l j=l 


< sev ( U Br) < mies < 3"ke. 


xeFy 
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Since this holds for every c < yu” (Uxer, B,), we have un (Uren, By) < 3"ke. Then by 
the arbitrariness of ¢ > 0, we have uw” (Up, Bx) = 0. Since Fy C Uxep, Bx, and since 
(R”, mm, un) is a complete measure space, Fx € mt with Hi (Fe) = 0. This proves (6) 
and completes the proof of (4). 

By (4), there exists a null set E in (IR”, 99", u”) such that lim (Q,|v|)(@) = 0 for 


x € E*. Let € = {E,(x) : r € (0, 00)} be a collection in Bx that shrinks nicely to x. 
By the fact that E,(x) C B(x,r) and the fact that there exists a constant a > 0 such that 
apr (B(x, r)) < yt (E, (x)) < un (B(x, r)) for r € (0, 00), we have 


IyI(E-@) 2 }y1(B@,r) > 1 pl(G,r) 1 


un (E,(«)) wr(Ep(x)) ~ o we? (B(x,7r)) = a (Pro. 
Thus for x € E°, we have 


ly l(E-@)) = 


7 ——— =0. 
mM 0 4" (E;@) 


Since |v(E,(x))| <] v](E-(x)) for every x € R” and every r € (0,00), (7) implies 
that lim v(E, (x))/u" (Er(x)) = 0 for x € E‘. This proves (1). In particular we have 
r 


lim v(B(x,r))/u? (B(x, r)) = 0, that is, (Dsv)(x) = 0 for x € E*. This proves (2). 
rm 


Since E is a null set in (R”, 92", u”), there exists a null set G in (R”, Bp», w”) such that 
G > E. Then we have (Dgv)(x) = 0 forx € G° C E*. This proves (3). & 


Combining Theorem 25.41 and Theorem 25.42, we have the following theorem for the 
symmetric derivative Dg v of a signed Borel measure v on Sp» with respect to the Lebesgue 
measure 1. 


Theorem 25.43. Let v be an outer regular signed Borel measure on R" which is finite on 
the compact sets in R". Let v = vq + vs be the Lebesgue decomposition of v with respect to 
(R”, Br, pn) with va & wi and vs 1 pi on (R", Bp). Then for a.e. x in the measure 
space (R", mt, un) and for every collection E = {E,(x) :r € (0, co)} in Spon that 
shrinks nicely to x, we have 


() ios LO. 2m 
Oe 90 wh (EG) dur 


(x). 


In particular for a.e. x in (R’, De: pe), we have 


dvq 
dan (x), 


(2) (Dgv)(x) = 


and therefore 


(3) Dsv = a.e. on (R’, Br, un). 
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Proof. Since v = vg + vs, (1) follows from (1) of Theorem 25.41 and (1) of Theorem 25.42. 

Since {B(x,r) : r € (0, 0&©)} is a collection in Bp» shrinking nicely to x, (1) implies (2). 

Since oie is a Bipn-measurable function on R” and since every null set in (R", 2 ) 
L 

is contained in a null set in (R”, Bp», 1”), (3) follows from (2). 


Problems 


Prob. 25.1. (a) Show that if f is a real-valued 9)t?-measurable function on R” and f is 
bounded on every bounded subset of R", then f € £}.. (R", mt", un), 

(b) Show that if f is a continuous real-valued Das -measurable function on R”, then f € 
Lge (R", Bue pe): 


Prob. 25.2. Let f be a real-valued function on R defined by f(x) = 0 if x € R is rational 
and f(x) = lif x € Ris irrational. 

(a) Show that f € L},.(R, Dt,, u,). 

(b) Find Af. 

(c) Show that Af = f ae. on (R, Mt, 4,). 


Prob. 25.3. (a) Show that if f < £'(R", mm", bn), then for each r € (0, 00) the function 
A, f is uniformly continuous on R”. 

(b) Show that if f € £),.(R", gt", uw"), then for each r € (0, 00) the function A, f is 
uniformly continuous on every bounded subset of R”. 


Prob. 25.4. For f € £/,,(R”, 9%”, uw), the Hardy-Littlewood maximal function Mf of f 


loc 
is a nonnegative extended real-valued function on IR” defined by setting for x € R” 


Mf)(x)= sup —t— du". 
(Mf)(x) Sans us (B(x) Jaan FI My 


For x € R", let €, be the collection of all open balls in R” that contain x. Let us define a 
nonnegative extended real-valued function M* f on R"” by setting for x € R” 
(M* f)(x) = sup sry Sol fldu”. 
se HL Ic e 
Show that (Mf)(x) < (M* f)(x) < 2"(Mf)(x) for x € R”. 


Prob. 25.5. Let f € Line(R", Mt, uw). Show that if f is continuous at x € R”, then 
xéA(f). 


Prob. 25.6. Let E € 90t'. Show directly from the definition of the symmetric density 
6s(E, -) of E, without recourse to the Lebesgue set A(1,), that 
___ 2" (ENBG.r)) 1 forae.x €E 
ds(E, x) = | wenger) _ 
8(E, x) pe un (BG,r)) | O forae. x € ES. 


Prob, 25.7. In R? let E = {(x1, x2) € R?: x1 = 0, x2 > O}. 

(a) Show that A(z) = E° U (E°)° and thus A°(1z) = 0E, the boundary of E. 

(b) Let x = (1,0) ¢ A(1e). Let {E,(x) :re (0, oo) } be a collection in Bp« shrinking 
nicely to x and consider 
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a) fig ee) 
r>0 ut (Z,@) 
(b.1) Find a collection { Z,(x) : r € (0, 00)} for which the limit in (1) is equal to 1. 
(b.2) Find a collection ie (x): r € (0, 00)} for which the limit in (1) is equal to 0. 
(b.3) Find a collection le (x): r € (0, 00) } for which the limit in (1) is equal to ;. 
(b.4) Find a collection | E,(x) : r € (0, co)} for which the limit in (1) does not exist. 
(c) Show that for our x = (1,0) ¢ A(1g), we have nevertheless 
ds(Eis) = fim SEO) 
r>0 wh (Ba,r) 


Show similarly that for x = (0,0) ¢ A(1z), we have és(E, x) = i 


i 
5. 


Prob. 25.8. Let a € (0, 1) and let ¥ € (0, 277) be such that a =a. Let E be asector of 
the plane R? sustaining an angle & at 0 € R2. Find A(1g). Determine 53(E, -). 


Prob. 25.9. Let E = {x € R?: |x| < a} where a > 0. Find A(1g). Determine 5s(E, -). 


Prob. 25.10. (a) Let E be the set of rational numbers in R. Find A(1z) and ég(£, -). 
(b) Let E be the set of irrational numbers in R. Find A(1,) and 6s(£, -). 
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§26 Change of Variable of Integration on the Euclidean 
Space 


[1] Change of Variable of Integration by Differentiable Transformations 


Consider a mapping of R” into R” given by y = T(x) € R" forx € R”. If T is atranslation, 
that is, T(x) = x +h forx € R” where A € R" is fixed, then by Theorem 24.28, for every 
nonnegative extended real-valued 9Jt? measurable function f ona set D € SI, we have 
di fQ) ut (dy) = Sram) Ff o T)(x) 2" (dx). Now since not only T(D) € DT but 
also T(D) € 997 for every D € 90? by Theorem 24.27, we have 


J roman = f remo wteay) 
T(E) E 


for every E € Dt. 
If T is a non-singular linear transformation of R” into R”, then T(D) € mt for every 
D € 9" by Theorem 24.31 so that Theorem 24.32 can be restated as 


/ f(x) wi (dx) = jdet Mr| f (Fo 70) ui (dy) 
T(E) E 


for every E € IN”. 

These are examples of change of variable of integration. We consider next a change of 
variable by a nonlinear but differentiable transformation. Let & be an open set in R” and 
let T be a one-to-one mapping of 2 into IR” whose component functions have continuous 
first order partial derivatives on Q. We shall show that for an extended real-valued mth - 
measurable function f on Q, we have 


|. foounan = [cf orroniaet tron ut ay) 
T(&) Q 


where Jr is the Jacobian matrix of the transformation T. In preparation for this change of 
variable theorem, let us review some facts in the calculus of several variables. 


Differential of a Mapping from R” into R”. Let T be a mapping of an open set Q in R” into 
R™. We say that T is differentiable at a point p € {2 if there exists a linear transformation 
L of R” into R”™ such that if we let 


(1) R(p;h) = T(p +h) -T(p) — L(h) 
forh € R”,h 40, such that p +h € Q, then 
_ R(p;h) 
2 Aa m 
(2) ui 


We call the linear transformation L the differential of T at p and write dT (p; -) for it. 
If dT (p; -) exists, then for every u € R” with |u| = 1, we have 


T(p+ Au) —T(p) 


3 dT(p:u) = |i 
(3) (p; u) Ate x 
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We call dT (p; u) the directional derivative of T at p inthe direction uv. If T is differentiable 
at p, then T is continuous at p. 


Uniqueness of the Differential. If the linear transformation dT (p; -) satisfying conditions 
(1) and (2) exists for some p € , then it is unique. In particular, if T itself is a linear 
transformation of R” into R”, then for every p € R” the linear transformation dT (p; -) 
exists and dT(p;-) = T. 


Existence of the Differential. For R” = R1x--- x Rm, let 7; be the projection of R” onto 
Rj, that is, 7;(q) = q; for gq = (q1,-.. ,@m) € R™. For a mapping T of an open set Q in 


R” into R™, let (g1, ... , 2m) be its component functions, that is, g; is a real-valued function 
on Q defined by g; = 2; o T on Q. If all the partial derivatives #8 fori = 1,...,m and 
d 
j=l1,...,n exist at p € Q, then we call the m x n matrix 
a a 
Bai(p) ... (py 
(4) Jr(p) = : : 
gm agm 
FD) ee CD) 


the Jacobian matrix of the mapping T at p. 

We say that 7 is a mapping of class C!(Q) if all the partial derivatives ga fori = 
1,...,mandj =1,... ,m exist and are continuous on Q. ’ 
If T is a mapping of class C'(Q), then T is differentiable at every p € Q and furthermore 
the Jacobian matrix J7(p) is the matrix of the linear transformation dT (p; -). 


Chain Rule for Differentials. Let T be a mapping whose domain of definition D(T) is 
an open set in IR” and whose range SA(T) is a subset of R”. Let S be a mapping whose 
domain of definition D(S) is an open set in R” containing 94(T) and whose range 94(S) 
is a subset of R®. Consider the mapping S o T of O(T) into R°. If T is differentiable at 
some p € D(T) and S is differentiable at T(p) € D(S), then S o T is differentiable at p 
and its differential at p is given by 


(5) d(SoT)(p;:) = dS(T(p); -) 0 dT(p; -) = dS(T(p); dT(p;-)), 


and, assuming the existence of the first order partial derivatives of the component functions 
of T at p and those of § at T(p), the Jacobian matrix of S$ o T at p is a product of two 
matrices given by 


(6) Isor(p) = Js(T(p)) Jr(p). 


Proofs of these statements can be found for instance in R. C. Buck [5]. 


To show that if T is a mapping of an open set Q in R” into R” of class C!(), then 
T(E) is a null set in (R’, mM, un) for every null set E in (R", tT pn) contained in Q, 
we prepare a covering theorem for a null set in (R", mt, pn) in the following Lemma. 


Lemma 26.1. Let E be a null set in (R", om", un). Then for every € > O and n > 0, there 
exists a countable collection of open balls {Bix prpise N} such thatx; € E,rj <n 
forjeNeEc Ujen B(xj,7;) and jen u” (Bix; rj) <€. 
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Proof. Since w1(E) = 0, by Lemma 24.11 for every ¢ > 0 there exists an open set 
O D E with ut (O) <2 "26, According to (c) of Proposition 24.10, for an arbitrary 
n > 0, O is acountable disjoint union of n-dimensional cubes with lengths of the edges less 
than n~'/2n, Drop from this collection of cubes those which are disjoint from E. Let the 
remaining disjoint countable collection be denoted by {Qj : j € N}. We have U jen Qj D 
E. Let a; be the length of the edges of Q; for 7 ¢ N. We have aj < n—'/2n_ The length 
of the diagonal of Q; is equal ton'/2a; < n. Let xj € Qj ME be arbitrarily chosen. Let 
us replace the cube Q; with an open ball Bj = B(xj;,rj;) where rj = ng; <n. We have 
Q; C B; for j € N and thus Ucn Bj D Unen Qj D E- Now B; is contained in a cube 
with length of the edge equal to twice the radius of B;, that is, 27; = 2n'/2q j- Thus we 
have 
1" (Bj) < (2n'/?a;)" = 2"n"/a" = 2"n"/? W(Q;) 


and then by the disjointness of {Q; : 7 € N}, we have 


00 (B;) < 2" Y u"(Q)) = 2"n"/2 yu" (J Qj) < 2a"? uh(0) < em 


JEN jeN JjeN 


If a mapping T of a set E € 9? into R” satisfies the Lipschitz condition that for 
some constant C > 0 we have |T(x) — T(y)| < Clx — y| for every x,y € E, then 


lim sup Pore < C forevery x € E. We show next that if T satisfies the weaker con- 
yx, yeE 


dition that lim sup pT < oo foreveryx € E andif E is anullset in (R", mr, pn), 
yx, YEE 


then T(E) is a null set in (R”, 97, 2”). 


Proposition 26.2. Let E € 90, andletT be amapping of E into R" satisfying the condition 
that for every x € E 


T —T 
(1) lim sup WO) TO) ®) 62) <c 
yox, YEE ly _ x| 


(a) If E is a null set in (R", mt, un), then so is T(E). 
(b) If T is continuous on E, then T(E) € IN. 


Proof. 1. Suppose E is a null set in (R”, 9”, 1”). If T satisfies condition (1) at every 
x € E, then forevery x € E there exist m, k € N depending on x such that |T(y) — T(x)| < 
kly — x| forevery y € B (x, +) OE. For every m,k € N, consider subsets of E defined by 


(2) Em k = {x € E:|T(y)—T(x)| <kly —x| fory € B(x, 4)N E}. 


Since E 4 is a subset of the null set E in the complete measure space (R”, mt, un), it is 
a null set in (R”, 990”, 2”). Now E = Oger Umen Em,k and 


(3) T®) =|) LU) Teas). 


keN meN 
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Let us show that T (E,,,¢) is a null set in (R", mo’, un) for every m,k € N. Now since 
Em,x is a null set in (R", mM, un): by Lemma 26.1 for an arbitrary € > 0 there exists a 
countable collection of open balls {B(xj, rj) : j € N} with xj € Em. andr; € (0, 2) for 


J € N such that Em x C Ujen B(xj;,7r;) and Dien Be (B(x;, rj)) < €. Thus we have 


Ems = (_) (Emk 0 BQxj,73)). 
JEN 
Now if x € EmxM B(xj,rj) then |x — x;| < rj. Since xj € Em,x, (2) implies that 
|T (x) —T(xj)| < klx —xj| < krj. Thus T(Em,xB(xj,1rj)) C B(T (x;), kr;). Therefore 


T (Em) = J) T (Ema 0 B(x;, 75) € LJ B(T Gy), kr). 
jeN JeN 


By the monotonicity and countable subadditivity of the Lebesgue outer measure ( yn)" and 
by the translation invariance of A , we have 


(u2)* (TEmed) < HY (LU Pep, kr) = Yet (BO), erp) 


jeN jeN 


= yu“ (B(xj, krj)) =k" ou (Bx;, rj)) < k's, 


jeN jeN 


where the second equality is by Proposition 24.34. By the arbitrariness of ¢ > 0, we 
have (u)"(T(Em,x)) = 0. Thus T(Em,x) € 990" and u”(T(Em4)) = 0. Then by (3), 
T(E) € 900? and uw" (T(E)) = 0. 

2. Suppose E € 99? and T is continuous on E. Now E = F U N where F is an 
F,-set and N is a null set in (R", mmr, un) by Proposition 24.13. By Proposition 24.16, 
F=WU jen Kj where Kj is a compact set for j €¢ N. The continuity of T implies that 
T (Kj) is a compact set and thus T(K;) € Spx. Then T(F) = Uien T(Kj) € Br-. 
On the other hand since N is a null set in (R", mm, un), so is T(N) by (a). This shows 
T(E) =T(F)UT(N) <n". 


Proposition 26.3. Let Q be an open set in R” and let T be a mapping of Q of class C!() 
into IR". Then we have: 

(a) For every null set E in (R", Du : pe); T(E NQ) is anull set in (R’, Mn , pe). 

(b) For every E € mM, we have T(E NQ) € DT. 


Proof. Let us show that T satisfies condition (1) of Proposition 26.2. Now if E € mM, 
then EN Q € Mt. Since T is differentiable at every x « EQ, if we let 


R(x; y —x) =T(y) — T(x) —dT(x; y — x), 


then 
_ Ry —x) 
lim ———— =0 
you ly —x| 
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Since - - e 
IT(y) — T@)| 2! (x; y —x)| lar(x; == YI, 
ly —x| ly —x| ly — x| 
we have “ is 
fimmenp ee < lim sup aT (x; ~~). 
yr ly—x| you ly — x| 


This implies that for the compact set B(0, 1) in R", its image dT (x; B(0, 1)) is a compact 
set in R” and therefore dT (x; B(O, 1)) C B(0,C) for some constant C > 0 depending 
on x. This implies that \dT (x; ral < C forevery y€ ENQ, y # x. Thus we have 
lim sup (Poet ol) < C. This shows that T satisfies condition (1) of Proposition 26.2. 


yox 
Thus by (a) of Proposition 26.2, T(E M @) is a null set in (R”, 99", uw"). The continuity 
of T on EN Q implies T(E NQ) € Ds by (b) of Proposition 26.2. 


According to Proposition 26.3, if T is a mapping of class C!(Q) of an open set Q C R” 
into R”, then T(E 1M &2) € 99! for every E € MT! Let us define a set function v on Mt? 
by setting v(E) = 90} (T(ENQ)) for E € Mt". In Theorem 26.5 below, we show that the 
symmetric derivative Dgv of v with respect to ue exists and moreover Dg v(x) = | det Jr(x)| 
for every x € &. In Proposition 26.5 we show that if T is a one-to-one mapping then v is a 
measure on 9Jt? and moreover v < ju” on (R"”, 90”), and if v is finite on the compact sets 
in R" then ie = Dsv ae. on (R", Bre, un). 

L 


Lemma 26.4. Let O be an open set in R" containing 0 € R". Let T be a mapping of O 
into R”. Suppose T is of class C!(O) and det Jr (x) # 0 for every x € O. Letr € (0, 0) 
be so small that B(O,r) C O. If there exists a positive constant ¢ € (0, 4) such that for 
everyx € BO, r), we have 


(1) |T (x) —x| <er, 
then 
(2) T (B(O,r)) > B(0, (1 — 2e)r). 


Proof. To prove (2), we show that for every q € B(0,(1 — 2e)r), there exists some 
p € B(O,r) such that T(p) = q. 

Let us define a real-valued continuous function f on O by setting f(x) = |T(x) ~ q| 
for x € O. The continuity of f and the fact that B(O, r) is a compact set imply that f has 
a minimum on B(0,r). Let m = min { f(x) : x € B(0,r)}. Note that by (1), we have 
f(q) = |T(q) — 4@| < er. This implies that m < er. Let us show that the minimum m 
cannot be attained by f at any point in $(0,r) = {x € R”: |x| =r}. Indeedif x € S(0,r), 
then 

f(x) = |T@) —x +x —4l = |x —4| —IT(x) — x] = [xl — Igl - er. 
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But |g] < (1 — 2e)r and |x| = r so that f(x) > r — (1 —2e)r — er = er > m. Thus 
the minimum m is not attained at any x € S(0,r). Therefore the minimum m is attained 
at some point p € B(0,r). Let us show that f(p) = q. Let T = (g1,..., g,) and 
q = (a1... , a). Then 


f(x)? = {er(x) — ar}? +--+ + {en(x) — an} 


Since the function f? attains a minimum m? at p € O, the partial derivatives of f? which 
exist and are continuous on O must vanish at p. Thus we have 


{gi(p) — a1} $4(p) +--+ {8n(p) — an} $22(p) = 0, 


{gi(p) — a1} 54(p) ++» + {8n(p) — an} $22(p) = 0. 


The coefficient matrix M of this system of linear equations is the transpose of J7(p). 
Thus det M@ = det Jr(p) # 0. This implies that the solution of the system is unique. 


Since (g1(p) —aj,...,8n(p) ~ an) and (0,... , 0) are solutions of the system, we have 
gi(P)—41,..., 8n(p)— an) = (0,... ,0) by the uniqueness. Thus we have the equality 
gi(p),-.- ,8n(p)) = (ai,-.- » dn), thatis, T(p) =q. & 


Theorem 26.5. Let T be a mapping of class C!(Q) of an open set Q in R" into R". Define 
a set function v on SI? by setting 


v(E) = (uw oT)(ENQ) for E <M". 


Then Dgv, the symmetric derivative of v with respect to x", exists on 2 and furthermore 
for every x € Qandr é& (0, 00) so small that B(x, r) C Q, we have 


Coating ON cise ys oa 
Vix) = 1M ——— TT Cc X)\> 
: r+ 8 (B(x, 7) : 
that is, 

wi (T(BOxr))) 
(1) eo ae(BO.n) = det Jr(x)|. 


Proof. 1. By (b) of Proposition 26.3, T(E M 22) € Dt so that v(E) = (ui o T)(EN &) 
is defined. Consider first the case 0 € 2, T(0) = 0 and det Jr(0) 4 0. Let us prove 


ui(T(BO.r))) 


= |det J7(0)|. 
eu" (BO.r) |det J7(0)| 


(2) 


The fact that T is of class C!(Q) implies that det J7 (x) is a continuous function of x € R”. 
Thus the condition det J7(0) # 0 implies that there exists an open set O in R” such that 
0€ Oc Qand det Jr(x) # 0 for every x € O. Since the Jacobian matrix J7(0) is the 
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matrix of the differential dT (0; -), the condition det J7(0) 4 0 implies that dT (0; -) isa 
non-singular linear transformation of R” into R”. For brevity let us write L for dT (0; -). 
Consider the inverse transformation L~! of the non-singular linear transformation L. Let 
us define a mapping A of O into R” by 


A=L7! oT. 
Let us show that A satisfies the conditions of Lemma 26.4 on O. The fact that A is of class 


C!(O) follows from the fact that T is of class C!(O) and L~! is a linear transformation. 
By the Chain Rule for the differentials we have 


dA(x;-)=L7odT(x;-) forx € O, 
and Ja(x) = M,-1Jr(x) where M,-1 is the matrix of the linear transformation L~!. Thus 
det Ja(x) = det M,-1 det Jr(x) # 0 for x € O. Writing ¢ for the identity mapping, we 


have dA(0;-) = L7!o dT(O;-) = L710L =. By the definition of the differential 
dA(Q; -), if we let 
R(0; x) = A(x) — A(O) — dA(0O;x) forx € O, 
then ROO: 
@x) _ 4 

x30 |x| 
Since A(Q) = (L~! 0 7)(0) = L7!(0) = 0 and since dA(0; x) = u(x) = x, we have 
R(O; x) = A(x) — x. Thus 

_ A(x)-x 

lim ————— = 0. 

x0 |x| 
This implies that for an arbitrary e € (0, 5), there exists 5 € (0, 00) such that B(O, 5) c O 
and |A(x) — x| < |x| for x € B(O, 5). Then forr € (0,5) we have 
(3) j|A(x) —x| <elx| <er forx € B(O,r). 
Thus by Lemma 26.4, we have A(B(O,r)) > B(0, (1 — 2e)r). From (3), we have also 
|A(x)| < |x] + er < (1 + 2e)r for x € B(O,r) so that A(B(O,r)) C B(0, (1 + 2e)r). 
Therefore 
pi (B(0, (1 — 2e)r)) < w"(A(B(O,r))) < 4" (B(0, (1 + 2e)r)). 
Now by Proposition 24.34, we have Ht (B(O, ad - 2e)r)) = (1 — 2e)"pi (BO, r)) and 
similarly 42" (B(0, (1 + 2e)r)) = (1 + 2e)"2" (B(O, r)). Thus for every r € (0, 5), we have 
Hi (A(BO,7))) 
11 (BO,r)) 

Then the limit inferior as well as the limit superior of the quotient as r — 0 are bounded 
between (1 — 2e)" and (1 + 2)". Since this holds for every « € (0, 5), the limit inferior 
and the limit superior are equal to 1. Thus we have 

ui (A(BO,r))) _ 


4 Sry ac cao oad a 
4) an u"(BO,n)) : 


(1 —2e)" < <(1+2e)". 
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Now A = L~! oT and T = Lo A. Thus by Theorem 24.32 (Linear Transformation of the 
Lebesgue Integral), writing M;,, for the matrix of the linear transformation L, we have 


cy HECE(BO.)) _ HEL ABO.) — ee yg, MELABO.D)) 
uw" (BO,r)) ui (BO,7)) w"(BO,r) 


Letting r + 0 in (5), using (4), and recalling that L = dT (0; -) so that M; = J7(0), we 
have (2). 

2. Suppose 0 € 2, T(0) = 0 and det J7(0) = 0. Let us show that (2) holds for this case 
also by showing that the limit on the left side of (2) is equal to 0. Since J7(0) is the matrix 
of the linear transformation dT (0; -), det J7(0) = 0 implies that dT (0; -) is a singular linear 
transformation of R” into R”. For brevity let us write L for dT (0; -). The singularity of 
L implies 1” (L(R")) = 0 by (b) of Corollary 24.36 and then ” (L(B(0, 1))) = 0. Since 
BQ, 1) is a compact set in R”, the continuity of L implies that L(B(O, 1)) is a compact set. 
For brevity let us write K for L(B(O, 1)). For each j € N, let E; be the set consisting of 
every point in R” whose distance from K is less than ra that is, 


E; = {x €R": inf |x —y| < 4}. 
j= {x inf |x — yl < 5] 


Clearly K C Ej and (Ej : j € N) is a decreasing sequence so that K C () je, Ej. Now if 
x € ( )jen Ej, then for every j € N we have x € Ej so that there exists yj € K such that 
Ix—yjl < &. Thus x is a limit point of the compact set K and therefore x € K. This shows 
that K = jen E;. Thus lim wi (Ej) = “7? (K) = 0. Thus for an arbitrary ¢ > 0, there 
jroo 
exists jo € N such that HE jg) < €. Now since L = dT (0; -) and T(0) = 0, there exists 
5 > O such that 
|T (x) — L(x)| < rid for x € B(O, 6). 

This implies that for any r € (0, 5), the set T (B(O, r)) is contained in a set E that consists 
of every point in R” whose distance from the set L(BO, r)) is less than > Now 1E 
consists of every point in R” whose distance from +L (BO, r)) is less than + But we have 
11 (B(0,r)) = L(B(O, 1)) = K. Thus 1E = Ej,. Then T(B(0,r)) C E = rEj,. This 
implies 2” (T(B,r))) < pb (r" E jy) < re by Proposition 24.34. Therefore we have 


u(T(BO,r))) 1 wt (T(BO,r)) 7 € 
u"(BO,r)) rm” w"(BO, 1) yu" (BO, 1))” 
Since this holds for all r € (0, 5), we have 
lim sup ARGON (T(BO.)) < 
r>0 pe (BO, r)) 


By the arbitrariness of ¢ > 0, the limit superior is equal to 0. Thus the limit exists and is 
equal to 0. Since det Jr (0) = 0, (2) holds. 

3. Let us keep the assumption that 0 € Q but drop the assumption that T(0) = 0. 
Let g = T(0). Consider a mapping of Q into R” defined by S(x) = T(x) — q. Then 
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S(O) = 0. The fact that T is of class C!(Q) implies that S is of class C!(Q). Furthermore 
Js(x) = Jr(x). Thus applying (2) to S we have 


"(S(BO,r 
H(S(BOM)) _ gee s6(0)| = [det Jr(0)1. 
r>0 pu" (BO,r)) 
Now S{B(O, r)) = T(B(O, r)) —q so that by Theorem 24.27 (Translation Invariance of the 
Lebesgue Measure 2”), we have 4” (S(B(O,r))) =u" (7(B(, r))). Therefore (2) holds 
for T. 

4. Let us consider the general case. We drop the assumption that 0 € Q and let p be 
an arbitrary point in 2. Let S be a translation on R” defined by S(x) = x + p forx € R". 
Its inverse mapping is given by Sx) =x - pforx € R®. Let W = S~(Q). Then W 
is an open set in R”, and since S~!(p) = 0, we have 0 € W. Note that S(W) = Q. Let 
us define a mapping of W into R” by setting Z = T o S on W. If we let (g1,... , gn) be 


the component functions of S and let p = (a1,... , dn), then g;(x) = x; + a; forx € R" 
fori = 1,...,n. Thus git = 1 when i = j and 5& = 0 wheni # j. Then since a 
fori =1,...,n and j =1,...,n are all continuous on R", S is of class C'(IR”). Thus 


dS(x; -) exists and Js(x) = I, the n x n identity matrix, for every x € R”. Since Js(x) is 
the matrix of dS(x; -), dS(x; -) is an identity mapping of R” into R”. 

Since T is differentiable at every point in Q and since S(W) = Q, the Chain Rule for 
the differential implies that Z = T o S is differentiable at every x € W and 


dZ(x; -) = dT(S(x); -) odS(x; -) = aT (S(x);-), 


and 
Jz(x) = Jr (S(x))J5(x) = Jr (S(x)). 


Thus Z is a mapping of class C'(W) into R”. Since 0 € W, (2) applies to Z and we have 


1 HilZ(80.»)) 


= |det Jz(0)|. 
r>0 u"(B(0, r)) IdetFzKQ)| 


Now det Jz(0) = det Jr(S(O)) = det Jr(p). By the translation invariance of Mis we 
have 2” (B(O,r)) = w"(B(p,r)). We also have Z(B(0,r)) = (T o S)(B(O,r)) and 
S(BQ,r)) = BQO, r) + p = B(p,r). Thus Z(B(O, r)) = T(B(p, r)). Therefore we have 


ReA(tat)) 


= |det J ‘ 
r+0 w"(B(p, 7) iset Jnr(p)| 


This proves (1). @ 


Proposition 26.6. Let T be a mapping of class C!(Q) of an open set Q in R" into R". 

Consider the set function v on I} defined by v(E) = (uo T)(ENQ) for E € mt. 

(a) If T is a one-to-one mapping, then v is a measure on DN! and moreover v < Ht on the 
measurable space (R", mt"). 
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dv 
n 
aut 


(b) if in addition we assume that v is finite on the compact sets in R", then = Dsv ae. 


on the measure space (R’, Br, ie): 


Proof. 1. By (b) of Proposition 26.3, T(E NQ) € Di so that v(E) = (ut o T)(ENQ) 
is defined. Assume that T is a one-to-one mapping. Let us show that v is a measure 
on the o-algebra 99t?. Clearly v(%) = 0. To show the countable additivity of v on 
OT, let (Ej : j € N) be a disjoint sequence in Sy! . Since T is a one-to-one mapping, 
(T(E; MQ) : j € N) isa disjoint sequence in 99”. Then by the countable additivity of 2” 
on 9t?, we have 


(VU Ej) =u oT)(U E;N2) =y"((JT) 09) 
jeN jeN jen 
= a un (T(E; NQ)) = bs v(Ej). 
jeN jeN 
This proves the countable additivity of v on 99t! and thus v is a measure on 9”. 

2. Let us assume that v is finite on the compact sets in R”. Now if E is a null set in 
(R”, IN”, pet), then so is E MQ. Then by (a) of Proposition 26.3, T(E M Q) is a null set 
in (R”, 9", uw”) and thus v(E) = (u" o T)(E MQ) = 0. This shows that v < 4” on 
(R”, St"). In particular we have v < gw” on (R", Bg). Then for the Radon-Nikodym 
derivative fs of v with respect to “” on (R”, Bp~) and the symmetric derivative Dgv of v 

L 
with respect to jz”, we have #4; = Dgvae. on (R", Bin, 1”) by (3) of Theorem 25.36. 
L 


Remark 26.7. (a) For a one-to-one mapping T of C! (Q) of an open set Q in R” into R”, the 
measure v on Da defined by v(E) = (ur oT)\(ENQ) for E € Ba may not be finite on 
the compact sets in R” and Theorem 25.36 may not be applicable. See the Example below. 
(b) If we assume that the mapping T is bounded on &, that is, T(@) C B(O, a) for some 
a € (0, 00), then v(R”) = (u" 0 T)(R"NQ) = (w” o T)(Q) < w"(B(O, a)) < 00 so that 
v is a finite measure on (R”, mt"). 
Example. Let T be a mapping of an open set Q = (-%. 5) in R into R given by T(x) = 
tanx for x € Q. Then T is a mapping of class C!(Q) mapping Q one-to-one onto R. 
For the compact set E = [0, 2] in R, we have T(E N Q) = T ([0, $)) = [0, 00) so that 
v(E) = (wu, oT)(ENQ) = p,([0, 00)) = 00. 


Lemma 26.8. Let T be a mapping of class C!(Q) of an open set Q in R" into R". Assume 
further that T is a one-to-one mapping. Let 

(1) Ve = {x €Q:|TR)| <k} forkeN. 

Let us define a set function vg on mm by setting 


(2) v(E) = (ub oT)(EN Vg) for E € mm. 
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Then vx is a finite measure on I, Vk K pi on (R", mM"), and for an arbitrary version 
aa of the Radon-Nikodym derivative of vx with respect to 4” on (R", Bre), we have 
L 


dvz 


3 
3) ae 


= |detJr| ae. on (Vi. Bren Ve, un), 


Proof. By the continuity of T, Vg is an open set in R”. Thus T(E N Vy) € mM for 
every E € St? by (b) of Proposition 26.3 (with Q replaced by the open set Vx) so that 
(ut o T)(E 2A Vj) is defined. 

Since T is a one-to-one mapping, vz is a measure on st? and moreover vz yt on 
(R’, 7") by (a) of Proposition 26.6. By (1) we have T(V,) C B(O, k) so that vx is a finite 
measure on (R", Smt”) by (b) of Remark 26.7. Then by (b) of Proposition 26.6, we have 


(4) 


dvz 
du" Ds ae. on(R", Br, 7). 
L 


On the other hand, by Theorem 26.5 for every x € Vx we have 

(5) (Dsv)(x) = | det Jr(x)|. 

By (4) and (5), we have (3). @ 

Theorem 26.9. Let Q be an open set in R" and let T be a one-to-one mapping of Q of class 


C!(Q) into R". Then the following hold: 
(a) For every E € mm, we have T(E NQ) € mm and 


(1) wi(TEN®) = f tele Jr\dpr. 


(b) For every E € DT, we have 


(2) i tedyt = fe oT)|det Jr\du. 
T (2) Q 


(c) If f is an extended real-valued IN? -measurable function on T (Q), then 


3) fui, = f (fF oT) det Jrlaut, 
T(Q) Q 
in the sense that the existence of one side implies that of the other and the equality of the 


two. In particular, (3) holds for every nonnegative extended real-valued Mt? -measurable 
function f on T(Q). 


Proof. 1. For every E € 90t?, we have T(E M 2) € Mt" by (b) of Proposition 26.3. 
To prove (1), let us consider first E € Bipn. As in Lemma 26.8, let (V; : k € N) be an 
increasing sequence of open subsets of 2 defined by V; = {x € &: |T(x)| < k} and let 
(vy, : k € N) be a sequence of finite measures on at defined by y.(E) = (ut oT)(ENV,) 
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for E € St’. By Lemma 26.8, %. < gw” on (R”, mt"), and for an arbitrary version 


Ta of the Radon-Nikodym derivative of vz with respect to ue on (R”, Sp-), we have 
L 


a = |det J7| ae. on (Vz, Bra N Ve, Ht). Thus if E € Spz, then 
L 


(4) oe (T(E nN Vi)) = Uy (E) = (EN Vy) 
dvx 

= dp” -|/ 1p| det Jr| du”. 

i= dur" Sy, Ee 


Since V; t Qask — oo, wehave ENV, TEN Q and TIEN Vy) t T(E NQ). Letting 
k — oo in (4) and applying the Monotone Convergence Theorem (Theorem 8.5), we have 
(1) for the case E € Bre. If E € Mt? then according to Proposition 24.13, E is the disjoint 
union of an F,-set F and a null set N in (R", mM", pt) Since F € Sp-, we have the 
equality (i) pr (TF fal Q)) = is 1p|det Jr| dy? by our result above. On the other hand, 
since NM is anull set in (R”, 97, w”), we have " (T(NNQ)) = 0 by (a) of Proposition 
26.3. The fact that N is a null set in (R’, Mt , un) implies also i 1y| det Jr|du* = 0. 
Thus we have the equality (ii) u"(T(N 9. Q)) = fo1n|det Jr|du”. Adding the two 
equalities (i) and (ii) side by side, we have (1) for our E € mm. This completes the proof 
of (1). 

2. Let us prove (2). First let E € Brn. Consider T~!(E) = {x € Q: T(x) € E}. 
Since T is acontinuous mapping of Q into R", it is a Bpx/Bpx-measurable mapping. This 
implies that T~'(E) € Bpx c Mt". Now 


i de dy” =p" (ENT(Q)) =u" (T(T7'(E)NQ)) 
( 
= 1p-1(gy| det Jr| dy” = [deo ritaet Jr|du", 

Q Q 


where the third equality is by (1). This proves (2) for the case E € Spx. Now let 
Ee mt. By Proposition 24.13, E is the disjoint union of an F,-set F and a subset N of 
a Gs-set G with u(G) = 0. Then (i) Jr) Ipdp? = fg(r o T)| det Jr| dy” and (ii) 
0 = fr ledut = fo(1g o T)| det Jr| dy? by our result above. Now (ii) implies that 
(1g o T)| det Jr| = 0 ae. on (R”, Bz, Mi) Since N C G, we have 0 < ly < 1g. Thus 
we have (1) oT )| det J7| = Oae. on (R’, mt, un) and then SgQnoT)| det Jr| dui = 0. 
Since Srey 1y du" = 0 also, we have (iii) JSr@) Iydpt = fon o T)| det Jr| dp". 
Adding (i) and (iii) side by side, we have (2) for our E € mt. This proves (2). 

3. To prove (3), let us observe that if f = 1z where E € mr, then (3) reduces to (2). 
It follows then by the linearity of the integrals that (3) holds when f is a simple function 
on (R", mm, pe). If f is a nonnegative extended real-valued Jt? -measurable function on 
R”, then there exists an increasing sequence of nonnegative simple functions (gy; : j € N) 
such that y; + f by Lemma 8.6. Then by the Monotone Convergence Theorem (Theorem 
8.5), (3) holds for our f. If f is an extended real-valued 2t! -measurable function on R”, 
then we write f = f+ — f~ and apply the resultto f+ and f~. 
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[II] Spherical Coordinates in R” 


Proposition 26.10. (Polar Coordinates in R?) Consider a mapping T = (g1, g2) of the 
open set 8&2 = (0, 00) x (—, 7) in R? into R? defined for (r, &) € (0, 00) x (—, 1) by 


x) = gi(r, 3) =rcosd, 
(1) 


x2 = go(r, 8) =rsind. 


T maps Q one-to-one onto R? \ A where A = (—00, 0] x {0} C R x R. Let us note that 
we (A) = 0 by Corollary 24.36. The Jacobian matrix of T is given by 


cost. —rsind 
Ir(r, 8) =( \; 


sinv rcosv 
Thus T is of class C! (Q) with 
(2) det Jr(r, 08) =r for (r, 3) € (0, 00) x (—7, 77). 


If f is a nonnegative extended real-valued opt? measurable function f on R2, then since 
p2 (A) = 0 we have 


(3) i F (1, x2) wu? (d(x1, x2) =f, F (11, x2) p (d(x1, x2)) 
=) f(rcos %,r sin B)r ue (dcr, 9)) 
(0,00) x (—7,7) 


by Theorem 26.9. This equality holds for every extended real-valued Ont? -measurable 
function f on R? in the sense that if one of the two integrals exists then so does the other 
and the two are equal. 


Example 1. For an open ball B(0, a) in R?, we have 


pi (BO, a)) = | 
BO 


(O,a 


pw? (d(x1, x2) = r 27 (d(r, 9)) 
) (0,a) x(~z,7) 


=f [| ru, (dr) |, (49) =a’ 
(—7,7) (0,a) 


by (3) of Proposition 26.10 and Theorem 23.17 (Tonelli). 
Example 2. Let a > 0. By (3) of Proposition 26.10 and Theorem 23.17 (Tonelli), we have 


[cote 2 (ae, = er u2(d(r, 9) 


(0,00) x (—,7) 


= (dd) re” w, (dr) |. 
| (—7,7) ll (0,00) 
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The integrand in the second factor is nonnegative. Thus computing the Lebesgue integral 
as an improper Riemann integral, we have 


oi 1 0 1 
/ rear” (dr) = [ re-®” dr = — lim [e"| =. 
(0,00) 0 2a R>0o R 2a 


Substituting this in the previous equation, we have 
a 
a) [ecetel 2 (don. = =. 
R2 L a 


Now by Theorem 23.17 (Tonelli), we have 
[ en elxi +37} us (d(x, x2)) = & eet wax) f e788) By, (dx2)}, 
R2 R R 


The last two factors are identical. Taking the square root and recalling (1), we have 


(2) [ ew, (dé) = fz 
R a 


Then 


n 


(3) és eal? u" (dx) as Il Vos it, (dxi)| = ey" 


i=] 


by Theorem 23.17 (Tonelli) and (2). 


In R? the orthogonal coordinates (x, y) and the polar coordinates (r, 3) are related by 
x =rcosv, 
| y=rsind, 
for (r, 3) € (0,00) x (—m,z) and in R?3 the orthogonal coordinates (x, y, z) and the 
spherical coordinates (r, g, 0) are related by 
Z=rcosg, 
x =rsingcos?, 
y=rsingsin?v, 


for (r,¢, 8) € (0,00) x (0,7) x (—7,7). We generalize these to R” for all n > 2 as 
follows. 


Proposition 26.11. (Spherical Coordinates in R”) For n > 2, let Q,, be an open set in R” 
defined by 


Q2 = (0, 00) x (—2,7), 


(1) Os = (0, 00) x (0,7) x (—7,7), 


Q, = (0, 00) x (0,7) x --- x (0,7) x (—7, 7). 
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Note that the first factor in Q, is (0, 00), the last factor is (—7, 2), and every factor in 
between is (0, 2). For the coordinates of a point in Q,, we write 


(Tr, Q1, +++ > Gn—23 Pn—1) € (0, 00) x (0,7) x «++ x (0,7) X (—, 1) = Qy. 
Forn > 2, we define a mapping T,, of 2, into R” inductively as follows. For n = 2, let 
(2) T2(r, 91) = (7 cos g1, 7 sin 1), 
for (r, 1) € Q2. For n > 3, let 


(3) Tar, G1, «++ 5 On—1) = (108 G1, Tr-1(r SiN GI, G2, --» + Pn—1)) 


for (7, f1,--- ;@n—1) € Qn. We write (x1, ... , X,) for the component functions of T,. 
Thus by (3) and (2), we have 


(4) T3(r, G1, 92) = (r cos y1, T2(r sin g1, g2)) 
=(r COS 9], F SiN Y] COS G2, r sin ¢) SiN ¢2) 


so that 
x] =rcosg), 


x2 = Pr Sin g] COS ¢2, 
x3 =Prsing) Sing. 


Similarly by (3) and (4), we have 


Ta(r, G1, 92, 93) = (r cos g1, T3(r sin g1, 92, 93) 
=(r COS $4, r Sin Y} COS G2, r SiN Y] SiN G2 COS Y3, F SiN PY] SiN G2 SiN G3) 


so that 
x1 =rcos gy, 


x2 = Pr sing) cos 2, 
X3 =P Sin g] Sin g2 COS ¥3, 
X4 =r Sin g] Sin g2 sin g3. 
In general for 7,,, we have 
X1 =rcos¢, 
x2 =r Sin G1 COS G2, 


(5) ie = r SIN @} SIN @2 COS G3, 


Xn—-] =P SIN GY] --+ SIN Pn_2 COS Yn_1, 


Xn =P Sin GY] --- SiN @_z—2 SIN Gn-1, 
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that is, with the understanding That sing; = 1, we have 


i~l a—l 
(6) x; =rcosg; | [sing; fori=1,...,2—1, and xn =r{ [sing;. 
j=l j=) 


From (5), adding x? + x2_, +---+.x? we have 


n 
(7) eT 
i=1 


Let us define 
An = {x € R": xn = 0 and xn_1 € (—00, 0}}, 


8 
" An = R"\ An = {x € R": xn £0 OF Xn-1 € (0, 00)}, 


that is, A, is that half of the n — 1 dimensional hyperplane in R” determined by equation 
Xn = 0 which contains the negative x,—1-axis but not the positive x,—1-axis. 

Let us show that 7, maps 2, one-to-one onto A,. It is easily verified from (5) that if 
Y=(4G1,--- + Pn—-1) € Qn, then x = Ty(y) € R”. To show that x ¢ Ap, let us note first 
that for sing; and cos g; for j = 1,... ,n — 1 in (5), we have 


sing; € (0, 1] forj =1,...,n-—2, 
sin g—1 € [-1, 1], 
cos gj € (—1, 1) forj=1,...,n—2, 
COS Yn—1 € (—1, 1). 


(9) 


If x € An, then x, = 0 which implies sin g,-; = 0 by (5) and (9) and then g,_; = 0 so 
that cos g,;_; = 1 and thus x,-; > 0 by (5) and (9), a contradiction. Thus x ¢ Ay. This 
shows that T,,(Q,) C Ay. 

It remains to show that for every x € An, there exists a unique y € Q, such that 
Tn(y) = x. Let us prove this by induction on n. Now for n = 2, it is obvious that for every 
x € Ag, there exists a unique y € Q2 such that 72(x) = y. Suppose the assertion is true 
forn — 1 wheren > 3. Let x = (x1,... , Xn) € An be arbitrarily chosen. Let r = |x| > 0. 
Then ra € (—1,1) since x, 4 0. Thus there exists a unique %, € (0,7) such that 
rcos 0, = x;. Now since (x2,... , Xn) € An—1, by our induction hypothesis there exists a 
unique point (p, 32,... , Un—1) € Qn-1 such that T,-1(p, 02,... , Pn—1) = (%2,... , Xn)- 
Then we have p = {x3 5 + x2}1? = {r? a a — {77 — r* cos? v1? =rsinv}. 
This shows that 7,-; maps the point (r sin v1, ¥2,... , On) to the point (x2,... , Xn). 
Thus according to the definition of 7, by (3), T, maps the point (7, 01,... , Uni) € Qy to 
(X1,--. ,Xn) € An. 

From (5), it is obvious that all the first order partial derivatives of xj, ..., x, with 
respect to the variables r, ¢), ... , Y,»—1 are continuous on the open set Q,. Thus 7, is 
a class C!(Q,) mapping of 2, into R”. As we showed above T,, maps Q, one-to-one 
onto A, = R” \ Ay. Note that An, being a subset of an n — 1 dimensional subspace of 
IR”, has pt (A,) = 0. Expanding the Jacobian determinant det J7, along the first row, we 
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obtain det Jz, (7, 91,...,@n—1) =1 sin” 2 gi J7,_\(7, $2,..- , Gn—1). Using this recursion 
formula and recalling that det J7,(r, ¢1) = r, we have 

n—2 
(10) det Jr,(r, P1s.-- Gn) =r"! [[ sin? J! 9). 

j=l 


Let us note that det Jr, > 0 0n Qn. 


Observation 26.12. The volume of a ball in R” can be expressed in terms of the gamma 
function. The gamma function is a real-valued function on (0, 00) defined by 


(1) rw = | x"“le* (dx) for u € (0, 00). 
(0,00) 


It has the properties that 


(2) Ta@+1)=ul) foru € (0,0), 
(3) rd) =1, 
(4) r (3) = vz, 


and in particular 


(5) rim+1)=m! form eéeN. 


Proof. 1. Let us show that [(u) € (0,00) for u € (0,00). For fixed u € (0, 00), the 
integrand in (1) is a strictly positive continuous function of x € (0, 00) so that [(u) > 0. 
To show that ['(u) < oo, let us note that 


1 
| giclee LL, (dx) <|[ x“! w (dx) = [=] < ©. 
0.1] (0.1) u 40 


+1 ut, 


Since lim x“T'e~* = 0, we have 0 < x 
X00 


Then 


~* < B for x € [1,00) for some B > 0. 


i ete ie (ae) =) athe i (dx) < B | x7? yw, (dx) < 0. 
[1,00) [1,00) [1,00) 


Therefore ['(u) < 00. 
2. To prove (2), note that since the integrand in (1) is nonnegative, the Lebesgue integral 
can be evaluated as an improper Riemann integral. Then by integration by parts, we have 


co 0 foe) 
Tau@t+1)= if x“"e*dx= [x(-e™*) +f ux"—le-* dx 
0 


. 0 
= uf x4le-* dx = uT(u). 
0 
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3.1), ede =; 
4. With a change of variable of integration x = y* for y € (0, 00), we have 


oo 172 oo 1 2 foe} 2 
r(4)= i eine ae= | ye”? 2ydy =2 | e” dy=Vn. 
0 0 0 
5. (5) follows by iterated application of (2). & 


Fora > O let us write B? for {x ER": |x| < a}, an open ball with center at 0 € R” and 
radius a. Let B? be the closure of B”, that is, B? = {x € R”: |x| < a}. For the volumes of 
these balls, we have x" (B") = wu” (B7) by Observation 25.5 and 4” (B”) = a"u" (BT) by 
Proposition 24.34, Thus it remains to compute the volumes of the balls 4.” (Bi) forn EN. 


Theorem 26.13. (Volume of a Ball in R”) Let B? = {x € R": |x| < a} fora > 0. Then 


nl? 
(1) Be (Bi) = F@s1) forneN, 
where T is the gamma function. Thus 
tl? 
(2) Bi (Ba) = TGs)” forneN, 


and in particular 


2 372 4,3 
m,(Ba)= 4a, mi, (Ba) = T3a, oi (Ba) = Tas", wl (Ba) = tas7@"s 


H2 (82) =F, wh (A) = Hat, E(B) = Hat, nh (BE) = a 


Proof. For brevity, let us write V, = pe (B) forn € N. First let us note that we have 
Vi = (Bi) = uw, ((-1, 1)) = 2 and V2 = yz? (BY) = 7 by Example | after Proposition 
26.10. Let us prove the recursion formula 


21 
(3) V, = —Vn-2 forn > 3. 
n 


For an arbitrary n > 3, let us write R” = R2 x R"-2. For an arbitrary point (x1, x2) € R?2, 
consider the R?-section of BY at (x1, x2), that is, 


(4) BY (x1, x2, -) = {(03,.-- Xn) ER"? : (x1, ... an) © BT} 
= (x3,-.- in) € R™? xP +--+) +x? < 1} 

= {(x3,..-4n) ERP? xd ++. 4x? < 1-2} — x9} 

where p = {1 — x? — x2}! ifx?+x3 <1, 


if x? +343 > 1. 
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Thus by Theorem 23.17 (Tonelli), (4), and the fact that uk (B*) = ak uk (By, we have 
Vn = (BY) = i Lag) Hd) 
= p2(21,x2)| Lgr(x1, x2, °) he? (d(x3,... zo) u? (d(x1, x2)) 
R20! Re! L 
He as 1/2 
=f tnx) 2 Be 2) ue? (d(x1, x2) where p = {1 — es xa} 
R 
= 1,2(x1, x2) {1 ax =x 
R20! 


=Vn-2 | {1-77} 1? (dcr, 9) 
(0,1) x (—2,77) 


pecs Vn—2 14; (d(x1, x2)) 


=27 Vp_2 | {1 —r7}-2)/2> (dr) 
(0,1) 


20 
=—V,-2. 
n 


This proves (3). Since V; = 2 and V2 = 7, by iterated application of (3), we have 


2(22)*-! mk 
eee td pe REN. 
(6) a Ga TY EY ec 


If € N is an even integer, say n = 2k for some k € N, then by the second expression in 
(5) and by (5) in Observation 26.12 we have 


/2 X/2 
V, = ——— = ———_.. 
"tT G+4) 


Suppose n € N is an odd integer, say n = 2k — 1 for some k € N. Now by (2) and (4) in 
Observation 26.12, we have 


(A) =r (e+ 5) = (E353) 


= (5) @e SYCES 3) 2 Seige 


(6) 


so that by the first expression in (5) we have 


gp 2k-D)/2 qnl2 


r(@A) G41) 


With (6) and (7), we have (1). Then (2) follows from (1) by Proposition 24.34. # 


(7) Vn = Vor-1 = 


[III] Integration by Image Measure on Spherical Surfaces 


Let us address the question of constructing a Borel measure on a spherical hypersurface 
in R”. For a > 0, consider the spherical hypersurface with center 0 and radius a > 0 in 
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R”, that is, St~! = {x € R": |x| = a}. The collection of subsets of S”—! defined by 
Bren Sis = {EN se} >: E € BSpz} is a o-algebra of subsets of sak This is an 
immediate consequence of the fact that Bpx« is a o-algebra of subsets of R”. Now since 
S"-1 is a closed set in R", S"—! is a member of Bp» and thus Ber N S"-! C Ban. If we 
restrict the Lebesgue measure 2” on Bpx to BRN S"-! | then we have a measure Be" on 
the measurable space yas Bp. S"!). This measure is not a very useful measure on 
(S271, Bra Sz!) since w"(S2-!) = yw" (BE — Bt) = uw" (BR) — uw" (B") = 0. 


For n > 2, consider the set R” \ {0}. Every point in R” \ {0} is uniquely determined by 
its distance from the origin 0 € R” and its radial projection on the spherical hypersurface 
st with unit radius. Thus R” \ {0} is represented by the Cartesian product (0, 00) x si ‘ 
Let ® be the mapping of R” \ {0} into (0, 00) x § a determined by this representation. Let 
v be the image measure on ((0, 00) x S77! 7 (B0,00) x B st) of the Lebesgue measure 
u” on (R", St") by the mapping ®. Let p”~! be a measure on ((0, 00), 93(0,00)) such that 
p\(E) = Te pial (ar) for E € Beo,00). In what follows we construct a measure ais 
on (S"1, B ont) such that v = p"~! x of, 


Observation 26.14. Let A be an arbitrary subset of R”. Let the topology on the set A be 
the topology induced by that of R”. Thus if 9 is the collection of all open sets in R”, then 
we define 9N A= {ONA: O € D}as the collection of all open sets in A. Consider the 
Borel a-algebra of subsets of A, that is, B4 =a(ON A). 

(a) We have By, = BRrN A. 

(b) If A € Bre, then By C Bre. 


Proof. To prove (a), note that By, = 0(9 0 A) = o(M)N A = BRN A by Theorem 
1.15. Statement (b) is obvious. & 


Definition 26.15. Letn > 2. Forx € R"\ {0}, letx* = |x|~'x € SPs Let ® be amapping 
of R"\ {0} into the product set (0, 00) x S?7| defined by ®(x) = (|x|, x*) € (0,00) x Stl. 


It is evident that ® is a one-to-one mapping of R” \ {0} onto (0, 00) x See Its inverse 
mapping is given by @(r,z) = rz € R" \ {0} for (r,z) € (0,00) x se, It will 
be shown that ® is a Ben (0}/0 (Bo,0) x B sn-1)-measurable mapping of R” \ {0} into 
(0, 00) x aot where Bp\0}, B3O,00), and B sn are the Borel o-algebras of subsets 
of R” \ {0}, (0, oo), and si} respectively. The set function v on 7 (BO,00) x B ont) 
defined by v = 1" o $7! is then a measure on ((0, 00) x get, 7 (B(0,00) x B n-1)) by 
Theorem 1.44 (Image Measure). We shall show that this measure v is the product measure 
of a measure p”—! on ((0, 00), B (0,00) and a measure o7 —lon (seh B sn-1). 


Lemma 26.16. The mapping ® of R” \ {0} into (0, 00) x hie in Definition 26.15 is 
Br 0}/o (B 0,00) x ® sn-1)-measurable. 
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Proof. For E x F € 8,00) X B srt, we have 


@(E x F) = {rz © R"\ 0}: (7,2) € Ex F} 
={rz € R"\ 0} :r € Eandze St} N {rz € R"\ {0}: r € (0, 00) andz € F} 


= {x ER" \ {0}: |x| e E}N {x € R"\ {0}: x* € F}. 


Now x +> |x| is a continuous mapping of R” \ {0} into (0, oo) and is thus BR 10} /B (0,00)- 
measurable. Since E € %8(0,00), we have {x € R” \ {0} : [x] € E} € Bro}. Also 
x +» x* is a continuous mapping of R” \ {0} into suet and is thus Br (0}/B se-1- 
measurable. Then since F € B ort, we have {x € R” \ {0} : x* € F} € Bro). Thus 
® (Ex F)e€ Brno}. By the arbitrariness of E x F € Byo,00) X B sn-1, we have 
&~!(B 0,00) x B sn-1) C Bpx\ 0}. Then by Theorem 1.14, we have 


7! (4 (Be,00) x ® n-1)) = a (67! (Be,00) x B sn-1)) C Birr\10)- 


This proves the Brn\0}/o (Bo,00) x B s-!)-Measurability of &. # 


Definition 26.17. For n > 2, let us define a measure p"—' on ((0, 00), B(o,0)) and a 
measure a?! on (S"-1, B sn-1) by setting 


(1) p”"(B) = haa (dr) for E € Be), 


(2) of! (F) = n(uio ')(O, 1) x F) for F € Boy. 


The set function p”—! on 930 0) defined above is a measure by (c) of Proposition 8.11. 
The fact that the set function at on 8 sr! defined above is a measure is verified directly. 


In particular the countable additivity of or! on B sr follows from the countable additivity 
of oe on Ber 0}. 


Theorem 26.18. For n > 2, consider the measure space (R" \ {0}, Bravo}, un) and the 
measurable space ((0, 00) x S17, 6 (30,00) x B sr-1)). Let v be the image measure of 
py on the o-algebra o (3 (0,00) x B srt) by the mapping ® of R" \ {0} into (0, 00) x gas 
that is, v(G) = (un ° -') (G) forGe o (3B 0,00) x B sn-t). Then v = p"—! x ore! on 
7 (B(0,00) x B sn). 


Proof. The set function v ono (B 0,00) x B st-) is a measure by Theorem 1.44 (Image 


Measure). Let us show that v is identical with the product measure p”~! x ast on 
7 (BO,oo) x B got). 
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Let 3(0,00) be the collection of % and all intervals in (0, oo) of the type (a, 8]. It is easily 
verified that 39,00) is a semialgebra of subsets of (0, 00) and o(3(0,00)) = B 0,00). By 
Lemma 23.2, 30,00) X B sv is a semialgebra of subsets of (0, 00) x get, Furthermore 


(30,00) x B sn-t) = 7 (B (0,00) x B srt) by Lemma 24.23. Therefore to show that v = 


prmhsx on on the o-algebrao (B (0,00) x B sn-1), it suffices to show that v = p"—! x qe 
1 


on the semialgebra 3,900) x B sc according to Theorem 21.11. 
With F « B srt and a > 0, consider the two subsets of R” \ {0}: 


7! ((0, 1] x F) = {x € R"\ {0} : |x]  (, 1) and |x|-!x € F}, 
©-'((0, a] x F) = {x € R"\ {0} : |x| € (0, c] and |x|-'x € F}. 


For any x € R” \ {0} with |x| € (0, 1] we have |ax| € (0, a] and for any y € R” \ {0} with 
ly| € (0, a] we have |2y| € (0, 1]. Thus &-!((0, @] x F) = ab~!((0, 1] x F) and then 
me e a] x F)) = a" 2" (@—1((, 1] x F)) by Corollary 24.33. Thus for0 < a < B, 
we have 


v((@, B] x F) = u"(o-"((a, B] x F)) 
=n (®7' (0, B] x F)) — ni (®7'(O, a] x F)) 
=(B" — a") ui (®7"((0, 1] x F)) = 5 (6" — a" of" (F) 
[fr ta tan artery = ot '((a, pot") 
(a,B) 


=(p""! x af “!)((a, B] x F). 


This shows that v = p”—! x af on the semialgebra 30,00) X Byn-1. Wl 
1 


Theorem 26.19. For n > 2, let F be an extended real-valued  (BC,00) x B srt) 
measurable function on a set D € o(Be,o0) x B st-1): Let ® be the mapping of R” \ {0} 
into (0,00) x S17! as in Definition 26.15. Then 


i (F o &)(x) uw" (dx) =f F(r,z) (e" | x of ')(d(r, 2)), 
-!(D) D 
in the sense that the existence of one side implies that of the other and the equality of the 


two. In particular if F is nonnegative, then the equality holds. 


Proof. The mapping ® of R” \ {0} into (0, 00) x seek is Bro} /o (B 0,00) x B gn-t)- 
measurable by Lemma 26.16. Consider the image measure v of 4? ono (B (0,00) x B st") 
by the mapping 9, that is, o(G) = (u" o 7')(G) for G € o(Be,) x B sn-1). By 
Theorem 9.34 (Integration by Image Measure), we have 


(1) [ (Fo o)(x) widx) = [ F dv. 
@—1(D) D 
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According to Theorem 26.18, v = pr} x a on 5 (B 0,00) x B so-1). Thus 


(2) i nave / F(r,2) (p™"! x of ")(d(r, 2). 
D D 
With (1) and (2), we have the proof. # 


A function of x € R"” is called a radial function if it depends only on |x|. In other 
words, a function g on R” is a radial function if there exists a function h on [0, 00) such 
that g(x) = h({x|) for x € R”. For integration of radial functions, we have the following 
specialization of Theorem 26.19: 


Theorem 26.20. Forn > 2, let f be an extended real-valued 8 (g,o0)-measurable function 
on (0, 00). Then 


[ F (ll) we" (dx) = of 1 (St) / fr" uw, (dr), 
R"\(0} (0,00) 


in the sense that the existence of one side implies that of the other and the equality of the 
two. 


Proof. For D = (0,00) x Sa. we have @—!(D) = R" \ {0}. Given an extended 
real-valued 58 0,.0)-measurable function f on (0, 00), consider an extended real-valued 
2 (BO,00) x B st-1)-measurable function on D defined by F(r, z) = f(r) for (r, z) € D. 
Since ®(x) = (|x|,x*) € D for x € R” \ {0}, we have (F 0 &)(x) = F(®(x)) = 
F(\x|,x*) = f(Ix|). Thus by Theorem 26.19, we have 


[ f (ix!) wh (dx) = i: FO x oF idea) 
R"\(0} (0,00) x 7} 


= Lf, ee wan] f of "az)| 


= ose) f. or u(r). 


We apply our integration formula for radial functions to compute the volume of an open 
sphere with radius a > 0 in terms of the surface area of a unit sphere in R”. Since the 
volume of a sphere is known already, we can find the surface area of the unit sphere from 
this relation. 


Theorem 26.21. For n > 2, the volume 4" (B") of the open ball B” with center 0 and 


radius a > 0 and the surface area or (si?) of the sphere S act with center 0 and radius 
1 are related by 


1 
(1) Th (Bz) = ~a"o (s-"), 
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and thus 


(2) of! (st!) = nyt (Bt 


nxnl2 


=F +1) 
Proof. By Theorem 26.20, we have 
wi (Ba) = 08 (BE\ (01) = ff Lag ox unary 
R"\(0} 
= i 1(0,a) (|x|) 1" (dx) = of" (S77") | 10,4) (r)r"—! 1, (dr) 
R"\{0) (0,00) 


aot srt) fr r’ldra!} qt Oy i Baga 


This proves (1). Then since x” (B?) = a"x”/?/T (4 + 1) by Theorem 26.13, (2) follows 
from(1). @ 


With the measure o; — on the spherical hypersurface sr with center 0 and radius | 
in R”, we can define a measure on the spherical hypersurface S?—! with center 0 and radius 
a > 0 in R” by projection as follows. 


Lemma 26.22. For n > 2, let P be a mapping of set into i defined by P(x) = ax 
forx € St. 

(a) P maps S*~! one-to-one onto S"~! with inverse mapping P~!(y) = ay fory € St. 
(b) Pis B sr} /8 sn -measurable. 


Proof. (a) is obvious. To prove (b), let E € B sat. Since B gn-1 = Breen Sore by 
Observation 26.14, we have EF = FN set for some F € Spr. Then 


P(E) =a) (FOS?) =a Fna'st =a Fost. 


Since a~1F € Spx, we have a! FN ah € Bean s = B n-t. Thus we have 
P(E) e€ B srt. This shows the B sn—1/B gn-1-measurability of P. Bf 


Definition 26.23. For n > 2, consider the measure space (S{~', B sr oq) and the 
measurable space (Sec, B sn). With the mapping P(x) = ax forx € suet let us define 
a measure o”—! on (iss B cnt 1) S setting o?—} =a" (or o P~ Ny, that is, o2—! is 


a"—| times the image measure of o}' or on (S271, B sno 1). 


Observation 26.24. Needless to say, of o P—! isa measure on ($7-!, B gt!) by Theorem 
1.44 (Image Measure). Then o-! = a"! (oj! 0 P~!) is a measure on (S77!, B sn-1). 
For the o”—! value of S”—!, we have 


of '(Si-!) <a of"! oP!) (st) =a" 1of-*(st-*) 
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and thus by (2) of Proposition 26.21 and (2) of Proposition 26.13, we have 
er'(sy") = 


In particular we have 


$2) = a, o3 (S3) = 2m 03, a3 ( 


o2(52) = 22a, of(S8) = Bat, of ( 


Proposition 26.25. For n > 2, the volume we (B?) of the open ball B” with radius a > 0 
in R" and the surface area gut (S. ly of the spherical hypersurface S et with radius a in 
R” are related by 


d = 
(1) =i (Ba) = 04 (Sa), 
and 
a 
(2) [ of! (st!) dr = wu" (BR). 


Proof. Since u"(B?) = 2"/?a"/T (§ +1) anda?! (St!) = nx/2a""1/T (4 + 1), the 
equalities (1) and (2) are obvious. # 


Problems 


x 


2 
Prob. 26.1. Calculate the volume of the n-dimensional ellipsoid + + ---+ “4 < 1 where 


a 
a1,...,@, > 0. 
Prob. 26.2. Let f be a real-valued St! -measurable function on R”. Fora > 0, let 
Bi = {x € R”: |x| < a}. Prove the following: 
(a) If | f(x)| < Clx|~* on B® for some C > 0 anda <n, then f is ui -integrable on B7. 
(b) If | f(x)| = Clx|~™” on Bg for some C > 0, then f is not 4?-integrable on BY. 


Prob. 26.3. Let f and B? be as in Prob. 26.2. Prove the following: 
(a) If | f(x)| < Clx|~% on (Br)° for some C > 0 anda@ > n, then f is pl -integrable on 


(Bz)°. 
(b) If | f(x)| = Clx|~” on (Br)° for some C > 0, then f is not ,.”-integrable on (Br)°. 
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Chapter 7 


Hausdorff Measures on the Euclidean 
Space 


§27 Hausdorff Measures 


[I] Hausdorff Measures on R” 


Definition 27.1. Consider 98(R"), the collection of all subsets of R". The diameter |E| of 
E € 38(R"), E £ &, is defined by |E| = sup {|x — y|: x, y € E}. We define || =0. 


Note that |E| € [0, oo] for E € $8(R”) and |E| < oo if and only if E is a bounded set 
in R”. If E ¢ @, then |E| = 0 if and only if E is a singleton. If E consists of two points x 
and y only, then |E| = |x — y| > 0. 


Observation 27.2. (a) For every E € $8 (R"), we have |E| = |E}. 
(b) For every E € 93(IR") and n > 0, there exists an open set G such that G D> E and 
IG] < |E| +7. 


Proof. 1. Since E c E, it follows from Definition 27.1 that |JE| < |E|. Let e > 0. 
If x,y € E then there exist xo, yo € E such that |x — xo| < ¢ and ly — yo| < ¢. Then 
Ix — yl < |x — xo] + lxo — yol + lyo — yl < |E| + 2e. Thus |E| < |E| + 2e. Since this 
holds for every ¢ > 0, we have |E| < |E|. Therefore |E| = |E|. 

2. Let n > 0. Let G = U,eg B(x, 3). Then G is an open set and G > E. Let 
x,y € G. Then x € B(xo, 3) and y € B(yo, 3) for some xo, yo € E. Now we have 
|x — y] S |x — xo] + lxo — vol + lyo — yl < |E] +n. Then |G| <|E}+7. © 


Conventions. We adopt the convention that |E P=1ifE # ® and |9|° = 0. 
(Foré € R,& 40, we have €° = €!.é—! = 1 but 0° is undefined. For a singleton {x} c R"” 


we have |{x}| = 0 and adopt the convention that I{x}|° = 1 but for 8 c R" with || = 0 
we adopt the convention that |@|° = 0.) 


Definition 27.3. (a) Let 5 € (0, oo] and E € 98(R"). By ad-cover of E we mean a finite or 
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infinite sequence (V; : i € N) in $8(R") with |V;| € [0, 6] fori € N such that |); -_ Vi D E. 
(b) For s € [0, 00) and 6 € (0, 00], we define a set function Hs on §B(IR”) be setting for 
every E € §$3(R”) 


H5(E) = inf | Cien \VijS:(Vi:i €N) is a 8-cover of E}.. 


We call the sum )°; <n |Vil* an estimate of H3(E) by the 5-cover (V; : i € N) of E. 


Note in particular that a oo-cover of E is just a sequence (V; : i € N) in 9$3(IR"”) such 
that L);< Vi D> E without any restriction on the diameters. 


Observation 27.4. Let (V; : i € N) be a é-cover of a set E € §8(R"). Suppose we 
replace a member V; in the 5-cover by two disjoint subsets V’ and V” of V; such that 
ENV; = EN(V’UV”"), that is, V’ U V” still covers that part of E which is covered 
by V;. Let (W; : i € N) be the resulting sequence. Then (W; : i € N) is a 5-cover of 
E with Ujen Wi C Uren Vi, but the estimate of H5(E) by the 5-cover (W; : i € N) of 
E may not be smaller than that by the 6-cover (V; : i € N), and in fact we may have 
View Will > Nien | Vil’. This is shown by the following examples. 


Example 1. Let E = [0, 4] U [3, 1]. Consider a 1-cover (V; : i € N) of E consisting 

of V; = [0,1] only. We have Dien Vil = [Vi |S = 1° = 1. If we replace V; with two 

disjoint subsets W; = [0, 4] and W2 = [§, 1], then (Wi : i © N) = (Wi, Wo) is a I-cover 

of E with Den |Wil’ = (4)° + (4) = 2(4)’. Since lim, (5)° = 1, we have 2(4)° > 1 
so 

for sufficiently small s > 0 and for such s > 0 we have }o;cy |Wil’ > Dien |Vil’- 


Example 2. Consider a subset of R” defined by 
E={B(00,3)\ 80,2} U{BOD\ B09}. 


For a 2-cover (V; : i € N) of E consisting of one member only given by V; = B (0, 1), we 
have Vien [Vi |§ = [Vi [5 = 2%. Fora 2-cover (W; : i € N) of E consisting of two members 
W and W, only, given by Wi = {B (0, 3) \ B (0, $)} and W2 = {B (0, 1) \ B (0, 3)}, we 
have Dien [Wil® = [Wil + [Wolf = 1° + 28. Thus Dien Wil! > Dien Vi’. 


Proposition 27.5. For every s € [0, 00) and 5 € (0, oo], the set function H(; on 98(R”) is 
an outer measure on R", that is, Hs satisfies the following conditions: 


(1) H§(E) € [0, 00] for E ¢ PR"). 
(2) Hs) =0. 

(3) Hi(E) < H3(F) if EC F. 

(4) H§ (Vien Zi) S View H5(Ei).- 


Proof. (1) is immediate from Definition 27.3. To prove (2), note that by using a 6-cover 
of @ consisting of only one member @, we have H(5(0) < |O|> = 0 for every s € [0, co) 
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including the case s = 0 for which we have |g/° =0 by our convention. Thus #(;(@) = 

(When s + 0, by using a -cover of % consisting of only one member B(x, r) with r < 5 

we have H3(@) < (2r)*. Since lim (2r) = 0 when s # 0, we have H3(@) = 0. When 
re 


s = 0, no matter what nonempty set V € 98(R”) we may use as a 5-cover of 0, we have 
|V|° = 1. Without using @ as a 5-cover of 9 with the convention ||° = 0, we would have 
HG) = 1.) 

(3) follows from the fact that if E C F, then every 5-cover of F is also a 5-cover of EF, 
that is, the collection of all 5-covers of F is a subcollection of the collection of all 5-covers 
of E. 

To prove (4), note that if 7; H}(E;) = oo, then (4) holds trivially. Let us consider 
the case >; ey H3(Ei) < 00. In this case we have H3(E;) < oo foreveryi ¢ N. Lete > 0 
be arbitrarily given. For eachi € N, by Definition 27.3 there exists a 6-cover (V;,; : j € N) 
of E; such that jen VijlS < HEE) + aT Now {Vij : 7 € N,i € N} is a d-cover of 
Ujien Ei so that 


IS (Ujew Bi) < D> ois’ < So {HG(ED + S} = OIG) +e. 


ieN jeN ieN ieN 


Since this holds for every ¢ > 0, we have (4). # 


Theorem 27.6. For fixed s € [0, 00) and E € $B(R"), H(E) t asd | 0. Thus H5(E) v= 
ri H5(E) exists in [0, 00]. Furthermore HS is an outer measure on R". 


Proof. Let 0 < 6; < 52 < o&. Then every 6,-cover of E is also a 62-cover of E. Thus 
the collection of all 5;-covers of E is contained in the collection of all 52-covers of E. This 
implies that H5, (E) < H5,(E). Thus H5(E) t as 6 | 0. 

The fact that H(* is an outer measure on R” follows from the fact that Hs is an outer 
measure on R” for every 5 € (0, 00) and Hs t H* as 5 | O. In particular the countable 
subadditivity of }* can be verified as follows: By (4) of Proposition 27.5 and by H; t KH 
as 6 | 0, we have 15 (Vien E;) < Vien H3(Ei) < Vie H(Ei). Then letting 5 | 0, we 
have H* (Ujen Ei) S View H(i). 


Definition 27.7. For s € [0, 00), we call the set function HS on $8(R") defined by 


KHS(E) = Fra co ag = sup H5(E) 
6>0 


for E € 3B(R”) the s-dimensional Hausdorff measure on R". 


Let us note that the s-dimensional Hausdorff measure H{(* defined above is only an outer 
measure by Theorem 27.6. Since it is an outer measure, the collection DN(H') of all H5- 
measurable subsets of R” is a o-algebra of subsets of R” by Theorem 2.8 and if we restrict 
H* to this o-algebra, then (R”, I(H*), H*) is a complete measure space by Theorem 2.9. 


Remark 27.8. The s-dimensional Hausdorff measure H'(E) of a subset E of a Euclidean 
space does not depend on the Euclidean space containing E on which 1° is defined. Suppose 
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we regard E € §3(R"”) as a subset of R"** for some k € N. If we let aw = ‘H°(E) defined 
for E as a subset of R” and 8 = 1'(E) defined for E as a subset of R”+*, then a = £. 


Proof. For 5 € (0, 00], let ws = H5(£) defined for E as a subset of R” and let 8; = H5(E) 
defined for E as a subset of R"+*. Then a = ae as and B = se Bs. Now every 5-cover 


of E by subsets of R” is also a 5-cover of E és ease of RM This implies Bs < as. 
On the other hand, if (V; : i € N) is a 5-cover of E by subsets of R”+*, then since 
IV; R"| < |Vi| < 6 fori € N, (V; OR”: i € N) is a d5-cover of E by subsets of R”. 
Now riew!Vi OR"S < Yyeq | Vil’. Thus corresponding to every 5-cover (V; : i € N) 
of E by subsets of R"**, there exists a 5-cover (W; : i € N) of E by subsets of R” with 
Vian Wilh < Vien |Vil’. This implies as < Bs. Thus ws = fs for every 5 € (0,00). 
Letting 6 J 0, we havea = 8. § 


H5(E) is a nonnegative extended real-valued function defined for a triple of variables 
(s, 6, E) € [0, 00) x (0, 00] x $8(R”). Let us fix one or two of the three variables s, 5, and E 
and study the behavior of H(;(£) as a function of the remaining one or two variables. We have 
shown above that for fixed s and 6, 3(;(£) is an outer measure on IR”. We have shown also 
that for fixed s and E, 1(;(E) as a function of 4 increases as 6 | Oand HS(E) := ty H5(E) 


is an outer measure on R”. We show next that for fixed s and E, H(5(£) as a function of 
5 € (0, 00) is either identically vanishing on (0, 00] or strictly positive on (0, oo]. 


Observation 27.9. Let E € 98(R”) and 6 € (0, ov]. 
(a) If H5(E) = 0 for some 6 € (0, oo], then E = @. 
(b) If H*(E) = 0, then E = 9G. 


Proof. 1. Suppose HO(E) = 0. Then for an arbitrary ¢ € (0, 1), there exists a 6-cover 
(Visi € N) of E such that 7; 2 |Vil° <é. Now eso: then V; 4 @ so that |V;|° = 1 
for at least one i € N and consequently 7; |Vil° = 1 > €, acontradiction. Thus E = 9. 

2. Suppose H°(E) = 0. Since H°(E) > H(E) for any 5 € (0, oo] by Theorem 27.6, 
we have HOE) = 0. Then by (a), wehave E= 9%. @ 


Lemma 27.10. Let E € 93(R") ands ¢€ [0, 00) be fixed. Consider H3(E) as a function of 

6 € (0, co]. 

(a) If H3(E) > 0 for some 59 € (0, 00], then H5(E) > 0 for every 6 € [5o, 00]. 

(b) IHS (E) > 0, then H5(E) > 0 for every 5 € (0, 00], or equivalently, fH; (E) =0 
for some 59 € (0, oo], then H5(E) = 

(c) H5(E) as a function of 5 € (0, 00] is either identically vanishing on (0, 00] or strictly 
positive on (0, 00]. Indeed if H*(E) = 0 then H5(E) is identically vanishing on (0, 00] 
and if H°(E) > 0 then H5(E) is strictly positive on (0, 00]. 


Proof. 1. To prove (a), suppose 15 (FE) > 0 for some 49 € (0, oo}. Since H5(E) fF as 
5 | 0, to show that H{5(E) > 0 for every 5 € [40, Oo] it suffices to show that H%,(E) > 0. 
To show H%,(E) > 0, assume the contrary, that is, H(4,(£) = 0. 

Consider the case s € (0,00). Now H’,(£) = 0 implies that for an arbitrary « > 0, 
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there exists a oo-cover (V; : i € N) of E such that )’;ey |Vil’ < €°. Then |V;[5 < &, 
that is, |V;| < ¢, for every i € N so that (V; : i € N) is actually an e-cover of E. Then 
HCE) < Vien Vil < €%. This implies H*(E) = lim H2(E) < lime’ = Osince s > 0. 
Since Hs, (E) < H*(E), we have KH; (E) = 0, contradicting the assumption Hs (E )> 0. 

Now if s = 0, then 2,(E) = 0 implies that E = @ by (a) of Observation 27.9. Then 
Hy (E )= KH, (8) = 0, acontradiction. 

2. To prove (b), suppose H*(E) > 0. Since H3(E) +t H°(E) as 5 { O, there exists 
69 € (0, 00] such that 3(;(£) > 0 for every 6 € (0, do]. By (a), KH, (E) > O implies that 
H5(E) > 0 forevery 5 € [59, 00]. Thus H{3(E) > 0 for every 5 € (0, oo]. 

3. To prove (c), note that since H;(E) < H*(E) for every 6 € (0, oo], if H*(E) = 0 
then H(3(E) = 0 for every 6 € (0, 00]. On the other hand, if H*(E) > 0, then H5(E) > 0 
for every 5 € (0, 00] by (b). 


Remark 27.11. (a) If E is a bounded set in R” then for every s € [0, 00) and é € (0, co] 
we have J(5(E) < oo. Indeed if E is a bounded set then F is contained in a cube Q = 
x ial—fr r] with sufficiently large r > 0. Now for any 6 € (0, 0) there exist finitely 
many cubes, say Cj,... , Cn, with |C;| < 6 fori = 1,..., N such that EG D> @. 
Then HS(E) < DNA ICS < 0M, 8 < 00. 

(b) For a bounded set FE in R”, H'(E£) = _ H3(E) may not be finite. In Proposition 27.32 


below, we show that 3(° is a counting measure on the c-algebra 93(R”). This implies that 
if E has infinitely many elements then H(°(E) = oo whether E is a bounded set or not. In 
Theorem 27.33 we show that if F(°*(E) € (0, 00) for some s* € [0, ©) then H*(E) = co 
for all s € [0, s*) whether E is a bounded set or not. 


Theorem 27.12. For every s € [0, 00), the s-dimensional Hausdorff measure H} is a metric 
outer measure on R". In particular we have Brn C M(H), that is, every Borel set in R" 
is 3(*-measurable. 


Proof. To show that H* is a metric outer measure, we show that if E, F € 98(IR”) and 
d(E, F) > Othen H*(E U F) = H(E) + HS(F). Let d € (0, d(E, F)) be arbitrarily 
fixed. Let (W; : i € N) be an arbitrary 5-cover of EU F. Now if x € E andy € F, then 
|x — y| = d(E, F) > 6. Then for eachi € N, since {W;| < 6, W; cannot contain both x 
and y and thus W; cannot intersect both E and F. Let {U; : i € N} be the subcollection 
of {W; : i € N} consisting of those W; which intersect E and let {V; : i € N} be the 
subcollection of {W; : i € N} consisting of those W; which intersect F. Then (U; : i € N) 
is a 6-cover of E and (V; : i € N) is a 5-cover of F. Thus 


DIP = Soil + DO Vil’ = HE) + HGP). 


ieN ieN ieN 


Since this holds for an arbitrary 6-cover (W; : i € N) of E, we have H3(E UF) > 
H3(E) + H3(F). On the other hand since H is an outer measure, it is subadditive and 
thus the reverse inequality holds. Therefore Hj(E U F) = H(3(E) + H5(F). Since this 
equality holds for every 5 € (0, a(E, F »), letting 6 | O in the last equality we have 
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W(E UF) = H5(E U F) + H(E U F). This shows that ‘HS is a metric outer measure. 
Then Bp. C Mt(H*) by Theorem 2.19. w 

[IT] Equivalent Definitions of Hausdorff Measure 

[1.1] Covering by Closed Sets and by Open Sets 


The s-dimensional Hausdorff measure H* has equivalent definitions using 5-covers by 
closed sets only or using 5-covers by open sets only. We show that if we use d-covers by 
closed sets only, then {5 remains unchanged for every 6 € (0, co] and thus H° is unchanged; 
if however we use 5-covers by open sets only, then H{; changes but H® is unchanged. 


Theorem 27.13. With s € [0, 00) and 5 € (0, ov], let us define set functions F5 and §§ on 
98 (R") by 


a) F5(E) = inf ae |Fi\° : Gs i € N) is a d-cover of E by closed sets} 
G§(E) = inf {Sj |Gil’ : (Gi : i € N) is a d-cover of E by open sets} 

for E € 3B(R"). Then 

(2) F3(E)t and G(E)t asd | 0. 

Let us define set functions F* and §* on 3B(R") by setting 


(3) S*(E) =limS5(E) and $°(E) = lim $5(E). 


Then F5, 95, F* and S$ are all outer measures on R". Furthermore for 0 < 6 < 5’, we have 


(4) y(E) < F5(E) = H3(E) < 93(E), 
and 
(5) GE) =F°(E) = HE). 


Proof. The fact that J; and 95 are outer measures on R", F5 + and G5 t asd | 0, and 
¥* and §* are outer measures on R” can be proved by the same argument as in Proposition 
27.5 and Theorem 27.6 for H{; and H’. 

Let us prove (4). Since the collection of all 6-covers of E by open sets is a subcollection 
of all 6-covers of E, we have H3(E) < 93(E). This proves the second inequality in (4). 

By the same reason as above, we have H;(E) < F5(E). Let us show that the reverse 
inequality holds in this case. Now if (3(E) = oo, then F3(E) < H5(E) holds trivially. 
Suppose H(5(E) < oo. Then for an arbitrary n > 0, there exists a 5-cover (V; : i € N) of 
E such that HS(E) +n => Djen Vil’. Now V; is a closed set and |V;| = |V;| fori € N. 
Then (V; :ié€ N) is a d-cover of E by closed sets and thus we have }7; <1 Vil" > F5(E). 
Thus H3(E) +n = Vien Vil’ = Vien Vil’ = F{(E). By the arbitrariness of n > 0, we 
have H(5(E) > F5(£). Therefore F5(£) = H3(E). This proves the equality in (4). 
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Let us prove the first inequality in (4). If F{(E) = 00, then G5 (E) < F3(E) holds 
trivially. So let us assume F5(E) < oo. Then for an arbitrary 7 > 0, there exists a 6-cover 
(F; : i € N) of E by closed sets such that 


(6) SOIR < F5(E) + 2. 
ieN 

Since 0 < 6 < 6’, foreachi € N there exists ¢; > 0 such that 
{lFil+2e}) <|FAP +3 


(7) 
6+2¢6; < 6’. 


Let G; = User, B(x, €;). Then G; is an open set, G; D F; and we have |G;| < |F;|+28; < 
8 + 2e; < 6’ so that |G;° < {|Fil + 2e}° < RIS + 3 by (7). Thus (G; : i € N)isa 
6’-cover of E by open sets and by (6) we have 


DIG < Do {IF +4} < SHE) + 20. 
ieN ieN 


Therefore by the definition of $$,(£) as infimum on the collection of all 5’-covers of E by 
open sets, we have 93,(E) < F3(E) < 2n. Then by the arbitrariness of n > 0, we have 
Dien |Gil’ < F3(E). This proves the first inequality in (4). 

Finally letting 5 { 0 in (4), we have $3,(E) < F°(E) = H*(E) < $°(E). Then letting 
5’ | 0, we have (5). 


If we use 5-covers by balls only then the resulting outer measure is no longer equivalent 
to H* but still comparable. 


Proposition 27.14. With s € [0, 00) and € (0, ov], let set functions 8; and Bs on 9B(R") 
be defined by 


83(£) = inf {Dien | Sil° : CS; : i € N) is a 5-cover of E by closed balls} 


(1) : 
B5(E) = inf {en |Bi|° : (Bi i € N) is a 8-cover of E by open balls} 


for E € 9B(R"). Then 83; and Bs are outer measures on R” and 85(E) + and B;(E) t as 
6 | 0. If we define set functions 8° and B* on $8(R”) by setting 
5°(E) = lim 85(E), 
ie (E) His 3(E) 
Ss E =— li Ss 
B(E) a B3(E), 
then 8° and B* are outer measures on R". Furthermore for & € (0, 00), we have 


(3) Hs(E) < 8;(E) and 855(E) < 2°H5(E), 


(4) H*(E) < S*(E) < PH (E), 
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(5) 83(E) < Bi(E) and BS ,(E) < o°S§(E) for every a € (1, 00), 


a 


(6) BS (E) = S°(E). 


Proof. 5;, Bs, 8°, and B® are outer measures on R” by the same argumentas in Proposition 
27.5 and Theorem 27.6. 

Let 6 € (0, 0). The first inequality in (3) follows from the fact that the collection of all 
5-covers of E by closed balls is a subcollection of all 5-covers of E. To prove the second 
inequality in (3), let (V; : i € N) be an arbitrary 5-cover of E. For eachi € N, there exists 
a closed ball S; with radius equal to |V;| containing V;. Then (S; : i € N) is a 25-cover of 
E by closed balls so that we have 85,(E) < Siew (Sif = Dye (21Vi1)” = 25 Nien Vil’: 
Since this holds for an arbitrary 5-cover (V; : i € N) of E, the second inequality in (3) 
follows. Then letting 6 | 0 in the two inequalities in (3), we have (4). 

To prove (5), let us note that corresponding to each 6-cover (B; : i € N) of E by open 
balls, there exists a 5-cover (5; : i € N) of E by closed balls with 7; 2y Sil) = Sojeny |Bil’: 
Indeed if we let S; = B;, then S; is a closed ball containing B; with |S;| = |B;|. For this 
6-cover (S; : i € N) of E by closed balls, we have Vien [SiS = Oey | Bil’. This implies 
the first inequality in (5). To prove the second inequality in (5), leta € (1, 00) be arbitrarily 
fixed. Let (5; : i € N) be a d-cover of E by closed balls. For each i € N, let B; be an 
open ball concentric with S; and with radius equal to @ times that of S;. Then (B; : i € N) 
is an @é-cover of E by open balls so that BY5(E) < Dey Bil’ = Dien (@ISil)” = 
as Vien |S;|°. Since this holds for an arbitrary 5-cover (S; : i € N) of E by closed balls, 
the second inequality in (5) holds. Now letting 6 { 0 in the first inequality of (5), we have 
S*(E) < B*(£). Letting 5 | 0 in the second inequality of (5), we have BS(E) < a°85(E). 
Since this holds for every w € (1, 00), we have B*(E) < 8°(E). Thus (6) holds. 


[1.2] Covering by Convex Sets 


Definition 27.15. For x, y € R" and d € [0, 1], we call the point hx +(1—A)y in R" a 
convex combination of x and y. We say that a nonempty set E in R" is a convex set if E 
contains every convex combination of any two points in E. 


Note that a singleton in R” and R” itself are trivial examples of convex sets in R”. We 
exclude the empty set from the definition of a convex set. The set of all convex combinations 
of two distinct points in R” is the line segment joining the two points. Recall also that a 
subset A of a line ZL in R” is an interval of the line if and only if the line segment joining 
any two points in A is contained in A. The following is a geometric criterion for convexity 
of a set. 


Proposition 27.16. A nonempty set E in R” is a convex set if and only if the intersection of 
E and an arbitrary line L in RR" is 9 or a singleton or an interval. 


Proof. 1. Let E be a convex set and L be a line in R”. Suppose E 1 L is neither @ nor a 
singleton. Let x and y be two distinct points in EML. Sincex, y € E and E is aconvex set, 
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the line segment joining x and y is contained in E. Also since x, y € L, the line segment 
joining x and y is contained in L. Thus the line segment is contained in E 1 L. This shows 
that E  L is an interval of L. 

2. Conversely suppose E is such that its intersection with an arbitrary line L in R” is @ 
or a singleton or an interval of L. Take any two distinct points x and y in E. Let L be the 
line through x and y. Then EM L is neither 9 nor a singleton and is therefore an interval. 
Then every convex combination of x and y is contained in this interval and hence contained 
in E. This shows that E is a convex set. & 


Proposition 27.17. If E is a convex set in R", then its closure E is a convex set. 


Proof. 1. Assume that E is a convex set. To show that E is a convex set we show that for 
any x,y € Eandd € [0, 1] we have Ax + (1—A)y € E. Now E = EVE’ where E’ is the 
derived set of E, that is, the set of all limit points of E. Thus if x € E then x is a point in E 
or x is a limit point of F or both. In any case there exists a sequence (x; :i € N) C E such 
that lim |x; —x| = 0. Similarly if y € E then there exists a sequence (y; :i € N) C E 


i700 
such that lim |y; — y| = 0. Now we have 
i~> CO 


|{Ax; + (1 —A)yi} — {Ax +1 -A)y}| 
=|A(xi — x) + (1-A)(i — y)| 


<Alxi —x|+ (1 —A)|yi — yI- 
(1) 


Thus we have 
(2) jim |{Axi + (1 A)yi} — fax + — Ay} 
SA lim |x; — x] +(1—A) lim |y; — y| = 0. 
170 i->0O0 


Now since E is a convex set and x;, y; € E and A € [0, 1], we have Ax; + (1 —A)y; € E. 
Thus (2) shows that Ax + (1 — A)y is a limit point of E. Then Ax + (1 ~A)y € E’ C E. 
This shows that E is a convex set. 


Proposition 27.18. Let E be a convex set in R". 
(a) For every x € R”, the translate of E by x, E +x, is a convex set in R". 
(b) For every linear transformation T of R" into R™, T(E) is a convex set in R". 


Proof. These two statements are immediate consequences of the definition of a convex set. 
To prove (b) forinstance, letx, y € T(E). To show that T(E) is aconvex set in R™, we show 
that for every A € [0, 1], the point Ax + (1 — A)y in R” is contained in T(E). Now since 
x,y € T(E), there exist points p and gq in E such that T(p) = x and T(q) = y. Then by the 
linearity of T, we have Ax + (1—A)y =AT(p)+(1—A)T(q) = T (Ap +(1- d)q). Since 
E is aconvex set, r := Ax + (1—A)yisapointin E. Thendax+(1—-A)y=T(r) € T(E). 
This shows that T(E) is a convex set. 
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Example. Every open ball B(x, r) in R” is a convex set. 


Proof. By (a) of Proposition 27.18, it suffices to show that B(0,r) is a convex set. For 
x,y € B(O,r) anda é [0,1], letz = Ax + (1 —A)y. Then |z| < Alx| + (1 —A)ly] < 
Ar + (1 —A)r =r so that z € B(O,r). This shows that B(0,r) is a convex set. 


Definition 27.19. For x),... ,x, € R" anddy,... , Ax € [0, 1] such thatA,+---+A, = 1, 
we call the point x := A\x1 +--+ + Axx, in R” a convex combination of x1, ... , Xk. 


Lemma 27.20. If E is a convex set in R", then it contains every convex combination of any 
finite number of its points. 


Proof. We prove the lemma by induction on the number of points in E of which a convex 
combination is made. To start with, every convex combination of any two points in E 
is contained in E by the fact that E is a convex set. Now suppose for some k € N, 
every convex combination of any & points in E is contained in E. Take arbitrary k + 1 
points x1,... ,Xx41 in EZ, let A4,... ,Agz1 € R be such that Ay + ++» +Axg4, = 1 and 
consider the convex combination x = Ayx1 +--+ +Ag4ixegi. If Aggy = 1, then we have 
xX = xp41 € E. If Aggy < 1, thence := Ay +--- +Ay = 1 — Aggy > O50 that we can 
write x = c{c7!Ayay +> +07 gx} + Aggixegr. Since c71Aq,...,07 Ax € [0,1] 
and c~!Ay +--+ +07!Ay = 1, we have c7!Ayxy +--+» +07! Agxy © E by the induction 
hypothesis. Then since c, Ag41 € [0, Ll] andc+Az41 = 1, we havex € E by the fact that E 
is a convex set. Therefore every convex combination of any k + 1 points of FE is contained 
in E. This proves the lemma by induction. 


Let € be an arbitrary collection of convex sets in R”. If \ccg C # , then (\ccg C is 
a convex set in R”. (Indeed if x, y € (\ccg C, then x, y € C for every C € €. Then since 
C is a convex set we have Ax + (1 — A)y € C for every A € [0, 1]. Since this holds for 
every C € €, we have Ax + (1 —A)y € (\cce C.) 

Let EF’ be a nonempty set in R”. R” is a convex set containing E. The intersection of 
all convex sets in R” containing E is nonempty and is therefore a convex. It is then the 
smallest convex set in R” containing E. 


Definition 27.21. Let E be a nonempty set in R”. Let us call the smallest convex set in R” 
containing E, that is, the intersection of all convex sets in R" containing E, the convex hull 
of E and write h(E) for it. 


Proposition 27.22. Let E be a nonempty set in R". Then the convex hull of E, h(E), is 
equal to the set of all convex combinations of any finite number of points in E. 


Proof. Let F be the set of all convex combinations of any finite number of points in E. 
Clearly E c F. Let us show that F is aconvex set in R”. Let x and y be two arbitrary points 
in F. Then x = 81x, +---Spxp and y = try, +-++tgyq where xi,... Xp, Yis--- ¥q EE, 
Styeee Spills slg E [0,1], sp +--+ +5) = Late += 1, and p,q € N. For 
A € [0, 1], we have Ax + (1—A)y = Asixp +--+ +Aspxpt+U—A)tyi +--+ -A)tgyg- 
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The coefficients of the p + q points in the last sum are all in [0, 1] and their sum is equal to 
1. Thus this sum is a convex combination of the points x),... ,Xp, y1,--. » Yq in E and is 
therefore in F. This shows that F is a convex set. 

If G be an arbitrary convex set in R” containing E then it contains every convex combi- 
nation of any finite number of points in E by Lemma 27.20, and thus G > F. This shows 
that F is the smallest convex set in R” containing E, thatis, F = h(E). & 


Proposition 27.23. For every nonempty set E in R", we have |h(E)| = |E|. 


Proof. Since E C h(E), we have |E| < |h(E)|. It remains to prove the reverse inequality. 
Let c be an arbitrary positive number such that c > |E|. Let xo € E be arbitrarily chosen. 
Then forevery x € E, we have |x —xo| < |E| < csothatx € B(xo,c). Thus E C B(x0,c). 
Since B(xo, c) is a convex set, this implies that h(E) C B(xo, c). 

Now let y}, y2 € A(E) be arbitrarily chosen. For an arbitrary x9 € E, we have y, € 
h(E) Cc B(xo, c) by our result above. This implies that x9 € B(y1, c). By the arbitrariness 
of x9 € E,wehave E Cc B(y1,c). Since B(yi, c) isa convex set, we have h(E) C B(y1, c). 
Then for our y2 € h(E) C B(yy, c), we have |y2 — y1| < c. Since this holds for arbitrary 
yi, y2 € h(E), we have |h(E)| < c. Then since this holds for every c > |E|, we have 
|A(E)| <\E|. o 


Theorem 27.24. For s € [0, 00) and 6 € (0, ov], let us define set functions C5 and C* on 
$3(R”) by setting for every E € 3B(R”) 


(1) SCE) = inf | Dien |Ci|° : (Ci: i € N) is a b-cover of E by convex sets} 


(2) C(E) = lime}. 


Then C3 and €° are outer measures on R" and furthermore C; = KH; and C’ =H. 


Proof. The fact that C5(E) t as 6 | 0 so that in @3(E) exists and the fact that C5 and C* 


are outer measures follow by the same arguments as in Proposition 27.5 and Theorem 27.6. 

Let us prove C;(E) = H(5(E). Since the collection of all 6-covers of E by convex sets 
is a subcollection of the collection of all d-covers of E, we have C5(E) > H{3(E). On the 
other hand, corresponding to each 5-cover (V; : i € N) of E there exists a 5-cover of E by 
convex sets, namely (AY) 12 € N), from the fact that |h(V;)| = |V;| by Proposition 27.23. 
Then Doien ACV = Vien |Vil®. Thus C3(E) < H§(E). This proves Cj(E) = H5(E). 
Letting 5 | 0, we have C°(E) = H(E). & 


Theorem 27.25. For s € [0, 00) and 6 € (0, ov], let us define set functions Ky and K* on 
SBR") by setting for every E € %8(R”) 


(1) X§(E) = inf { Dyey [Kil : (Ki : 1 €N) is a 5-cover of E by closed convex sets} 


(2) K°(B) = lim K5(B). 
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Then K, and K* are outer measures on R" and furthermore Ky = Hx and K* = H°. 


Proof. The fact that Kj(E) t as 6 | 0 and the fact that K} and K* are outer measures 
follow by the same arguments as in Proposition 27.5 and Theorem 27.6. 

Let us show that K5(E) = 3{3(E). Since the collection of all 5-covers of E by closed 
convex sets is a subcollection of the collection of ail 6-covers of E, we have K; (E) > H5(E). 
Let us prove the reverse inequality. For an arbitrary 5-cover (V; : 1 € N) of E, consider 
(h(V)) : i € N) where h(V;) is the convex hull of V;. By Proposition 27.17, h(V,) is a closed 
convex set. By Proposition 27.23, |h(Vi)| = |h(V)| = |Vil < 6. Thus (h(Vi) : i € N) 
is a 6-cover of E by closed convex sets. This shows that corresponding to every 5-cover 
(V; : i € N) of E there exists a 6-cover (h(V;) : i € N) of E by closed convex sets such 
that Dey |A(Vi) > = Die |Vil’. This implies that Kj(EZ) < Hi(E). Therefore we have 
K53(E) = H5(E). Then letting 5 | 0, we have K*(E) = HS(E). w 


[III] Regularity of Hausdorff Measure 


Lemma 27.26. Lets € [0, 0) and E € 93(R"). 

(a) For every 5 € (0, co] and n > 0, there exists a 8-cover (F; : i € N) of E by closed sets 
such that Voicn \Fil’ < H3(E) + 0. 

(b) For every 5, 5’ € (0, &] and n > 0, there exists a 5 + 5’-cover (G; : i € N) of E by 
open sets such that eq |Gil’ < Hi(E) +n. 


Proof. 1. By the definition of F5(£) in Theorem 27.13, there exists a 5-cover (F; : i € N) of 
E by closed sets such that 7; ey IFilS < F§(E) +7. By Theorem 27.13, H5(E) = F5(E). 
Thus rien Fil’ < H5(E) +. 

2. For an arbitrary 5 € (0, 00] and n > 0, by Definition 27.3 for H{5(£) there exists a 
é-cover (V; : i € N) of E such that }? ey [Vil> < I€5(E) + 3. Let 6’ € (0, 00] be arbitrarily 
given. For each i € N, by (b) of Observation 27.2 there exists an open set G; > V; such 
that 

IGi| <|Vil +6’ <84+8, 
IGil = IVil® + sr. 


Then (G; : i € N) isa dé + 8’-cover of E by open sets and 


DIG < D> {Vil + str} = DOIV + 3 < GE) +0. 


ieN ieN ieN 


Theorem 27.27. Fors € [0, 00), consider the s-dimensional Hausdorff measure H® on R". 

(a) For every E € 38(R"), there exists a G3-set G D E such that H°(G) = H°(E). Thus 
HH is a Borel regular outer measure. 

(b) For every E € IN(H*) with H°(E) < 00, there exists an F,-set F C E such that 
FO(F) = H(E). 

(c) If E € INH) and H*(E) < 00, then for every € > 0 there exists a closed setC C E 
such that HS(E\ C) < . 
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Proof. 1. If E € 9$8(R”) and H(°(£) = ov, then by the monotonicity of the outer measure 
KS we have H5(R") > H5(E) = oo. Thus R” is an open set containing E with H*(R”) = 
HH*(E) and we are done. 

Consider the case H*(E) < oo. By (b) of Lemma 27.26, for every i € N, there exists a 
2 cover of E by open sets (O;,; : j € N) such that jen |0i;,;" < Ky, (E) + ‘ If we let 
G=f[lien Ujen Oj,;, then G is a Gs-set containing E. For eachi € N, (O;,; : j € N) isa 
2 cover of G so that H5)(G) < Vijen lOijh < Hi (E+ 1 Since H§ t HS as 5 > 0, 
we have H'(G) = lim 3(3(G) — jim 9G) i(G) < jim {Ht (E) + +} = H'(E). On 
the other hand, since G > E, we have H*(G) > H*(E) by the monotonicity of H*®. Thus 
we have H°(G) = H*(E). Since G € Bre C Mt(H*) by Theorem 27.12, H* is a Borel 
regular outer measure. 

2. Let E € INCH) and H*(E) < oo. Let us show that for every ¢ > 0, there exists an 
F,-set F; C E such that 


(1) H( Fe) > HS(E) —e. 


Now by (a), there exists a Gs-set G D E with H*(G) = H*(E). Let G = (); <x O; where 
(O; : i € N) is a sequence of open sets. We have O; D G D E fori € N. Since HS isa 
measure on the o-algebra Nt(‘H’*) and since G € Brn C MUH') and E € MH’) with 
KH(E) < 00, we have H5(G \ E) = H°(G) — H°(E) = 0, that is, 


(2) K((10:\ E) =°((]0;) - He) =0. 
ieN ieN 
Now every open set in R” is an F,-set. (Every point in an open set in R” is contained in a 
closed cube with rational vertices contained in the open set. Thus every open set in R” is a 
union of closed cubes with rational vertices. Since the collection of all closed cubes with 
rational vertices is a countable collection, an open set in R” is an F,-set.) Thus for each 
i € N, O; can be given as O; = Ujen F;,; where (F;,; : 7 € N) is an increasing sequence 
of closed sets. Now HS(E \ Fi,j) = HS(E \ (EN Fi,j)) = H5(E) — IO(E 2 F;,;). Since 
Fj + O;, EQN Fi; t ENO; = E, and since 1’ is a measure on the o-algebra DIt(H{*), we 
have Pa FO(EN F;,;) = HC(E). Thus lim H*(E \ Fj, ;) = 0 foreachi € N. Therefore 
> jroo 


for each i € N, there exists j; € N such that 


é 
(3) HOE \ Fi) < 5 
Let 
(4) Fy =() Fi C1) 9%. 
ieN . ieN 


Now E\ Fy = EN FE = EN (Uien FF) = Vien (ENF; ,) = Vien (E \ Fi,j,) so that 
FO(E \ Fs) S Vien HCE \ Fi,j,) < € by (3) and then 


(5) HSCF) > HOE N Fy) = HO(E \ (E \ Fy)) 
= 50(E) —-H(E\ Fy) > H(E) -e. 
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By (4) and (2), we have H'(F,\ E) < HS (Nien 0; \ E) = 0. By (a), there exists a Gs-set 
G D F, \ E such that H°(G) = HS(F, \ E) = 0. Let Fp = Fy \ G = Fy NG. Since G 
is a Gs-set, G° is an F,-set. Since F, defined by (4) is a closed set, F, is an F,-set. Now 


Fe = Fy NGS CN (Fe \ EY? = OF E)* 
=F, N(FSUE)=F,NECE 


and WH (F,) = WR \ G) > WOR.) — HO(G) = HS(F,) > H(E) — € by (5). This 
completes the proof of (1). 

Now for every k € N, there exists an F,-set F, C E such that H°( Fy) > H°(E)— t by 
(1). Let F = Uren Fy. Then F is an Fg-set and H*(F) > Hi( Fy) > HS(E) — i for every 
k € Nsothat H*(F) > H*(E). On the other hand since F C E, we have H5(F) < H°(E). 
Therefore H'(F) = H*(E). This completes the proof of (b). 

3. To prove (c), let E € S9t(H*) and H*(E) < oo. By (b), there exists an F,-set 
F Cc E with H°(F) = H*(E). Since F is an Fg-set, we have F = (Jey Ce where 
(Cy : k & N) is an increasing sequence of closed sets. Since H{* is a measure on the 
o-algebra D(H) containing Bpx and since Cy, € Brn and Cy + F ask > o0, we 
have H°(F) = H*( lim C= jim IO (Cx). Since HS(F) = H'(E) < 00, for every 
é > 0, there exists ko € N such that H°(C,,) > KH*(F) — ¢. Thus we have finally 
HSE \ Cy) = HO(E) — HE (Cy) = HO(F) —H5(Cyy) < €. 


Next we have an estimate of H*(E) by a 5-cover of E. 


Proposition 27.28. Lets € [0, 00) and E € Dt(H*) with H°(E) < oo. 

(a) For every € > 0 there exists 59 > 0, depending on E and € only, such that for any 
countable collection {W; : i € N} C Bpn with |W;| € (0,50) fori € N, we have 
HCE Uiew Wi) < Liew Wil +2. 

(b) In particular for every ¢ > O there exists 59 > 0 such that for any 5o-cover of E, 
(W,:i € N) C Bp», we have H(E) < Vien Wil’ +. 


Proof. Since H}(E) t H°(E) < 00 as 6 | ov, for an arbitrary ¢ > 0 there exists dp > 0 
such that 


(1) H(E) < Hi (E)+§ < Soir +8, 
ieN 
for any do-cover (V; : i € N) of E. Let {W; : i € N} be an arbitrary countable collection in 


Bx with |W;| € (0, do] for i €¢ N. Consider the set E \ Ue Wi. There exists a d9-cover 
(U; :i € N) of E \ U; ey Wi such that 


(2) DiI < H5,(E\ Uien Wi) + § S HO(E \ Use Wi) + §- 
ieN 

Now {W; : i € N} U {U; : 7 € N} is a do-cover of E so that by (1) we have 

(3) O(E) < ) |W + 0 il + §. 


ieN ieN 
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Then by (3) and (2), we have 
HO(EN Ujen Wi) = H°(E \ (E\ Ujen Wi)) = HCE) — IC (E \ View Wi) 


< Swi + SW +§- Dwi +§ 


ieN ieN ieN 
= DoW +e. 0 
ieN 


[IV] Hausdorff Dimension 


For s € [0, 00), the s-dimensional Hausdorff measure H*(E) of a set E € 3B8(R") is 
a nonnegative extended real number. If we keep E € 98(IR”) fixed and let s vary over 
[0, co), then we have a nonnegative extended real-valued function on [0, 00). Let us denote 
this function by H*°(E). The next lemma shows that for every E € 9B(R"”), H°(E) is 
a decreasing function on [0, oo) and furthermore H(*(E) either assumes no finite positive 
values at all or assumes some finite positive value at a unique point in [0, oo). 


Lemma 27.29. Let E € §8(R") and let0 <s <t <0. For the function H°(E), we have 
(a) H*(E) > H'(E). 

(b) 6° SH5(E) = H5(E) for every 6 € (0, ov}. 

(c) If HE(E) < 00, then H'(E) = 0. 

(d) IfH'(E) > 0, then H5(E) = o0. 


(e) There exists at most one point s* € [0, 00) such that HS*(E) € (0, oo). 


Proof. 1. Recall that we have H3(E) = inf {) jen |Vil® : (Vi : i € N) is a 5-cover of E} 
for 6 € (0, co] and H*(E) = Hn, CE): Consider 6 € (0, 1) and let (V; : i € N) be an 


arbitrary 5-cover of E. Then since |V;| < 5 < 1 and0 < s < t, we have |V;|° > |V;|' so 
that rien Vil’ > Dosen |Vil’. Therefore H3(E) > H5(E) for 5 € (0, 1) and this implies 
irate) > bite H5(E), that is, HS(E) > H'(E). This proves (a). 


2. To prove (b), let 6 € (0, oo] and let (V; : i € N) be an arbitrary 5-cover of E. If 
O0<s <t<oo,thent —s > 0so that |V;|' =|V;|'*|Vi|> < 6’ *|V;|°. Thus we have 


H5(E) = inf { Dien |Vilé : (Vi: i € N) is a 6-cover of E} 
< 6 inf | Dey [Vil : (Vi: i EN) isa d-cover of E} 
= 8'-SHS(E). 


3. To prove (c), note that by (b) we have H'(E) = lim H5(E) < lim 5° I(5(E). Now 
since t — s > 0, we have lim 56'S = 0. If H5(E) < oo, that is, a H3(E) < oo, then 
H'(E) =0. 
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4. To prove (d), let 6 € (0,00). Multiplying the inequality in (b) by 5°~', we have 
STHS(E) < H3(E) < H(E). Since s —t < 0, we have lim 3°! = oo. If H'(E) > 0, 


then lim 6° *H(5(E) = oo and thus H°(E) = oo. 


5. Take any two distinct points s,f € [0,00), say s < t. If H*(E) € (0,00), then 
H'(E) = 0 by (c). If H'(E) € (0, 00), then H5(E) = 00 by (d). This proves (e). # 


We show next that for every E € 93(IR”) the function H*(£) vanishes on (n, 00). 


Lemma 27.30. 

(a) H"(Q) € [2-, n”/?] for every unit cube Q in the class 1" = 32,.UT",U VU IS". 
(b) H5(R") = 00 for s € [0,n] and H'(R”) = 0 for € (n, 00). 

(c) HS(E) = 0 fors € (n, 00) for every E € 3B(R"). 


Proof. 1. Let us show 2™" < H”(Q) first. For 6 € (0, 00), let (V; : i € N) be an arbitrary 
6-cover of Q. For eachi € N, let x; € V; be arbitrarily chosen and let C; be a closed 
cube with center at x; and with edge equal to 2|V;|. Then V; C C; and w"(C;) = (2|V;l)”. 
Now Qc Uien Vic Uien C; so that we have ui (Q) < Dien ui(Ci) = 2" lien |V; |". 
Since this holds for an arbitrary 5-cover (V; : i € N) of Q, we have w7(Q) < 2”H3(Q). 
Since H"(Q) = an H3(Q), we have ui (Q) < 27K"(Q). Since Hi(Q) = 1, we have 


2" <H"(Q). 

Next let us show #(”(Q) < n"/2. Let 5 € (0,00) be arbitrarily fixed. Let k e N 
be so large that ./n/k < 5. Now Q is contained in the union of k” closed cubes C;, 
i=1,...,k", with edge equal to f The diameter of each of these k” closed cubes is equal 


to (n/k?)"? = Jn/k < 8. Thus {C; :i = 1,... ,k") is a d-cover of Q. This implies that 
HQ) < Fi ICj|" = k"(./n/k)" = n"/?. Since this holds for every 5 € (0, 00), we 
have H"(Q) = ae H5(Q) < n"/?. This completes the proof of (a). 


2. RK” is a countable disjoint union of unit cubes Q;,i € N, in the class 3%. Since 
K” is a measure on the o-algebra DIt(H{”) of H”-measurable subsets of R” and since 
Qi € Bex C M(H"), we have H"(R") = H" (Ven Gi) = Liew H"(Qi) = 0 by the 
fact that H"(Q;) > 27" > Ofori ¢ N. Thus H”(R”) = oo. Then since H°(R") is a 
decreasing function on [0, 00), we have H(*(IR”) = 00 fors € [0,7]. 

To show that H(°(R”) = O for s € (n, 0), note that since 3{° is a measure on the 
o-algebra It(H*) and since Q; € Br» C Wi(H*), we have H*(R”) = Yo eny H(i). 
Now #”(Q;) € (0, 00) by (a). This implies that H*(Q;) = 0 for s € (n, 00) by (c) of 
Lemma 27.29. Thus H*(R”) = 0. 

3. If E € $8(R"), then H'(L£) < H5(R”) = 0 for s € (n, 00). This proves (c). 


The next lemma shows that the 0-dimensional Hausdorff measure ‘H° counts the number 
of elements in a set E € $8(R"). Thus the outer measure 3 is actually a counting measure 
on the o-algebra 93(R”). 


Lemma 27.31. Let N(E) be the number of elements in a finite set E and let N(E) = 00 
if E is an infinite set. Then for every E € 3B8(IR”), we have 3(9(E) = N(E). In particular 
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H(E) = 0 if and only if E = G. 


Proof. 1. Since H° is an outer measure, we have H°(@) = 0. 

2. Suppose E has k elements where k € N. Let x1,... , xx be the distinct elements 
of E. Then d(x;,x;) > Ofori, 7 = 1,...,4,i A j. Thus minjz; d(xj, xj) > 0. Let 
8 € (0, minjz; d(x;,x;)). Let (V; : i € N) be an arbitrary 5-cover of E. Since |Vj| < 4, 
each V; can contain at most one element of E. Dropping those V; which do not contain 


any element of E from the 5-cover of E and renumber the remaining ones as (Vj, ... , Vz). 
Then we have E Cc (ies V; and ya |V;|° = k. Thus the estimates of 3(9(E) by 5-covers 
of E are bounded below by & and this lower bound is attained by the 6-cover (Vj, ... , Vx). 


Therefore we have H9(E) =k. Then H°(E) = lim HO(E) =k. 


3. If E is an infinite set, foreach k € N let Ey be a subset of E consisting of k elements 
of E. By the monotonicity of the outer measure 1°, we have H°(E) > H(E,) = k for 
every k € N. Thus H9(E) = 00. @ 


Proposition 27.32. For the outer measure H° on R", we have the o-algebra of all the 
+°_measurable sets IN(H®) = §B(R”). Thus 4° is a measure on the o-algebra 9B3(R”) 
and H°(E) = 'N(E), the number of elements in E, for every E € 9B8(R"). 


Proof. According to Lemma 27.31, H°(E) = N(E) for every E € 98(R"). Now for an 
arbitrary A € §8(IR”), wehave N(A) = N(ANE)+N(ANE‘). Thus forevery A € $B(R”), 
we have H9(A) = H°(AN E) + H°(AN E*). This shows that every E € 98(R") satisfies 
the Carathéodory condition with respect to the outer measure H° and hence E € 99t(3C°). 
Thus we have $3(R”) C 99t(H°). On the other hand we have Nt(‘H®) Cc 93(IR”). Therefore 
we have (1°) = 9B(R"). 


Summarizing (c), (d), and (e) of Lemma 27.29, (b) and (c) of Lemma 27.30 and Lemma 
27.31, we have: 


Theorem 27.33. For every E € 98(IR"), consider the function H'(E) of s € [0, 00) . 
(a) H(°(E) is a nonnegative extended real-valued decreasing function on [0, 00) vanishing 
on (n, &). 
(b) There are three possibilities for the range of the function H*(E): 
(i) F(°(E) assumes the value 0 only. 
(ii) H°(E) assumes only two values, © and 0. 
(iii) H*(E) assumes three values oo, 0, and one finite positive value. 
(c) If H°(E) assumes a finite positive value at some point s* € [0, 00), then we have 
H*(E) = oo fors € [0, s*), with the understanding that [0,0) = @, and H'(E) = 0 for 
s € (s*, 00). 
(d) H(°(E) is identically equal to 0 on [0, 00) if and only if E = @. If E 4 @, then H* has 
exactly one point of discontinuity in [0, 00) and the point of discontinuity is contained 
in (0, n]. 


Definition 27.34. For E € 9B(R"), E # @, we define the Hausdorff dimension of E, 
denoted by dim,, E, to be the unique number s* € (0,00) at which the discontinuity of 
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the function H°(E) occurs. For E = @, we set dim,, 8 = 0. In other words, for E # G, 
dim,, E is defined as the unique number s* € [0, 00) such that H°(E) = 00 for s € [0, s*) 
and H°(E) = 0 for s € (s*, 00). 


Theorem 27.35. For the Hausdorff dimension dim,, E of every E € 38(R"), we have: 

(a) dim, E € [0, vl]. 

(b) dim,, R” =n. 

(c) dim, E = sup {s € [0, 00) : H°(E) > 0} = sup {s € [0, 00) : H*(E£) = oo}. 

(d) dim,, E = inf {s € [0, 00) : H5(E) = 0} = inf {s € [0, 00) : HS(E) < oo}. 

(e) If H(E) € (0, 00), then s = dim, E. 

(f) The converse of (e) is false, that is, s = dim,, E does not imply H*(E) € (0, 00). For 
instance dim, % = 0 but 1°(@) = 0 and dim, R" =n but H"(R") = oo. 


Proof. (a) and (b) are from Lemma 27.30. (c), (d), and (e) are from Theorem 27.33. # 


Proposition 27.36. Regarding the Hausdorff dimension, we have the following: 

(a) If E, F € $8(R”) and E C F, then dim, E < dim, F. 

(b) For (Ej :i € N) C 9B(R"), we have dim, ();<y Ei = sup { dim, E; : i € N}. 
In particular, dim, (J, E; = max { dim, E1,... , dim, Ey}. 


Proof. 1. Suppose E Cc F. For every s € [0, 00), by the monotonicity of the outer 
measure HS we have H5(E) < H*(F). Thus we have H*(E) < H*(F) on [0, 0). 
Since both H*(£) and H*(F) are nonnegative functions on [0, 00), this implies that we 
have {s € (0,00) : H*(E) = 0} D {s € (0,00) : H*(F) = 0} and consequently 
we have inf {s € [0,00) : HS(E) = 0} < inf {s € [0,0) : HS(F) = O}, that is, 
dim, E < dim, F by (d) of Theorem 27.35. 

2. To prove (b), note that for every i ¢ N, we have E; C Uien Ej so that by (a) we 
have dim, E; < dim, Ujey Ej. Thus sup { dim, E; : i ¢ N} < dim, U;en Ei. To prove 
the reverse inequality, let us write t = sup { dim,, E; : i € N} for brevity. Let e > 0. Then 
for every i €¢ N we have t + € > dim, E; so that H'**(E;) = 0 by (d) of Theorem 27.35. 
Then we have H'**( Ucn Ei) < Vien H'**(Ei) = 0 by the countable subadditivity of 
H'**. Then by (d) of Theorem 27.35, we have dim, U;-n Ei < t +. Since this holds for 
every € > 0, we have dim, U,;.<y Zi <t. 


Proposition 27.37. if E € §8(R”) is a countable set, then dim, E = 0. 


Proof. If E = @, then dim, E = 0 by Definition 27.34. If E is a nonempty finite set, 
say it has k elements where k € N, then 1°(E) = k € (0,00) by Lemma 27.31. Then 
dim, E = 0 by (e) of Theorem 27.35. 

Suppose E is a countable infinite set. If we show that 3{°(£) = 0 for every s € (0, 1), 
then by (d) of Theorem 27.35 we have dim, E = inf {s € [0, 00) : H*(E) = 0} = 0 and 
we are done. Let s € (0,1) be arbitrarily fixed. Let ¢ > 0 be arbitrarily given and let 
8 € (0, [(2° — 1)e]!/S). Let E = {x; : i € N) and let (V; : i € N) be a 6-cover of E such 
that x; € V; and 0 < |V;| = 6/2! < 6 fori EN. Then Dye |VilS = Dien (8/2)? = 
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8° ) ey 1/25'. The series is a convergent geometric series with ratio 1/25 < 1 and first 
term 1/28. Thus ) jen 1/2% = 1/(25 — 1) and Dey |VilX = 8°/(2' — 1) < e. This 
implies that H{(E) < e. Since this holds for every 5 € (0,[(2° — l)e]'/’), we have 
HS(E) = lim H5(E) < e. By the arbitrariness of e > 0, we have H5(E) = 0. & 


Proposition 27.38. Let E € $3(R"). If E° # @, then dim, E =n. 


Proof. Let O be a bounded and nonempty open set in R”. According to Theorem 28.1 
to follow next, for any A > 0, we have H”"(AO) = A"H"(O). For a sufficiently large 
2X > 0, AO contains a unit cube Q in R” so that H"(AO) > H”"(Q) > 0 by Lemma 
27.30 and then H-”(O) = A~"H"(AO) > 0. Similarly for sufficiently small 1 > 0, AO 
is contained in a unit cube Q in R” so that H"(AO) < H"(Q) < oo by Lemma 27.30 
and then H"(O) = A~"H"(AQ) < oo. This shows that 3(”(O) € (0, 00). Then we have 
dim,, O = n by (e) of Theorem 27.35. 

Now let E € §8(R”) with E° 4 @. Let B be an arbitrary open ball contained in E°. 
Since B is a bounded and nonempty open set, we have dim,, B = n by our result above. 
Since E > B, we have dim, E > dim, B = n by Proposition 27.36. On the other hand 
E Cc R" implies dim, E < dim, R” = n by (b) of Theorem 27.35. Therefore we have 
dim, E=n. 
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[I] Hausdorff Measure of Transformed Sets 


Theorem 28.1. (Dilation) For an arbitrary set E € 98(R"), consider its dilation by d € R, 
0. £0, that is, AE = {y é€ R": y =Ax for some x € E}. We have 

(a) HS(AE) = |APHS(E) for every s € [0, co). 

(b) dim, AE = dim, E. 


Proof. 1. For any x, y € R”, we have d(Ax, Ay) = |Ax —Ay| = |A||x —y| = |Ald(x, y). It 
follows that for every V € 93(IR”), we have |AV| = |A||V|. This implies that if (V; : i € N) 
is a 6-cover of E for some 5 € (0,00), then (AV; : i € N) is a |A|5-cover of AE. Then 
for every s € [0, 00), Hy s(AE) < Vien lV = IAP Seq IVile. Since this holds for 
every 6-cover (V; : i € N) of E, we have Hy, js(AE) < |APH5(E). Letting 6 > 0, we 
have HS(AE) < |A|SH*(E). Applying this result to the dilation of the set AE by the scalar 
A“!, we have HS (A~!(AE)) < |A7!|SHCS(AB), that is, HS(E) < |A|-SHS(AE) and then 
JA/SHS(E) < HS (AE). Therefore HS(AE) = |AHS(E). 

2. By (a) we have H*(AE) = |A|SH*(E) for every s € [0, co). Since |A|* + 0, this 
implies {s € [0,00) : H*(AE) = 0} = {s € [0,00) : H*(E) = O}. Then by (d) of 
Theorem 27.35, we have 


dim, AE = inf {s € [0, 00) : H*(AE) = 0} 
= inf {s € [0, 00): H*(E) = 0} 
= dim, E. & 
Theorem 28.2. (Invariance of 0t(H(*) under Dilation) Let E € 98(R") andi E€ R, 
A 40. Then rE € IN(KH*) if and only if E € It(H*). 


Proof. A subset E € 93(R”) is in Dt(KH?*), that is E is H*-measurable, if and only if for an 
arbitrary subset A € 93(IR”) we have H(5(A) = HO(AN E) + HS(AN E*). 

Let E € D(H). To show that AE € DIt(H'*), note that for an arbitrary subset A of R” 
we have by (a) of Theorem 28.1 


HS(ANAE) = HS(A(LA) MAE) = H(A(ZAN E)) = |APHS(ZAN EB) 
and similarly 
H5(AN (AE)*) = HS (A(ZA) MAES) = HS(A(ZAN E*)) = JAPHS (FAN E*). 
Thus 
H(A N AE) + H(A N (AE)‘) = AB {IO (ZAN E) + H(ZAN E*)} 
= lalses(La) = 30°(A) 


by the fact that E € 90t(H{) and by (a) of Theorem 28.1. This shows that AE € M(H). 
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Conversely if AE € IIH), then since E = A7!(AE), we have E € t(H') by our 
result above. & 


Definition 28.3. (a) A mapping T of a set E € 98(R”) into R” is called a Hélder mapping 
of exponent a > O with coefficient c > 0 if it satisfies the condition 


|T(x) —T(y)| <elx —y|* forx,y € E. 


(b) A Hélder mapping of exponent | is called a Lipschitz mapping. 


Let us note that a Hélder mapping of a set E € 98(R”) is uniformly continuous on 
E. Indeed for an arbitrary ¢ > 0, if we let 5 = eye, then for any x, y € EF such that 
|x — y| < 6, we have |T (x) — T(y)| < clx —y|[* <c (2) = &, 


Theorem 28.4. Let T be a Hélder mapping of exponent a > 0 with coefficient c > 0 of a 
set E € §B8(R") into R™. Then 

(a) HS/“(T(E)) < c'/“HS(E), that is, HS(T(E)) < cH (E), for every s € (0, 00). 

(b) dim, T(E) < tdim, E. 

In particular if T is a Lipschitz mapping with coefficient c > 0, then 

(c) H5(T(E)) < c°HS(E) for every s € [0, ov). 

(d) dim, T(E) < dim, E. 


Proof. 1. For 5 € (0, 00), let (Vj : i € N) be a 5-cover of E. Now forx,y € EN Vj, 
we have |7 (x) — T(y)| < clx — y]* < clV;|* so that |JT(EN V;)] < clV;|* < cd%. Since 
E C Ujen Vi, we have E C U;ey(E 9 Vi). This implies T(E) C Ujen T(E 9 Vi). Thus 
(T(E NV;):i¢€ N) is a cd*-cover of T(E). Therefore for every s € [0, 00), we have 


Hose (T(E)) < DIT(EN VAI! < D (elVilty* = /* IVP. 


ieN ieN ieN 


By the arbitrariness of the 6-cover (V; : i € N) of E, we have HLS (T (E)) < c/HS(E). 
Then letting 5 | 0, we have H5/“(T(E)) < c5/“H{5(E). This proves (a). 

2. By (a), we have HS/"(T(E)) < c*/*H5(E). Since c'/* > 0, the inequality implies 
that {s € [0,00) : K*(E) = 0} C {s € [0, 00) : H*/*(T(E)) = O}. Then by (d) of 
Theorem 27.35, we have 


dim, T(E) = inf {s € [0, 00) : H*(T(E)) = 0} 


inf {© € [0, 00) : H*/*(T(E)) = 0} 
= Linf {s € [0, 00) : H*/*(T(E)) = 0} 


< tint {s € [0, 00) : H°(E) = 0} 


1] : 
= 7,dim, E. & 


The result above for Hélder mappings has the following extension. 


696 Chapter 7 Hausdorff Measures on the Euclidean Space 


Theorem 28.5. Let T and S be two mappings of R" into R" satisfying the condition that 
there exist c > 0 anda > 0 such that 


IT (x) — T(y)| S$ clS@) — SQ)" forx, y eR". 
Then for every E & 3B(IR"), we have 
(a) Hs/*(T(E)) < c5/*5(5(S(E)) for every s € [0, 00). 
(b) dim, T(E) < 4 dim, S(E). 


Proof Let s € [0, 00). For arbitrary ¢ > 0 and 8 € (0, ov], let (V; : i € N) be a 6-cover of 
S(E) C R™ such that ;en [VilS < Hj(S(E)) +e < H°(S(E)) + €. Let (W; : i € N) 
be a sequence of sets in R” defined by W; = T (s-1(v,)) fori € N. Let us show that the 
sequence is a c5*-cover of T(E). Now since S(E) C Ujen Vi, we have 


Ec S7'(S(E)) c S~ (U “) =(Js-'yp. 
ieN ieN 
Then T(E) C T(Ujen S711) = Ujen T(S7'(VD) = Use Wi. To estimate |W;|, let 
w’,w” © W;. Then there exist z’,z” € S~!(V;) such that w’ = T(z’) and w” = T(z”). 
We have |w’ — w”| = |T(z’) — T(z”)| < elS(”) — S(2”)|®. Since 2’, 2” € S7(V)), 
we have S(z’), S(z”) € V; so that |S(z’) — S(z”)| < 6. Thus |w’ — w”| < cé*. This 
implies |W;| < cd*. Therefore (W; : i € N) is a cd*-cover of T(E). We also have 
Jw! — w”| < clS(z’) — S(z”)|* < cl V;|* and thus |W;| < c|V;|*. Therefore 
Hose (T(E)) < So IWil/* < Soe! ViIs < cf {9t5(S(E)) +e}. 
ieN ieN 

From the arbitrariness of ¢ > 0, we have 5048 (T (E)) < c/“H5(S(E)). Letting 5 | 0, 
we have H’/“(T(E)) < c’/*4(5(S(E)). This proves (a). Then (b) follows by the same 
argument as in the proof of (b) of Theorem 28.4. @ 


As an example of Lipschitz mapping we have the following: 


Proposition 28.6. Let T be a mapping of class C!(Q) of an open set Q in R" into R”, 
that is, the first order partial derivatives of the component functions gi, ... , 8m of T are 
all continuous on Q. Let E be a convex set contained in Q. If all the first order partial 
derivatives of g1,... , 8m are bounded on E, then T is a Lipschitz mapping of E. 


Proof. By our assumption on the first order partial derivatives of g1,... , gm, there exists a 
constant B > 0 such that |#+)| < Bforevery pe E,i=1,...,m,andj=1,...,n. 
Let p € FE and leth = (hy,... , An) € R" be such that p +h € E. Foreachi = 1,. m, 
by the Mean Value Theorem for functions of n variables applied to g;, there exists a point 
p on the line segment joining p to p + h such that gj(p +h) — gi(p) = phe 1 Ht ( (pi yhj. 
Thus we have 


n 
le(p +) — a(n < do [ep] UN enti, 
J 


j=l 
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Therefore we have 


[7p +h) — TP)? = Yap +A) — gi(p)|” < mnB? IA?’ 


i=l 


Then |T(p +A) — T(p)| < /mnB\h|. Thus we have |T (x) — T(y)| < ./mnB\|x — y| for 
x,yeE. & 


Definition 28.7. (a) We say that a mapping T of a set E € 38(R") into R” is a bi-Lipschitz 
mapping with coefficients c, and cy where 0 < c, < C2 if T satisfies the condition 


e1lx — y| < |T (x) - Ty) < calx — yl forx,y € E. 
(b) We say that T is an isometry if 
\T(x)- TO) = |x —y| forx, ye E. 


(Thus an isometry is a bi-Lipschitz mapping with coefficients c, = c2 = 1.) 


Observation 28.8. If 7 is a bi-Lipschitz mapping with coefficients c) and c2 of a set 
E € 98(R") into R”, then T is ahomeomorphism of E onto T (£) and the inverse mapping 
T~! of T is a bi-Lipschitz mapping with coefficients cy! and cy! of T(£) into R”. 


Proof. T is a Lipschitz mapping with coefficient cz of E € 98(R”) into R™. Thus T 
is a continuous mapping of E into R™. The condition ci|x — y| < |T(x) — T(y)| for 
x,y € E implies that if T(x) = T(y) then x = y. Thus T is a one-to-one mapping. Let 
T—! be the inverse mapping of T mapping T(E) C R” one-to-one onto E. For every 
x',y’ € T(E), we have unique x, y € E such that x = T~!(x’) and y = T~!(y’), The 
conditions ci|x — y| < |T(x) — T(y)| and |T(x) — T(y)| < c2l|x — y| are rewritten as 
IT—'(x’) —T7!(y’)| < er is — y’| and |x! — y'| < |T~!(x’) — T~!(y)| respectively. 
Thus T~! is a bi-Lipschitz mapping with coefficients cy ! and er of T(E) into R”. Since 
T and T~! are Lipschitz mappings, they are continuous mappings. This shows that T is a 
homeomorphism. & 


Remark 28.9, (a) A linear transformation T of R” into R” is a Lipschitz mapping. If T is 
non-singular, then it is a bi-Lipschitz mapping. 

(b) Orthogonal transformations on R”, including rotations on R” and reflexions on R”, are 
isometries. 

(c) A translation on R” is an isometry. 


Proof. Let us prove (a). Let T be a linear transformation of R” into R”. If T is identically 
vanishing on R", then |T (x) — T(y)} < c\x — y| for x, y € R” holds trivially for every 
c > 0. If T is not identically vanishing on R”, then ||T|| = sup|xj<1 |F (x)| > 0 and 
IT) — T(y)| < IIT Illx — y| for x, y e R”. This shows that T is a Lipschitz mapping. 
Suppose T is non-singular on R”. Then T maps R” one-to-one onto the n-dimensional 
linear subspace T(R") of R™. The inverse mapping T~! is defined on T(R") and is a 
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linear transformation of T(R”) to R”. Let x,y € R”. Then T(x), T(y) € T(R”) and 
[TT (x) — TT (y)| < ITT) — T)|, thatis, lx — yl < ITT N|T@) -—TO)]. 
Thus we have ||7~1||-!|x — y| < |T(x) — T(y)| IIT Il|x — y|. This shows that T is a 
bi-Lipschitz mapping. & 


Theorem 28.10. Let T be a bi-Lipschitz mapping with coefficients c, and c2 of a set 
E € $8(R") into R™. Then 

(a) c{H*(E) < HS(T(E)) < c§H'(E) for every s € [0, 00). 

(b) dim, T(E) = dim, E. 

In particular if T is an isomery, then 

(c) H'(T (E)) = H*(E) for every s € [0, ov). 


Proof. If T be a bi-Lipschitz mapping with coefficients c; and cz, then T is a Lipschitz 
mapping of E with coefficient c2 so that by (c) of Theorem 28.4 we have the estimate 
H(T(E)) < c53(°(E) for every s € (0,00). By Observation 28.8, T~! is a Lipschitz 
mapping of T(E) with coefficient er so that by (c) of Theorem 28.4 again we have 
HS(T—'(T(E))) < cp°HS(T(B)), that is, c{H°(E) < HS(T(B)), for every s € [0, 00). 
This proves (a). Also by (d) of Theorem 28.4, we have dim, T(E) < dim, E as well as 
dim, T~1(T(E£)) < dim, T(E), that is, dim, E < dim, T(E). This proves (b). Since an 
isometry is a bi-Lipschitz mapping with coefficients c} = c2 = 1, (c) follows from (a). # 


Theorem 28.11. (Invariance of 9)t(H{') under Isometry) Let E € 98(R") and let T be 
an isometry on R". Then T(E) € INH’) if and only if E € I(H*). 


Proof. By definition S3t(H*) consists of all E € 93(IR”) such that for every A € 9B(R”) 
we have H*(A) = HS(AN E) + H°(AN E*). Suppose E € DIt(H*). Let us show that 
T(E) € 2(H’*). Now if T is an isometry on R", then T is a one-to-one mapping of R” 
onto R” so that the inverse mapping T~! exists and furthermore T ~! is an isometry. For an 
arbitrary A € §8(R”), (c) of Theorem 28.10 implies 


KHS(ANT(E)) = HS(TT (A) NT(E)) 
=KH'(T(T71(A) NE)) = HS(T'(A) NE), 
and similarly 
HS(ANT(E)*) = HS(TT'(A) N T(E) 
=H5(T (T-!(A) NE*)) = H8(T1(A) NE*). 
Then by the fact that E € 99t(H*) and by (c) of Theorem 28.10 we have 
H(A NT(E)) + H8(ANT(E)) = H5(T7!(A) 9 E) + HS (T7'(A) NE*) 
= H°(T~'(A)) = H(A). 


This shows that T(E) € $8(R") if E € tH). Conversely if we assume that T(E) € 
M(H), then since E = T~!(T(E£)) and since T~! is an isometry, we have E € I(H*) 
by our result above. & 
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[II] 1-dimensional Hausdorff Measure 


We show that for every E € 9B(R), we have H!(E) = H*(E). The difference between 
the 1-dimensional Hausdorff (outer) measure 3{! and the 1-dimensional Lebesgue outer 
measure ut is that while ut is an outer measure on R, H! is an outer measure on R” for 
anyn EN. 


Theorem 28.12. For every E € 3B(R), HE) is independent of 5 € (0, 00] and in fact 
Hj (E) = *(E) for every 8 € (0, 00). Thus H'(E) = y*(E). 


Proof. A subset of R is a convex set if and only if it is an interval. Thus the collection of 
closed convex sets in R is the collection of closed intervals 3,. Then by Theorem 27.25, 
for every E € 98(R) and 6é € (0, 00], we have 


HAE) = inf | Dien il : Ji € Fes Sil S87 Nand Ujer Ji > E}. 
Recall that according to Observation 3.2, we have 
yt (E) = inf View Wil: Ji € Ici ENand Ujen Ji > El. 


The collection on which we are taking infimum for 7 (E) is contained in the collection on 
which we are taking infimum for u*(E). Thus u7(E) < a; (£). On the other hand every 
closed interval J in R is the union of at most countably many closed interval Jp, p € N, 
with disjoint interiors such that |J,| < 6 for p € N and |J| = depen |Jp|. Thus for every 
sequence (J; : i € N) in 3, such that LU), -~y Ji D E, there exists a sequence (J/: i € N) in 
3- such that |J/| < 6 fori ¢ N, Uncen J/ D E, and Wicy Jj! = Die | Jil. This implies 
H}(E) < wi (E). Therefore H}(E) == *(E). Then KE) = lim H5(E) = BN (E). | 


Remark 28.13. We showed in Theorem 28.12 that i} (E) = ut (E£) for every 6 € (0, co] 
and in particular HUE) = H(E) as long as E € 98(R). For E € 98(R”) where n > 1, 
H*(E) is undefined. 


Example 1. Consider two line segments in R? given by Ej = {(x,0) € R?: x € (0, 1)} 
and E2 = {(0, y) € R?: y € (0, 1}}. Let E = Ey U Ep. If we regard £; as a subset of R, 
then by Theorem 28.12 we have H('(E)) = y*(E1) = 1. By the invariance of H{! under 
an isometry ((c) of Theorem 28.10), we have H!(E2) = H!(E£,) = 1. Then since H! is 
a measure on SS p2 and since E; MN Ey = B, we have KE) = HE) +H (£2) = 2. 
On the other hand the triangle in R? defined by V= {(x, ye R2: x, y>Ox+y< 1} 
contains E so that H1,(E) < |V| = /2. Thus HL(E) < H'(E). Note that since 
H(E) = 2 € (0,00), we have dim, E = 1 by (e) of Theorem 27.35. Note also that 
ue (E) = 0 while 2, (E) is undefined since E is not a subset of R. 


Example 2. If E is a finite set in R” with k elements, then H°(E) = k by Proposition 
27.31. On the other hand for any set V € 93(IR”) such that V > E we have |V|\° = 1. Thus 
Hi (E) <1. 
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[III] Hausdorff Measure of Jordan Curves 


Definition 28.14. A Jordan curve G in R" is the image of a one-to-one continuous mapping 
& Of a finite closed interval [a,b] C R into R”. We call the mapping g a parametric 
representation of the Jordan curve G. 


Observation 28.15. 
(a) A parametric representation of a Jordan curve G is not unique, that is, there exist distinct 
one-to-one continuous mappings g and A of [a, b] into R” such that we have 


G={x eR": x = g(t),t € [a,b]} = {x eR": x =h(t),t € [a, d]}. 


(b) A Jordan curve has two endpoints and is not self-intersecting. 

(c) A Jordan curve is a compact connected subset of R”. 

(d) If g : [a,b] — R” is a parametric representation of a Jordan curve G in R”, then g is 
a homeomorphism of [a, b] onto G. 


Proof. Let y be an arbitrary one-to-one continuous mapping of [a, b] onto [a,b]. If 
g: [a,b] > R” is a parametric representation of a Jordan curve G in R”, thenh = gog 
is also a parametric representation of G. This proves (a). (b) is immediate from Definition 
28.14. Let g : [a,b] + R" be a parametric representation of G. Since [a, b] is a compact 
set in R and g is continuous on [a, b], G = g((a, b)) is a compact set in R”. Since [a, b] 
is a connected set in R, the continuity of g implies that G = g([a, b]) is a connected set in 
R”. Finally since g is a one-to-one continuous mapping of the compact set [a, b] in R into 
R”, g is ahomeomorphism of [a, b] to G = g(la, b)) by Proposition 4.35. 


Definition 28.16. Let f be a mapping of {a, b] into R”. For a partition of (a, b] given by 
Pia=to <-::<tm=b, let 


v°(f,P) = = Dies f (te-1)| € [0, 00). 


Let Bp be the collection of all partitions of |a, b]. Let 


Va(f) = sup ve(f,P) € [0, oo]. 


eBas 


We say that the mapping f is of bounded variation on [a, b] and write f € BV ([a, b)) if 
V2(f) < 00. If f € BV([a, b]), we call the function 


ve(t) = Va(f) fort € [a,b] 


the total variation function of f. 


Lemma 28.17. Let f be a mapping of [a, b] into R” and let f\,... , fy be the component 
functions of f. Then for eachi =1,... ,n, we have 


(1) Ve (fi) < Va(f) < Del fi). 
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In particular, f is a mapping of bounded variation on [a, b) if and only if fi,..., fn are 
all functions of bounded variation on {a, b]. 


Proof. Let P € PB, , be given by P: a = 10 < +++ < tm = b. Now| f(t) — f(u-)| = 
fe lfilt) - filte-) 2} so that fori = 1,... ,m we have 


[filte) — fite—1)| < If) — fad < YO) — fie). 


i=] 


Summing over k = 1,... ,m, we have V2 (fi, P) < Vos, P) <r Vo (fi, P) so that 


sup V2(fi,P) < sup V2(f,P?) < ZS; sup V?(fi, P). 


PEPay PEPa, b i=l PEPa, b 


This proves (1). Then by (1) we have V2(f) < oo if and only if V?(fi) < oo for all 
i=sl,...,n. @ 


Lemma 28.18. If f is a Lipschitz mapping of (a, b] into R", then f is amapping of bounded 
variation on [a, b]. 


Proof. If f is a Lipschitz mapping, then there exists c > 0 such that | f(t’) — f(t’)| < 
elt’ —t”| fort’, t” € [a,b]. Let P € 8, , be given by P: a =%9 < +++ < tm = b. Then 


Vi(fP) = Siro ~ fee NE ae 1| = c(b — a) 


k=1 
and V?(f) = suppeg, , Va (f,P) < c(b — a) < 00. This shows that f is a mapping of 
bounded variation on [a, b]. 
Lemma 28.19. Let f be amapping of [a, b] of bounded variation into R”. If f is continuous 
at some to € [a, b], then its total variation function vf is continuous at to. 


Proof. Let t’, t” € [a, b], t’ < t”. By the same argument as in proving (1) in Lemma 28.17, 
we have 


(1) Vi (fi) S s Dov 


Since V;"' (fi) = v,,(t”) — vg (t’) by (b) of Lemma 12.15 and Vi (f) = vy(t”) — v¢(?’) 
similarly, we have 


(2) vg (t") — vg (t’) < ve (t’) — ve (t') S 2 fug(t’) — ug (t)}. 


i=1 


702 Chapter 7 Hausdorff Measures on the Euclidean Space 


Now if f is continuous at some fp € [a, b], then its component functions fy,... , fy are 
all continuous at fo. This implies that their total variation functions v firs. Ue, are all 
continuous at tg by Theorem 12.22. Then the second inequality in (2) implies that vy is 
continuous at fo. # 


Definition 28.20. Let G be a Jordan curve in R" and let g : [a,b] > R" be a parametric 
representation of G. We define the length of G by 


L(G) = V°(g), 


that is, &(G) = suppey, , V2(g,P) where V2(g,P) = ey Ig(t) — g(te—-1)| for the 
partition P: a= 19 <-:: < tm = b of [a,b]. We say that G is rectifiable if L(G) < 00, 
that is, g € BV ([a, b)). 


Remark 28.21. The length £(G) of a Jordan curve G in R” does not depend on the 
parametric representation g : [a,b] > R” of G used in defining £(G). 


Proof. Let g : [a,b] — R” and h : [a,b] — R” be two parametric representations 
of G. Let P: a = t9 < +--+ < ty = b be an arbitrary partition of [a, b] and consider 
VP(e,P) = Ly Ie(te) — g(te-1)|. Since g and h are one-to-one mappings of [a, b] onto 
G, there exists unique s, € [a,b] such that g(t) = h(s,) fork = 0,...,m. For the 
partition P’ : a = so < +++ < Sm = b of [a,b], we have V2(g, P) = V2(h, P’). This shows 
that {V2(g,P): Pe Ba} c {V2(h, P) : P © 98,4}. Interchanging the roles of g and 
h, we have {V2(h, P) : Pe Pay} c {V2(g,P) : P © Ba4}. Thus we have {V2(g, P) : 
Pe Bao} = {Veh P) : P € Pao}. Then suppeg, , V2(g,P) = suppes, , V2 (h, P). 
This shows the independence of £(G) from g. & 


Observation 28.22. Let g : [a,b] — R” be a parametric representation of a Jordan curve 
Gin R". Fort’, t” € [a, b], t’ < t”, let 


(1) Gory,” = g(lt', 0’), 


that is, the part of G that is the image of the subinterval [z’, 2’”’] of [a, b] by the mapping g. 
Then Gg(1"),9(¢") isa Jordan curve in R” with g : [¢’, r’”] > R” asa parametric representation. 
Let us assume that G is rectifiable. Then Gg), 9) is rectifiable. Let us define a function 
gy on [a, b] by setting 


(2) p(t) =L£(Ggia),ee) fort € [a,b], 


that is, @ = vg, the total variation function of g. Now ¢ is a real-valued increasing function 
on [a, b] with g(a) = 0 and g(b) = L(G). Since g is a continuous mapping of [a, b], 
g~ = vg is a continuous function on [a, b] by Lemma 28.19. Since g is a one-to-one 
mapping, if t’,t’” € [a,b] andt’ < t” then g(t’) # g(t”). Then for at least one of the 
component functions gi,-.. , 8, Say gi, we have g,(t’) # gi(t”). This implies that for 
the total variation function g; of g; we have g;(t’) < g;(t”). Then by (2) in the Proof of 
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Lemma 28.19, we have g(t”) — v(t’) => 9;(t”) — 9; (t’) > 0. This shows that ¢ is a strictly 
increasing function on [a, b]. 

Now that ¢ is a strictly increasing continuous function on [a, b] with g(a) = 0 and 
y(b) = L(G), its inverse function y7! is a strictly increasing continuous function on 
{0, £(G)] mapping [0, £(G)] onto [a, b]. Let us define a mapping y of [0, £(G)] into R” 
by 


(3) v(s) =(gog™')(s) fors € [0,£(G)}. 
Then y is a one-to-one continuous mapping of [0, £(G)] into R” and in fact we have 
vy ([0, £(G)}) = (g 0 y"')([0, £(G)]) = g(la, 5) = G. 


Thus y : [0,£(G)] > R” is a parametric representation of G. Let us call the variable 
s = y(t) fort € [a, b] the arc length of G and call y(s) for s € [0, £(G)] the parametric 
representation of G by the arc length. 

For s’, s” € [0, £(G)] and s’ < s”, let t’ and t” be the unique points in [a, b] such that 
s’ = g(t’) ands” = g(t”). Then y(s’) = g(t’) and y(s”) = g(t”). Thus by (2) we have 


” s”— 8’ = 9(t") — ft’) = £ (Gee,g0") 
=i (Gy,76") > ly (s’) be y(s”)|. 


This shows that y is a Lipschitz mapping with coefficient 1. 


Theorem 28.23. Let G be a Jordan curve in R". Then‘ H'!(G) = L(G). 


Proof. 1. Let g : [a, b] > R” bea parametric representation of a Jordan curve G in R”. Let 
t’,t” € [a,b] andt’ < t’ and consider Ggq),9¢”) = g([t', t’’]). Let [g(t’), g(t”)] be the line 
segment in R” joining g(t’) to g(t”) and let T be the orthogonal projection of R” onto the line 
containing [g(t’), g(t’”)]. Then for any x, y € R” we have |T (x) — T(y)| < |x — y| so that 
T is a Lipschitz mapping with coefficient 1. Note also that T (Gg@),g’)) D [g(t’), ge’). 
Thus by (c) of Theorem 28.4, we have 


H! (Ggvy,g0”)) =H! (T (Geey,ge»)) = HK (Lg), 8@”))) 
= 1, (Ie(e’), 8@")1) = le’) - 80"), 


where the first equality is by the fact that [g(t’), g(t”)] C R and H!(£) = #*(E) for any 
E € 38(R) according to Theorem 28.12. For P: a = 19 <--+ < tm = b, we have 


m m 
Vig, P) = S > 1g) — ge) < DOH! (Ggu_y,e)) = HG), 
k=1 k=} 


where the inequality is by (1) and the last equality is from the fact that Ggcn_1),9(%) iS a 
compact set in R” by Observation 28.15 so that Ge, ,),e(%,) € Bre C MH!) and by 
the fact that Jz! Ge(t_1),g(%) = G and moreover the intersection of any two of the sets 
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Gatty_1),a(%)k = 1,... ,m, is either an empty set or a singleton for which the H! measures 
are equal to 0. Then we have 


(2) £(G)= sup V2(g,P) <H'(G). 
PePay 


2. If G is not rectifiable, then £(G) = oo so that F(1(G) = oo also by (2) and therefore 
KG) = L(G). Suppose G is rectifiable. Let y : [0,£(G)] — R" be the parametric 
representation of G by the arc length. As we noted in Observation 28.22, y is a Lipschitz 
mapping with coefficient 1. Thus by (c) of Theorem 28.4 we have 


3) KG) =H'(y ([0, £(G)})) < H!((0, £(G)]) = u, ([0, £(G)]) = L(G). 


where the second equality is by Theorem 28.12. Then with (2) and (3), we have the equality 
KG) = L(G). & 
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§29 Hausdorff Measures of Integral and Fractional Di- 
mensions 


(I) Hausdorff Measure of Integral Dimension and Lebesgue Measure 


In Theorem 28.12, we showed that for every E € 98(IR) we have H!(E) = L*(E). We show 
next that for every n € N there exists a positive constant x, such that H"(E) = kn (u” y" (E) 
forevery E € $8(R”), that is, the n-dimensional Hausdorff (outer) measure KH” is a constant 
multiple of the n-dimensional Lebesgue outer measure (”)" on R”. (One advantage of 
KH” over a is that while (ur) is an outer measure on R”, +” is an outer measure on 
R” for every m € N.) We shall show that the constant x, is equal to the n-dimensional 
Hausdorff (outer) measure 3(”(Q) of a unit cube Q in R”. Let us call a ball with diameter 
1, that is, with radius 1 a unit ball. We shall show also that the n-dimensional Lebesgue 
outer measure (u")*(S) of a unit ball S in R” is equal to ram From this it follows that for a 
ball B in R”, we have H"(B) = |B". 


Observation 29.1. In Lemma 27.30 we showed that if Q is a unit cube in the class 3” = 
3%, U3", U 3% U 3%, then 1”(Q) is a positive number in the range [2~”, n”/?]. We show 
now that 3("(Q) has the same value whether Q is in 37, 32, 33, or 3”. 


Proof. By the translation invariance of the outer measure 1” implied by (c) of Theorem 
28.10, we may assume without loss of generality that our cubes have center at 0 € R”. Let 
G) be a cube in the class 3, that is, an open cube, with center at 0 € R” and edge A > 0 
and let F, be a cube in the class 3”, that is, a closed cube, with center at 0 € R” and edge 
A > 0. Then (Fut : k € N) is an increasing sequence of closed cubes with lim Foi 
k>00 k 
Unen F 41> G,. Since H" is a measure on Bpx, we have jim, H"(F\_1) = H"(G)). 
Now since Fit is a dilation of F; by the scalar 1— be we have H” (F\_1) = [1 _ fH) 
by Theorem 28.1. Then lim H”(F,_1) = lim [1 — 7]"3"(F)) = 3{"(Fi). This shows 
k-00 k k->00 


that H"(G1) = H"(F\). If Q is a unit cube in the class 3}, or in the class 3”, then 
GicC QC F, sothatH"(G)) < H"(Q) < H"(F1). Then the equality H"(G1) = H"(F\) 


implies H"(G1) = H"(Q) =KH"(F)). 


Theorem 29.2. The n-dimensional Hausdorff (outer) measure H" is a constant multiple of 
the n-dimensional Lebesgue outer measure (u")* on R". Indeed we have 


(1) , H"(E) = (u")"(E) for every E € 98(R") 

where Q is a unit cube in R” and 

(2) kn = H"(Q). 

Proof. 1. For a ='(a),... ,@,) € R” and A > 0, consider a cube in R” of the class ae 


given by Q(a, A) = (a1, ay +A] X- ++ (Gn, Qn +A]. Since a translation in R” is an isometry, 


706 Chapter 7 Hausdorff Measures on the Euclidean Space 


we have H("(Q(a, 4)) = H”(Q(O, d)) by Theorem 28.10. Since Q(0, A) is a dilation of 
Q(0, 1) by A, we have H”(Q(0, A)) = A"H"(Q(0, 1)) = A"ky, by Theorem 28.1. Thus we 
have H"(Q(a, d)) =" ky = kn(u")* (O(a, d)). 

2. Let O be a nonempty open set in R”. According to Proposition 24.10, there exists a 
disjoint sequence (Q; : j € N) of cubes in the class 3%. such that O = J jen Qj. Since 
FC" and (u")* are measures on the o-algebra Spx, we have 


a i re 


JEN jeN JEN 


ut)*(U aj) = «n(u2)"(O). 


JeN 


3. Let G be a Gs-set in R". If H"(G) = 00 and (u")"(G) = oo also, then the 
equality H"(G) = kn (u")*(G) holds trivially. Let us show that if at least one of H”(G) 
and (u")*(G) is finite, then there exists an open set O D G such that both H”(O) and 
(u)*(O) are finite. 

Consider first the case (u")*(G) < oo. By Proposition 24.6, there exists a sequence 
(O; : 7 € N) in 39 such that Ujen Oj; > G and Djen (u)*(O;) < oo. If we let O = 
Ujen Oj, then O is an open set containing G and (u")"(O) < Y jen (u")"(Oj) < 0. 
Since O is an open set, we have H”(O) = ky (u")*(O) < oo by our result in 2. 

Next consider the case 1(”(G) < oo. By Theorem 27.13 we have $3(G) t H"(G) as 
5 | 0 where $3(G) = inf { Dien |O;|" : (Oj : j € N) isa 5-cover of G by open sets}. 
Thus 1("(G) < oo implies that $5(G) < oo. Then there exists a sequence (O; : j € N) of 
open sets with |O;| < 6 such that Uy Oj D G and D° jy |Oj|" < 00. Let xj € Oj be 
arbitrarily chosen. Then for every x € Oj; we have |x — x;| < |Oj| so that O; is contained 
in an open cube Cj; with center at x; and with edge 2|O;|. If we let O = Ujen Cj, then O 
iS an open set containing G and 


(ut)*() = ut (U cr) s Veep = Y @ioy" =2" Yi ojt" < &. 


jeN jeN jeN jeN 


Since C; is a translate of a dilation of a unit cube Q with center at 0 € R” by 2|0;|, we 
have by Theorem 28.1 and Theorem 28.10 


3"(0) = H"( ci) = D3") = YAO ;1)"H"(O) 
JeN JjeN jeN 
= 2"5("(Q) ¥ > |OjI" < 00. 
jeN 
Now let G be a G5-set in R” for which at least one of 3(”(G) and (u")*(G) is finite. 
We showed above that there exists an open set O D G such that both 3{(”(O) and (u")*(O) 


are finite. Since G is a Gs5-set, there exists a decreasing sequence (Gj; : j € N) of 
open sets containing G such thatG = lim Gj. With the open sets O D G, we have 


lr7ow 
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G=GN0 = lim (GjN0O). Since KH” and (w")* are measures on the o-algebra Bye 


Iron 
and since 
H"(GjMO) < oo and (u")"(GjNO) <0, 


the convergence G = lim G; implies 
Jr 
H"(G) = lim H"(Gj NO) and (u™)*(G) = lim (u")"(GjN O). 
jroo jroo 


Since Gj; O is an open set, H"(G;NO) = kn (u")"(G; MO) by our result in 2. Therefore 
we have H"(G) = kn (u")*(G). 

4. Let E € 98(R”). By Theorem 27.27, there exists a Gs-set G’ D> E such that 
5{"(G’) = H"(E). By Lemma 24.11, there exists a Gs-set G” D E such that (w")"(G”) = 
(u")*(E). Then since E C G'NG” C G’, we have H"(E) = H"(G’N G”). Similarly by 
Ec G'NG" c G", we have (w")*(E) = (u")"(GN G”). Since G’ and G” are G-sets, 
so is G’N G”. Then by our result in 3, we have H”(G’ N G”) = kn (u")*(G" NG"). Thus 
H"(E) = kn(w")"(E). 


Corollary 29.3. For every n € N, we have IN(H") = M((u")*)(= Dt"), that is, the 
o-algebra of H"-measurable subsets of R" is equal to the o-algebra of ( p")*-measurable 
subsets of R". 


Proof. Let E ¢ $8(R"). Then E € (H") if and only if for every A € $8(IR") we have 
(1) H"(A) = HAN E)+ HUAN ES), 

and E € 99t((u")"*) if and only if for every A € §8(R”) we have 

(2) (Hi)"(A) = (Wt) "(AN BE) + (BI) (ANE). 


According to Theorem 29.2, H"(F) = kn(u")"(F) for every F € 98(R"). Thus if £ 
satisfies (1), then it satisfies (2) so that It(H”) c I ((u")") and similarly if E satisfies 
(2), then it satisfies (1) so that Mt((u")*) C M(H"). Thus MH") = MM((u")"). | 


(II) Calculation of the n-dimensional Hausdorff Measure of a Unit Cube 
in R” 


Let Q bea unit cube and S be a unit ball in R”. We show that ck, = H"(Q) and yy = ui (S) 
are related by knY¥n = 1. 


Definition 29.4. For x = (x1,... ,xn) € R" andi =1,... ,n, let x!'] be the point whose 
i-th coordinate is the negative of that of x. We say that a set E in R" is symmetric with 
respect to the hyperplane H; = eae wee Xn) EC Rix = 0} if for every x € E we have 


xlle k, 
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Theorem 29.5. (Steiner Symmetrization) Let E be a bounded set in pn. For every 


i=l,...,n, there exists a set S;E in R" with the following properties: 

(a) S;E € Bra. 

(b) 1" (SE) = w"(E). 

(c) |S;E| < |E|. 

(d) S;E is symmetric with respect to the hyperplane H; = {(x1, 2225 Xn) ER 1x; = 0}. 
(e) If E is symmetric with respect to a hyperplane H; for some j = 1,...,n, then S;E is 


symmetric with respect to both H; and Hj. 


Proof. For simplicity in notation, we prove the theorem fori = 1. Let 2 be the projection of 
R" = R x R"~! onto R”~!, that is, (x1,... , Xn) = (X2,... , Xn) for (x1,-.. , Xn) € R". 
Thus for every E € 98(R”) we have 


n(E) = {y € R”"!: there exists s € R such that (s, y) € E}. 


If E is a bounded set in Sign, then 2 (E) is a bounded set in R"~!. For every y € R"~', let 
E(., y) = {s € R: (s, y) € E} and call this subset of R the section of E at y. Note that if 
y ¢ m(E), then E(-, y) = 8. Now Spx = o(X j-)Br) = 0 (Bp x Bpn-1) by Theorem 
24.24 and Proposition 23.5. Thus E(-, y) € Sp forevery y € R"~! by Proposition 23.9 and 
H,(E(, y)) is a real-valued SBpn-1-measurable function of y ¢ R"~!. For every y € RR"), 
let us define a set in R by 


(t) ly = (34, (EC, »)), 342 (EC, »))) 


with the understanding that Jy = 0 if u, (E(-, y)) = 0. Note that for y € R"~! such that 
Ly, (EC, y)) > 0, Jy is an open interval of length 1, (EC, y)) with center at the origin of 
R. Let us define a set in R” by setting 


(2) SE= |) yx bh 


yeR"-! 
The section of this set at y € R”~! is equal to Jy, that is, 
(3) (SIE)C, y) = Ly. 


Consider the hyperplane H; = {(x1, wey %n) ER? 2x, = O}. Let us show that S| E 
is symmetric with respect to Hj. Let x = (%1,...,%n) € S|E. By (2), x1 € J, where 
y = (%2,... Xn) € R"—! is such that I, #9. Now x; € I, implies —x; € I, by (1). Thus 
(—x1,%2,... , Xn) € S|E by (2). This shows that 5; £ is symmetric with respect to A. 

To show that S}E € Spx, consider the nonnegative real-valued 8.,_.-1-measurable 
function 54, (E(-, y)) of y € R"!. By Lemma 8.6, there exists an increasing sequence 
(y; : j € N) of nonnegative simple functions on (REE Bign-1) such that we have g;(y) t 
hy (EC, y)) for every y € R""!. Let By = {(s, y) € R”: |s| < vj(y)} for 7 € N. Since 
(<1,-.- ,%n) > |x1| is a real-valued S$p.-measurable function on R” and (s, y) > g;(y) 
is also a real-valued Byx-measurable function on R”, we have B; € Bpx by (3) of Theorem 
4.16. By the fact that gj(y) t 44,(E(, y)) for every y € IR"! and by (1) and (2), we 
have S)E = Ujen B;. Thus SE € Bre. 
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The fact that 4? (S)E) = i" (E) follows from Proposition 23.16 for a measurable set in 
a product measure space. Indeed we have 


wi (S1E) = (w, x wy!) (SE) = a Be ((SENG y)) Ey) 
=F bly ut'dy) = f (EC, y)) u(y) 
Rre-l R-! 


= (u, x uw" ')(E) =u (B), 


where the second equality is by Proposition 23.16, the third equality is by (3), the fourth 
equality is by (1) and the fifth equality is by Proposition 23.16. 

Let us show that |S;E| < |E|. Forevery y € R"~!, E(., y) is a bounded set in R. Let 
us define a finite closed interval by setting 


(4) Jy = [inf EC, y), sup E(, y)] CR. 

Since Jy D E(-, y), we have by (1) 

(5) (Jy) = sup E(., y) —inf E(, y) > uw, (EC, y)) = uw, Uy). 

Let x’ and x” be two arbitrary points in S;E. By (2), we have x’ = (s', y') where s’ € I 
and y’ € m(E) and similarly x” = (s”, y”) where s” € I, and y” € 1(E). Let c’ and c” 
be respectively the midpoints of the closed intervals Jy and Jy» defined by (4) with our y’ 


and y”. Then by (1) and (5) we have 


(6) Is’ —s"| 


{A 


Is’| + |s”| < 4u, (EC, y’)) + 34,(EG y”)) 


5H, (Jy) + 5, (Jy) Sle! — "| + 9m, Jy) + 3H Jy) 


1A 


=|’ 2", 


where f’ is one of the two endpoints of Jy and r” is one of the two endpoints of Jy». Now 
(t', y’), (t", y”) € E. By (6), we have |x’—x”| = |(s’,y')-(s", 1 <1, y)- 0, y’1- 
Since this holds for any two points x’ and x” of S,E, we have |S, E| < |E|. Then since the 
diameter of the closure of an arbitrary bounded set is equal to the diameter of the set, we 
have |S, E| < |E|. 

Consider the hyperplanes Hj; = espe tn) © Ri xy = 0} for j = 1,...,2. 
Suppose E is symmetric with respect to a hyperplane H; for some j = 1,... ,. Let us 
show that S| E is symmetric with respect to H;. Since S| E is symmetric with respect to Hy 
as we showed above, let us consider j = 2,... ,n. For x € R", let x'/] be the point whose 
j-th coordinate is the negative of that of x andfor y € R"~!, y = (xo,... , Xn), let yl be the 
point whose j — 1-th coordinate is the negative of that of y. Let x be an arbitrary pointin S,E. 
By (2), x = (s, y) where s € Iy and y € 2(E). Then x] = (s, yl). Since y € m(E), 
there exists so € IR such that (so, y) € E. Then since E is symmetric with respect to H;, we 
have (so, y'/!) € E. Thus y'/l € 2(£). This implies x] = (s, yl) € 1, x (y} c SIE 
by (2). This shows that S| E is symmetric with respect to Hj. 
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The volume of a ball with radius a > 0 in R” is equal to ”/?a"/T ($+ 1) as we 
showed in Theorem 26.13. Thus y, := 2"/2 (4)" /Tv (5 + 1) is the volume of a unit ball in 
R". The volume of a ball with diameter d > 0 in R" is then 2”/? (4)" /T (3 +1) = ynd”. 
We have for instance y; = 1, y2 = as n= ae V4 = i. and so on. 


Theorem 29.6. (Isodiametric Inequality) If E is a bounded set in Bn, then the volume 
of E does not exceed that of a ball with the same diameter as E, that is, 


() w"(E) < yal El", 
where 

nl? ie 
(2) Yn = reap(3) , 


that is, the volume of a ball with diameter 1. 


Proof. Let E be a bounded set in Bp. Let S; be the Steiner symmetrization with respect to 
the hyperplane Hj = {(x1,..- ,%n) € R": xj = 0} fori = 1,... ,m as defined in Theorem 
29.5. Let SE = S,--- Si E, the Steiner symmetrization of E by S1,... , Sy successively. 
Then by Theorem 29.5, we have SE € Bpn, (SE) = MICE), |SE| < |E|, and SE is 
symmetric with respect to H; fori = 1,... ,n. Thus forevery x € SE, we have —x € SE. 
To show that SE is contained in a closed ball with center at O € IR” and radius 5|E |, we show 
that SE cannot contain any point x € R” with |x] > SJE |. Suppose there exists x € SE 
with |x| > slEl. Now x € SE implies that —x € SE also. Thus |x — (—x)| < |SE|. But 
|x — (—x)| = |x] + | —x| = 2|x| > |E| > |SE|, a contradiction. This shows that SE is 
contained in a closed ball with center at 0 € IR” and radius SIE |. The volume of such a ball 
is given by 2/2 (4)E|)" /T (3 + 1) = yalE|” by Theorem 26.13. 


Proposition 24.10 is a covering theorem for open sets in R” by binary cubes in R”. The 
next Proposition is a covering theorem for open sets in R” by balls in R”. 


Proposition 29.7. Let G be a bounded open set in R”. The for every € > 0 there exists a 
disjoint sequence (Sx : k € N) of closed balls with diameters not exceeding € contained in 
G such that 2" (G \ Ugen Sk) = 0. 


Proof. 1. Let ¢ > 0 be arbitrarily given. Let (5; : k € N) be a disjoint sequence of closed 
balls contained in G with diameters not exceeding e and satisfying the condition that if we 
let G, be the collection of all closed balls with diameters not exceeding ¢ and contained in 
the open set G \ i a S; and if we let dy be the supremum of the diameters of the members 
of Gx then [Sei] > 4k. 

Let us show that a sequence (5S, : k € N) of the description above exists by mathematical 
induction. Let S; be an arbitrary closed ball with |S,| < € and contained in G. Then G \ 5; 
is a non-empty open set so that G,; # @. Thus we can select $2 € Gy, with |S2| > 5d. 
Suppose for some k € N we have selected k disjoint closed balls 5), +--+ , S, contained in G 
with diameters not exceeding ¢ and |S;| > 5di—1 fori =2,... ,k. Then since Ces S; isa 
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closed set contained in the open set G, G \ ES S; is anon-empty open set. Then G; 4 @ 
and we can select Sy41 € Gx with |Sz41| > 3d~. Thus by induction (Sz : k € N) exists. 
2. Let us show that 1” (G \ Uzen Se) = 0. Suppose 2" (G \ Uzen Sk) > 0. Let yn 
be the volume of a ball with diameter 1 in R”. Then he (Sx) = |Skl" Yn. By the disjointness 
of the sequence (5, : k € N) and by the fact that G is a bounded open set in IR”, we have 


Yn Y1Sel" = Yo w(Se) =H" (LU) Sk) S HIG) < 00. 


keN keN keN 


Thus ) open [Sel” < 00, which implies jim, |5;|" = 0 and then jim, |Sx| = 0. Let Sy be 

the closed ball concentric with S; and hinine (Sel = 41Sgl- Thea pe (3) = = 4"u" (Sx) so 

that peny H” (Se) = 4” Dpeny (Sk) < 00 and therefore jim awe u (Sx) = 0. Now 
oo 

since “” (G \ Uzen Sx) > 0, for sufficiently large N € N we have 


wi(U «) < So ut (5) <#i(\ US) 


k>N 


Thus there exists xo € IR” such that 


N 
(1) x0€G\ (J CG\JS and x0 ¢ UL) &. 


keN k=] k>N 


Since tp Sx is a closed set contained in the open set G, there exists a closed ball § 
contained in G with center at xq and |S| < ¢ such that S C G\ (Pe Sx and then 


N 
(2) snU&= 


Now if SA Ui; S; = @ for some k € N, then Sc G \ UL, 5; s0 that § € ©, and then 
S| < dy < 2|Sz41]. Since im |Sx| = 0 and |S| > 0, this cannot hold for every k € N. 
> 0° 


Therefore S intersects S, for some k € N. Let Sx, be the first in the sequence (5; : k € N) 
to intersect §. Then 


(3) SO Sty #B and SN(S}U-++-U Sjy-1) = 9. 


By (2), we have ko > N. Then by (1), we have x9 ¢ Sko- Since SM Sy, #4 @ and 
Xo ¢ Sky, we have $|S|+ 3|Sio] > 4(41Siol) that is, |S| > 3|Sio|- On the other hand, since 
SM (S1U---U Sig-1) = @ by (3), we have S € Gjo-1 so that |S| < dyy—1 < 2|Sgq|. Thus 
31Skol < IS| < 2|Sko|, a contradiction. Therefore 1” (G \ Upen Sx) = 0. 


Theorem 29.8. Let k,n = H"(Q) and yy, = Bw(S) where Q is a unit cube and S is a unit 
ball in R", that is, a ball with diameter 1. 
(a) Kn and yp are related by the equality knyn = 1. 
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(b) The n-dimensional Lebesgue outer measure (un)* and the n-dimensional Hausdorff 
measure KH” are related by the equality y,~ (ui) (E) = KH" (E) for every E € Y(R"). 
(c) H"(S) = 1 for a unit ball S in R". For a "pall B in R", we have H"(B) = |B|". 


Proof. 1. Consider Q = (0, 1) x --- x (0, 1), an open unit cube in R”. By the equivalent 
definition of 3(” by 5-covers of closed sets (Theorem 27.13), H}(Q) = F3(Q) where 
F%(Q) = inf { Vien Fil” : (F; : i € N) is a 5-cover of Q by closed sets} forevery 6 > 0. 
Thus for an arbitrary ¢ > 0 and 6 > 0, there exists a 5-cover (F; : i € N) of Q by closed 
sets such that 


(1) DIF" < F3(Q) +e = HR(Q) +e < H"(Q) +e. 
ieN 
Since Q C Ujen Fi, the monotonicity and countable subadditivity of (u")* implies 
2) Wr) < wt)(UF) s Dee. 
ieN ieN 


Now F; is aclosed set with |F;| < 5 so that F; is a bounded set in S$p”. Thus by Theorem 
29.6 (Isodiametric Inequality), we have jz? (Fi) < yn| Fil". Then by (2) and (1), we have 


(u")*(Q) < yn Do IFiI” < yn {H0"(Q) +}. 
ieN 


Since this holds for an arbitrary ¢ > 0, we have (u")*(Q) < mH"(Q). But (u")"(Q) =1 
and H"(Q) = kn. Thus we have 1 < ypkn. 

Let us prove the reverse inequality 1 > yp,k,. Now since Q is a bounded open set in R", 
according to Proposition 29.7 for every 6 > 0 there exists a disjoint sequence (5; : i € N) 
of closed balls contained in Q with |5;| < 6 such that wt (Q \ Uien Si) = 0. Since p7 is a 
measure on SBipz, we have 


@) wt) =u"(Ls) +u"(@\ U8) =2"(U Si) = Dut. 
ieN ieN icN ieN 
By Theorem 29.2, we have 
33(0\ si) <3"(@\ Ui) = «nut (0\ si) =0 
ieN ieN ieN 
Then by the subadditivity of the outer measure HZ, we have 
(4) H9(0) < 35((J5:) +39(0\U s:) = 96(L 5). 
ieN ieN ieN 
Since (S; : i € N) is a 5-cover of Uien S;, we have 


() 163 ({ Si) < ois" =— Yo ats, 
Yn ieN 


ieN ieN 
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where the equality is from the fact that S; is a ball in R” so that HE (Si) = yn|S;|". By 
(4), (5), and (3), we have H3(Q) < 4?(Q)/yn. Since this holds for every 6 > 0, we have 
KH"(Q) < ui(Q)/yn. Since H"(Q) = ky and Hu (Q) = 1, we have knyn < 1. This 
completes the proof of the equality kny, = 1. 

2. By Theorem 29.2, H"(E) = Kn(u") (E) for every E € §8(R"). According to (a), 
Kn = a Thus we have (w")*(E) = y,H"(E). This proves (b). 

3. For every E € 98(R”), we have H"(E) = kn (u")*(E) by Theorem 29.2. If S is 
a unit ball in R”, then (u")*(S) = yn by (2) of Theorem 29.6. Thus we have 3{"(S) = 
kn(u")"(S) = kKnYn. SINCE KnYn = 1 by (a), we have H"(S) = 1. Let B = B(x, 4), an 
open ball with center at x and diameter 4. Now B (x, 4) = 4B (A7!x, $) by Proposition 
24.34. Then H"(B) = KH" (AB (A7!x, 4)) = arg" (BAT! x, $)) = a" = IB)" by 
Theorem 28.1 and by the fact that B (A~!x, 4) isaunit ball in R” for which the n-dimensional 
Hausdorff measure is equal to 1 as we showed above. # 


[111] Transformation of Hausdorff Measure of Integral Dimension 


Let T be anon-singular linear transformation of R” into R”. By Theorem 29.2 and Theorem 
24.31, we have 


5" (T (E)) = kn (u")"(T(E)) = kn| det Mr|(u")"(E) = | det Mr |" (E) 


for every E € 98(R"). Let us consider a non-singular linear transformation of Ré into R". 


Observation 29.9. Let T be a linear transformation of R* into R”. It is a well-known 
fact in linear algebra that there exists a linear transformation 7* of R” into R*, called the 
adjoint of T, such that (Tx, y) = (x, T*y) for every x € Ré and y € R” where (., -) is the 
inner product. The matrix of 7, My, is ann x k matrix and the matrix of T*, Mr, is a 
k x n matrix and the two matrices are related by Mr+ = M}.. The composition T*T is a 
linear transformation of R‘ into R‘ and its matrix Mr7+* = Mr+Mr isak x k matrix. The 
transformation T*T is positive semidefinite, that is, (T*Tx, x) > 0 for every x € R*, and 
det Mr7* > 0. 

Now let T be a non-singular linear transformation of R‘ into R” where k <n. The 
image of R* by T, T(R4), is a k-dimensional linear subspace of R". Let R be a rotation 
on R” mapping T (R*) onto the k-dimensional linear subspace R‘ x {0} = {y € R”: y= 
0 for j > k} of R". Let § = RT, anon-singular linear transformation of R* onto Ré x {0}. 
We have S*S = T*R*RT = T*T. Thus Msxs = My«r and det Msxs = det Myer. 
If we identify R* x {0} with R‘, then S is a non-singular linear transformation of R* 
into Rk. Now Msgxs = Ms+Ms. Since Msg is a square matrix and Ms+ = Ms with 
det Ms« = det Mi, = det Ms, we have det Msxs = det Msx det Ms = (det Ms). Therefore 


| det Ms| = /det Ms«s = /det Mrer. 


Definition 29.10. Let k <n. For a non-singular linear transformation T of R* into R", we 
define J(T) = det Mr+r where T* is the adjoint linear transformation of T. 
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Note that if T is a non-singular linear transformation of R” into R” then det Mr+r = 
det Mr+ det Mr = (det Mr)? so that J(T) = /det Myr = | det Mr’. 


Theorem 29.11. Let T be a non-singular linear transformation of R* into R" where k <n. 
Then H*(T (E)) = J(T)H*(E) for every E € $8(R"). 


Proof. Consider the case k = n. We have by Theorem 29.2 and Theorem 24.31 the equalities 
KH"(T(E)) = kn(u")"(T(E)) = kn|det Mr|(u")"(E) = |det Mr|H"(E). Then since 
J(T) = |det Mr| for a non-singular linear transformation T of R” into R”, we have 
KH"(T(E)) = J(TYH"(E). 

Next consider the case k < n. Let S = RT where R is a rotation on R” mapping the 
k-dimensional linear subspace T (R*) to R* x {0}. If we identify R* x {0} with R‘, then S 
is a non-singular linear transformation of Ré into R* with | det Ms|= Jdet Mr+r = J) 
by Observation 29.9. Thus by Theorem 24.31, we have (u AE (S(E)) = J(T)(w ae (E). 
Now H*(S(E)) = — Ke ( ue ais (S(E)) by Theorem 29.2. A rotation on R” is an isometry so 
that we have H(*(S(E)) = RTE) = H*(T(E)) by Theorem 28.10. Thus we have 
H*(T (E)) = H*(S(E)) = xx (u*)*(S(E)) = wed (T)(uk)*(E) = J (T)H*(E). 


Let 1 < k <n. Let Q be an open set in R*. Let us consider a one-to-one mapping T of 
Q into R” of class C!(Q). The differential dT (x, -) exists at every x € Q and its matrix is 
ann x k matrix [sO] where 71,... , Z, are the component functions of T. 


Lemma 29.12. Let 1 < k <n. Let T be a continuous one-to-one mapping of an open set 
Q in Ré into R". Then for every E € Byx such that E C Q, we have T(E) € Bre. 


Proof. An open set Q in R* is a countable union of closed balls in Ré and is thus ao -compact 
set. If T is a continuous mapping of Q into R”, then T(K) is a compact set in R” for every 
compact set K contained in 2. Thus T (£2) is a o-compact set in R” so that T(Q) € Bpn. 

Now let T be a continuous one-to-one mapping of an open set Q in R* into R”. Let 

={E CQ: T(E) € Sp-}. Let us show that 2 is a o-algebra of subsets of Q. Now 
since Q is an open set in R*, we have T(Q) € Bn as we showed above. Thus Q € AL. 
Let E be an arbitrary member of 2(. Consider 22 \ E. Since T is a one-to-one mapping, 
we have T(Q \ E£) = T(&2) \ T(E). The fact that both 7(Q) and T(E) are members of 
Bp» implies that T(Q \ E) € . Thus 2 is closed under complementations. To show 
that 2f is closed under countable unions, let (E; : j € N) be a sequence in 2. Then 
T(Ujen E}) = Ujen T(Ej) € WA since T(E;) € Wfor j ¢ N. This shows that 2 is a 
o-algebra of subsets of Q2. 

If E is an open set in Q inits relative topology from R*, then E is an open set in R‘ and thus 
T(E) € Spx by our opening remark and therefore E € 2. Thus the o-algebra 2 contains 
all open sets in Q and therefore it contains the Borel o-algebra Bg of subsets of 2, that is, 
QLD Woe. Let O be the collection of all open sets in R“. Then ONQ is the collection of all 
open sets in Q in its relative topology. Thus Be = oQ(ONQ) = ao(O)NQ = BRiNQ 
by Theorem 1.15. Therefore we have 26 D Bp. ML. This shows that if FE ¢ Bre N Q, 
then T(E) € Bpz. In particular if FE € Bre and EC Q, then T(E) € Br. t 
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Lemma 29.13. Let 1 < k <n. Let T be a mapping of class C!(Q) of an open set Q in R‘ 
into R" such that T and the differential dT (x, -) for each x € Q are one-to-one mappings. 
Then for an arbitrary c > 1, there exist a disjoint sequence (B; : j € N) in Bpx such that 
U jen Bj = Q and a sequence (L; : j € N) of non-singular linear transformations of R‘ 
into IR” such that for each j € N we have 


(1) cL @I < |dT (x, z)| < c|Lj(z)| forx € Bj andze Ré 
and 


(2) ec '|Lj(x) — Lj) S$ IT@) — TO) < clLj®) — Lj) forx,y € By. 


Proof. Let us observe that if a linear transformation L of Ré into R” is such that |dT (x, z)| < 
c|L(z)| forall z € R* for some x € Qandc > 0, then L is non-singular. In fact if L(z) = 0 
for some z € R‘, then dT (x, z) = 0. Since dT(x,-) isa non-singular linear transformation 
of R* into R”, we have z = 0. This shows that L is non-singular. 

The normed linear space L of the linear transformations L of R* into R” with the norm 
|Z || = sup),)<; |L(x)| has a countable dense subset Lo = {L, : r € N} consisting of 
non-singular linear transformations. (For instance we may take the collection of all linear 
transformations of R* into R” the entries of whose matrices are rational numbers and then 
drop those which are singular.) Let c > 1 be arbitrarily given. Let ¢ > 0 be so small that 
cl 4¢<1<c—e. Then let co > 1 be such that 


(3) clte<cy!<1l<a<c-—e. 


For each r € N and p €N, let E,,p be the set consisting of all x € Q such that 


(4) co Lr (2)| < ldT (x, 2) < colLr(z)|_ for every z € R‘ 
and 
(5) eT "|L-(x) — Lr(y)| < IT (x) — TO) S$ clLr (x) — Lr(y)| 


for every y € Q such that |y — x| < 2 


Let us show that E;,p € Bpe. For eachz € R* let 
(6) F, = {x € 2:9 |Lr(2) < |dT(x, DI < colL-(2)I}. 


Let {z; : i € N} be a countable dense subset of R*. For a fixed x € Q, |dT(x, z)| and 
|L,(z)| are continuous real-valued functions of z € R*. Thus 


(7) Qk=1r. 
zeR* ieN 


Since T is a mapping of class C! (Q), the entries of the matrix of T are the first order partial 
derivatives of the component functions of T which are continuous functions of x € Q. Thus 
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for each z € R‘, |dT (x, z)| is a continuous function of x € & and therefore F, € Spe and 
in particular F,, € Spe for every i ¢ N. Then by (7) we have (),cpe F, € Bpe. This 
shows that the set of x € Q satisfying (4) is a member of Bp. By similar argument, the set 
of all x € Q satisfying (5) is a member of S,x. Then as the intersection of two members 
of Bp, E;,p is amember of Bp. 

By the definition of E,,, as a subset of &, we have Ue Upen Erp C &. Let us show 
that the union is actually equal to Q. Let x € Q be arbitrarily chosen. Let us show that 
x € E,,» forsomer € N and p € N. Now since dT (x, -) is a one-to-one mapping, we have 
69 = infjz)=1 |dT (x, z)| > 0. Choose 6 > 0 satisfying 5 < (co —1)d9 and 6 < (1 ~ cg |) 60. 
Then select L, € Lo so that ||L, — dT (x, -)|| < 6. Then for every z € R*, we have by the 
triangle inequality of the norm in R” and the definitions of 5 and 59 


|L,(z)| < |dT (x, z)| + |Lr(z) — dT(, z)| < |dT(, 2)| + 4|z| 
< |dT (x, 2)| + (co — Ddolz| < dT, z)| + (Co— DldTO, DI 
= coldT (x, 2)|. 
Similarly we have 
|Lr(z)| = |dT(, 2)| — |Lr(z) — dT (x, z)| = |dT (x, z)| — dle 
> [aT (x, 2)| — (1-9 ')dolzl = dT (x, 2) — (1-9 ')ldT@, DI 
Sey lal zi: 


Thus we have cy IE < |dT(x, z)| < colL,-(z)|, that is, x satisfies (4). Since L, is a 
non-singular linear transformation, we have 7 = infj;=; |L,(z)| > 0. The differentiability 
of T at x implies that there exists p € N such that 


(8) IT (y) — T(x) — dT(x, y —x)| S$ enly —x| < e|L-(y — x)| 
for x € Q such that [y ~ x| < +: 


Then we have 
IT(y) — T(x) < IT) — T(x) — dT (x, y —x)| + |dTO, y — x)| 
s<elL-(y —x)| + colLr(y — x)| < clL-(y — x)I, 


where the second inequality is by (8) and (4) and the last inequality is by (3). Similarly we 
have 


IT (y) — T@)| = |\dT@, y—x)| -|TQ) —-T@) -dTQ,y—x)| 
> co Lr(y — x) — elLr(y — x) = cL (y — x). 


This shows that x satisfies (5). Thus x € E,,p. Therefore 2 = ), oy Upen Ey. p. 
For our E,,» € Bpz, let (Ee pq: dé N} be an arbitrary countable collection in 
Bye such that the diameter |E;,p,q| < + forq ¢ N and jen Enpq = Enp. Now 


§29 Measure of Integral and Fractional Dimensions 117 


Q = Uren Upen Ugen Erp.q- Let (Aj : j © N) be an arbitrary numbering of the 
countable collection {E;,p.4:q €N, p € N,r € N}. If Aj = E,,p,q in this renumbering, 
let Lj = Ly. If we let By = Aj and B; = Aj \U B; for j > 2, then (B; : j ¢ N)isa 
disjoint sequence in Bpx and the sequence (L; : j € N) of the corresponding non-singular 
linear transformations of R* into R” satisfy conditions (1) and (2). w 


Theorem 29.14. Let 1 < k <n. Let T be amapping of class C!(Q) of an open set Q in R* 
into R" such that T and the differential dT (x, -) for each x € Q are one-to-one mappings. 
Then for every E € Bye such that E C 2, we have T(E) € Spx and 


(1) H*(T(E)) =] J (dT (x, -)) HE (dx). 
E 
If f is a real-valued Bpn-measurable function on T (2), then 
Q) | rooxtan = [renas(are,9) stax), 
T(Q) 2 
in the sense that the existence of one side implies that of the other and the equality of the 


two. In particular the equality holds if f is nonnegative valued. 


Proof. 1. If E € Bp and E Cc Q, then T(E) € Br» by Lemma 29.12. Forc > 1 
arbitrarily given, let (B; : j € N) be a disjoint sequence in Bpx such that Uy By = Q 
and let (Lj; : j € N) a sequence of non-singular linear transformations of R* into R” 
satisfying (1) and (2) of Lemma 29.13. Let Ej; = EO B; for j € N. By (1) of Lemma 
29.13, for every x € Ej we have c!|Lj(z’ — z”)| < |dT (x, 2 —2")| < c|Lj(z’ — z”)| for 
2,2” € R*. Thus by (a) of Theorem 28.5, we have 

(3) c*HK(Lj(A)) < H*(dT (x, A)) < c&5(*(L;(A)) 


for x € Ej and A € $8(R*). Applying Theorem 29.11 to the two non-singular linear 
transformations dT (x, -) and L; of R¥ into R", we have 


H*(dT (x, A)) = J (dT (x, ))H*(A), 
H*(L;(A)) = J(L H(A) 

for x € Ej and A € 98(R*). By (3) and (4), we have 

(5) c*I(Lj) < J(dT(x,-)) < I(Lj) forx € Ej. 


By (2) of Lemma 29.13, we have roam a 6 — y)| < IT@) ~TO)| < elLj(e — y)| for 
x, y € Ej. Thus by (a) of Theorem 28.5, we have 


(6) c*I*(L j(Ej)) < H*(T(Ej)) < &H*(Lj (Ep). 


By the second expression in (4), we have ak (Lj(Ej)) = J (LAE). Using this in (6), 
we have 


(7) cI (L)H*(Ej) < H(T(E))) < A I(L)H(E;). 
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Applying (7) and (5), we have 


ce **9¢*(T (E;)) sete yetey = f ck (Lj) HE (dx) 


Ej 


< | J (dT (x, -)) H*(dx) < AI (L)H"(Ej) < HET (Ej). 
Ej 


Letting c | 1, we have H*(T(E;)) = Se, J (dT (x, -)) H*(dx) for every j ¢ N. Summing 
these equalities over j € N, we have (1). 

2. To prove (2), note first that T(Q) € Bipn by Lemma 29.12. Now since T is a con- 
tinuous mapping of 2 € Bpz into R”, T is a Bp«/BpR--measurable mapping by Theorem 
1.43. Thus for every F € Bn such that F C T(Q), we have T7!(F) € Bpx so that 
there exists E € Bri, E C Q, such that F = T(E). Then by (1), we have the equal- 
ity H*(T(E)) = fp J (ATC, -)) H*(dx), that is, HF) = fpigp) J(dT (x, -)) H* (dx). 
Thus 


J recon setany = f truer (aT (a, 9) 3042) 
T(Q) Q 
= [aroras(are.) a (dx), 
Q 


proving (2) for the particular case f = 1¢ where F € Bpn and F C T(Q). Then by the 
linearity of the integrals with respect to the integrands, (2) holds when f is a nonnegative 
simple function on the measure space (T (Q), Bra N T(Q), 2). If f is a nonnegative 
real-valued Sgx-measurable function on T(Q), then there exists an increasing sequence 
(y; : j € N) nonnegative simple functions on (7(&), Br» 1 T(Q), H*) such that gy; t f 
on T(&2) by Lemma 8.6. Applying the Monotone Convergence Theorem (Theorem 8.5), 
we have (2) for our function f. If f is an arbitrary real-valued S8ip.-measurable function 
on T (82), then we write f = f* — f~ and apply the result above to f+ and f~. 


{IV} Hausdorff Measure of Fractional Dimension 


Definition 29.15. A set E in a topological space X is said to be totally disconnected if for 
every pair of distinct points x, and x2 in E there exists a pair of disjoint open sets O\ and 
O2 in X such that x1 € O1, x2 € Oz, and E C O, U Oz. 


Proposition 29.16. Let E ¢ $B(R"). If dim, E < 1, then E is totally disconnected. 


Proof. Let x; € E be arbitrarily fixed and define a mapping T of R” into R by setting 
T(y) = ly —21| for y € R". Then we have |T(y) — T(2)| = |ly — x1 — |z—-1ll < ly 2 
for any y,z € R”, so that T is a Lipschitz mapping. Thus by (d) of Theorem 28.4, we 
have dim, T(E) < dim, E < 1. This implies that }('(T(£)) = 0 by the definition of the 
Hausdorff dimension. By Theorem 29.2, we have u*(T(E)) = «; '3!(T(E)) = 0. This 
implies that T(£) cannot contain any open interval in R. 

Let x2 € E, x2 # x1, be arbitrarily chosen. We have T (x2) = [x2 — x1| > 0. Consider 
the open interval (0, T (x2) in R. Since T(£) cannot contain any open interval in R, there 
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exists & € (0, T (x2)) such that € ¢ T(E). Since T is a Lipschitz mapping of R” into R , itis 
acontinuous mapping. Thus 0; := {y € R": T(y) < &} and O2 := {y € R": T(y) > &} 
are two open sets in R”. Clearly they are disjoint. Since T (x1) = 0 < &, we have x; € O1, 
and since T (x2) > & we have x2 € Op. For any x € E, since é ¢ T(E) we have T(x) #E 
so that x € O1 U O2. This shows that E C O; U O2. Thus we have shown that for any pair 
of distinct points x; and x2 in E, there exists a pair of disjoint open sets O; and O2 in X 
such that x1 € O1, x2 € Oz, and E C O; U Oz. This shows that E is a totally disconnected 
set. I 


For examples of sets with Hausdorff dimensions in the range (0, 1), we define Cantor 
sets C, with ratio A € (0, 5) next. The Cantor ternary set defined in §4 is a particular case 
of Cy with A = 3. 


Definition 29.17. Let 4 be a positive number in the range (0, 5). We define a sequence 
(3x 1 & € Z4) of classes of closed intervals in R inductively as follows. Let $o = {Jo,1} 
where Jo, = [0, 1]. Let 3; = {Ji,1, Ji,2} where J.) and J\,2 are the two closed intervals 
of length X obtained by removing an open interval of length 1 — 2d from the center of Jo,1. 
Suppose for some k €N, the collection Jx-) = {Je-1,5 i = 1,... ,2k1) of 2k-! closed 
intervals of length *— has been defined. We define 3, = {Jy : i = 1,... ,2*} as the 
collection of 2 closed intervals of length A obtained by removing an open interval of length 
(1 — 2a)A*! from the center of each of the members of 3,—1. We continue the process 


indefinitely. Let J = sez, Te For eachk € Z4, let Ey = oe Jx,i- We define the 
Cantor set C;, with ratio 4 € (0, 5) by setting C, = ez, Ex. 


Note that Ex € Bp for every k € Z+ so that C, € Br. Also pw, (Ex) = 2*ak = (2A)4 
and 4, (Cy) = jim 1, (Ex) = 0 since 2A < 1. 
—> OO 


Proposition 29.18. The Cantor set C), has the following properties: 
(a) Cy is a null set in (R, Br, fiz). 

(b) Cy, is an uncountable set. 

(c) Cy is a compact set in R. 

(d) C) is a perfect set in R. 

(e) Cy is nowhere dense in R, that is, (G)° = @. 


Proof. These statements can be proved in the same way as Theorem 4.33 for the Cantor 
ternary set. @ 


Lemma 29.19. Regarding the classes of closed intervals 3, fork € Zs and3 = \)J keZy Te 

in Definition 29.17, we have the following: 

(a) If x is an endpoint of a member of J, then x € Cy. 

(b) Ifx € C, and x is not the left endpoint of any member of J, then there exists a sequence 
(Xm 1m € N) such that x», is the left endpoint of a member of J, xm < x, and Xm t Xx. 
Similarly if x € C, and x is not the right endpoint of any member of J, then there exists 
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a sequence (Xm :m € N) such that xm is the right endpoint of a member of 3, xm > x, 
and Xm | x. 

(c) Ifx ¢ Cy and there exists a point & € C, such that x < &, then there exists a € Cy 
such that x < a, a is the left endpoint of a member of 3 and [x,a@) MC, = @. Similarly 
if y ¢ Cy and there exists a point n € Cy such that n < y, then there exists B € Cy such 
that B < y, B is the right endpoint of a member of 3 and (B, y] NC, = @. 


Proof. 1. If x is a left endpoint of a member of 3, then x is the left endpoint of a member 
of 3; for some k € Z4. Then x is the left endpoint of a member of 3,, for every m > k so 
that x € Em for every m > k. Then x € C, =(\zez,, Ex. Similarly for the case that x is a 
right endpoint of a member of J. 

2. Suppose x € C, and x is not the left endpoint of any member of J. Now since 
x € Cy, = (rez, Ek, we have x € Ex for every k € Z4. For every n € N, there 


. : k 
exists k € Z4 such that Ak < 4. Since x € Ey = FS ae Ji, we have x € Jy; for 


some i = 1,... ,2*. Since (Jail = Mix 1 the distance between the left endpoint &, 
of Jy; and x is less than 1. Thus & < x andx —& < 1. Then Jim, &, = x. Let 
Xm = max{&1,... ,&m} form € N. Then (xm : m € N) is a sequence of left endpoints of 
members of J, Xm <x, and x, + x. Similarly for the case that x € C, and x is not the 
right endpoint of any member of J. 

3. Suppose x ¢ C) and there exists a point € € C, such that x < & Then [x, 00) NC, 
is nonempty and is a compact set. Let a be the nearest point in the compact set [x, 00) VC, 
from x. Then [x,@) 1 C, = @ so that a must be a left endpoint of a member of J by (b). 
Similarly for the case that y ¢ C, and there exists a point 7 € C, such thatn < y. # 


With the notations introduced in Definition 29.17, let C’ = C,N Jj, and C” = Cx, NJi,2. 
Then C’N C” = @, C’ UC” = Cy. Moreover it is evident from the construction of C, that 
C’ = AC), a dilation of C, by A, and C” = C’ + (1 — A), a translate of C’ by 1-A ER, 
as can be seen by the construction of C,. Since C, € Br C Mt(H') for an arbitrary 
s € [0, 00), we have C’ € 99t(‘H*) by Theorem 28.2 and, since a translation is an isometry, 
C” € MN(KH*) by Theorem 28.11. Then since H* is a measure on the o-algebra Dt(5*), 
we have H°(C,) = HS(C’) + H8(C”). Now H*(C’) = ASHS(C,) by Theorem 28.1 and 
H5(C”) = H5(C’) by (c) of Theorem 28.10 so that we have 


(1) KO (Cy) = 2ASH(C,) for every s € [0, 00). 


Now consider the nonnegative extended real-valued function H(°(C,) of s € [0, 00). The 
fact that C, is an infinite set implies that H°(C,) = by Lemma 27.31 and the fact that 
C, C R implies that H*(C,) = 0 for s > 1 by (c) of Lemma 27,30. Since C, # @, 
K°(C,) has exactly one point of discontinuity and the discontinuity occurs at a point in 
(0, 1] according to (d) of Theorem 27.33. Now ov, a finite positive number, and 0 are the 
three possible values of H{°(C),) at its point of discontinuity s € [0, 1]. If we assume that 
H(Ci) € (0, 00), then dividing (1) by this positive number H{(*(C,) we have 1 = 22°. 
Thus log 2 + s log A = 0 and therefore 
log 2 log 2 


2) <— “Toga loga-!’ 
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The calculation above for the point of discontinuity s = log 2/log A! of the function 
3*(C,) was based on the assumption that the value of H*(C,) at the point of discontinuity 
is a finite positive number. In what follows we define s* = log 2/log 4~! and show that 
45"(C,) is indeed a finite positive number. By (e) of Theorem 27.35, this implies that 
dim, Cy, = s* = log2/loga7!. 


Lemma 29.20. For 4 € (0, $), let s* = log 2/log A~! = —log2/logaA € (0, 1). 
(a) For every x € R, we have 2* = yaa 


(b) If J € Bxq for some ko € Z4, then ye = Vics [Jzil% for any k > ko. 
(c) For every k € Z4, we have aan [Jil = 1. 
(d) For an arbitrary open interval in R and k € Z4, we have i icl |Jk,i \s* < Ali. 
Proof. 1. To prove (a), note that for x € R, we have 
2% = e*!8? — exp {x log 2(loga')“! loga} 
= exp {xs*loga7!} = a7**. 
2. If J € Jy, for some ko € Zy then for any k € Z+ such that k > ko, the interval 


J contains 2*—" members of 3 = {Ji : i = 1,... ,2*}. Since |Jx,i| = a* for every 
fol... ,2*, wehave Dy cy lieth = 2a". Now 2% = 4-85" py (a). Thus 


Ye leat” = As gs = hoo = 
Iki cd 


This proves (b). 
3. (c) is a particular case of (b). Indeed Jo; = [0, 1] € Jo contains all members of 
Se = {ki ti = 1,... ,2*} for an arbitrary k € Z so that by (b) we have 


2k 
f= [soak So Vel => Weil 
i=1 


Jk,i CJo,1 


4. Now suppose that an open interval J in R contains no members of the class 3, = 
{Jui Lb 1,... sar for some k € Z,. Then the inequality in (d) holds trivially. Suppose 
I contains some member of J,. Let ko be the smallest nonnegative integer such that J 
contains some member of J,,. Then ko < k. Let Jig,j,,-.., Tro, ip be all the members of 
Jk that intersect 7. Then p < 4 for otherwise J would contain some member of Sko—t 
Now since p < 4 and Jy,;, C 1 forn =1,... , p, we have 


P P 
4 = ial =>, > Weal = > eal”, 


n=1 n=) JgiCSkg, in Fei cl 


where the equality is by (b). # 
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Lemma 29.21. Let p € [0, 1] and A € [0, 1]. Then for any ay, az > 0, we have 
(1) {Aa + (1 — Aja}? > Aap + (L— Ajay, 
(2) at +a > {a +ap}?. 


Moreover if a, > O forn € N, then 


(3) ap+---+ah > f{ayt+---+ay}? for every N EN, 
p 
(4) Lez (doa). 
neN neN 
Proof. Consider the function f(x) = —x? for x € (0, 00). Since f’(x) = —px?—! is an 


increasing function of x € (0,00), f is a convex function on (0, 00) by (b) of Theorem 
14.10. The convexity of f implies f (Aa1+(1—A)az) < Af (a1)+(1—A) f (az). Multiplying 
both sides by —1 we obtain (1). 

To prove (2), we may assume without loss of generality that aj < a2. Assume further 
that ay < a2. Consider 0 < ap < a; < a2 < aj + a2. Applying Proposition 14.4, we have 


f(a) — f (ao) < f (@) — f (ao) . f (a2) — f(a) 


a, — ao = az — ao az —- ay 
fai +a) — fla) — flat+@) — fla) 
(aj+a2)-a, ~ (ajta)-a © 


Multiplying the first and the last members in the chain of inequalities above by —1, we have 


f(a) = Fao) , _ fla +42) — f(@) 


ay — dao a| 


that is, 
ay —at : {a, + a2}? — as 
a1—ag a 
Letting ao | 0, we obtain 


a? = {a, + a2}? —a} 


y 


a, aj 
that is, a? + ab > {a + an}. For the case aj = az, by letting a2 | aj, we have 
a? +a? > {a, + a;}?. This proves (2). By repeated application of (2), we obtain (3). 


Letting N — oo in (3), we obtain (4) by the continuity of the power function. # 


Theorem 29.22. For the Cantor set C, with d € (0, 4), if we let s* = log2/logA7|, then 


$< HQ) <1, 


and therefore we have dim, C, = s*. 
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Proof. 1. A set in R is a convex set if and only if it is an interval. Now for every k € Z4, 
the class 3, = {Jk,j :i =1,... ,2*} is a MX-cover of C, by closed convex sets. Thus by 


Theorem 27.25 and by (c) of Lemma 29.20, we have IH (Cx) < ye |Jnil’ = 1. Since 
FES"(Cy) t HC (Cy) as 6 | 0, we have HS"(Cy) = lira HE (Cy) = dim IS (Cx) <1. 
00 


2. We show that if (7; : 7 € N) is a sequence of open intervals and Ujen I; > Cy, then 
» 1 
1 Lj\' >-. 
(1) Oe mee, 


Now since s* € (0, 1), (3) and (4) of Lemma 29.21 imply that if we replace intersecting 
members of (1; : 7 € N) by their union we do not increase the sum )> jen [lj |". Therefore 
in proving (1), we may assume without loss of generality that (J; : j € N) is a disjoint 
sequence. Now since C, is a compact set, J jen Zj > Cy implies that there exists N € N 
such that Ur 7; D> C,. Since C, has no interior points, we can enlarge J; slightly so that 
the endpoints of the interval are in Cy. Thus for an arbitrary e > 0, let J f be an open interval 
such that I; > Jj, the endpoints of J; are in Cy, and 


(2) Doig < Voy +e. 


jeN JjeN 


Let 5 be the minimum of the distances from the endpoints of J i ee | N to C,. Since the 
endpoints are outside of the compact set C,, we have 6 > 0. Let k € Z4 be so large that 
Mo 8. 

Consider the class J = {Jia bE Seas 5 2} of closed intervals each with length rk, 
Let us show that every member J;,; of J; is contained in one of the open intervals Ij, ... , yy. 
Let a < b be the endpoints of J;,;. By (a) of Lemma 29.19, we have a, b € Cy, C Ui I. 
Suppose a € I) and b € I), where n # m. If we let a be the right endpoint of i), and B be 
the left endpoint of J/,, then a < a < B <b. This contradicts the fact thatb—a =A* <5 
while a — a > 6 and b — f > 6. Thus a and b must be contained in the same member of 
(1j,..., [y}. This implies that J;,; is contained in one member of {Ij,... , Ij}. Therefore 
every member of 3, is contained in one member of {/;,... , 7 Nie Then by (d) and (c) of 
Lemma 29.20, we have 


N N ok 
pe ir 2 » yD [Jel = a Jil’ = 1. 
j=l = 


JV ACT, 


Then by (2), we have 
N 


N 
igh +22 IG = 


j=l j=l 


Ale 


Thus by the arbitrariness of ¢ > 0, we have (1). 
3. Let 5 > 0. Let (Kj : j € N) be a d-cover of C, by closed convex sets in R. Now 
a closed convex set in R is a closed interval. Thus for an arbitrary « > 0, we can select 
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an open interval 1; > Kj such that ) jen [jl —@ < Dye Kl". Since (1; : j € N) 
is a sequence of open intervals such that Ujen I; D> Cy, we have Dien [Ij [s* > i by (1). 
Then Vien IKj[>" > i — €. Now by Theorem 27.25, we have 


HS" (Cy) = inf { Dien |K;|" : (Kj : j € N) isa 5-cover of C, by closed convex sets} 


zo. 


By the arbitrariness of e > 0, we have H$"(C,) > } and H"(C,) = lim HS (Cy) > t. 


Thus ; < HH" (Cy) < 1. Then dim,, C, = s* by (e) of Theorem 27.35. 


Corollary 29.23. For every s € (0, 1) there exists a subset E of R with dim, E = s. Indeed 
for the Cantor set C, with X = exp { - 1 log 2} we have dim,,(C,) = s. 


Proof. According to Theorem 29.22, for a Cantor set C, with A € (0, 3), we have 
dim, (E) = log2/logA~!. Now the function g(A) = log2/logA~! for A € (0, 4) is 
a strictly increasing continuous function mapping (0, 5) one-to-one onto (0, 1). Its in- 
verse function y~! is then a strictly increasing continuous function mapping (0, 1) one- 
to-one onto (0, 4). Solving s = log2/logA~! for 4, we obtain the inverse function 
A = g\(s) = exp{ - 1 Jog 2} for s € (0,1). Then for s € (0, 1), for the Cantor set 
Cy-1(s) we have dim,, Cy-1¢s, = 9(y"'(s)) = s by Theorem 29.22. 


We show next that actually HS"(C,) > 1. This isa shaper estimate than the estimate 
HS (Cy) = i in Theorem 29.22. However the simple argument in obtaining H® (Cy) > i 
can be generalized in other situations where precise value of the Hausdorff measure is not 
necessary. 


Theorem 29.24. For the Cantor set C, with ri € (0, 5), we have H5"(C,) = | where 
s* = log2/loga7!. 


Proof. 1. For an arbitrary 6 > 0, let J = (a, b) be an open interval such that a, b € Cy and 
IMC, # @. Then there exists § € C, such thata < &. Thus by (c) of Lemma 29.19, there 
exists @ € C) such that a < a, a is the left endpoint of a member of J = Ukez, 3x and 
(a, a) 1 C, = @. Similarly there exists B € C, such that 6 < 5, B is the right endpoint of 
a member of Y, and (8, b) 1 C, = ®. Thus we have J = (a, b) = (a, a) U [a, B] U (B, b) 
and (a, a), (B, b) C Cj. 

Now if a point is the left (resp. right) endpoint of a member of J, then it is the left 
(resp. right) endpoint of a member of J, for some k € Z4 and then it is the left (resp. right) 
endpoint of a member of J, for every £ > k. Therefore there exists k € Z, such that a is 
the left endpoint of a member of J, and £ is the right endpoint of a member of the same 
Bk Let (Iki : p=1,...,q} be the collection of all members of J, contained in [a, 6] 
and enumerated from left to right. We have 


(1) ING C Iki U-- + U Ski 
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Let us show that 
(2) ITS > Jail +++ + lJeaig lh - 


Now if g = 1, then since J D Jx;,, we have > > lJk,iy " so that (2) is valid in this 
case. Suppose g > 2. Consider the collection © of g — 1 open intervals, each between two 
consecutive members of {Jx,i, : p= 1,...,q}. If two members of © have the same length 
then there must be a member of © with a greater length. Since the member of © are all 
contained in [a, 8], there exists a unique member with a maximal length. Let G = (a’, B’) 
be the member of © with the maximal length. Let F; = [a, a’] and F) = [f’, B] so that 
{F1, G, Fy} is a disjoint collection and [a, 8] = Fi UGU F. Now G is contained in aclosed 
interval J in the class J for some 2 € Z4 with |G|/|J| = 1— 2A. Let J’ and J” be the two 
closed intervals in the class J¢,1 which constitute J \ G. Then |J’|/|J| = |J”|/|J| =A. 
The fact that G is the unique open interval with maximal length in the collection © implies 
that Fy c J’ and Fy, c J”. Thus |Fi|/|J| < |J'|/|J| = 4. Consequently 
[Ail _ IAI/N 


IG] ~ IGI/J| ~ 1a 


so that |Fi| < 74;|GI. Similarly we have |F2| < ;4;|G|. Thus we have 
7] = lle, Bll = |Fil + |G| + | Fa! 


= (5) [<aet re + Sy] 


7 e aa) (pogiri+ aaa a 1 ll] 


+ a a) 1 = +5}tFu + |Fal} 


1 
= 5, {Flt Fl}. 


Since s* € (0, 1), we have (F{a1 +a})" > jay + Sas. for ay, a2 € (0, co) by (1) of 
Lemma 29.21. Thus 


> : . 
~ 2as 2as* 


Lge eae [Fu | LFal*” 
a 2h 


By (a) of Lemma 29.20, we have 24°" = 1. Thus 
UI > |S + Fl. 


Applying this process of reduction to F; and F? in the place of [a, 8] and repeating, we 
finally have (2). 

2. Let I1,... , Iy be open intervals with endpoints in Cf such that C, C jer Ij. By 
dropping those intervals in the collection that are disjoint from C, we do not increase the 
sum i |1;|°". Thus let us assume that none of the open intervals is disjoint from C). 
By our result in 1, foreach j = 1,... , N there exists k; € Z+ such that for the collection 
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Sexe. :p=l,... ai} of all members of the class Sk; contained in J; we have according 
to (2) 


qj 
* * 
ne = Se eal’. 
p=1 


Letk = maxj=1,...,y kj. By (b) of Lemma 29.20, foreach j = 1,...,Nandp=1,... Qj 
we have etek = aes : Jail”. Thus for each j = 1,... , N, we have 
ai jl 


qj 
br es 3S Wer ea al 


P=! Sk,iCJe; ip Ki Clj 
Then we have 
N 2k 
* * * 
(3) Lis dS) vel = oe? =1 
j=l Ji Ny hj isl 


where the equality is by (c) of Lemma 29.20. 

3. Let § > 0. Let (Kj; : j € N) be a d-cover of C, by closed convex sets in R. Recall 
that a closed convex set in R is a closed interval. Let ¢ > 0 be arbitrarily given. Now since 
C,, has no interior points, we can select an open interval J; such that J; > Kj, the endpoints 
of I; are in CY, and 


(4) DIG s DK +e. 


jeN jeN 


Then L jen Jj D Cy. Since C, isacompact set, there exists N € N such that Us OC. 
Then by (4) and (3), we have 


N 
Diy te= Doll” = Soy = 1. 
jeN jeN j=i 
By the arbitrariness of ¢ > 0, we have Vien IKj\"" > 1. Then 
KS (Cx) = inf [Dyer Kj” : (Kj: j € N) is a6-cover of C, by closed convex sets} 
>1. 


Since H (Cx) = K$"(Cy) by Theorem 27.25, we have H$"(C,) > 1. Thus we have 
HE(Cy) = lim 15" (Ca) > 1. Then since 3{°"(C,) < 1 by Theorem 29.22, we have 


H(C,)=1. © 
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REAL ANALYSIS 


Theory of Measure and Integration 


This book presents a unified treatise of the 
theory of measure and integration. In the 
setting of a general measure space, every 
concept is defined precisely and every 
theorem is presented with a clear and 
complete proof with all the relevant details. 
Counter-examples are provided to show that 
certain conditions in the hypothesis of a 
theorem cannot be simply dropped. 


The dependence of a theorem on earlier 
theorems is explicitly indicated in the proof, 
not only to facilitate reading but also to 
delineate the structure of the theory. The 
precision and clarity of presentation make 
the book an ideal textbook for a graduate 
course in real analysis while the wealth of 
topics treated also make the book a valuable 
reference work for mathematicians. 
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Reviews of the First Edition 


“This book is well organized and the 
statements and proofs of the results are done 
very carefully.” 


Mathematical Reviews 


“Every concept is defined precisely and every 
theorem is presented with a detailed and 
complete proof. Counter-examples are 
presented to show that certain conditions in 
the hypothesis of a theorem cannot be simply 
dropped.” 


Mathematics Abstracts 


“It is particularly suitable for a one-year 
course at the graduate level.” 
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